
Morphisms between algebraic structures

e. g . G group = set with open m : Gx G → G
with identity e

with inverses
.

G -

- ( G , ma, eq , ing) H= (H
,
my , EH ninth)

A-ftp.T?.pisn) GE, it is a map of set

g. , g. c- G ffmfgi.gr) ) = my#g. I , figs){ Iii: "

intern .

A category is what we get when consider:p

objects and Morphism between objects
-
-

( sets
, maps of sets ) = Category of sets

( Groups , homomorphism) = Category of Groups.

(Vector spaces
,
Linear maps) = Category of vector spaces

-

Def : Let U and V be vector spaces over same field F.

A linear map L : U → V

is a map of sets preserving str
,
i - e .

{Hatun )
,

y L ( Ui tu uz)
= Llull Illus) . fun , ,ueU

= Allum thud FIEF
v-u.int '

L l t.nu) = X ; Lcu)



eg .
automatic ① L ( Ou) = Or

- L ( y,
to) = Lto) tho

② Lto ) ⇒ Ua -- o .

L l - n) = LI -1. u ) r

= - I . L Lu) =
- Hal .

-
un

-i
Data needed to define f : i

. uh, flat
.

-
-

2. Uz liu . indef . from Ui

U2 1-3 flan

knowing only where he
,
u
,
are sent

,

we know where any realm
V E Span (hi , uz) is, seat.

If B = Cei , - - - ten) is a basis for U

and we know the values fled
.

. .
.

,
flea)

then we know all possible values !



e.g 3d space rotations
.

A fine in 3d
.

I through 0 .axis :

µ
.

. angle O C- 10,2 'T )

÷:
/ . Rotate 12140 )

←

y
'

'

e

.

.

! !
Rt!:D - Ranheim,

I,
Rhea) -- TRIM .

Rotations are linear maps R : 1123 → 1123

Ex Factory : can produce several products
( P , ,

- - -

, Pn .) (recipes)

out of various materials or ingredients .

roughly ( Qi , . . . , QK)
( intuits) p

,
⇐ Choi . . ,o)

u 11
pz←( 0,1 , - - -10 )Linear map from IR

"
-- Span (Products)

pn⇐co , . . . ,o . . )

to IRK -_ Span (ingredients)
µ
,

> ( go.
-no)

F .

Rn→ IRK judge . - - ion )
( 1,3 )



Explicit description of a linear map using matrices .

⑦ L : IR
"

→ IRK
to know L completely , only need its value on a basis

,④ ④
use standard basis B -

- ( ( 1,0 , . - - , o) , a - -

,
10,0 , - - -10,7 ) ) of ten -- n .

Info :( Lte ,) Lleu) L lez) .
- - - L ( en) )

÷

at :÷:i÷÷÷i÷:÷
.

Ex n matrix representing L , in the standard basis

A = [aij) aij EIR .

of R" and the
standard basis of Rt.

Now that we know value of L on basis
,

we can determine all values .

if xfx , ,
. . .

,
Xn) E IR

"

general vector
,

L ( X = X
, e ,
t - - - t xnen) = x ,

Lte ,) t . - - t Xu Lleu) .

=

" f !! t - - - txn ER!



it:÷÷÷÷÷µ÷y::*::÷÷Aw,
X , t e - -

t 9
#Xu

II

y f:
"

aah
ar.

. X

1in
. comb

. of columns of A wlcoeffs !
Xu

product of kxn matrix Iterate

and
a nxt

em ÷: pin
to give kxl matrix n

( column vector)
. Eaosj Xj

ja



② U
,
V are v. sp .

over sane field IF .

L : U→ V linear map .

want explicit reports . of L .

Need to make some choices

① choose a basis Bu -- ( er , - - - gen) for U .

② choose a basis Br -- tf
,

. . -

, fr) of V.
With these two choices

,
we get a matrix of

L MLL
, Bu , Bv) =
- n
→⇒

I.Fair
,

^
e
- -

- Ain

k ) µ
"

! ) = Brl Bu
U l

Aby - -

-

9Wh

( ( e;) = ajf , t - - - ahjfh
( ( e;) goes in jth col : Heil - Eiaijfi



Factory pnodeuiy Can ( G
,
G . - - Cn . )

.

w/ ingredients ( Mi - - - Mw)

Ci Cz C
,

Cy

10 5 6 .:÷:::ffT :

non: : I:*
.

"

matrix of the linear map from

products to in

-

Ex Blithe Blk)
q = (1,457 D= DX Ii , x) :B

"

dot ( fit c. f)
fritz c- BAR)

C E IR .

"

dquxf, t c - drdxfz
D luteum = Dlm) t 7 - Dlm)

D linear map?
-

.
It hwamnln



B' BBY put
"0*+7=7*+7--24
t t t

B'd fo a O )O O 2

Pa a L t b - X t C XL

Dp -- LED
-

Inspect

Dp -- b
. It 2C . X



Composition of linear maps / Matrix multiplication .

coil soother't

V
,
W f.dr . spaces over IF T : V → I 7T = ?

= * W ,
t - -

- t # Whr

④ matrix of linear
map T in bases B -- ( ri , - - - Nn) for V TI
- { y :(wi , . . . ,wµ) for W

÷ rt =/ ?a!
,

! ! ! ! !!! ) ,
where columns show cuffs of Tlv; )

" in the basis J
MIT

,
Bst )

ai ; e#
i.e

.
T ( Vj ) = a,jW ,

t - -- t any. War
k

= E aijwii =L

matf Xe V in basis B is

p
X =

,

whee x - Xiv, t - - - txnvn Xi EE

MHM , B )
x we may view any

vector x EV as defining
a linear

map IF V

→ I→ x

std I 1-3 2X
basis
eet of#

IOApplyliuearmaptothevec.to
ITH )) = ? what explicitly is the result Tx) ?

TH ) = Tl x
, Vit

- - - txnvn) = X
,
Tlv , ) t - - - t xn Tun)

= x
, ( II. ai, wi ) t - -

- + xn (Eta in Wi)

** I ÷: ::: :: : ::÷÷ . "it:÷t(
columns of Ipt)



" "÷÷:÷÷i÷÷÷¥÷÷:÷÷:
Abstract :

v
w
Uu

Ite Tha .

Explicit :

p
'→ ftp.fxI-yltlxl]

( kxn ) lnxl ) kxl



I composition of Linear maps ( fYhI¥jn? )
UN ,w t.d.v.si/Fu-VTWy

Basesor B

htt
Lemmon : tf s ,

T are linear maps ,
then

Tos is too TSCA uit udl ÷÷÷÷÷÷÷÷i÷¥÷± .
Q If a -

- ( Ui , - - - , Um)
, B -

- (u ; - yn ) , Y :(we ,
- - ihr)

are bases for U , Vim
-
and if psa and otp are matrices of shot .

It

i:÷÷: " i:* '
Then what is the matrix of TS ( too ?

i.e .
what is rest . -- l !!

.

-

If?÷÷.



impute :

pasta is a kxm matrix
← m -3

µ Cy -
- . Cim

al : : )f che ,
-

- Clem

jh column is expansion of @ 5) ( Uj)
in 8 basis

LTS ) (④ = Aw ,
t # We . -

-
- t * Ny

T njthncdumn offs]
= Tf slug. )= E. bpjvp )

=

,

bpj Tdp)

= bpj.IE
,

Aip Wi ) =
.

GE
,
aipbpj)
- a

Cig



M m

i iii. it ÷:*:
kxn am k x M

n x m

aiibij t airbag t a iz bzj t - " - t ainbnj = cij

DEI of matrix multiplication
with his def" ,

it is true that

Compo s
.

I ⑧ ,
matrix malt .

g)a = rTp . PS a matrix - vet

r
#xD ÷ risk * ax ( ftp.si)
A

③ ⑨ ②
←Igt

* iii.D= rt. = rails . :D
.

④ ⑤ ⑥



1. changed fam
'

I what is the dependence of the matrix 13 :
"
Emmons

MIT
, if ,8 ) on the choice of bases fit ?

-

T : V→ W

p . cnn.vn, raw
. .

. . .mn .

lift' ]
k

YET)p = [ cij] where Tvj = E Ci ; wi
i -- I

suppose we change the choices : B
"
-

- lui , " ; rn
' ) is another

basis for V

r
'
= ( wii ; wi ) - - - o - W .

we want to express y
' pl in terms of y p

Ir T
ident's - wig w .

'

V → V → w Wy. → w .

p
' B T

CI)

① Y §o, identity

Iii ) Hebei ) r r ( Ifi ]
= fade' f]

' '
- twins

I wj = Wj

⑦ wi : ÷tjth column of j II]y
= ooeffs of

Wj = Iwj = Crj w ! t - - - t Ckjwjs



✓→ W dimV=n dim W =L
.

To find matrix of T in new bases p
'

,
r
'

,

y
' pi =jfIwT Iv]p , ;Eg→y→Y ,

= jlIw} ftp.fivlp '

n:
Tv

' intern
'

w Tv in T
of W

"

informs yamsMW j in terms

of , of V
w

-
E 2nd rotation 12=1 f ) : R2 -71122

R④=1hHnoez •
ezio . "

""

C- since ,ooo! (gogo ,
Sind

Rien ez .

fora general vector v= ( Xy ) c- IRL

un -

- in: =L ::g : :&:L :/



R has been described using basis @ men =P

ie . C! - I:o) = pets
Now let 's view Rasa linear map Q2 → Eh !

and change basis to r= ( Cl , it ,
Cl
,
- i ) )

.

W , Wz
( a basis for Q2 ) .

" "

I . ( l , O) I - Clio)

y
( R]
,

=

g
( I R I ] r i'con) - i - Con)

= of IT, petty""""
"

= III
,

"IMEI .se"
"" " """

p t e f

ft ÷ )
"im'T

ft t )E is i - i

f- Platz Chi ) t { Li , - i ) .

10
, it =

- iz ( i ,i It iz ( i , - i ) .

I



⇐ ÷.si :c.
-

ni:N:

µy§!ia_
coaotisino , ,

"in

!
.
?!

"

diagonamftrix "
II

IO
e

⇒ in the basis Ciii) 11 ,
- i ) the

①
eigenvalue

①
eigenvector

-

"

rotation
"

scales hit by e-
id
E E

" h
.

- it by eid c- ¢
.

idea in standard basis
,
R is not diagonal ,

but in the new basis itis
.



"

Bookkeeping %
.

'?ee: If I ]
initial § f shear
""

c. ⇒
[ scale

l : ; ) r

t shear

final list vfind -- e
, ( to Dp)

(vinery
. .

h- e
.

I has the same span as Chih) .

Q can we express ( vid, vid) in terms of
weird .

How to keep track of the operations used th GE ?

V
,

= e
,

t 3. ezBookkeeping : init f v
,
= 2e ,

- er )
(stay ( " I

e ,
t 3ez )

-w, r2
O -G - Fez

.



"" Hii:ii÷÷:)
Bookkeepingmatrix.
M interpret u ,= e , t3ezEfficient 1109/1.31 ) c- raze .

- en

t

c : : " :L

( th
.

-nil ! ? ) RE

l

l Ii:/ '

o : ) RRE .

jfapret
'

zr ,
t } Vz = C

,

¥4 - th = ez



Row operations and Bookkeeping
-

it '

'll :
? t.lt

⇒ If we do a row operation
on A and then multiply ,
this does the sane row operation
on C -- AB

.

-

Con . !
I ' B = B



a row op . on B = IB

is same as ( row op . ont ) .
B

.

⇒

to :* :÷÷÷÷÷÷:SO O

n

implements R ,
a Rz

a:* :÷÷: :÷÷÷s
in

implements Scali
y
.

oil:
-man



⇒
'

each e. rio . consists of Left
malt

. by
' ' elementary matrix

"

of the corresponding tape .

kxn

A

¢ first row op .

kxk

E. A

1 second

EE .? (¥0)i

m

En .
. .

. E
,
A = (ARE = I
- -

-



If we want to keep track of these

operations . we should apply then to

I as well as A .

€njI / En -

" E. A )
remembers

nation

doorway

them (A) = ThemII . A
. A
-

-



III. II ] , -- II. IT ,
=

, r

-

- too :p
Assignment 7 F

""

nxn matrices
-

v.sp . over F V dim V = n

W dim W -- k.

4. V. w) = linear maps V→ w

Hom Iv , W)

du this sit naturally inherits the str of a v. sp . over IF

V
u

Ti
, Tze Lu,

W) ( 1.T, t Tz ) ( v ) = Igt, Iv) I Ihr)
7 C- IF #

definition of the operations on Ukhl.

What is the dimension of LIV ,w) ? Can we produce a basis ?

Claims If we choose a basis f- ( rn . . - in for V

In , wa.) for w/ ⇒ banik
and a basis 8 = 44W) .



k

Tlvj) = ¥
,
aij Wi Cai;) kxn matrix

in

Eij : V → W
Ek kxn matrices .

!ii v.→ gwiwwnp.si la .

"
""" ' ' '

ie:
""

O else

iii. if : if
O O O

(Ei 's) is a sequence of linear maps ,
claim it is a basis 4kW!

an Epg ) ( Vi ) = £7
.

apqwp = Tty . )

Henri T
w ,
what
" this shows

(Epg)
spare

44W)
E

f ← basis

F- ÷
,
.am Em

⇐ { qq.pt/i7fiYuip'
q
'

-
l
l
. . .

,
h

size of basis is fun . ⇒ dim LN ,w) -- kn .



Injective (surjective / Isomorphisms
-

V
,
W f.d.us/E

T
V -7 W linear map .

Ul V
re

Nakh Ranting . ÷
Def . Null ( T) = { ve V : Tv -

- o } ÷
. . ,p
!Each

• Range IT) = { WE W i Fret Tr -- w f. E W
I"mlTl .

p⇒ T injective ⇒ Null CT) ={ o} .

⇐ if They =TWz) then Thi) -TIN -

-
O

T
andso Tlv , - vz) =0 assumptive (

no meaning

i.e . ri-he Null CT ) Ego , for maps of sets)
i.e . v.

'

- V -
=

⇒ AT injective and r E Null (T) the

TW) = o = Tho) ⇒ V .



.

I •i÷¥÷÷÷÷÷÷÷÷.- :

NMT = Span (
'
o )
-

Def: T is surjective when Range (Tl = W .

'same shape
"

Def T is an isomorphism when it is

ing to surjective . ( linear bijection).
"

isomorphism from V to W
"

" V
,
W are isomorphic

"

V
,

W are

" equivalent
"



DI TE Lwin) is invertible
when I SELCWN ) s't

. { {II. III
when this S exists

, it is unique and

we delete it by T
- t

Prod T invertible ⇐ T injective te surjective
⇐ NullT=0 and

Rayet -- W .

Pf ⇒ to show injective: if Tv , = The
H

T
-'

(Tv ,) -- T
- '

(Tru)/
.

"i

["
"

tht
- '

w) -- W?;



⇐ Assume injtsvrj . prove invertible

Define the inverse : let we W ,

svrj ⇒ 7 REV Trew

iuj ⇒ v is unique st . Tv -

- w .

⇒ define s (w) = V .

M
'

T(Sw ) = TH -

-
W

-it f.seu, = sins -- r .

must show S is linear .

if SW , er , want to show

Swr '- V2 Sfxwitw
) or

←wttioeaiff
= put

1- (Nitro) -_ 7W , twz ,

um -

S (Xwitwu) = X ht vz .



• A rector U E V defines
a linear map

Tu
IF → V

X 1- Tu

Range (Tu) = Spank ) .

•
A list of rectors (u. ,

. - yum) defines

Tea
,
- -yum)

IFM- V
(a. . . . . , am) 1-3 quit - - - fam km

Range (Tcu . . . . . .am) = Spanky . - - sum) .



• If the list lui , . - -mm) is

linearly dependent , what does

this shy about Tcu . . .
. .

,
um)

.

?

that it has Null T Hole
.

Null (Tcu . . . . ,um7) fo )
iff .

Cui , - - - in .) is Lin . independent .

• the list spans V

⇐ the
map Tim , .

. .

,um,
has Range

-

- V

is svrj .

• Fun .
. .us

is invertible if
(isomorph.-n

f (us . - sum)
is abasis

.

⇒ The choice of a basis ofV is the choice of isomorphism, v


