
 

1 Thetangentspace Tx to a point Cx x c R

has basis CZ s I Z n and the cotangent

space TF has dual basis dx DX

This means that an arbitrary corrector is
specifiedby

X xn p dx't it Pndx

The spaceof all covectors
at all points x c Q f IR is

the cotangent T Q and has coordinates

X X P Pu

Notice that the CP Pn are determined by the choice

ofwords X xn They are canonically conjugate

to the Cx xn

a let Ii Ii Cx x be a new coordinate system

on M Determine the conjugate momenta pi E
as a Fu of Xi pj

b we saw in class that MI Q is equipped with a

Poisson bracket c Ml x c CM c M

given by

f g E ftp Ixi IIxi2Fpii I

prove that f g isunaffected if I E coordinates are

used This establishes the existence of a canonical
Poisson bracket on T Q for any manifold Q



c Consider S2 Cx x2x3 c 1123 1 12 1

Then its tangent bundle may be
written as follows

152 Cx y c1123 1 12 1 and X y o

we can identify TJ with 1 52 byusing the

innerproduct Cx y defines a linear form on

1,5 via x y C x y y y

Now use 95927 4 2 as coordinates

on the sphere away from X3 0

Jetermine the canonically conjugate homeata

Cpi Pre as a function of Cx g CT 5 5 5

d write the Spherical pendulum Hamiltonian

H Cgityre 45 Xz

in terms of the words 9 92 P Pe

e Also write the Spherical pendulum angularmomentum

Xey x'yz
in words Cai ai p pe and check H L 0

explicitly in these words



2 Consider the harmonic oscillator on Q 1R

but add a damping
term

M Kx damping force Te IR o

Describe the trajectories in Phase space

Is this a Hamiltonian system
How long does it take for energy to

decay from H to Ho s H To H 0

Consider the Harmonic oscillator as a Hamiltonian

system on phase space 1 112 412 112 ex p

with Hamiltonian total energy

H Ip't Ex2
Now modify the system by adding a perturbation

HCE Iz p't IX t ex
O

for E o in some interval about 0 C IR

I For which energies are there still bound
States i e trajectories which remain in a

bounded region in phase space
Draw a phase portrait

2 Calculate the 1st nonzero order correction

to the amplitude of the H 1 trajectory



4 Not to be handed in

al Read Woit chapter I

b Review Tensorproducts of recta spaces and

the matrix exponential

c Let s T be linear operators on Q and 5,11 0

Prove S stabilizes the eighspacesof T

and that if S T are diagonalizable they are

simultaneously diagonalizable
d Let be the Hermitian inner product on

h

u v IT v E TeiVi
i i

Let T be a linear operator on V Eh and let

WCV be a T stable subspace i.e TW EW

Show that T W E wt where

1 wt u e V i Cu w 0 F W E W

2 T't is defined by
tu v u Tv

with 1 as above
e Recall that when 1 is normal i e LT 3 0

it may be diagonalized with an orthonormal basis


