MAT1312 Notes

October 7, 2015

Remark. Recall the last class we saw the following:
F Ceorank ¥ TM subbundle «— [ =< 64,...,0; >9i€Ql7/\9i¢0C Q(M) —— < HA.LNO, >q.C QOF

F +— AnnF <+— detAnnF

Integrability Conditions : [F,F]CF <— dICI +— dQ=nAQ necQ!

Example. Lie algebra

g = slbR =< |:8 (1):| , |:(1) 8:| |:é _01:| >/r=< e, f,9>

Observe the following: g =Ti — TyG by either (Lg), or (Rg)«. Using Ly we have an identifi-
cation L : Gxg — TG. Choosing F| € T'G we can transport G x Fy to L(Gx Fy) = F C TG.
Observing that [F1, 1] CF — [F,F] C F and [e, f] = h, [h,e] = 2e,

[h, f] = —2f we can choose F =< h,e >

Strategy: Find F) C slsR — F C TG — Fy is a 2D foliation invariant under left action

If I' C G is discrete, co-compact subgroup then X = % inherits foliation

On G the foliation is by cosets of exp(h,e) = [g _ba]

Note: Dual basis e*, f*, h* gives basis for left invariant 1-formsC QY G) — 0p = f* dO = df*
df*(a,b) = af*(b) + bf*(a) = f*([a,b]) = —f"([a,])
df*(h, f) = =2f*(=2f)=2— df* =2 AN f* >dd=nA0— dONO=0
GV(F)=nNdnp=4(h* Ndh*) = —4(h* Ne* A [*)

Remark. Geometric Description

Let G = PSLsR

Observe Aut(H) = PSLyR C PSLyC C Aut(P') (automorphisms of Riemann sphere)
G acts transitively and freely on SYTH = {unit tagent vectors to H}

PSL,R= S'TH= S x H



Furthermore for I' C PSLsR we have % = X hyperbolic 2D surface

S'TH _ PSLyR

STy, =~
T T

X

obtain foliation on S'TY for any hyper surface
nonzero GV invariant 4hypvol(S'TY) = 8mhypvol(X)
Each leaf L C X is labelled by ideal point x

X = STy o Ly
51 fibration J{ H fibrat\onl T J{
z st 5 «x

Note: 7*df = 0, defines the foliation

Remark. Wobble Effect
Choose Riemannian metric g on X2, 0 of unit norm, dd =n A0 where n 1 0

Theorem. For any curve v(t) orthogonal to F foliation, let:

e K curvature

e T torsion

o N normal vector

e B binormal vector

e pcT(L,S?*TLRNL) (u,v) = Dng(Vyuv) second fundamental form
Then

e n Adn=[k*(T + ¢(N, B))]voly is the GV form

In our example above GV form =k*r




Remark. Holonomy of a Foliation

Let v :[0,1] — L a path in a leaf L of folitaion F

Choose slices S (o), Sy1) emmbedded submanifolds of M transverse to foliations at (0),~(1)
of dim=codl — T’y(i)Sv(i) @ T’y(i)»c = Ty(i)M

The foliation defines a germ of diffeomorphisms (Sy(0),7(0)) = (Sy(1),7(1))

In particular

oSy = ThadSw

I
Py
Nyt = Nk

"Parallel transport map” Py : Nyo)L — Ny L
Identification P, is the parallel transport of a partial flat connection V on NF = %

Remark. Partial Connections

Let F CTM subbundle, V' vector bundle

Idea: Should use V to differentiate section s € T'(V') along vector field y € T'(F) resulting in
Vys e I'(V)

Definition. A partial connection on V along F is V : I/™W(M, V) - (M, F*QV) R-
linear s.t.

o V(fs) = fVs+ (a*df) ® s where a : F — TM inclusion a*df = df|p

Note: If F =T then this is equivalent to the usual connection
If F inwolutive then V has a curvature tensor RV € T®(A\? F* @ EndV)

RY(X,Y) =[Vx,Vy] = Vixy] € End(V)

Note: If F =T then this is equivalent to the usual connection and curvature



Definition. The Bott connection is a partial connection V on NF along F, V : T'(N) —
I(F* ® N) defined as follows:
LetY €T(F), veT(N), m:TM — I § s.t. 75 =0

Vyv = nlY, 0]
Proposition. Bott connection is well-defined

Proof. Let ' be an alternative to 9. Want 7[Y,0 — 0] =0

0+F—TM -+ N ©—9 —9—9section of F

v
= [Y,o-9]eF -V, -9]=0

Remark.

—_—~— e~

RV(X7Y)D = (VXVY - VYVX)U - V[X,Y]v = W([Xv 7T[Y, 6]] - [Y77T[X7 f)]] - [[X7 Y]7,5])
Choosing the obvious extention [Y,0]:
RV(Xv Y)v =n([X,[Y,9]] - [V, [X,9]] - [X,Y],0]) =0

This is zero by the Jacobi identity — Bott connection is flat
N = M < L+ (i*N,i*V)  can pull (N, V) back to leaf L — gives flat connection on NL
Parallel transport of this flat connection on NL gives P['y] : Ny = Ny

Remark. Foliated deRham Theory
A F CTM involutive behaves like the tangent bundle, so we can define the deRham complex

by:
k
O =1%(M, )\ F*)
dp : Q% — Ok
dF(p)(fL'l, ) .Z'k;) = EZ(_l)ZxZ(p(xla cey Ly weny xk)) + El<jp([x1,a (I;]]a Ty eeey Ly eony :ﬁjv eey .’L‘n)
This yields a differential graded algebra (0%, A, dp)

Remark. Symbol Sequence
0 = AF 78 ppe L o T8 gmkFp
o(D)eTM ® Hom(E,F) D :T'(FE)—T(F)

o(€) = a6 N —: /\k F* - /\k:+1 F* fails to be ellitpic complex — should not expect finite
dimension cohomology



Example. 1

7: X =8 x8§ = 8! T = proji F = kerm, = vertical direction

QY = C®(X,R) = {f(0,t) periodic}

QL =T(X, F*) 2 C®(X)d0 = {g(0, t)periodic}

dr(f € 0%) = (@ f)d0  df =0 f = (1)

HY = Q%S) infinite dimensional vector space (constant from the point of view of foliation)
HL = al FZ 1=Jorms _ £4(1)df} = Q0d@ infinite dimensional vector space

exact 1— forms

4.

(DG
<:ZI:;I::>

Example. 2. Klein Bottle

Ry x Ry (t,0) (t + 27w, —theta) bundle of S* over S!

F =< 00 > vertical foliation with leaves = S' — nontrivial S*
Hp = 0°(8)

Hy = {g(t)df : g(t +27) = g(—1)}

(RS

Remark. In these cases m: X — § foliation = level sets of submersion to S

Observe that if HY is a module over C*®(S,R) and if fibres 7 : X — S (leaves) are compact
manifolds then HY. is a section of VB of S whose fiber at s € S is H¥(m~1(s)) =finite
dimensional vector space



