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Say, P:=(Py,---,P,): C" — C", assume #P~1(0) < oo

-
oM o,
> dme oy cp = 2 ™ P)- il

|£t£RK@;:fﬁ“&x%mMmeHRKm,@::xﬁgﬁ.RK%)
Assume also {LP1(x) = --- = LPy(x) =0} = {0} (%)

(so called “no solutions at o0") for C" — P" =
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Bezout’s Theorem

a. P: C" — C" is proper finite to one

b. Z degSP:degP: H deg P;

acP—1(0) 1<j<n

Proof of (*) = a.

Say, &k € C", assume & " oo and all |P;j(&k)| < C < o0

ay - E—k” € S' = 3J subsequence ax — a # 0

l1€x

®
i
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, , dj
Then it follows Vj, P;(&k) = [Pi(25) - o] - idj = HP;(pk, ax) - %j
Py Py

Therefore, |HP;(pk, ak)| < C - pi/ = LP;(a) =0 =71/
Now prove b. in three steps.

Step 1 is deg§ LP = degl HP, where

LP:=(LPy, - ,LP,): C" = C"

HP . C"+1 — crtt

HP(XO’X) = (XO’ HPl(X0>X)7 T aHPn(X07X))



4/11
y is a regular value for LP = (0, y) is regular value for HP

= (obviously) #HP~1(0,y) = #LP~1(y), which suffices.

Indeed
1 x o« x
OHP | 10 |
e Ll I R
0|
OHP oLP

and W(O,XNXO:O = W(X)

Step 1. completed. /
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Step 2 is deg P = degg HP
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Step 3 is degg LP = [];deg P;. Let ¢ := LP = ¢~*(0) = {0}
Proof is split into
Thm. 0 # Jp = deg§ ¢ - 6(x,0) mod (¢) - C{x}
(with 6(x, y) from 2 below). Claim. Jy = [[;<;<, d; - d(x, 0).
Proof of Thm
1. Using Mumford's Lemma, 3 open U 20, V 3 0 s.th.
¢ = ¢ly: U— V proper. (and U N ¢~1(0) = {0})
. o>
= Z := Cr.Val(¢):= ¢({Jp = 0}) C V closed analytic.
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2. A = 5 %2 (tx + (1 — t)y)dt = A(x,y) - (x — y) =
¢(x) — ¢(y) and Jy(x) = 6(x, ), where o(x, y) := det A(x, y)
3. Let h(x,2) := Y (,.5(y)=z) 0(%,¥) = h is C—analytic on V' \ Z
and bounded = h analytic on V (Riemann Extension Thm)

h(x,0) = degg ¢ - 6(x,0) due to ¢[,*(0) = {0} .
5. Js(x) — h(x,z) =0if z=¢(x) & Z
= Jp(x) — h(x,2) € (z = ¢(x)) - C{x, z}

6. Set z =0 = Jy(x) — (deg§ ¢) - 3(x,0) € (¢) - C{x}, as

required.
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Recall. )

deg LP; = deg P; = dj, ¢ := LP = J4(tx) = t9715% (x)
Claim j¢ = dl s dn . 5(X,0)

Cor. Since Jp ¢ (¢) - C{x} (Slides 9-11) = deg§ ¢ = dy - - - d,

Proof. Explicit calculation

-1 0
o 1 % 5 B 1 . %x
Ax.0) = [ (G woyde = | |G
I 0
- o) v
0 1|
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Thm. ¢ : (C",0) — (C",0),¢~1(0) = {0} = Ts(x) & (¢) - C{x}
Thm < Claim. h € C{x} = Ha(2) = ¥ cpm1() 705 € Ciz}
Indeed, Hy, = degG ¢ # 0, while g = 3" ¢; - hj € (¢) - C{x} =
He(z) = 32,z Hiy(2) € (2) - C{z}, as required.
Proof of Claim X := ¢|,({Tyu = 0})-
(Note X = {[Tc4)51() Jo(x) =0} C V)
¢|7,=0 : {Js =0} — X proper fin. to one = dimg Z < dimg X

where Z = ¢|,(Sing{Js = 0}) U SingX U Cr.Va/(qu\%:O) analytic.
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Step 1. Va € {Jy), = 0} \ ¢|;'(2), 3 local coord. changes s.th.
a=0,¢(a) =0,{J, =0} = {xg =0}, X = {z =0}
= #(0,x2,++ ,Xn) = (0,x2, -+, Xn). Also Ty ~ xf
Say d1(xa,xe, - xn) == x{ - g(x),8(x) ¢ (1) - C{x} (d=1)
and 0(x) == det[G220a] =1 = k=d—1,g(0) #0.
Say, h(x)? = g(x) = ( coord. change x — (xth(x). b2, - , n))
Near a, we may assume ¢(x) = (x{, x2, -+ , x5)
Step 2. h € Hol(U) = Hp, € Hol(V — X).

But moreover, ) xlk_dJrl =0Vk+1¢d-Zy

X1 :xf:zl
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with h(x) = 320% o hr(x2, - -+, xn)xF near a (Ts(x) = x7~1-d) =

k d+1

Near a, 3= c 102 J¢(X) = > peo hi(z2, - )lele =

k—d+1
= Z(k—d+1)|d he(z2, -+, zn) - z

= Hp(z) extends as holom. to V' \ Z, dim¢Z < n-—-2

(Hartog's Thm) Hp, € Hol(V), done. /





