RIEMANNIAN GEOMETRY

MATT KOSTER

1. RIEMANNIAN METRICS

Definition 1. A Riemannian metric on a smooth manifold M is the assignment of an inner
product g, to T, M for every p € M such that for every X,Y € X (M) the function M — R defined
by p = g,(X(p),Y (p)) is smooth. We sometimes use the notation (,), for g, and sometimes omit
the p.

Remark 2. Let V be a real finite dimensional vector space and B(V') the space of bilinear maps
V xV — R. The bilinear map V* x V* — B(V) given by (f,g) — ((u,v) — f(u)g(v)) descends to
an isomorphism V* ® V* — B(V'). On the other hand, every bilinear map V' x V' — R descends
to a linear map V ® V' — R, i.e. an element of (V ® V)*. Thus we see that V* ® V* is canonically
isomorphic to (V ® V)* even though V is not canonically isomorphic to V*.

By restricting, this provides a canonical identification between symmetric bilinear maps V xV —
R and Sym?(V*). For u,v € V let uv denote Sym(u ® v) € Sym?(V) (and similar for V*). If {e;}
is a basis for V' with dual basis {f;} for V* then the symmetric bilinear B is identified with:

ZB(% e;) fi® fj = ZB(% er) fr @ fr + ZB(% ej) fi ® f;
07 B oy
= Blewen) fx ® fu+ Y Blewne)(fi @ fi+ 1;© f)
k 1<j
= Blei, ;) fif;.

(]
A Riemannian metric can therefore be identified with a section of Sym?(T™*M).

Example 3.

(1) We can make R” into a Riemannian manifold by letting g,(u,v) = (u,v) be the standard
Euclidean inner product at each T,R"™ = R".

(2) Given a Riemannian manifold (M, gps) and a smooth submanifold N C M, we can make
N into a Riemannian manifold by defining gn(u,v) = gar(u, v).

(3) Given a Riemannian manifold (M, gp) and an immersion f : N — M we can make N
into a Riemannian manifold by defining gy (u,v), = gum(dfp(u), dfy(v)) - That f is an
immersion guarantees us that gy is an inner product.

(4) Let G be a Lie group with Lie algebra g = T.G. For z € G denote by L, the diffeomorphism
L,(y) = zy. We can turn an inner product gg on g into a left invariant Riemannian metric
g (i.e. g(u,v)y = g(dyLgy(u),dyLy(v))ay for all z,y € G, u,v € TyG) on G by defining
9(u,v)y = gg(dL,-1(u),dL,-1(v)). A right invariant metric is defined and constructed in a
similar way. A metric that is both right and left invariant is called bi-invariant. If G has a
bi-invariant metric g we have the important relation:

(x)  g([X,Y],2) = g(X,[Y, Z])
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It is not hard to show conversely that the left invariant metric associated to any inner
product gy on g that satisfies (*) is bi-invariant. Then the bi-invariant metrics on G are
classified by the inner products on g satisfying (*).

If G is compact let gr, be a left invariant Riemannian metric and w a volume form (Lie
groups are always orientable so such an w exists). Moreover we can take w = w1 A -+ -wy,
where w; are left-invariant 1-forms. Define a new metric g by:

e
G

One can check that g is both left and right invariant, showing that every compact Lie
group has a bi-invariant Riemannian metric. After showing that Ad, : G — G is an isometry
we can compute the differential at e and conclude that adyx : g — g is an isometry. One
then can use this fact to show (*) above.

Let G be given by:

G={f:R=>R : f(t)=yt+2x, z,yeR}

One can show that G is a Lie group with the group operation given by composition, and
is diffeomorphic to:

HY = {(z,y) €R?* : y >0}

as a smooth manifold. The identity element is given by f(t) = ¢ corresponding to
(0,1) € R2. Let g, denote the left invariant metric on G induced by the Euclidean metric
on g =T, (071)]1%2. This turns H' into a Riemannian manifold not isometric to H* with the
Euclidean metric sometimes called the Poincare half-plane model.
If (M, g) is a Riemannian manifold and G is a group acting freely and properly on M by
isometries (i.e. for all g € G the map g : M — M given by g(z) = g - x is an isometry) then
the collection of cosets, denoted M = M/G, is a smooth manifold such that the quotient
map 7 : M — M is a submersion. In this case there exists a unique metric g on M making
(M,g) into a Riemannian manifold and 7 a Riemannian submersion.

1.1. The metric tensor. Given a frame {X;} and coframe {0’} the identification of the metric
with a section of Sym?(T* M) allows us to represent the metric as:

Zg(Xi, X))ot ®ol = Zg(XZ-, X;)o'o?
]

i<j

We simplify sums using the Einstein summation convention:

9(Xi, Xj)o'o? =" g(Xi, Xj)o'o!

i<j

And further simplify g;; = g(Xj, X;) so we get metric tensor the metric tensor notation:

(1)
(2)

.
gijo'o’

Example 4.
The standard metric tensor on R™ in the identity chart is > ; dz;dz; and the matrix g;;(p)
is given by the identity.
In polar coordinate on R?\ {(0,z) : z > 0} given by = rcosf, y = rsinf we have
dx = cosOdr — rsin0df and dy = sin 0dr + r cos 8d6 so:
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dzxdz = (cos@dr — rsin 6df)(cos Odr — rsin 6d0)
= cos? Odrdr + r* sin® 0d0dO — r cos 0 sin Odrdd — r cos 0 sin OdOdr

and similarly:

dydy = sin® 0drdr + 12 cos® 0d0d + r cos 0 sin Odrdf + r cos 6 sin OdOdr

so the standard metric tensor in polar coordinates is given by:

g = dxdx + dydy = drdr + r*d0do
with matrix g;; given by:
1 0
0 r?

(3) Given I C R an interval and a smooth curve v : I — R2?, ~(t) = (r(t),2(t)) such that
r(t) > 0 for all t, let f: I x [0,27] — R? be the function:

f(t,0) = (r(t)cos@,r(t)sinb, z(t)).

Then M = f(I x [0,27]) is a smooth 2 dimension submanifold of R? that we will call
the surface of revolution for ~. Restricting the standard metric on R to M (as in example
3.2.ii) we compute the metric tensor on M:

dx = 7 cos 0dt — rsin 6df
dy = 7 sin 0dt + r cos 0df
dz = zdt

so in these coordinates:

g =dx® + dy? + dz? = (+* + £)dtdt + r*dfdh

If v is parametrized by arc length (meaning 4 = 1) we have 72 + 22 = 1 so in this case:

g = dt* +r°do>.
As a particular case of this example, if y(¢) = (sin(¢), cos(¢)) then the surface of revo-
lution is S? with the metric tensor:

Goo = do? + sin?(¢)do?

Let A : S? — 52 be defined by A(p) = —p. T,,S? is given by p~ = (—p)* s0 7,5 = T_, 5.
Then we can see dpA : T,5% — T_,5? = T,,S? is d, A(v) = —v. From this we conclude that
for u,v € TpSQ:

g—p(dpA(u), dpA(v)) = g—p(—u, —v) = g—p(u,v) = gp(u,v)
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so A is an isometry of S2. In fact replacing 2 with n changes nothing, so the antipodal
map is always an isometry of S™. Another way to see that A is an isometry on S? is to see
what happens to the metric tensor. We note first that the inverse of f is given by:

(0.6) = I~ (2,1,2) = (arctan( Y

then since A(z,y,z2) = (—x,—y, —z) after applying f we see:

,arctan(=))

SHESS

21 (—y)2 _
(0.0) = f o Ae,y,2) = (aretan(Y I roan( 7)) = (0,0),
Then since d(—6) = —df we have that the metric tensor becomes:

g = dp? +sin®(¢)d(—0)? = d¢? + sin®(¢)db>
(4) We can construct RP(2) as the quotient of S?/A, i.e. x ~ x and  ~ A(z) = —x. Then we
write 2 = {z, —x} for an element in RP(2) where z € S? and write let 7 : S* — RP(2)
denote the projection map m(x) = +z.

We make RP(2) into a Riemannian manifold with the metric g(u, v)+, = g2 ((dem) ™1 (), (dem) 71 (V)4
This is well defined by what was done in the previous example. Moreover it is clear from
the definition of this metric that 7 is locally an isometry. Similar to the previous example
the 2 can be replaced with n to see that RP(n) can be made into a Riemannian manifold
such that 7 : S — RP(n) is a local isometry.

(5) More generally than the previous example note that U(1) C C acts by isometries on §27+1
and C"*! via scalar multiplication. Then since CP(n) = S?"*1/U(1) we get a Riemannian
metric on CP(n) such that the projection map 7 : S?"*! — CP(n) is a local isometry.
We call this the Fubini-Study metric except when n = 1, in which case we call it the Hopf
fibration.

(6) If G is a Lie group with {Xj,.., X,,} an orthonormal basis for g with respect to the inner
product gq and {Y1,...,Y,} the left-invariant vector fields on G associated to X;, then the
left invariant metric g is given by:

gm R,

where wy, € QY(G) is the 1-form dual to Y;, i.e. w;(Y;) = &;;.

(7) If M = My x Ms (as in example 3.2.iv) where M; has metric tensor g; in U; and Mj has
metric tensor go in Us, then the metric tensor on M in U; x Us is simply g1 + go.

(8) If M = I x S™, where I C R is an interval with the standard metric denoted dt? and S™
has the standard metric which we will denote by ds?, then the metric tensor on M given by
dt? + @2 (t)ds? where p € C(I) is called a warped product metric. If ¢ satisfies the second
order ODE:

¢"(t) +ke(t) =0

©'(0) =1

p(0) =0
for some k& € R then we denote it by ¢ = sni. If we parametrize S* C R" x R by
F:[0,m) x 8" ! - R® - R with F(6,v) = (sin(f)v, cos()) a brief calculation shows that

the standard metric on R"*! restricted to S™ is given by:
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dsy = dxi + - - + day = d6* + sin()ds

thus the standard metric on S™ is given by a warped product metric. Moreover the
solution to the above ODE with k = 1 is () = sin(t), so S™ is the warped product metric

associated to sn?. One can check that R™ with the usual metric is the warped product

metric associated to sn%.

(9) If M =1 x 8™ x S™ then metrics of the form g = dt? + @*(t)ds2 + ¢*(t)ds? are called
doubly warped product metrics. Using the diffeomorphism R™*1\ {0} = (0,b) x S™ we can
see that under suitable conditions we may extend a metric on I x S™ to a metric on R" (as
we only need to define it on a single point). This corresponds to the extension of I = (0,b)
to I =1[0,b). or I = (0,b]. Using the diffeomorphism S"*1\ {p, ¢} =2 I x S™ we can see that
under suitable conditions we may extend metric on I x S™ to a metric on S"! (as we only
need to define it on two points). Finally using an embedding I x S™ x ™ — S+ (one
example described below) we can use g to get a metric on S™+"+!,

We show how to write the standard metric on S™ as a doubly warped product. Write
n=p+q+ 1. Since SP C RP*! and S? C R4 the function:

(0, g) x 8P x §7 — RPHL x RF!
(t,2,9) > (2 sint), y cos()
is an embedding whose image is the unit sphere in RPT! x RI+1 = RPHa+2 e Gpatl
In this case we see that:
g =dt* + sin2(t)ds§ + COSQ(L‘)dsg

(10) Using the product construction can define a metric on 7?2 = S! x S! from the standard
metric on S'. Alternatively consider the subset of R? given by:

T ={(z,y,2) : (Va2 +y2-1)2+22=1}

and give it the metric induced as a submanifold of R3. These two manifolds are diffeo-
morphic but not isometric as Riemannian manifolds. We refer to the first one as the flat
torus.
(11) Consider the Lobachevksy metric from before:

G={g(t)=yt+z : (z,y) € R*}

from before. Using the identity coordinates we have:
1
= 0
2
gz’j(%y) = (y 1)
y

1 1
g= —dez + 7dy2.
Yy Yy

[en}

|

with metric tensor:

One can show that this is equivalent to the warped product metric on I x S given
by dt? + sn?(t)ds?. Another useful way of writing g is as follows. Write z = x + iy so
zZ=x —1y. Then dz = dx + idy and dz = dx — idy.
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dzdz (dx + idy)(dx — idy) da® —idedy +idyde +dy*  de* +dy* 1

(z —2)? (2iy)? 4qy2 4yy2 4

thus g = —4(jfcg2.

1.2. The gradient. Now that we have a metric we can associate to each f € C*°(M) a vector
field Vf € X(M), which we will call the gradient of f.

Definition 5. Given f € C*(M) we define a vector field called the gradient of f, denoted
Vf e X (M), implicitly by the equation:

gp(v, Vfp) =dpf(v), veT,M.

If (z1,...,zy) is a chart near p we have that:

. 0f 0
VI=2.9"% %
i,j

where g% is the inverse matrix to g;;. If U C M is open and f : U — R satisfies |[Vf| = 1 on
U then we will call f a distance function, equivalently |Vf|> = (Vf,Vf) = 1. If we consider
the Hamiltonian #H(q,p) = %(p, p)q on M then we see that distance functions are solutions to the
Hamilton-Jacobi equation associated to H. Satisfying such a PDE is a mildly restrictive condition

(for example, which functions satisfy this on M = R2?).

Lemma 6. For U C M open, r : U — R is a distance function if and only if r is a Riemannian
submersion.

Proof. Suppose r : U — R is smooth and fix p € U. Then dy(v) = g,(Vr,v)0; = 0 if and only if
v € Vr hence v € ker dpr if and only if v € span(Vr). But v = ¢Vr if and only if:

dpr(v) = dyr(cVr) = cdyr(Vr) = cgp(Vr, V1) = ¢|Vr|?0;
By definition r is a Riemannian submersion if and only if g,(u, v)u = gr(p)(dp(u), dp(v))r. Com-

bining this with the above we have that r is a Riemannian submersion if and only if ¢|V| = ¢|Vr|?

ie. |Vr| =1 as desired.
t

Example 7.
Let M =R3, U = M\ {0}, and f: U — R given by:

f(@y,2) = Va2 +y?> + 22

Then Vf is the usual (R™ version) gradient given by:

0 Y 0 z 0
Vf= —+ — + =
22 +y2 + 2200 \/r2 4 y2 4 220y a2 +y? + 2202
thus:
Nf|:x2+y2—|—22 1
22§ y2 1 22

so f is a distance function.
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More generally let M C R™ be a smooth submanifold and define f: R"™ — R by:

fla) = d(a, M) = inf {lo— ]}

Then one can show that there exists an open M C U C R™ such that |V f| =1 on U, hence f is
a distance function there. From this we conclude that every smooth submanifold of R" is a level
set of some distance function. Letting M = (0) € R3 then f(x) = d(z, M) is the function from the
previous example and f~!(r) gives the sphere of radius r.
As a specific case of the previous example assume M C R"™ is an orientable n — 1 dimension smooth
submanifold and let f : U — R be the distance function such that f~1(0) = M. Since M is ori-
entable it has a unit normal vector field N : M — TM~* (where TM+ denotes the normal bundle).
Since M = f~1(0) we know from multivariable calculus that 7, M has a basis given by ker D, f, i.e.
v € T,M if and only if D, f(v) = 0 if and only if (v, Vf) = 0. But since M is an n — 1 dimension
submanifold, T, M 1 is dimension 1 and as was previously noted it is spanned by the unit normal
N. Then we conclude that V f = +N thus it is possible to pick a sign for N such that Vf = N on M.

We conclude by summarizing the above as:
Every smooth submanifold of R” is the level set of a distance function, and the unit

normal vector fields of orientable hypersurfaces are (up to a sign) the gradient vector
fields of these distance functions.
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2. CONNECTIONS AND CURVATURE

2.1. Connections.

Definition 8. A map V: X (M) x X(M) — X (M) satisfying:

)VixigzY = fVxY +gVzY (tensorial in X)
1W)Vx(Y+2)=VxY +VxZ
1W)Vx(fY)=fVxY + X(f)Y

is called an affine connection on M. If v : [ — M is a smooth curve and V) X (y(t)) = 0 for
all t € I then we say that X is parallel along . It doesn’t matter that 4 isn’t a vector field on
X as V is tensorial in that argument.

Definition 9. Let v : I — M be a smooth curve. A lift of v to a map I — T M is called a vector
field along ~.

Example 10. The tangent vector 7 defines a vector field along ~.

Proposition 11. Let M be a smooth manifold with affine connection V. If v: I — M is a smooth
curve and V : I — TM 1is a vector field along v then there exists a unique vector field D,V along
~ such that:

Dy(V +W) =D,V + D,W
D\(fV) = fV+ D,V
D,V = V.Y

where Y € X(M) is any extension of V to a vector field on M, i.e. V(t) =Y (y(t)). Recall that
V is tensorial in the lower argument so we need not extend % to a vector field on M.

Proof. Let p € M and let (x1,...,x,) be a chart for U near p. In these coordinates write V =
Yoy Uja%i and v = (¢1, ..., ¢y). Define:

dv,, 0 de; 0

D -

V= Z at o 2= dt Y o o,
0

Definition 12. If T is a (0, m) tensor we define the covariant derivative of T to be the (0,m+1)
tensor:

VIV, Yin, Z) = Z(T(V1, 00, Yin)) = Y T(YV1, ..., VY5, o, Vi)
=1

If VI = 0 we say that T is parallel.

Example 13.
(1) If fis a (0,0) tensor (i.e. f € C*°(M)) then the Covariant derivative of f is simply the
gradient:

Vi(Z)=2Z(f)
hence the choice of notation makes sense.

(2) For any Riemannian metric g it is always the case that Vg = 0 hence g is always parallel.
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(3) For any coordinate vector field 3%1_ on R™, the covariant derivative Va%i is given by:

0 0
Z)=14

so coordinate vector fields are parallel. More generally one can show any vector field of
the form V =37, ai% where a; are constants is parallel (the converse is also true).

\%

) =0

Proposition 14. Given a smooth manifold M with an affine connection V, let v : I — M be a
smooth curve and vo € Ty )M. Then there exists a unique parallel vector field V' along v such that
V(to) = vo called the parallel transport of vy along 7.

Proof. Let v : I — M be a smooth curve and vy € T,;,)M. Suppose there exists a single
chart  for an open U such that v(I) C U. In these coordinates write vg = > ;- vi% and
v(t) = (z1(t), ..., zn(t)). Consider the differential equation:

" dvi 0 " dl’i 0
& SV o — =0
; dt Oz +JZ dt 7 3% oz,

Since V o a - € X(U) we can write Vi 68 = r Z] aw and so the system becomes:

dvZ 0 dr;,
dt or; Zz_: dt ]Z Uaxk

5J

which we re arrange to:

& dvk & dwl o
2w 2t

Since the % are linearly independent the above equation gives us n linear first order ODE’s:

dvk . Z jdmz _

7J_

The Picard existence and uniqueness theorem for linear first order ODE’s gives us a unique so-
lution V' = 3", v; defined for all time satisfying the initial condition V (to) = .

If (1) is not contained in a single chart, for any ¢t € I the interval [ty,t] is compact so it can
be covered with finitely many open sets U;, in each of which we may define V. By uniqueness,
how V is defined in each U; must agree when the U;’s have nonempty intersection, thus giving us
a definition of V' on all of 1.

O

Definition 15. For an affine connection V on M, we have the (1,2) tensor 7' : X (M) x X(M) —
X(M):

T(X,)Y)=VxY -VyX — [X,Y]
called the torsion tensor measuring the torsion of the connection V. If T'(X,Y) = 0 we call V
torsion free.

Remark 16. Recall that VxY is tensorial in X. One could antisymmetrize V to make a new
operator VxY = VxY — Vy X so that VxY = —Vy X, removing the tensorial nature of the X
argument and giving us a of skew symmetric directional derivative. But observe that:
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VxY =VxY - Vy X =T(X,Y) + [X,Y] = T(X,Y) + LxY

showing that antisymmetrizing a torsion free connection reduces to the Lie derivative.

Theorem 17. There exists a unique, torsion free, affine connection V on M such that:

d DX DY
XY —Y X
XYY = (2 V) +

< ) W>
called the Levi-Civita connection.
Proof. The directional derivative of vector fields on R" satisfies:
29(VxY,Z) = Lyg(X, Z) + (dwy ) (X, Z)

so defining our connection on M implicitly from this equation seems fruitful. We first note the
useful Koszul formula:

29(VxY,Z) = Lyg(X, Z) + (dwy)(X, Z)
:Yg(XaZ)_g([Y’X]’Z)_g(Xa[sz])+XWY(Z)_ZWY(X)_WY([ 7Z])
=Yg(X,2) —g([Y, X], Z2) = g(X, [V, Z]) + Xg(V, Z) — Zg(Y, X) — g(V, [X, Z])

=Yy(X,2)+ Xg(Y, Z) = Zg(Y, X) — g([Y, X], Z) — g(IX, Z],Y) + 9([Z, Y], X)

Now to check that V is torsion free we use the Koszul formula:

29(VXY - VYX, Z) :YQ(X7 Z) +X9(Z7Y) - Zg(Y7X) - g([Y7X]7Z) - g([X7 Z]7Y) +g([27 Y]7X)
- XQ(K Z) - Y9(27 X) + ZQ(X7 Y) +g([X7 YLZ) +g([Y7 Z]7X) - g([Z7X]7Y)
= 29([X7 Y]7Z)

and since X, Y, Z are arbitrary we conclude T'(X,Y) = VxY — Vy X = 0. Checking that V is
metric we again use the Kozsul formula and one sees:

29(VxY. Z) +29(Y,VxZ) = 2Xg(Y, Z).

To see uniqueness suppose V is a torsion free, metric connection. Then by the Kozsul formula
again:

29(VxY,Z)=Yg(X,Z)+ Xg(Y,Z) = Zg(Y, X) — g([\, X], Z) — 9([X, Z],Y) + g([Z, Y], X)
=9(VyX,2Z) +9(X,VyZ) + 9(VxZ,Y) + 9(Z,VxY)
—9(VzY, X) = g(Y,VzX) 4+ g(VzY, X) = g(Vy Z, X)
—9(VyX,Z) +g(VxY,Z) = g(VxZ,Y) + g(VzX,Y)
=29(VxY, Z)

thus VxY = VXY.
O

The Kozsul formula used in the previous proof is so important we extract it as a separate result.

Corollary 18 (Koszul formula). The Levi-Civita connection V on M satisfies:

29(VxY,Z) = X(9(Y, 2)) + Y (9(X, Z)) = Z(9(X,Y)) + g([X, Y], Z) — 9([X, 2] Y) — g([YiDZ],X)
age 10
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If V is an affine connection on M then VxY = Z for some Z € X(M). If (z1,...,2,) is a chart
for U near p then:

v 0T 7 Oxy,
88 ZZ@

We call Ffj : U — R the Christoffel symbols of V in U. If V is torsion free then Ffj = F;‘?i for
all 7,7, k. Because of this, a torsion free is sometimes referred to as a symmetric connection. In
the case that V is the Levi-Civita connection we have the important formula for computing the
Christoffel symbols:

1 & 0 0 0
r’?.:7§ mk (2. — Gmi — —— i
* Y 2mzlg <8a:igjm+ ijgm 81'ng]> *

Example 19.

(1) A quick glance at the above formula shows that the Levi-Civita connection on R"™ with
the Euclidean metric has Ffj = 0 for all 4, j, k - recall that g;; was the identity matrix so
%gab =0 for all 4,a,b.

(2) Let G = H" as in example 3.3.xi. We compute the Christoffel symbols using the above
formula. First recall that:

%
gij = (yo

g = y? 0
0 y?
hence ¢g'' = ¢?2 = y? and ¢'2 = ¢?' = 0. Moreover it is clear that % gap = 0 for all a, b.
Then we immediately conclude that I'l; = I'}, = T'%, = 0. However:

g o
N———

SO:

0 5] 1 0 0 1 0 0
m2 12 22
— - — =g — — a1 _
It = Z g glm 8y9m1 8xm911) 59 (8ygn 9z )+ 59 (8yg21 aygn)
1,5 01
AT
_1
Y
A similar calculation shows that I’%Q = F%Q =_1

y
(3) Let G be the Heisenberg group, ie the 3 x 3 matrices of the form:

1 » =z
M=10 1y
0 0 1

with the operation of matrix multiplication. There is a natural choice of coordinates
G — R3 given by M — (z,y, z). Take the inner product on g given by gg = 0;5 and let g be
the left-invariant Riemannian metric on G induced by gg. One can compute that in these
Page 11
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coordinates:

1 0 0
9ij = 0 32‘2 + 1 —=z
0 -z 1

Applying the formula from the previous section we find that:

E _pk _ 1k _
i1 =T5,=T33=0

Mlo=Tly=0
1
I,=T%,=-
2,3 1375
X
rz, ==
127 5
@3:0
2
e —1
I3y ="F—
X
r3,=-=
1,3 9
ﬁﬁzo

(4) Let v : I — R? be a curve () = (r(t), 2(t)) and let M be the surface of revolution for ~.

Then:
Fil = 0
Fi2 = 0
1, 0
F%,z = 5(—57"2) = —rr’
F%,l =0
1,0 rr’ 7!
1,2 2r2(8tr () r2 r
I5,=0

2.2. Various tensor quantities. Armed with the means to differentiate vector fields along ea-
chother, we now generalize a few concepts from R™ to M.

Definition 20. Given f : M — R we define the Hessian of f, denoted Hessf, to be the symmetric
(0,2) tensor 3Ly ysg. The (1,1) version of the Hessian is given by S(X) = VxVf. We note the
identity:

Hessf(X,Y) = 5 Lysg(X,Y) = g(S(X),Y) = g(Vx VA, ¥) = (VxV)(Y)

The usual Hessian of f on R" is given by the symmetric n x n matrix H;; = (%aj;j). Then the

n 92
=1 9x2

i

trace of H;; gives us the usual Laplacian Af =) f. We generalize the Laplacian to M in

this way.
The Laplacian of f, denoted Af is given by the trace of the Hessian and the divergence of a
vector field X is given by the trace of the map ¥ — Vy X.
Page 12
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2.3. Curvature. Having sufficiently generalized the gradient, Hessian, and Laplacian to functions
and vector fields on M we now attempt to extend these definitions to tensors. Recall that:

() Vg(X.Y,2) = (Vy(Y, 2), X) = g(VxY, Z) + g(Y, Vx Z)
so we see that the Levi-Civita connection V for g already itself acts a gradient of the metric.
What about the Hessian and Laplacian of g7 We defined the Hessian of a function f (ie, a (0,0)
tensor) as the (0,2) tensor:

(A) Hessf(X,Y) = g(VxV,Y) = (VxVI)(Y) = [Vx, VfI(Y)
so it makes sense to define Hessg to be a (0,4) tensor by combining (%) and A letting f = g:

Hessg(X,Y, Z, W) = (VxVg)(Y,Z, W)
= [Vx, Vg|(Y, Z, W)
=Vx(Vg(Y,Z,W)) =Vg(VxY,Z W) = Vg(Y,VxY,W) = Vg(Y, Z,VxW)
=9(VxVyZ - VyVxZ -V ixyZ,W)
where the last equality follows from a very long and tedious expansion of Vg and a simplification

using properties of the Levi-Civita connection. With this heuristic in mind (guided by a search for
an appropriate Hessian of the metric) we are led to the following definition.

Definition 21. The curvature tensor R for (M, g) is the (1, 3) tensor:

R(X,Y)Z = R(X,Y,Z) = VxVyZ — VyVxZ — Vixy|Z
that can be turned into a (0,4) tensor (also denoted R) in the usual way by:

R(X,Y,Z, W) =g(R(X,Y)Z, W)
2.3.1. Proposition. The curvature tensor R satisfies the following four identities:
(1) RX,)Y,Z,W)=-R(Y,X,Z,W)=R(Y,X,W,2)
(2) R(X,Y,Z,W)=R(Z W, X,Y)
3) RIX,)Y)Z+R(Z,X)Y+R(Y,Z)X =0
(4) (VZzR)(X,Y)(W) + (VxR)(Y,Z)W + (VyR)(Z, X)W =0

Given the first two properties in the previous proposition we see that we don’t need to evaluate

R on all n* possible combinations of 4-tuples of basis vectors in each T,M - there exists a smaller

collection of them we can check to get a full description of the curvature. The following is one such
useful reformulation of the curvature tensor - as an operator on bivectors.

Definition 22. Given a Riemannian manifold (M, g) we extend ¢ to an inner product on the space
of bivectors A2M by g(z Ay, vAw) = g(x,v)g(y, w)—g(x,w)g(y,v). If {e1, ..., e, } is an orthonormal
basis for T,M then {e; Ae; | i < n} forms an orthonormal basis for AZM. We also extend R to a
symmetric bilinear form R : A]%M X AgM — R given by R(z Ay, z Aw) = R(z,y,w, z) and further
extend this to a bilinear map on A2M x A2M — Rby R(IX AY,ZAW) = R(X,Y,W,Z). This
induces a self adjoint linear operator % : A2M — A2M defined implicitly by:

JRXAY),ZANW)=RXANY,ZANW)=R(X,Y,W,Z)
that we call the curvature operator. As R is self adjoint there exists an orthonormal basis
of eigenvectors for R. If all of the eigenvalues are positive (resp. nonnegative) we say that R is

positive (resp. nonnegative).Since we have a symmetric bilinear form R : AZ%M X A}%M — R,
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recall from section 2.2 that there is an associated quadratic form S : AzM — R given by S(o) =
9(R(0),0).

2.3.2. Remark. Given a basis § = {e1, ..., e, } for a vector space V we get a basis ' = {e;Ae; | i < j}
for A2V and if B is orthonormal then 3’ is too. If T': A’V — A%V is a self adjoint linear operator we
know from linear algebra that there exists an orthonormal basis of eigenvectors for T'. It is not true
however that these eigenvectors are necessarily of the form e; A e; with {eq, ..., e, } an orthonormal
basis for V' - in general we will need to take linear combinations.

Definition 23. Given p € M and u,v € T,M we define the sectional curvature at p with
respect to the two plane o generated by u,v to be:

R(v,u,u,v)

g(“) u)g(v, U) - g(ua U)2
If we pick an orthonormal basis for o we see that sec,(0) = S(o) = g(R(0),0).

secp(o) =

Theorem 24. The following are equivalent:
(1) secp(o) =k  for all o C T,M
(2) R(u,v)w = k(g(u,w)v — g(v,w)u) for all u,v,w € T,M
(3) R(w) =kw  for allw € AZM

If (M, g) satisfies any of the above for all p € M we say M has constant curvature k. If k =0
we call M flat. One can easily see R™ with the Euclidean metric is flat.

It is easy to see that if R is positive then sec > 0. The converse, however, is not true. To see this,
note that S’GT‘Q(T M) = S€Cp- So it can happen that the restriction of S to Gra(T,M) is positive,
p

but since Gra(T,M) C A%(T,M) there may be o € A%(T,M) with S(c) =0 but o ¢ Gra(T,M).
Definition 25. The (0,2) tensor Ric given by:

Ric(Y,Z) = tr(R(X,Y)Z)
(we are taking the trace of the map T : T,M — T,M where T(x) = R(z,y)z). Since the
curvature was the appropriate generalization of the Hessian to the metric tensor of M, this is the

appropriate generalization of the Laplacian. If {e,...,e,} is an orthonormal basis for T,,M then
we have the (1,1) version of Ric:

Ric(X ZR (X, e)e

Since the (0,2) and (1, 1) versions of Ric are related by:

Ric(X,Y) = g(Ric(X),Y)

we let {X, e, ...,e,} be an orthonormal basis for T,,M and see:

Ricy(X, X) =g ZR (X,e)ei, X Zg (X,e)ei, X Zsec (X, e)
i=1
so the Ricci curvature can be viewed as the sum of the sectional curvatures. If all the eigen-
values A; of the (1,1) version satisfy A; > k then we say that Ric > k. Equivalently Ric > k
when Ric(X, X) > kg(X,X). If Ric(X) = kX for all X then we call M an Einstein manifold
with Einstein constant k. In (0,2) language this is Ric(X,Y) = kg(X,Y). It is clear from the
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definitions that manifolds with constant curvature k are Einstein with Einstein constant (n — 1)k
and manifolds with positive sectional curvature have positive Ricci curvature (although we will see
that the converse of both statements need not hold).

Definition 26. Let {ej,...,e,} be an orthonormal frame. Then the scalar curvature is defined
by:

scal = Z sec(e;, €5)

i)
Note that this does not depend on the choice of orthonormal frame.
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3. CURVATURE FORMULAS

If M is a Riemannian manifold, U C M is open and r : U — R is a distance function, denote
the level sets of r in U by U,. Recall that r is a Riemannian sumbersion so U, is an embedded
submanifold for all » € R. We write V" for the connection on U,, g, for the metric on U, by
restricting g, and R" for the curvature tensor. In this section we will develop some equations
involving V" and R" on one side, but V and R on the other. This will allow us to compute R given
R", and conversely to compute R" given R. Because R = 0 on R" with the Euclidean metric, this
will greatly aid us in computing the curvature of embedded hypersurfaces. For readability we will
sometimes write the gradient of r (formerly denoted Vr) as 0,.

3.1. Riemannian Submersions.

Definition 27. Given a Riemannian manifold M, an open U C M and a distance function r :
U — R, we call the (1,1) tensor S defined by:

S(X)=Vx0,

the shape operator or second fundamental form.
Note the similarity with the (1,1) version of the Hessian; in fact Hessr(X,Y) = ¢(S(X),Y).
Since 0, is normal to U, S(X) will tell us information about g, by computing changes in the unit
normal to U,. This is an eztrinsic quantity - S(X) tells us about U, as a Riemannian submanifold

of R™ (since it depends on r). This is in contrast to the curvature tensor R, defined intrinsically in
terms of the metric and Levi-Civita connection.

Given X,Y € X(U,), we decompose the connection VxVY = (VxY)T +(VxY)". The tangential
part is equal to the Levi-Civita connection on U,., (VxY)T = V'Y, and the normal part is a (1,2)
tensor sometimes also referred to as the second fundmantal form for r. There is a third operator
sometimes referred to as the second fundamental form I1(X) = g((VxX)V,0,).

Theorem 28. Given an open U C M and distance function r : U — R we have that for all
XeX({U):

Va,S(X) + S(S(X)) = —R(X,8,),

Proof.
Vo, 8(X) + S(S(X)) = Vo, Vx0r — Vv, x0 + V6,0
=V, Vx0 — Vi, x10r (%)
= —R(X,0,)0, —VxV5p,0,
= —R(X,0,)0,

where the final equality follows from S(9,) = V.0, = 0.
U

Theorem 29 (Gauss Equations). For X € X(U) we write X = XT + X~ where XT € TU, and
XN e TN = (TU,)*. Then for X,Y,Z,W € X(U)N X(U,):

(R(X,Y)2)" = R'(X,Y)Z + g(S(X), 2)S(Y) — g(S(Y)
R(X,Y,Z,W) = R"(X,Y, Z,W) + g(S(X)

N
=R
pea)
=
= s
TN
s o\
w
5\_/
N
=R
el
s
=
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Theorem 30 (Codazzi-Mainardi Equations). Given X,Y,Z as in the previous theorem:

R(X.Y. Z,0,;) = g(VyS(X) = VxS(Y), Z) = g(VyS(X), Z) — g(VxS(Y), Z)
Theorem 31 (Gauss’s Theorema Egregium). If M C R3 is a hypersurface then for all p € M :
secp(o) = det S
where S is the shape operator for M.
Proof. Let {X,Y} be an orthonormal basis for o. Since R = 0 on R? we have by theorem 5.1.3:
secp(0) = R"(X,Y,Y, X) = g(S(X),X)g(S(Y),Y) —g(S(X),Y)g(S(Y),X) =det S
O

This says that the product of the eigenvalues for S, (sometimes referred to as the Gaussian
curvature of M) an extrinsic quantity defined in terms of the distance function r, is actually
intrinsic to M and invariant under the choice of embedding.

Proposition 32. The curvature tensor can be recovered from the sectional curvature by:

6R(X,Y,V,W)=R(X +W,Y +V) = R(X,Y + V) = ROW,Y + V) — R(X + W,V)
“R(X+W,Y)+R(X,V)+ RW,Y) - R(X +V,Y + W) + R(X,Y + W)
FRV,Y +W)+RX +V,Y)+R(X +V,W) - R(V,Y) — R(X, W)

Page 17



Matt Koster

4. COMPUTING THE CURVATURE

In this section we compute some curvature quantities for a selection of Riemannian metrics.

Example 33.

(1) We first compute the curvature tensor R of S™(r). Let r : R®™1\ 0 — R be given by
r(v) = |v|. As was described in section 3, r is a distance function with U, = S™(r), so we
compute R". Recall (3.3.1.viii) that the metric tensor for R"*! was given by the warped
product metric associated to sn3. The k = 0 solution to that ODE is ¢(r) = r hence we
may write:

g=dr’+ TQdS,QL =dr’+yg,
Since R =0 on R” the first Gauss equation (theorem 5.1.3) says:

0=R'(X,Y)Z+g(5(X),2)S(Y) = g(5(Y), 2)S(X)

ie.
R'(X,Y)Z = g(S(Y), 2)S(X) — g(5(X), Z2)S(Y)
As was noted in definition 5.1.1 g(S(X),Y) = Hessr(X,Y), so we compute the Hessian:
1 1 1
Hessr = §Earg = i(ﬁaT(dTQ) + Lo, (r2ds?)) = 5(5& (dr)dr + drLp, (dr) + 0,(r®)ds? + r* Ly, (ds2))
= %(d(cw)dr +drd(Ly,r) + 2rds?)

1
= i(d(l)dr +drd(1) + 2rds?)

= rds%
_9r
=
Now since:
1 n+1 o
Or = r Z i ox;
i=1
then:

so S is the identity. Putting all of this into our equation for R":

R'(X,Y)Z =g(S(Y),2)S(X) —g(S(X),Z)S(Y) = Hessr(Y, Z)S(X) — Hessr(X, Z)S(Y)

() () (+22) (1)

= L GV 2)X — (X, 2)Y)

hence we apply theorem 4.3.3 and conclude S™(r) has constant curvature 1/r? and is
therefore also Einstein with Ric(X) = "T—ElX .
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(2) Let Mj, My be Riemannian manifolds with metrics g1,¢g2 and M = M; x My with the
product metric. Since T'M = T M xT M any vector field X : M — T'M can be decomposed
into X = X7 + Xy where X1 : M — TM; and Xo : M — TM>,. Let Ry, Ry denote the
curvature tensors in My, M. Under this decomposition we have:

R(X1+ Xo, Y1+ Y2, Z1 + Z3) = R1(X1,Y1,Z1) + Ra(X2,Ya, Z2)

It is easy to see from this formula that for all p € M there exists u, v such that secp,(u, v) =
0.
(3) Consider T2 = S' x S with the product metric induced by the standard metric on S* (the
flat torus). Using example 2 we decompose the curvature tensor into R = R; + Ry. If
X, Y : M — TS then Y = fX for some f € C>°(M). Thus:

R(X1+ X0, Y1+ Y2, Z1 + Z3) = Ri(X1, Y1, Z1) + Ro(X2,Y2,Z2) =0

since for example:

R (X1, Y1,71) = Ri(Xy, [X1,9X1) = fgR1(X1,X1,X1) =0

So R =0 on T? justifying the name. A similar calculation can be done for 7™.

(4) (S”(%) X Sm(%)) Example 1 gave us that the metric on S™(r) is the metric on S™ = S™(1)

scaled by 72 (the equality g, = r?ds2). Then M = S”(%) X Sm(ﬁ) = (8" x 8™, %ds% +

%dsfn) as Riemannian manifolds. By the previous example we have R = R,, + R,, where R,

and R,, were computed in example 1. If X,,,Y,,, Z,, : M — TS™ and X,,,, Y, Zy, : M —
TS™ then:

R(Xna Yo, Zn) = Rn(Xny Yo, Zn) = p(gn(Yna Zn)Xn - gn<Xna Zn)Yn)
R(Xom, Y, Zm) = Rn(Xon, Y, Zm) = (9 (Yms Zim) Xon — 9m(Xms Zm)Yin)
R(Xna va Zn + Zm) = Rn(Xm 0, Zn) + Rm<07 Xm; Zm) =0= R(Xmm Xn; Zn + Zm)

The final equation tells us that the only way for M to have constant sectional curvature
would be that it is identically zero everywhere (this could also be realized by what is written
at the end of example 2). If we choose X,,,Y,, linearly independent at some p € M then
9n(Yn, Zn) X0 — gn(Xn, Z,)Ys # 0 unless both of the coefficients are. But if n > 1 we can
certainly always choose Z,, in such a way that at least one of the coefficients is nonzero (for
example Z,, = Y,) so M can never have constant curvature for n > 1. By symmetry this
applies to m thus a product of spheres cannot have constant curvature if either of n,m > 1.
If n = m = 1 we are reduced to the previous example where we saw that indeed S! x S*
(with the product metric) has constant curvature 0.

The above also tell us that:

R(X,AY,) =pX, AY,
R(Xm AYn) =¢ X A Yo,
R(X, AYp) =0

Now by example 2 again we have that:
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Ric(Xy) = (n — 1)pX,
Ric(Xp,) = (m — 1)g X,
Ric(X,, + Xon) = (n — 1)pX,, + (m — 1)g X,

so M is Einstein if and only if p(n — 1) = g(m — 1). Thus we have an example of an
Einstein manifold that does not have constant curvature by taking p = ¢ = 1 and any
n = m > 1, having Einstein constant n — 1 =m — 1. It is an open problem whether there
exists a different metric on S? x §? with strictly positive sectional curvature.

(5) (Surfaces of revolution). Let v(t) = (¢(t),%(t)) be a curve into R? and let M C R? be the
surface of revolution for v with metric tensor (2 + ¢2)dt2 +p2dh? on I x S'. Since this is
not the product metric we cannot proceed as in the previous examples (R does not factor
into Ry + Rg).

First parametrize v by arc length so our metric takes on the form dt? + ¢?(t)df?. Then
letting 7 : M — R be r(t,0) =t we see 0, = Vr = % so:

0 0
ot’ at)

hence 7 is a distance function with level sets r—1(k) = {k} x S*. Since M has dimension
2 we need only compute R(dy, Oy, 0,) via theorem 5.1.2:

Il
—

g(Vr,Vr) = dtQ(

R(0p,0y,0r) = —V5,5(0p) — S(S(0p)) = —V,5(0p) + S(Va,0) — S(S(0p))

where Jy is counterclockwise angular field on S*. We computed the Christoffel symbols
for M in example 4.1.8.iv so we have:

/

S(9y) = Vo, 0r = %89.

thus we conclude

R(8p,0,)9, = —%ag.

The sectional curvature is then:

sec = R(ag’ar’a“aG) o g(_%89789) —%QOQ ()0//
©? o2
and the Ricci curvatures:

/"

. '4
Ric(9,) = —O,
(9r) -

/"

Ric(9p) = — 20
12
(6) Consider M = H* with curvature tensor:
dz?  dy?
vy

This is equivalent to the warped product:
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dt* + sn* ds?

on I x S'. An inspection of the previous example reveals that this is merely a specific

case with ¢ = sn? ;. The ODE defining ¢ = sn?, is:

/"

¢" — =0, equivalently Y
2

¢'(0) =1
©(0) =0
so we immediately conclude the curature tensor is:

R(89a 87’)67" = _86
so the sectional curvature is sec = —1 and we see M has constant curvature —1.
(7) More generally suppose G is a Lie group with a bi-invariant metric. Then:

1
VxY = Z[X,Y]

R(X,Y)Z = —%[[X, Y], Z]

RX,Y,Z,W) = ig([X, Y], [W,2]) > 0

The first follows from the Koszul formula and the second two follow from the first.
(8) Let H be the Heisenberg group from example 4.1.8.iii. We first note that (using the calcu-
lation of the Christofel symbols done there) that [X,Y] = Z but:

72

T -1
VxY(z,y,2) = §Y—f— 5 Z+7Z

hence (by the previous example) our metric is not bi-inariant.
(9) (Berger spheres) The special unitary group SU(2) is defined by:

SU(2) = {M € My(C) | MM* = I, det(M) = 1}
(5 ) P =)
=93

and is a 3 dimension (real) Lie group. The Lie algebra su(2) is given by:

su(2) = {M € My | M* = —M, tr(M) = 0}

:{( i ”“’) 2,9, € R}

1Z2—1Y —IiT

S (O T A I (O

If we let g1 be the inner product on su(2) satisfying ¢1(X,Y) = g1(X, Z) = ¢1(Y, Z) =0
and g1(X, X) = q1(Y,Y) =¢g1(Z,Z) =1 (i.e. making {X,Y, Z} into an orthonormal basis)
then the induced left-invariant metric on SU(2) makes SU(2) into a Riemannian manifold
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(10)

isometric to S? with its usual round metric.

If we instead let g be the inner product on su(2) such that g(X,Y) = ¢(X,2) = g(Y, Z) =
0 (i.e. X,Y,Z are orthogonal) and g(Y,Y) = g(Z,Z) = 1 but g(X,X) = €2 > 0 we call
SU(2) with the induced left-invariant metric g. the e-Berger sphere. The metric tensor for
(SU(2), ge) is:

EdX?* +dY? +dz?
By the Koszul formula ViV = 0. Computing the rest:

VxY =(2-)Z

VyX = —€2Z
VxZ = (62 -2)Y
VX =Y
VyZ =X
V7Y = -X
therefore:
R(X,Y)Y = X
R(Z, X)X =¢'Z
R(Y,Z)Z = (4 — 36%)Y
and:

R(X,Y)Z=R(Y,2)X =R(Z,X)Y =0

Finally we compute R. Since g(X,X) = €% and g(Y,Y) = g(Z,Z) = 1 we have that
{£.Y, Z} forms an orthonormal basis for su(2) that we take (by abuse of notation) to be
left invariant vector fields on SU(2). This defines an orthonormal basis {%/\Y7 %/\Z JYNZ}
for A2M. Now:

X X X X 1 1
gR(=AY), = AY)=R(—,Y,Y, =) = SR(X,Y,Y,X) = 5g(¢X, X) = ¢
€ € € € € €
X X X X
JgR(—AY),—ANZ)=R(—,Y,Z,—) =0
€ € € €
X X

€ €

so R(ZNY) = LAY, equivalently R(X AY) = X AY. Similar calculations will show
that R(ZAX) =e2Z A X and R(Y A Z) = (4 — 3e2)Y A Z. Thus we have an orthonormal

basis of eigenvectors to diagonalize R so €2 < sec, < 4 — 3¢? for all p € SU(2).
If F: M — N is a Riemannian submersion we can compute the curvature tensor for N
in terms of the curvature tensor for M. Given p € M, dp,F : T,M — Tp, N is surjective
so TyM = ker(d,F) @ ker(d,F)* =V, ® H, 2V, ® Tr@pyM. Then we can write v € T, M
as v = vV + v and call vV the vertical part and v” the horizontal part. Thus if
Page 22



Matt Koster RIEMANNIAN GEOMETRY

X € X(N) there is a unique X € X (M) with X" = 0 such that dF(X) = X called the
(basic) horizontal lift of X. With this notation we have the following result:

Theorem 34 (O'Neill’s formula). If R is the curvature tensor for N and R is the curvature
tensor for M then:

We saw earlier that the quotients of Riemannian manifolds by certain group actions
give us Riemannian submersions, and we can now use the O’Neill formula to compute the
curvature tensor for them. To this end we will do the calculation for complex projective
space.

By the isomorphism C" = R?" we can see S2*~1 ¢ CF. We have an action of S c C
on S?*~1 by scalar multiplication that satisfies the conditions given previously. Under this
action we have CP(n) = $?"*1/S! with 7 : $?"*! — CP(n) a Riemannian submersion. We
can write the metric on S?"*! (letting p=2n —1, ¢ = 1) as:

g = dr® + sin®(r)ds3, | + cos®(r)db?

and see S' acting independently on S?"~! and S'. We then write the metric on CP(n)
as:

g = dr® +sin®(r)(g + cos*(r)h)
which we call the Fubini-Study metric. Using the O’Neill formula we see that the
sectional curvatures in CP(n) must be larger than 1 as S™ has constant curvature equal
to 1. Conversely fix p € CP(n), let X,Y € T,,CP(n) be orthonormal and denote by N
the unit vector field on S?**1 that is tangent to the action of S'. Then one can show that
g(3[X,Y],V) = g(Y,iX) < 1 so by the O'Neill formula sec,(X,Y) = 1+ 2|[X,Y]V|? =
1+ 3g(iX,Y) < 4. Thus we conclude that for all p € CP(n) we have 1 < sec, < 4.

To compute the Ricci curvature fix p € M, let X € T,CP(2) satisfy |X| = 1 and extend
X to an orthonormal basis X, Es, ..., F, such that iX = E,. Then by the O’Neill formula:

2n
Ricy (X, X) = Z secy(X, E;)
=2

2n
= secp(X, Ea) + Z secpy(X, E;)
=3
2n
= 14 3|g(E2,iX)|* + > _(1+3|g(Ey,iX)|?)
=3

2n
=143+ 1
=3

=4+ (2n-2)
=2n42
thus CP(2) is Einstein with Einstein constant 2n + 2. Finally consider an orthonormal

basis for T,CP(2) of the form X,iX,Y,iY. Then the following basis /:
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XNiX+YANiY, XANiX-YAiY
XAY +iX ANiY, XAY —iX ANiY
XAY +Y AiX, XAV —Y AiX

diagonalizes R, whose matrix in these coordinates is:

[R]p =

OO O OO
OO O OO
OO O OO O
OO NO OO
O OO OO
OO O OO

00 2

To see this, we first evaluate R(Y,4Y,iX, X) as it will come up frequently in the compu-
tation. Using proposition 5.1.6 we have:

6R(Y,1Y,iX, X) =4dsec(X +Y,iX + 1Y) — 2sec(Y,iX + 1Y) — 2sec(X,iX 4+ iY)
—2sec(X +Y,iX) — 2sec(X +Y,iY) 4+ sec(Y,iX) + sec(X,iY)
—4sec(Y +iX,iY + X) + 2sec(Y,iY + X) + 2sec(iX,iY + X)
+ 2sec(Y +iX,iY) 4+ 2sec(Y + i X, X) —sec(iX, 1Y) — sec(Y, X)
and applying the formula for sec above the right hand side is 12 so R(Y,iY,iX, X) = 2.

Armed with this we will do an example calculation for $R. First assume that the § given
are all eigenvectors for R. Then:

JRX NIX LY AiY), X AiX £Y AiY)

— R(X,iX,iX,X) + R(Y,iY,iY,Y) £ 2R(X,iX,iV,Y)
= sec(X,iX) +sec(Y,1Y) £ 2R(X,iX,iY,Y)

=8+4

and:

JRXNIXEY ANY), XANIXEY ANiY)=cg(XNiX LY ANIY, XN X LY AiY) =2¢

2c =8+ 41i.e. c =4+ 2 giving us the 6 and one of the 2 entries in the matrix above.
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5. HYPERSURFACES AND ISOMETRIC IMMERSIONS.

If M is an Riemannian manifold of dimension n — 1 we would like to know when we can find a
Riemannian embedding or at least an isometric immersion F' : M — R™. Below we shall assume
we have found one and derive several necessary conditions to act as obstructions.

Definition 35. Given an isometric immersion F': M — R"™ if M is orientable we can choose a unit
vector field N € X(R™) normal to M. If M is not orientable we can instead pass to the oriented
double cover and fix N this way. Since |N(x)| = 1 we can view N as a map G : M — S™~! called
the Gauss map. Then we see that dG(v) = S(v).

Theorem 36. Suppose F': M — R™ is an isometric immersion with n > 2 and M is compact with-
out boundary. If the eigenvalues of S are always positive then G : M — S™ ! is a diffeomorphism
and F' is an embedding.

Proof. 1f the eigenvalues of S are always positive, in particular they are never zero. Since dG = S
we have that dG is invertible on M hence it is a local diffeomorphism. As M is compact and S™ is
connected this gives us that G is surjective. For z € S™ compactness of M gives us that G~1(z) is
finite (of order m). For each p; € G~!(x) we can find pairwise disjoint neighbourhoods P; (as M
is Hausdorff) and by choosing smaller neighbourohods U; if needed the inverse function theorem
gives us open neighbourhoods V; of x such that G : U; — V; is a diffeomorphism. Then it is easy
to see that:

AviNam\ )
i=1 i=1

is an evenly covered neighbourhood of x hence G is a covering map. But S™ is simply connected
so GG must be a diffeomorphism.

It remains to show that F' is an embedding. M is compact and F' is an immersion so we need
only show that F'is injective. Fix pp € M and let g : M — R be given by:

f(p) = d(F (), Tr(po) F'(M)) = (F(p) = F(po), N(po))
where N is the unit normal to F(M). Hence:

df (v) = {(dF(v), N(po))-

But F' is an immersion so df (v) # 0 so the critical points for f are the two points pi, pa such
that when N(p;) = £N(po), one of which is py = pg. Moreover f(p1) # f(po) else f = 0. Then
with no loss in generality we may assume f > 0. Now if F(p) = F(pg) then f(p) = f(po) = 0 so
P = po, thus F is injective hence an embedding. O

Proposition 37. Suppose F': M — R™ is an isometric immersion and let p € M. Let {eq,...,en}
an orthonormal basis of eigenvectors for S : T,M — T,M with eigenvalues \;. Then R(e; N ej) =
)\i)\jei Nej.

Proof. Since S(e;) = A\ie; by theorem 5.1.3 we have:

g(R(ei Nej),ex Ner) = g(S(ej),e)g(S(ei), ex) — g(S(ei), e)g(S(ej), ex)
= AjAig(ej, er)g(eis ex) — Aidjglei, ee)g(ej, ex)
= Nig(ei Nej,ep Nep)
= 0; k05,0 Ai;
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Since M\jA; = g(R(e; ANej),ei Aej) = sec(e;, ej) the previous result allows us to conclude that any
Riemannian hypersurface with positive sectional curvature must have positive curvature operator.
This shows that CP(2) does not have a Riemannian embedding into R® as we saw that CP(2) has
0 as an eigenvalue but 1 < sec < 4.

Now we give a result that can be used to rule out the existence of isometric immersions for
manifolds of dimension n > 3.

Proposition 38. Suppose F : M — R"*! is an isometric immersion andn > 3. IfR : AZ(TPM) —
NY(T,, M) is positive then we can compute S : T,M — T,M independently of F.

Proof. Let = {e1,e2,e3} be an orthonormal basis for T,,M and let (s;;) = [S]g. Since (s;;) =
g(S(ei),e;) we can apply the previous proposition with no loss in generality to conclude that all
the eigenvalues are positive. By theorem 5.1.3 we have:

gR(ei Nej),en Nee) = g(S(ej), e0)g(S(ei), ex) — g(S(ei), ee)g(S(e)), ex)

This allows us to compute S~! by first computing the cofactor matrix (where the subscripts are
taken mod 3):

(cij) = (_1>i+j(3i+1,j+13i+2,j+2 — 5i42,j4+15i41,j+2)

along with det S = det(c;;)" L.
O

To see an application of the previous result we will show that the Berger spheres cannot be
isometrically immersed into R*. We saw that R is positive if 0 < € < 1. Following the computation
in the proof in the previous proposition we see that:

We know (Vy S)(Z) = (VzS)(Y), but:

2 2

(VyS)(Z) = (V4 —3e% — eX # —(V4—3e% —

Now we show that n > 3 in the previous proposition was necessary. Let M be the warped product
with metric tensor dt? + (asin(t))2d#?. Then as was computed earlier we have that M has constant
curvature equal to 1. But letting x(t) = fg’ /1 — acos(z)2dz and y(t) = asin(t) we have 2 4+5° = 1
and y = asin(t) so we can write M as a surface of revolution F'(¢,0) = (cosOy(t),sinOy(t), z(t)).
Computing a basis for T,,M we have:

eX = (V2S)(Y)

3e2 ) 3e2 )

Trt,9M = span{((t), cos 0y(t),sin0y(t)), (0, —sin 6, cos 0)}

so M has unit normal Np( gy = (§(t), — cos 0&(t), —sin 02 (t)). Recalling that we have the Gauss
map G = N and dG = S we see that S(9;) # 0y so S # I. But M = S? is another surface with
constant curvature equal to 1 and on S? we have S = I, so we conclude that S does depend on F.
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Theorem 39 (Gauss-Bonnet). If M is a compact orientable 2 dimension Riemannian manifold:

/ scal AV = 4wy (M)
M
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6. GEODESICS

Let (M,g) be a Riemannian manifold and p,q € M. By a path from p to ¢ we mean a
continuous map v : [0,a] — M with v(0) = p, v(a) = ¢ such that the restriction of v to (0,a) is
smooth. We define the length of v to be:

a
~ [ B
0

d(p,q) = igf ()

where the infimum is taken over paths from p to g. Observe that d is a metric on M making
(M,d) into a metric space. Note also that, although d(p, ¢) is well defined, it may not be attained
by any path from p to ¢ (take for example M = R?\ 0 with the Euclidean metric, and p = (—1,0),

= (1,0)). Before continuing we make an observation about smooth curves into R™. Let p,q € R™
and a(t) = (1 — t)p + tq defined on [0, 1]. Then:

and the distance from p to ¢ by:

/!a\dt /q pldt = |q — p| = d(q,p)

Let r : R® — R be the function r(z) = d(p,x). We know from earlier discussions that r is a
distance function and « is an integral curve for Vr. Now suppose 7 : [0,1] — R™ is some other
smooth curve from p to ¢ and |y| > 0. Then:

1 1 1 1
- /0 51t = /0 31-1(Vr) oyldt > /0 (Vr) oy, 4)dt = /0 dr(4) = r(7(1)) —r(3(0)) = d(p. )

where the inequality comes from Cauchy-Schwarz. Since that inequality is an equality if and
only if k% = (Vr) oy then we must have that -y is a reparametrization of « .

6.1. Covariant differentiation and geodesics.

Definition 40. If v : I — M is a smooth curve and D~5(to) = 0 then 7 is called geodesic at t.
If v is geodesic at ¢ for all ¢ € I then we simply call v a geodesic. In coordinates (xy, ..., z,) this
is equivalent to the geodesic equation:

d? xk ok dx; dxj
Ry

for all k =1,...,n. The image of a geodesm is also called a geodesic.

The geodesic equation has a solution for any pair of initial conditions p, v defined on (—4¢,d) for
some & > 0. Since Ffj = 0 on R” we see that geodesics in Euclidean space are exactly the straight
lines. An alternative characterization of geodesics is sometimes convenient. Let X € X (TM) be
given in coordinates (1, ..., Tn, Y1, ..., Yn) by:

dxy,

W:yk

dyk
= Z L9y

Then 7 : I — M is a geodesic if and only if (v, 7) is an integral curve for X. What we conclude
is that for any p € M there exists € > 0 such that for any v € T,M with |v| < € there exist 6 > 0
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and a unique geodesic 7 : (—6,0) — M with «(0) = p, ¥(0) = v. For a choice of p € M, v € T,M,
we denote the unique geodesic through p with velocity v by ~(p,v,t). We note here that if v is a
geodesic:

d . . .
@g(%v) =29(V4¥,7) =0

o |¥| = ¢ is constant. It follows that:

t t
:/ |1|dt:/cdt:ct
0 0

i.e. the arc length of v is proportional to the velocity.

Proposition 41. If y(p,v,t) is defined on (—6,0) then for any a > 0 the geodesic vy(p,av,t) is
defined on (—d/a,d/a) and moreover:

7(p7 v, Cbt) = 7(17: av, t)

Proof. Define ¢(—d/a,d/a) — M by ¢(t) = v(p,v,at). Then ¢(0) = ~v(0) = p, ¢(0) = a¥(0) = av,
and:

De(é) = a®Viaryi(at) =0

so ¢ is a geodesic through p with velocity av. By uniqueness ¢(t) = v(p, av, t).
]

This proposition tells us that we have a tradeoff we can make between the domain of definition
(—9,6) for a geodesic vy and the € > 0 of choice for v € T, M. In particular we can demand that our
geodesics v be defined on (at least) I = (—2,2). This allows us to make the following definition:

Definition 42. Given p € M we have the exponential map at p, exp,, : B(0,¢) — M given by:

exp,(v) = y(p,v,1)
defined on the appropriate ball of radius e that allows our geodesics to be defined on (—2,2).

It is clear that exp,, is smooth and exp,(0) = p. We also have the following important fact.
Proposition 43. For all p € M the exponential map is a local diffeomorphism near 0 € T, M.

Proof. A quick computation shows:

dO epr(U) ‘t 0 epr(tU ‘t 07 p,tU 1 ‘t 07 p,v, t)
as claimed. 0

Definition 44. Fix p € M and let € > 0 is such that exp,, is a diffeomorphism from B(0) onto its
image. Then we call exp,(B¢(0)) = Be(p) the normal (or geodesic) e-neighbourhood (or e-ball or
simply just ball) of p. We call the boundary of this ball the normal (or geodesic) e-sphere at p.
Let g = {e1, ..., e} be an orthonormal basis for T, M. We have an isomorphism ¢ : R" — T,M
given by ¢(r1,...,xy) = x1€1 + - Tpe,. We can combine this with the exponential map to get
a diffeomorphism ¢~ o exp™! : By(e) — R™. We call the coordinate chart (B,(e), o ! oexp™!)

normal coordinates at p.
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Let U be a normal neighbourhood of p. If x : U — R"™ is a normal coordinate chart for p then the
coordinate basis {%} is orthonormal. Conversely if {e1,...,e,} is an orthonormal basis for T, M

i

there exists a unique normal coordinate chart = for U such that 8%2- = e;. Finally if z and T are

two normal coordinate charts on U then x; = A, ;T; for some orthogonal matrix (A4;;). In normal
coordinates the metric tensor becomes:

g:dr2+gr

where g, is the restriction of g to S"~1 (recall earlier discussions of distance functions).

Proposition 45. Fiz p € M and let (U,x) be normal coordinates for p. Then g;j(p) = I and
Ffj(p) = 0. Moreover if v = v1a%1 + -+ vn% € T,M then v(p,v,t) = (tv1,...,tv,) in these
coordinates. Finally all first partial derivatives of g;; vanish at p.

6.2. Geodesics as length minimizing curves.

Theorem 46 (The Gauss Lemma). Fiz p € M and € > 0 such that exp, : Bo(e) — By(e) is a
diffeomorphism. Let v € By(e) and write ¢ = exp,(v). Define r : By(e) = R by r(q) = |exp~*(q)|.
Let {e1,...,en} be an orthonormal basis for T,M and let x : B,(€) — T,M be the associated normal
coordinates. For v € By(e) identify T,(T,M) = T,M, write ¢ = exp,(v) and define the vector field
Or on By(e) by 0,(q) = dy exp,(v). Then the following hold:

(1) 7,0, are well defined on By(€) (independent of the choice of normal coordinates).

(2) r,0. are smooth on Bpy(e) \ p.

(8) r? is smooth on By(e).

(4) Vr(q) = 9:(q)-

Proof. 1), ii) and iii) follow from earlier discussions. To prove iv) we need to show that g,(9r(q),v) =

dgr(v) for all g € U, v € T,U. Writing ¢ = (21, ...,2,) in U we note that in these coordinates:
r2:x%+---+xi

so 2rdr = 2x1dx1 + - - - + 2x,dx, therefore:

1
dgr = ;(:L’ld.%'l + -+ zpday,).

and also:

ar:Z?@l'i

=1

Consider v = 9,. Then g4(dr(q),v) = 1 by proposition 8.1.8. Conversely we see:

1 1 " 0
dyr(v) = (erdey + -4 aadey) () = (wrday + -+ andeg) YT
i=1 v

. x% + - x%

=1

so the result is true for v = 9,. Now let J = > ?<j:1 —xi% + :cj% (in R? this is the familiar
J K2
rotational field x% - y—aaz ). Then:
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1 n 6 a
dry(J) = ~(wrdzy +--- + xndﬂcn)(; Ui g,

) =0

To compute g,(0r(q), J) requires a couple steps. First see that g(0r, J) is constant along geodesics
of the form ~(p, v, t) since:

1
87"9(8747 J) = g(Vaﬁr, J) + g(ar, VB’V‘J) = g(6r7 VJaT) = 5Jg(67‘, 6T> =0

Now we compute:

0

19, D 10| - [T =[] < Ja] - .
J

1<j

al'j

’ 0

0 0
il am = (am| T

so by taking lim,_,, of both sides we see that g(dr(p),J) = 0 and since it is constant along
geodesics based at p we must have that g(9r(q),J) = 0 for all q.

What we have shown thus far is that for any ¢ € U, drq(0,(q)) = g4(0r(q),0r(q)) and dry(J) =
94(0r(q),J). But for all v € T,U we can write v as a linear combination of 0, and J, concluding
the proof. O

Corollary 47. Fiz p € M and let € > 0 sufficiently small that exp. Bo(e) — Bp(€) is a diffeomor-
phism. Then for all v € Bo(e) we have exp,(tv) = v(p,v,t) is the unique shortest path connecting

p to exp,(v).

Proof. By the Gauss lemma we see that r is a distance function. Now fix ¢ € B,(€) and suppose
¢: [a,b] = M is a smooth curve with c¢(a) = p and ¢(b) = g. A short computation shows:

b b b
fe) = / éldt = / ERCE / dr(é) = r(c(b)) = d(p.q)

and equality holds if and only if ¢ is proportional to Vr, i.e. ¢ is a reparametrization of exp
(hence a geodesic).
O

Remark 48. In short, we conclude that a smooth path + from p to ¢ is a geodesic if and only if
l(y) = d(p,q).

6.3. Computing geodesics. In this section we will compute the geodesics for a few Riemannian
manifolds.

Example 49.

(1) (R™) As mentioned before for p,v € R™ let v(t) = vt + p. Then 4 = 0 so + is the geodesic
through p in the direction of v.

(2) (5?) Define v : [0,27] — [0, 7] x [0,27] by v(t) = (,t). Then one checks that D (¥) = 0
with the Riemannian metric tensor given by dt? + sin?(t)df so 7 is a geodesic. But in S,
7(t) = (cos(t),sin(t),0) thus the equator is a geodesic on S2. Since SO(3) acts on S? by
isometries and brings great circles to great circles we get (by uniqueness) that the geodeics
on S? are given by great circles.

This example shows that not all geodesics connecting p to g are minimizing geodesics.
Consider p = (1,0,0) and ¢ = (0,1,0). Then v : [0, §] — M where «(t) = (cos(t),sin(t),0)
Page 31



Matt Koster

is a geodesic with v(0) = p, v(§) = ¢ with £(y) = § and a(t) = (cos(t), —sin(t),0) is
another geodesic connecting p to ¢ with ¢(a) = 37”
(3) (H™) Let H' as previously defined. Let v : [a,b] — H™ be given by v(t) = (0,t) and suppose

t
a: [a,b] — HT satisfies a(a) = (0,a) and a(b) = (0,b) and write a(t) = (z(t),y(t)). Then:

:/ablddt:/ | dt_/dyzem

Y
thus v is a geodesic. Recall that (by the calculatlon in example 3.3.1.xi) we can write:

dzdz

AR

Then any map ¢ : HT — H™ of the form:

az+b
o(z) = et d ad —bc =1
is an isometry that sends the y-axis to a semicircle whose diameter lies on the z-axis,
and in fact for every p € H and v € T,H" we can construct such a circle, giving us a full
description of geodesics in H™T.
(4) (Lie groups) Suppose G is a Lie group with bi-invariant metric g. Let X be a left-invariant
vector field on G and suppose 7 is an integral curve for X through p, i.e. 4(¢t) = X(¢). Then
7 is a geodesic as V54 = Vx X = %[X, X]=0.
When the metric is not bi-invariant, integral curves for left-invariant vector fields are not
necessarily geodesics (the computation for H' above gives a counterexample).
(5) (Riemannian submersions) Suppose F' : M — N is a Riemannin submersion. Then we may
compute the geodesics of NV by lifting to M using the following:
(a) Fix p € M and let a : (a,b) — N be a geodesic with a(0) = F(p). Then there exists
a unique horizontal lift 7 : (a,b) — M such that v(0) = p such that v is a geodesic on
M.
(b) If v : (a,b) = M is a geodesic and 4(0) is horizontal then 4(¢) is horizontal for all
t € (a,b) and F o~ : (a,b) = N is a geodesic and £(F o~) = {(7).
Proof. (a) Given ty € (a,b) there exists € > 0 such that L = a((tg — €,tp + €)) is a smooth
1 dimension submanifold of N. Then V = F~!(L) is a smooth 1-dimension submanifold of
M. Let X be the horizontal vector field on V' defined by:

X(z) = (duF) "M (& F ()

Define 7 to be the integral curve for X through p. Then one can check that v is a geodesic.

(b) Let v = d0)F(¥(0)) and define a(t) = a(F(v(0)),v,t) to be the geodesic through
F(v(0)) in the direction of v. Let 8 be the unique horizontal lift of a from part i. Then
B(0) = ~v(0) and $(0) = 4(0) so by uniqueness we have 8 = ~. Since 8 was a lift of o we
have « = F'o f = F o as claimed.

O

We use this to compute the geodesics on CP(2). First we note that as a real inner product
space, under the standard inner product on C3 we have for all v € C3 that (v,iv) = 0. Then
we can extend any v # 0 to an orthonormal basis on C? of the form {v, iv, w3, wy, ws, wg }.
If v € §° < C? then T},S° = span{iv, w3, wy,ws,we}. If p: S> — CP(2) is the natural
projection z — [z] then d,p(iv) = 0 so T},)CP(2) = span{ws, wy, ws, we} = {v, iv}t.
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Now suppose [v] € CP(2) and let w € T},)CP(2) i.e. w € {v,iv}*. Then by the previous
result we have that a(t) = v([v], w, t) = p(cos(t)v+sin(t)w) and so all geodesics are periodic
with period 7 as:

a(t+ m) = p(cos(t + m)v + sin(t + m)w) = p(— cos(t)v — sin(t)w) = p(cos(t)v + sin(t)w) = a(t)
Let a,vy : (0,m) — CP(2) be two geodesics with a(0) = v(0) = [v], let v = &(0) and
w = 4(0). Then we have two cases. Either u = Aw for A € C or not. If u = Aw then
[u] = [w] so p(u) = p(w).

i) If w = Aw then:

a(3) = pu) = pw) = ().

ii) If u # Aw then a(w) = vy(7) and «(t) # y(t) for 0 < t < 7.

Notice that a geodesic is only minimizing on [to, %o + 5] since B(t) = y(to —t) will be a
shorter path connecting v(to) to v(to + 1) as it has length ¢; — 5 for t; > 7.

6.4. Riemannian manifolds as a metric space.

Proposition 50. The topology induced by the metric d(p,q) = inf, {(v) is homeomorphic to the
manifold topology on M.

Corollary 51. M with the metric topology is a complete metric space if and only if for all p,q € M
there exists a geodesic vy : [a,b] — M with v(a) = p, v(b) = q.

Theorem 52. Suppose U C M is open and r : U — R is a distance function. Then the integral
curves for 0, = Vr are geodesics.

Proof. Since |Vr| =1 we see that Vg 0, = 0. Then if « is an integral curve for 9,, since ¥ = 0, we
conclude V5 = 0. g

Theorem 53 (Hopf-Rinow). The following are equivalent:
(1) For allp € M, exp,, is defined for all v € T,M.
(2) There exists p € M such that exp,, is defined for all v € T, M.

(8) Every closed and bounded subspace of M is compact.
(4) (M,d) is a complete metric space.

Moreover any of the above imply that for all p,q € M there exists a minimizing geodesic con-
necting p to q.
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7. JACOBI FIELDS AND VARIATIONS.

Let N € S? be the north pole. The tangent space Ty S? has an orthonormal basis v; = %,
Vg = 8% with respect to the usual round metric on S2. Notice that:

|[tvr — tva|| > d(expy (tv1), expy (tv2))
with strict inequality for ¢ > 0. That is to say, two orthogonal geodesics starting at N get “closer
together”.
Similarly, consider i € H'. The tangent vectors v = %, Vg = 8% form an orthonormal basis for

T;H™ with its hyperbolic metric but this time:

[|[tvr — tve|| < d(exp;(tvr),exp;(tva))

i.e. the geodesics spread further apart.
Finally, v; = %, Vg = 8% form an orthonormal basis for R? with its Euclidean metric and:

|[tv1 — tva]| = d(expg(tv1), expy(tvz)).
Recall that S? has constant curvature equal to 1, H' has constant curvature equal to —1, and
R? has constant curvature equal to 0.

7.1. Jacobi fields. Given p € M let € > 0 such that By(e) is a normal neighbourhood, let 1 (t) =
Y1(p,v,t) and v2(t) = y2(p, w,t) for some v, w € T, M such that exp,(v) and exp,(w) are defined.
Suppose « : [ — T, M is a smooth curve with «(0) = v, &(0) = w — v. Then:

J(t) = dyy expp(t(w —))
is a vector field along v, and (by the Gauss lemma):

expy(J (1)) = 72(t)
So we see |J(t)| measures the rate that v; and 2 diverge in M. A quick computation shows
that:

D%J + R(v1,J)% = 0.

Definition 54. Given an open U C M and a distance function r : U — R a Jacobi field for r is
a vector field J € X (U) such that:

Vo,Vo,J =—R(J,0r)0
Equivalently we can define Jacobi fields as follows. Let v : [0,a] — M be a geodesic. Then a
vector field J along + is called a Jacobi field if it satisfies the Jacobi equation:

D2J + R(¥,J)¥ = DyD4J + R(%, J)3 = 0.

Example 55.

(1) For any geodesic v, 4 and t7 are both clearly Jacobi fields.

(2) Suppose M has constant curvature equal to k and let J be a Jacobi field along some ~.
Then:

thus we have R(%, J)3 = kJ therefore we have reduced the Jacobi equation to:

D2J +kJ =0,
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an easily solvable system.

Proposition 56. Fiz p € M and let v : [0,a] — M be a geodesic with 4(0) = v. Let J be a
Jacobi field along v such that J(0) = 0. Let w = D,J(0) and o : I — T, M be a smooth curve with

a(0) = av, &(0) = w. Define f(t,s) = exp,(ta(s)) and define J(t) = %(t,O). Then J = J.

Thus we see the only Jacobi fields along a geodesic « satisfying J(0) = 0 are the kind described
at the beginning of this section.
We now give the first fundamental relationship between curvature and geodesics.

Proposition 57. Fiz p € M and let v = v(p,v,t). Let w € T,(T,M) satisfy lw| = 1 and define
J(t) = di exp,(tw). Then:

1
|J(t)]? =2 — gR(v,w,v, w)th + r(t)

where r € O(t4).

Corollary 58. If v is as in the previous proposition but is also parametrized by arc length (i.e.
17(0) = [v] = 1) then:

|J(t)> =t* - ésecp(a)fl + r(t).

where o is the 2-plane generated by v,w. Hence:

() =t — %secp(a)tg + ()
where r(t) € O(t3).

The equation |J(t)| = t — § sec,(0)t3 + R(t) gives the desired relationship between curvature and
geodesics. It says that the rate of divergence of geodesics in M originating at p differs from the
respective geodesics in T, M originating at 0 by %secp(a) times a third order term. This explains
the behaviour outlined previously - on manifolds with positive constant curvature |J(t)| < t i.e. the
rate of divergence is smaller than it would be in T),M, and on manifolds with negative constant
curvature |J(t)| > ¢ i.e. the rate of divergence is larger than it would be on T}, M.

Proposition 59. Let J be a Jacobi field along v. Then:

g(J(1),7() = g(J'(0),7(0))t + g(J (0),%(0))

Definition 60. If v : [0,a] — M is a geodesic and ¢y € [0, a) we say that v(0) is conjugate to (to)
if there exists Jacobi field J along v that is not identically zero such that J(0) = 0 and J(ty) = 0.

Proposition 61. Let v :[0,a] — M be a geodesic with vi € Ty M, va € TyqyM. If v(0) is not
conjugate to y(a) then there exists a unique Jacobi field J such that J(0) = vy, J(a) = va.

7.2. Variations. Having a relationship between the curvature and geodesics, we seek to develop
relationships between curvature and topology.

Definition 62. Let v : [0,a] — M be a smooth curve. A variation of v is a continuous function
f:(—€€) x[0,a] - M such that f(0,t) = v(t) and there exists a partition 0 = ) < t; < -+ <
tk+1 = a such that f|q, ;,41) is smooth for all i = 0, ..., k. We say that f is proper if f(s,0) = v(0)
and f(s,a) = y(a) for all s € (—e¢,¢).
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The function fs(t) = f(s,t) is called a curve in the variation. The function fi(s) = f(s,t) is
called a transversal curve of the variation. The variational field of f is defined to be the
vector field V (t) along ~ defined by V (t) = %(0, t).

Proposition 63. If V is a piecewise smooth vector field along a smooth curve v there exists a
variation f of v such that V' is the variational field of f. If moreover V(0) = V(a) then f can be
chosen to be a proper variation.

Definition 64. Given a smooth curve v and a variation f of v the length of fs denoted L(s) is:

a af
L et —
(s) /0 5 (s, t)‘dt
and the energy of fs denoted E(s) is:
a 8f 2
E(s) = -
(s) /0 5 (s,t)| dt

For notational simplicity we also define the following two quantities:

Liy) = /0 “Koldt, By = /0 " o)de

By the Cauchy-Schwarz inequality on L?([0, a]) we have:

o= ([ o) < [

ar &1

with equality if and only if |%(s, t)| is constant.

P 2
a—{(s,t) dt = aE(7)

Lemma 65. Let p,g € M and let v : [0,a] — M be a minimal geodesic connecting p to q. If
a:[0,a] = M is a smooth curve connecting p to q then:

E(y) < E(a)
with equality if and only if «a is a minimal geodesic.

Theorem 66 (First Variation). If vy : [0,a] — M is a piecewise smooth curve and f is a variation
of v then:

1 a i

S E(0) = /0 g(V (1), Dy (t))dt — g(V(0),%(0)) + g(V(a), 4(a)) = Y g(V(t:), 4(tF) = 4(t))
i=1

where (1), %(t;) are the right hand and left hand limits, respectively.

Corollary 67. A piecewise smooth curve v : [0,a] — M is a geodesic if and only if for every proper
variation of v we have E'(0) = 0.

The first variation formula characterises geodesics as critical points of the energy functional E.
If v is a geodesic connecting a to b then any nearby curves also conencting a to b will have lengths
at most equal to that of v, so L(0) is a local minimum. Since L(y)? < aF(y) we can see then
that being a critical point of F is being a local minimum of E, so one could say that geodesics are
energy minimizers.

Theorem 68 (Second Variation). With the same conditions as theorem 9.2.5:

a k
320 == [ g (V. D2VE) + RGO.VOR0) de = 3 oV (). D, V() = DV (1)
i=1
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8. SECTIONAL CURVATURE AND COMPARISONS.

We will now use the results of the previous sections to deduce some general topological properties
of Riemannian manifolds with nonpositive sectional curvature, and Riemannian manifolds with
nonnegative sectional curvature.

8.1. Nonpositive sectional curvature.

Theorem 69 (Ambrose). If f: M — N is a local isometry with M complete and N connected then
N is complete and f is a covering map.

Lemma 70. If (M, g) is complete and p € M, if d, exp,, is invertible for all v € T,M then exp,, is
a covering map.

Proof. Since exp,, is invertible everywhere it is an immersion so we define a metric g on T,M by
9 ((u,v)w = g(dwexp,(u), dy expp(v))expp(w). This metric makes exp,, into a local Riemannian
isometry. But expg : ToT,M — T,M is defined for all v € ToT,M so (T,M, ¢') is complete hence
exp,, is a covering map. ]

Theorem 71 (Cartan-Hadamard). If M is complete and connected with sec,(o) <0 for allp € M
and 2-plane o C T}, M, then exp, : TyM — M 1is a covering map (hence R™ is the universal cover).

Proof. We need to show that dy, exp, is invertible for all p € M, w € T,M. To that end we show
|dw exp,(v)| > 0. So fix p € M, w € T,M and let ¥(t) = exp,(tw). Let J be a Jacobi field along v
such that J(0) = 0 and J'(0) = v so that [J(1)| = |dy exp,(v)|. Then:

(L) =200, 0 +2(J",J) = 2(J, Iy — 2(R(%, J)Y, J) = 2| > — 2sec, (¥, J) > 2|J'?
Integrating this inequality we get:

<JJWﬂ—@LﬂﬂD22A|fﬁW
But (J, J)(0) = (J'(0), J(0)) = 0 so this becomes:

t
(J,J) > 2/ IJ'2>0
0

thus (J,J) > 0 i.e. d, exp, is invertible for all v € T),M.
U

If M is complete and simply connected with sec < 0 the previous theorem tells us that exp,, is a
diffeomorphism for all p € M. Hence we can take B)(e) = M so r(x) = d(x,p) is smooth on M \ p
and f = %7“2 is smooth on M with Hessf = dr? + rHessr.

Jacobi fields are a useful tool for computing the Hessian of distance functions. To see this
suppose 7 is a geodesic such that (0) = p and let J be a Jacobi field along v with J(0) = 0. If
a(t) = exp,(t¥(0)) is a minimizing geodesic for 0 <t < 1 then ¢(t) = Vr(c(t)) so:

2~ 9— .
Ssgt, J)(0,t) = g(gsgf D)(0,8) = g(J(t), J(t))

Since J can be arbitrary this allows us to compute Hessr in general. But:

Hessr(J(t), J(t)) = g(V ) Vr, J(t)) = g(

mﬂmﬂmzAmew>o

so Hessr is positive definite. Therefore:
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2
CHO(0) = 50(V£,4) = g(V3V1.4) + 9(Vf.4) = Hessf (3,7) > 0

Theorem 72 (Cartan). If M is a complete simply connected Riemannian manifold with sec,(c) <0
then any isometry of finite order has a fized point.

Proof. Let F be an isometry of M of order k. Fix p € M. Given ¢ € M define f,(z) = %d(:):, q)%.
Let x so that the following function g(x) is minimized:

g(.ZE) = maX{fp(x)’ fF(p) (CL‘), 00y kafl(p) (‘T)}
The existence of this x follows from the calculations proceeding the statement of the theorem
and moreover x is unique. However:

9(F(2)) = max{fp(F(2)), fr@p)(F(2)), - fre—1) (F(2))} = g(2)

so by uniqueness F'(z) = z as claimed.

Corollary 73. If M is a complete with sec < 0 then the fundamental group is torsion free.

Proof. We induce the usual covering metric on M making it into a simply connected Riemannian
manifold with sec < 0. By theorem 10.1.3 any isometry of M with finite order has a fixed point.
But isometries of M are a foritori deck transformations thus cannot have any fixed points hence
the fundamental group of M cannot have any elements of finite order. O

Theorem 74 (Preissman). Let M be a compact Riemannian manifold with secy(c) < 0 for all
p €M, 2-plane o C Tp,M. If H < (M) is nontrivial and abelian then H = 7.

Corollary 75. If M, N are compact then there cannot exist a Riemannian metric on M x N with
negative sectional curvature.

Proof. For contradiction suppose ¢ has negative sectional curvature so the fundamental group is
torsion free. Since the fundamental group is torsion free, the fundamental theorem of finitely gen-
erated abelian group gives us that m (M x N) = Z™. If m > 2 then we would have an abelian
subgroup that isn’t cyclic, contradicting Preissman’s theorem. Then any abelian subgroup A must
be equal to 0 or Z. In either case it must factor into subgroups A = Ap; x Ay for A, < w1 (M),
An < m (V) so one of Ay, Ay must be {0}. With no loss in generality assume it is Ays. Since A
was arbitrary m (M) has no abelian subgroups so M is simply connected.

The universal cover of M x N is the cartesian product of their universal covers. But by the
Cartan-Hadamard theorem, the universal cover of M x N is R™, and by the previous paragraph
the universal cover is M is M, and M is compact, a contradiction.

O

8.2. Comparisons. Before dealing with positive sectional curvature we need an important in-
equality relating the curvature to the metric.

Theorem 76 (Riccati / Rauch Comparison). Let M is a Riemannian manifold of dimension n+ 1
with k < sec, < K and in exponential coordinates write g = dr? + g,. Then:

sn%((r)ds% <gr< snz(r)ds2
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8.3. Positive sectional curvature.

Theorem 77 (Bonnet-Synge). Suppose M is a Riemannian manifold with 0 < k < secy(o) for all

™

p € M and 2-plane o C T,M. Then any geodesic vy such that £(y) > N is not length minimizing.

Proof. An application of the second variation of energy. Let 7 : [0,a] — M be a geodesic of length
> ﬁ and let V'(t) = sin(%t)E(t) where E is a parallel field along v. Since V(0) = V(a) = 0 there
exists a proper variation f of vy such that V is the variational field. By theorem 9.2.7:

Ly [ en . B “ . .

320 = [0y aa - [ veaos0.v e
= (2)2/0 cosz(gt)dt—/0 sinQ(%t) sec(E(t),5)dt
< (%)2 /Oa cosz(%t)dt - k/oa sin2(%t)dt

< k/ cos2(7rt)dt—k/ SiHQ(Et)dt
0 l 0
=0

~

Thus any curve « in the variation of f has ¢(a)) < ¢(7) so 7 is not distance minimizing as claimed.
(|

Corollary 78. If M is a complete Riemannian manifold and 0 < k < sec,(co) then M is compact

with diam(M) < 7 and |1 (M)] < 0.

Proof. By the Bonnet-Synge theorem M is bounded so by the Hopf-Rinow theorem M is compact.

With the metric induced by the covering map, applying the Bonnet-Synge theorem to M allows us
to conclude the same things, thus |71 (M)| < oc. O

Theorem 79 (Myers). If M is a complete Riemannian manifold and 0 < k(n —1) < Ricy(o) then

M is compact with diam(M) < ﬁ and |m(M)] < co.

Proof. Let v : [0,a] — M be a geodesic of length ¢ > ﬁ and define V;(t) = sin(5t)E;(t) for i > 1
where F; are parallel along v and 5§(t), Ea(t), ..., E(t) are an orthonormal basis for T, ;) M. By the
second variational formula:

n

> E0=3 /0 (V (1), V/()dt /0 (VA1) A1), 4(0), Vi(t)) e

=2

—(n— 1)(7;)2/00 cos2(%t)dt— /0 sinQ(%t)Ric(’y(t),f'y(t))dt
<(n-— 1)1{:/0 cosz(zt)dt —(n— 1)1{:/0 sin2(zt)dt

<0

so as before 7 is not distance minimizing. By repeating the argument in 10.3.2 we conclude that
M is compact with diam(M) < ﬁ and |m(M)| < oo.
O

Theorem 80 (Synge). Suppose M is compact and secy(c) > 0. Then:

(1) If dim(M) = 2k and M is orientable then M is simply connected.
(2) If dim(M) = 2k + 1 then M is orientable.
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Corollary 81. Suppose M is a compact Riemannian manifold with dim(M) = 2k, sec, > 0 and
M is not orientable. Then m (M) = Zs.

Proof. Let M denote the oriented double cover of M with the induced Riemannian metric. It is
clear that M is compact, orientable, and has sec, > 0. By Synge s theorem we conclude that M is

simply connected and is thus the universal cover of M. But M is double cover so w1 (M) = Zs as
claimed. 0

This tells us, for example, that RP(2) x RP(2) does not admit a metric with sec, > 0 as
m1(RP(2) x RP(2)) = K4 # Zy. Meanwhile, Preissman’s theorem gave us that there cannot exist
a metric on RP(2) x RP(2) with sec, < 0.

Theorem 82. Ifsec, < K for some K >0 then exp, : Bx (0) — M has no critical points.

Theorem 83. If M is an orientable Riemannian manifold with dim(m) = 2k and 0 < sec, < 1
then inj(M) > . If M is not orientable then inj(M) > 7.

Theorem 84. If f : M — R is smooth and proper, b is not a critical value and all critical points
in f~1([a,b]) have index > m then:

FH(=00,a]) € f7H((—00,0))

Theorem 85. If M is a complete Riemannian manifold and A C M is a compact submanifold such
that every geodesic v : [0,1] — M such that v(0),v(1) € A has index > k then A is k-connected.

Theorem 86 (Sphere theorem). If M is a closed n dimensional Riemannian manifold with sec, > 1
and inj, > 5 for some p € M then M is (n — 1) connected and homotopy equivalent to S™.

Corollary 87. If M is a closed simply connected n-dimension Riemannian manifold such that
1 <sec, < 4 then M is (n — 1) connected and homotopy equivalent to S™.

Corollary 88. If M is a closed n-dimension Riemannian manifold with Ric > (n—1) and inj, > 5
for some p € M then M is simply connected.

Lemma 89. Let M be a complete n-dimension Riemannian manifold with sec, > 0.

(1) If N C M is a totally geodesic n—k-dimension submanifold then N is (n—2k+1)-connected.

(2) If N1, Ny are totally geodesic submanifolds of M of dimensions n — ki, n — ko such that
k1 < ko and ki + ko < n then N1N Ny is a nonempty totally geodesic (n— ki — ka)-connected.
submanifold.
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9. BOCHNER TECHNIQUES

Given a smooth manifold M, the de Rham theorem provides a link between smooth differential
forms and the algebraic topology of M. Fixing a Riemannian metric, we will relate its curvature
to differential forms on M, allowing us to derive more topological constraints.

9.1. Killing Fields.

Definition 90. Let X € X(M) and let ®; : M — M be the flow of X witht € U C R . If &, is
an isometry for all t € U then we say X is a Killing field.

Proposition 91. A vector field X € X (M) is a Killing field if and only if Lxg = 0 if and only if
v = V. X is a skew symmetric (1,1) tensor.

Proposition 92. For any p € M, if X is a Killing field then X is uniquely determined by X (p)
and (VX)(p).

Theorem 93. The zero set of a Killing field is a disjoint union of totally geodesic submanifolds,
each of which has even codimension.

Theorem 94. The space of Killing fields iso(M) is a Lie algebra of dimension < n(n+1)/2. If M
is compact then iso(M) is the Lie algebra of Iso(M). Moreover if M is complete and the dimension
of Iso(M) is exactly n(n+ 1)/2 then M has constant curvature.

9.2. Killing fields and negative Ricci curvature.

Proposition 95. Given a (1,1) tensor T we define |T|? = tr(T o Tx) = Y. | g(T(E;), T(E;))
where {E1, ..., E,} is an orthonormal frame. Let X denote a Killing field and define f : M — R by
f(p) = 39(X(p), X (p)). Then:

(1) Vf=-VxX

(2) Hessf(V,V) = g(VvX,VyX) - R(V, X, X, V)

(3) Af =|VX]? - Ric(X, X)

Theorem 96. If M is compact, oriented, and Ric < 0 then every Killing field is parallel. If
moreover Ric < 0 then every Killing field vanishes identically.

Corollary 97. If M is as in the previous theorem and p = dim(Iso(M)) then M =RP x N.
9.3. Killing fields and positive curvature.

Theorem 98. If M is a compact even dimension Riemannian manifold with positive curvature
then every Killing field has a zero.

Theorem 99. If there exists a nontrivial Killing field X on a compact manifold without boundary
M then the fundamental group of M has a cyclic subgroup of index < c(n).

Theorem 100. If X is a Killing field on a compact Riemannian manifold M and N; are the
components for the zero set of X:

(1) x(M) = 3_; x(Ni)
(2) 22pbap(M) =37, >, bap(Ni)
(3) 22 bapr1(M) = 325> bap 1 (Ni)

Corollary 101. If M is a compact Riemannian manifold of dimension 6 with positive sectional
curvature that has a nontrivial Killing field then x(M) > 0. If M is compact orientable of dimension
4 with positive sectional curvature that has a nontrivial Killing field then x(M) < 3 and therefore
is either S* or CP(2).
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Definition 102. The symmetry rank of a compact Riemannian manifold is the rank (as a
compact Lie group) of Iso(M). If h(M) C iso(M) is an Abelian subalgebra with dim(h(M)) equal
to the symmetry rank of M define 3(h(M)) to be the components for the zero sets of the Killing
fields in h(M).

Proposition 103.

(1) If N € 3(h(M)) then all Killing fields in h(M) are tangent to N.

(2) N € 3(h(M)) is mazimal with respect to inclusion if and only if the restriction of h(M) to
N has dimesion equal to dim(h(M)) — 1.

(3) If N € 3(h(M)) then N is contained in finitely many maximal sets Ny, ..., Ny, and N =

NiN---NN,.
(4) If N,N" € 3(h(M)) then N NN € 3(b(M)).
9.4. Hodge.

Definition 104. Let M be a compact orientable Riemannian n dimension manifold. Write w €
QF (M) as w = fo-dfi A--- Adfy and define:

h(wi,wa) = h(fo - dft A+ ANdfg, g0 - dgi A -+ Ndgk) = fogodet (g(V fi, Vhj)i<ij<k)
and then extend g to an inner product on Q¥(M) by:

g(wl,wg):/ h(wy,we)dV
M

which we finally use to (implicitly) define the Hodge star operator:

w0 QF (M) — Q"R (M)
by:

g(*wl,wg):/ h(*wl,wg)dV:/ w1 A wa
M M

Lemma 105. The Hodge star operator satisfies x> = (—1)k(”_k)
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10. SYMMETRIC SPACES AND HOLONOMY
10.1. Symmetric Spaces.

Definition 106. Given a Riemannian manifold M and p € M we define the isotropy group of
M at p denoted Iso, to be the isometries F' : M — M such that F(p) = p. If for all p € M there
exists F' € Iso, such that d,F' = —I then we call M symmetric. If for all p,q € M there exists
F € Iso such that F(p) = g we say that M is homogeneous.

Lemma 107. If M is symmetric it is homogeneous and complete.
The converse to the above is not true, but we do have the following:
Lemma 108. If M is a homogeneous Lie group with a bi-invariant metric then M is symmetric.

Definition 109. The rank of a geodesic 7 is the dimension of the vector space of parallel vector
fields E; along « such that R(FE;(t),”)% = 0 for all 4,t. The rank of M is the minimum rank over
all geodesics in M.

Lemma 110. If M is symmetric then VR = 0.
Proof. Let A, € Iso, such that d,A, = —I. Then:

dpAp(VXR)(Y, Z,W) = (VdpApXR)(dpApY, dyA,Z, dpApW)
hence:

(VxR)(Y,Z,W) = (V_xR)(~Y, ~Z,~W) = (VxR)(Y, Z,W)
ie. VR =0.

Definition 111. If VR = 0 we call M locally symmetric.

Theorem 112 (Cartan). If M is locally symmetric then for all p € M there exists an isometry A,
defined in a neighbourhood U of p such that d,A, = —1. If moreover M is simply connected and
complete A, is defined on all of M so M is symmetric.

Theorem 113 (Cartan). Suppose M is a simply connected symmetric Riemannian manifold and
N is a complete locally symmetric Riemannian manifold and dim(M) = dim(N). Fixp € M and
q € N and let T : T,M — T,;N be an isometry such that T(R™ (z,y)z) = RN (T(x),T(y))T(2) for
all x,y,z € T,M. Then there exists a unique isometry ¢ : M — N such that d,p =T.

Theorem 114. M is symmetric if and only if there exists a Lie algebra g and a linear involution
L:g— g such that g = t D ¢ decomposes as a direct sum of the eigenspaces for L, and M = G/K
where g is the Lie algebra of G and ¢ is the Lie algebra of K and moreover [¢,€] C €, [t, 4] C ¢, and
[£,t] C t.

Remark 115. We give two proofs of this fact, giving us two descriptions of symmetric spaces
involving the decomposition of a Lie algebra. The first is the algebraic description of symmetric
spaces and the second is the curvature descripion of symmetric spaces.

Proof. 1) Suppose M is symmetric, fix p € M, and denote by iso the Killing fields on M, and
let iso, denote those Killing fields whose flows fix p (i.e. the Lie algebra of Iso,). The map
X — (X(p),(VX)(p)) gives us an injection iso — Tp,Mso(T,M) that is surjective onto T,M.
This leads to a Lie algebra isomorphism iso = T,,M x iso,. First note that X € 7T, M if and only
if (VX)(p) = 0 and X € iso, if and only if X(p) = 0. Then if we denote those X such that
(VX)(p) =0 by t, we can write iso = t, & iso),.
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To see how the Lie bracket structure is, suppose X,Y € t, or X,Y € iso,. Then [X,Y](p) =0
thus [X, Y] € iso,. However if X € t, and Y € iso, then [X,Y](p) = (VY)(X(p)) € t,.

Finally we define the involution L. First let o : Iso — Iso be defined by o(g) = A,0goA,. Then
o is an isomorphism satisfying o(g) = g if and only if g € Iso, and 0 = I and so do(h) = h if
h € iso, and do(v) = —v for v € t,. Thus we may let L = do.

Conversely suppose L : g — g is an involution on the Lie algebra g and write g = t @ ¢
where t is the eigenspace for eigenvalue —1 and ¢ is the eigenspace for eigenvalue 1. Since
L[X1,Xo] = [L(X1),L(X2)] = [-X1,—X2] = [X1,X2] we have that ¢ is a Lie subalgebra and

(e,6] C & [t C Eand [6,4] C t.

Letting G, K be Lie groups such that K < G is compact, ¢ is the Lie algebra for K and g is
the Lie algebra for G we can make G/K into a simply connected Riemannian manifold as we can
fix a bi-invariant metric on K inducing a Euclidean inner product on g. Recall the long exact
sequence 1 (K) — m(G) — m(G/K) — m(K) — mo(G) — 1. Since G/K is simply connected
m1(G/K) =0 so my(K) — mo(G) is an isomorphism and 71 (K) — m1(G) is surjective. This allows
us to find an involution ¢ : G — G such that do = L.

2) If M is symmetric and p € M, let v, denote the Lie algebra generated by maps of the form
R(z,y) : TyM — T,M and then define g = T, M &v,,. If x,y € T, M then we let [z,y] = R(x,y) € tp.
If z,y € v, then define [z,y] = (yox —xoy) € vp,. Finally if 2 € T,M and y € t, define
[z,y] = y(x) € T, M. Bianchi’s first identity will show that the Jacobi identity holds thus g is a Lie
algebra. Define L : g — g to be L(z) =z if x € vy and L(y) = —y if y € T, M. Then L is a linear
involution and the decomposition into Eigenspaces is as required.

]

10.2. Holonomy.

Definition 116. Suppose M is a Riemannian manifold and v : [a,b] — M is a smooth loop (i.e.
v(a) = v(b) = p). Then the parallel transport map P : T,M — T, M is a linear isometry. We define
the holonomy group at p, denoted Hol,, to be the Lie subgroup of O(7),M) generated by all such
linear isometries (i.e. indexed by the loops 7). We further define the restricted holonomy group
at p Holg <1 Hol,, to be the connected normal subgroup where each ~ is taken to be contractible.

If £ C T,M is invariant under the action of Hol?7 then E- is also invariant. Hence we can write
T,M = FEy @ --- E}, where each F; is irreducible and invariant. Since parallel transport from p to ¢
will preserve this decomposition we have:

TM=m&--- O
where each 7n; is a distribution.
Theorem 117 (de Rham decomposition). For all p € M there exists an open U containing p such

that U = (U1 x - - - Ug) as a Riemannian manifold with metric g on U induced by the product metric
on the (Ui, gi) such that TU; = n;|u,. If moreover M is simply connected then we can take U = M.

Definition 118. Given the above decomposition TM = n; & ---ng, if K = 1 we say that M is
irreducible.

Corollary 119. If M is irreducible and VR = 0 then M is Einstein.

Theorem 120. If M 1is symmetric and irreducible then M is Einstein with Einstein constant k.
Then either k > 0, k =0, or k < 0. If K > 0 then M is compact with nonnegative curvature
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operator. If k = 0 then M is flat so M = S* or R. If k < 0 then M is noncompact with nonpositive
curvature operator.

Theorem 121. If M is locally symmetric the Lie algebra of Holl), denoted hol,,, is generated by
R(v,w), i.e. hol, = v, defined earlier in this section. Moreover hol, C is0,.

Corollary 122. If M is irreducible and symmetric hol, = iso,.
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