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Notes transcribed by Mihai Nica



ABSTRACT. These are some study notes that I made while studying for my
oral exams on the topic of Functional Analysis. T took these notes from parts
of the textbooks “A Course in Functional Analysis” by John B. Conway [I],
“Functional Analysis” by Peter Lax [2] and “Methods of modern mathematical
physics: Functional analysis” by Michael Reed, Barry Simon[3] and also a very
nice real life course taught by Sinan Gunturk in by Spring 2013 at Courant .
Please be extremely caution with these notes: they are rough notes and were
originally only for me to help me study. They are not complete and likely have
errors. [ have made them available to help other students on their oral exams.
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Baire Category Theorem

These are based on in class notes and also from [I].

DEFINITION. A set A in a metric space is called nowhere dense if the closure
of A has empty interior. (A4)° = 0.

ExXAMPLE. The rationals are NOT nowhere dense. A finite number of points
is nowhere dense. Cantor sets are nowhere dense sets. Subsets of nowhere dense
sets are nowhere dense.

. . . . — 1 ©
REMARK. Finite unions of nowhere dense sets are still nowhere dense. U ;4; =

(Ulnzlfii)o = U?leiio = 0.

DEFINITION. A set A which can be written as a countable union of nowhere
dense sets is called 1st Category or Meagre. Sets which cannot be written this way
are called 2nd Category or Nonmeagre.

ExXAMPLE. The countable union of meagre sets is still meager. Any subset of
a meager set is still meager.

LEMMA. Let X be a complete metriz space. If {U,} is a sequence of open dense
sets, then N,U,, is also dense.

Proor. Skip for now. (I

THEOREM. A complete metric space is always second catergory or non-meager.

Proor. Skip for now. U

Important Consequences:
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’ Name ‘

Statement

Banach-Schauder
Open Mapping

Let X,Y be Banach spaces and let T' € B(X,Y') be a bounded linear map.
Suppose morevoer that 7 is onto. Then T is an open map.

Theorem
’ Corr \ If T is a continuous linear bijection from X to Y then T~ is continous too.
Corr If ||-||; and ||-||, are two norms on a space X, and there is an m so that

IIll; < m]|-|l5, then there exists M so that ||-||; > M |||,

The Closed Graph
Theorem

Let X,Y be Banach spaces and let T : X — Y be linear. Let
I(T) = {(z,T(z)) : « € X} be the graph of T. Then T is continuous if and
only if I'(T) is closed.

Banach-Steinhaus

Suppose X,Y are Banach spaces and (74 ),, is a collection of bounded

Uniform linear maps. Let F = {x € X : sup,ep |[|[Toz| < oo}. If E is 2nd category or
Boundedness nonmenager, then sup,c, ||7o| < co. Le. the T} s are uniformly bounded. By
Principle the Baire category theorem, it is enough to show E = X.
(Slightly Stronger (Same setup as above) Let M = E¢ = {z € X : sup,, || Tax| = co}. Then
version) either M is empty or M is a dense G set.

THEOREM. (Banach-Steinhaus Uniform Boundedness Principle) Suppose X,Y

are Banach spaces and (T,),c, is a collection of bounded linear maps. Let E =
{z € X : sup,ep [|Toz|| < 00}, If E = X is all of X then supycp ||Tal| < co. Le.
the T! s are uniformly bounded.

ProOF. Let E,, = { € X : sup,ey |[Taz| < n} so that E = U,E,. Notice
also that E,, = Ny ||Tw(-)]| " [0,7n] is an intersection of closed sets (because z —
|IToz|| is continuous), so E, is closed. Since E is not 1st category, we know that
E cannot be written as a countable union of nowhere dense sets. Hence it must be
the case that at least one F,, is not nowhere dense. In other words, Ing so that
E; # 0. Hence 3z, r so that B(xg) C Ep,.

For any = with ||z|| < r now, notice that zo + = € B,(x9) C E,,. Hence for
such z, we know by definition of E,, that sup, ||Ta(zo + 2)|| < no. Have then for
any ||z|| < r:

sup [ Toz|| sup [Ta (o + ) = To(zo) ||

IN

sup (I Ta(wo + ) || + [|Ta(z0)l)

< n0—|—n0:2n0

So by scaling, we conclude that for any x with ||z|| < 1 that sup, ||Toz| <
Have finally then that sup, ||7u/| = sup, sup ;=1 [[Taz| < 20 < 0. O

2710
et

THEOREM. (The slightly stronger version) (Same setup as Banach-Steinhaus)
Let M = B¢ = {x € X : sup, ||Tuz| < oo}. Then either M is empty or M is a
dense G set.
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Let U, = {z € X :sup, || Tox| > n} so that M = (), U,. Notice that we can
write:

Un

U{x € X : || Tax| > n}

U (720l (n,00))

(e}

since the map = — ||Tp| is continuous each set ||Tn(-)|| " (n,00) is open and we
see from this that U, is a union of open sets. Since M =, U, we see that M is
a Gs-set.

Claim: Either M is empty or U, is dense set for every n € N.

Pf: It suffices to show the following: if there is a single ny for which U,,is not
dense, then M is empty. Suppose U,,is not dense. Then, by definition of dense,
U,, # X. In other words this is U,,~ # 0. Now, U,, is a closed set, so we know
that TMC is an open set. Hence, since this is a non-empty open set, we can find
2o € X and r > 0 so that B, (x0) C Up, - -

Consider any = € X with ||| < r. Then z¢ 4+ 2 € B(20) C Uy, . Hence
o+ x ¢ Uy,. By definition of U, this means that sup,, [|To(zo + 2)|| < n. Using
scaling and translation invariance, we have then that for any x with ||z|| < 1 that:

1
sup [[Toz| = —sup|[Ta(ra)l|

1
= sup || Ta(zo 4+ ra) — To(xo)||
«@

IN

1
—sup ([|Ta(zo + ra)l| + [[Ta(zo + O)])

1
< = (ng+mng) since ||rz|| < rand [|0]] <7
r

)

r
Finally then we see that the T,are uniformly bounded,

sup |[To|| = sup sup ||Tax||
o o lzll=1
2’110
< — <
r
This means that M is the empty set, because for every z € X we have that
IToz|| < sup, ||Tall ||z]] < 0o so x ¢ M. O

Combining the initial remarks and the claim we see that M is either empty
or otherwise we have that M = N, U, and every U, is dense. Since the countable
intersection of open dense sets is dense (this was the main lemma in the pf of Baire’s
theorem), in the latter case we see that M is a dense Gy set, as desired. |



The Hahn-Banach Theorem

These are based on in class notes and also from [I].
“H-B” = “Hahn-Banach” for the rest of this section.
In all the statements the set up is:

(X 04
F

M

p

q

I
la<p
lh <q
g " la

A normed vector space over the field F

The field that Xis over. Will either be Ror C

A linear subspace of X

A sub-linear functional p: X — R, i.e. psatisfies:

p(x +y) < p(a) + p(y), plaz) = ap() Va > 0.

A semi-norm g : X — R, i.e. gsatisfies:

q(z +y) < q(z) +q(y), a(Az) = [Ag(z) VA € C.

(Rmk: semi-norm is stricter than sub-linear functional)
A linear functional £4 : A — Fwhere Awill be some subspace of X
Shorthhand for:l4(z) < p(x)Vz € A

Shorthhand for:l4(x) < g(z) Vz € A

"¢p extends £4", shorthand for " A C Band £4(z) = {p(x)Vx € A”

Below is a table with all the different “flavours” of the H-B theorem.

8
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[ Name [ F ] Hypothesis i Conclusion I “pPf” |
Baby H-B || R Iy < pyxg € X — M. Define EISVES. 3’ £ so that Can find the correct {prq.,ras long as we can
Thm M@z R = CMaaor < P define £p;qq0r(20) to be in some particular
{z+Azg:z € M,\ € R} interval. The fact £); < p can be used to
show that this interval is non-empty.
Real H-B R Iy <p Ix >_-l £ so that Zorn’s Lemma is used with the partial
Thm x<p ordering “> . Every totally ordered set has
a maximal element by taking the union of all
the subspaces. By Zorn’s Lemma, there is a
maximal element. By the Baby H-B Thm,
the maximal element cannot be a proper
subspace of X.
Complex C v <q Iy t' {50 that Use the Real H-B Thm to prove this one. Its
H-B Thm x| <q a pretty unenlightening proof involving
manipulations with complex numbers.
(Not F 29 € X — {0} 3l e X*s.t. Apply the H-B thm on the space
named) 1]l . = 1,l(x0) = || M = {Azg : A € F} with the functional
Crr(Azg) == A||zo|| and seminorm ¢(z) = ||z]|.
The extension £y ”it £y is what we want.
The ineq |(x| < ¢ gives that [|¢[|y. <1 by
linearity. The other inequality is clear by
pluggin in ;.
Analytic F ly € M* x € X*, lx E 12} Let q(x) = ||€as]| ps+ [|]| be the seminorm.
H-B Thm with [[€x || x. = [[arll pre Then apply H-B thm. The ineq |[(x| < ¢
gives that ||€x|| . < ||far]ly;. by linearity.
The other ineq is clear since M C X
Projection || F zog € X — M such that 3 € X*s.t. L[y =0 and Let M7 = M & zF and define
H-B Thm dist(zo, M) > 0 {(z0) =1 and Oary (2 + Axg) = A
— 1 A
1l x+ = Tsoan s || = SUPzers, reF Togame =
SUDy e AeF TTia| = aei(e D)
S T5+ao]] — dstlwo, M)
Then use the Analytic H-B thm to extend to
Ix.

THEOREM. (Baby H-B Thm) Supposelyr < p and that xo € X — M. Define
M@ xR ={z+ \xg: 2 € M,A € R}. Then IHprga.r e;_-t' Car so that argzor < D-

PROOF. Suppose we found a valuel(zg) that we liked a lot. Then we could
define: £prqar( 4+ Axg) = £ar () + M(z0) and we would have found the functional

ext.

Lrgzor = ¢a we want! Of course, since we want fpre,r < p, not just any value
of £(zg) will do. We need £(z() to obey the following inequalities:
Claim 1: For a fixed value (), define £pg,r(T + Axg) = £ar(x) + M(z0).

Then:

fM@wo]R Sp <~ Vx € M,

Loy () — 4

Lo () + £(xg
T

)
)

(x + o) and

<p
< p(z — x0)

Pf: (=) Plug in z + 2 into {prezer < D, gt Lrrgaor(z £ 20) < p(z +x0). By
using the definition of £y;¢,,r on the LHS, we get the desired inequalities.

(<)Let z+ Azg € M @ xR be arbitrary. There are two cases, one where A > 0
and one where A < 0. We handle both cases simultaneously by using the +sign
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abusivly and writing A = £|A|. Write:

Crgaor(T + A20) = Lygaor(2 £ [A 20)

X
SNES)

= |\ (zM (&') ie(azo)> by def’n of Lxraeor

< A (p (|x)\|) + p(mo)> by the hypothesis inequalities
= p(x £ |\ xo) since pis a sublinear functional
= plz+ Azo)

So indeed, rrezr < P O

To show that a value of ¢(x() exists which satisfies the inequalities from Claim
1, we need the following to hold for all z € M:

La1(2) = bl = w0) < o) < plo + 20) — Car (2)

It suffices then to show that V1,29 € M that {y(21) — p(ar — o) < p(ae +
x0) — Lar(x2). Indeed, this is a consequence of ¢3; < p. Pluggin in 27 4+ z2 into
fyr < p, we have:

Oy(z1) +lu(z2) = Ly(w1 + 22)
p(x1 + x2)
p((z1 — o) + (w0 + 22))
p(z1 — 20) + p(w0 + 22)

Rearranging now gives the desired inequality. O

IN

IA

LEMMA. (Zorn’s Lemma) A partial ordering on a set P is a relation ” <7
that is reflexive (a < a), antisymetric (a < bb < a = a = b), and transitive
(a =b,bXc = a =<c). Suppose that every totally ordered subset (i.e. a set in
which for every pair a,b either a < b or b < a), {aa},cp has an upper bound in
P (i.e. an element a, p € P so that ay, < axafor all « € A). Then P contains at
least one mazimal element (i.e. an ay. so that a < a, for all a € P).

REMARK. This is equivalent to the axiom of choice, but the proof is non-trivial!

THEOREM. (Real H-B Theorem) Let X be a normed vector space over R, p a
sublinear functional on X, M a subspace, and £y : M — R a linear functional such
that £y < p (i.elpr(z) < p(x)Vax € M). Then I x a linear functional that extends

lx ei_-t Uy (ie. by(z) =Lx(2)Ve e M) and bx <p (i.elx(z) <p(x)Vze X)
PROOF. Let P = {EA tA—>R:ly e;_-t KM} be the space of all linear func-

tions which are defined on subspaces A of X. Then ” eé—t' 7 is a partial ordering
ext.

on P (Rmk: one way to see this is to notice that > is inclusion of the graphs, that is

Ly e;_-tl {piff Graph (£4) D Graph (¢p) where Graph(f) = {(z, f(z)),z € Domain (f)}.

Moreover, every totally ordered subset has a maximum element in P. Namely, if

{€a,}oep is a totally ordered set, then define A, A = Unpenda and fa, ,(7) =
la, (x) for x € A,. (This is well defined because {4, },c, is a totally ordered set).
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Now by the conclusion of Zorn’s lemma, there is a maximal element ¢4, for all
of P. Now we claim that A, = X. Indeed, if by contradiction, A, # X, then there
is at least one element xg € X — A,. But now by the Baby H-B Thm, we can get
an extension £ 4, g.,r- But this contradicts the maximality of 4, in P! So it must
be that A, = X. O

THEOREM. (Complex H-B Theorem) Let X be a normed vector space over C,
q a seminorm on X, M a subspace, and £y : M — C a linear functional such that
[a) < q (iellyr(x)] < q(z) Vo € M). Then Ix a linear functional that extends

lx ”5 Oy (ice. by(x) =Lx(x)Ve € M) and [Ux| < q (i.e|lx(x)] < q(z) Ve e X)
PrROOF. (By manipulations using the Real H-B Thm) Let up; () = Re(lpr(2))
and v(z) = Im(£ys(x)) so that £py = ups+ivar. up and vy are seen to be R—linear

functionals, because ¢j; is R-linear. (£j; is more than R—linear actually!) Since
£y is actually C-linear, we have that:

vy (z) = Im (bpr(x)) = Re(—ilpr(z)) = Re(lpr(ix)) = ups (i)

So then £y () = upr(x)+iups (ix) can be entirely reconstructed from wuys. Now,
¢ being a semi-norm, is also a sublinear map (which is a slightly looser condition),

ext.

and up(x) < [lar(z)| < g(x). So applying the Real H-B Thm we get a ux > ups

and ux < g(x). Now let £x(x) = ux(x)+iux(iz). One now verifies that £x e; y
(our calculation early basically did this). Finally to check that |{x| < ¢ have:

0x(z)] = ex(z) for some 6

= Ux(e¥2)

= Re({x(e"x)) since the LHS is real
ux ()
g(et®
le|q(x) = q(z) since gis a seminorm.

IN

x) since [x| < ¢



Hilbert Spaces

These are notes from Chapter 1 of [I].

3.1. Elementary Properties and Examples

DEFINITION. 1.1. Definition of a semi-inner product on a vector space Z’;
it is sesqui-linear (i.e its bilinear except for conjugation in the second slot), non-

negative definite (i.e. (z,z) > 0) and “Hermitian” ({(x,y) = (y,z)). An inner
product is one that is also positive definite, (z,2) =0 < = =0.

EXAMPLE. 1.2-1.3 L?(u) on a measure space (X, , p1).

THEOREM. 1.4 (Cauchy-Schwarz Ineq) If {-,-Yis a semi-inner product on 2
then:

(@ y)” < (@,2) (y,y) = ||z Iyl

Proo¥r. Use 0 < (z —ay,z —ay) and put a = te™? where 6 is such that
(x,y) = be', and get a quadratic in ¢ which has no real roots so its discriminet is
non-positive. O

COROLLARY. (1.5) a) ||z +yl| < [lzl|+lyll, b) llaz| = [af[lz]| ¢) |lz]| = 0 <=
x =0 for true inner products.

PRroOF. a) follows since:
2 2 2
le+yll” = [l + 2Re (z,9) + |y
2 2
)™ + 2 [z, y)| + llyll
lzl* + 2 [l [yl + lly]* by C.S.

b), ¢) are straight from the definitions of ||-|*> = (-,-) and the propoerties of
(semi-)inner products O

<
<

DEFINITION. (1.6) A Hilbert space is an inner product space where the norm
|I-]| induced by the inner product yields a complete space (i.e. Cauchy sequences
converge)

EXAMPLE. (1.7) L?(u) or ¢2(I) for any set I. To be complete in our presenta-
tion, we would have to prove these are complete. To do this for ¢£2(I), you observe
that for any Cauchy sequence, the indivdual coordinates are Cauchy. Hence we are
converging coordinatwise to something. You then do some estimates to verifty that
this coordinate-wise limit is in ¢2 and that the sequence actually converges to this,

In L?(p) you can use the fact that if a sequence of function is Cauchy, then
you can find a subsequence where P ({fnk - anl’ > 2%) < 2% and so by Borel
Cantelli/facts about types of convergence, this subsequence is a.e. Cauchy and
hence converges almost everywhere to something. Again, verify this a.e. limit is in

12
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L? and that we in fact converge to it in L?. Finally, for Cauchy sequences, if one
subsequence converges, the whole sequence must coverge too.
This would be worth doing in full detail sometime....but I don’t feel like it now.

PROPOSITION. (1.9) (Roughly) The completion of an inner product space is a
Hilbert space: that is if 2 is an incomplete inner product space with inner product
(-,+) , then if we let S be the comletion of £, then the inner product (-,-) extends
to all of 7 in such a way to make € a Hilbert space.

I am going to skip some stuff here.... mostly the proof that the “Bergman
Space” L2(G) the space of analytic functions on a subset G C C which are square
integrable (with respect to area).

3.2. Orthogonality

DEFINITION. (2.1) We say f L g (read as: “orthogonal”) if (f,g) = 0 and for
subsets A L Bif f 1L gvf e A,ge B .

THEOREM. (2.2.) (Pythagoras). If fi, fo,... fn are pairwise orthogonal, then
o+t Fall = AN+ 1l

Proor. Exapand out (fi +...+ fu, f1 +...+ fn) and use f; L f;. (Or to see
more precisly: use induction) ([

THEOREM. (2.3) (Parallelogram Law) If S is a Hilbert space, and f,g € H
then:

2 2 2 2
1+ gl + 15 = ol =2 (1717 + gl
PROOF. Again, just write it as inner product and expand. O

REMARK. The converse is also true: if 2 is a normed space that has the
parralelogram law, then in fact it is a Hilbert space with inner product defined by:

(fog)=L1f+al>-L1f-al*.

REMARK. We will mostly be using this with:

2 2
— 1
Hf;g \f2g =5 (1717 + gl)

+

3.2.1. Projections and Stuff!

DEFINITION. (2.4.) A set Ais called convex if tz +(1—¢t)y € Aforall z,y € A
te(0,1)

THEOREM. (2.5.) If 5 is a Hilbert space, K a closed convex non-empty subset
of 7 and h € F, then there exists a unique point kg € K such that:

lh — ko|| = dist (h, K) := inf {|h — k| : k € K}

REMARK. If we knew that K was compact then the existence statement here
would just be the extreme value theorem. Unfortunately, we cant assume this; the
unit ball is not even compact here!

Proor. WOLOG by translating, assume that h = 0. Take any sequence k,, €
K so that ||k,|| — d := dist (0, K) = inf {||k|| : ¥ € K}. The Parrallelogram law
and the fact that K is convex will show us that actually k,, is Cauchy.
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Have by parallelogram law:

‘knkm

2
Since K is convex, we have that 1 (k,+km) € K and consequently, ||3 (k, + ki) H2 >
d? since d is the inf of all points from K. Now, since ||k,| — d, for any € > 0 we
may choose N so large so that n > N = |k, |” < d®+ 1¢? and we see then that
for any n,m > N that:

E,— ko |l 1 1 1 1
] <2<d2+62+d2+62>—d2:4e2

2 2

kn + km
2

= 5 (Il + 5l?) - |

2 4 4

And so we see that k, is a Cauchy sequence! Since K is closed and 7 is
complete, we have a limit point kg of the sequence k,,. Continuity of ||-|| shows that
k0|l = limy,— o0 ||k || = d by our choice!

To prove uniqueness we again use that K is convex . If kgand hg € K are two
points that minizize |-||, then by convexity 1 (ko + ho) € K too, and hence:

1 1
< |3th0+ ko) < 5 ol + Dol = ¢

So 1 (ho + ko) is a minimizer too! But then by Parallleogram law we have:

ho + ko ho — ko ||?

2 2
Shows ho = ko. U

2
d2:‘ :d2—‘

THEOREM. (2.6.) If in addition to being closed and convex a set A is a closed
linear subset of 7. Let h € 7€ . Have:
\h— foll = dist(h, #) = h—fol A
= inf{lh—fl:fe.#}

PRrROOF. (=) Suppose fo € # and ||h — fo| = dist (h, #). Then fo+ f € A
for all f € .# and we have:

Ih = fol* < llh—(f+ fo)ll”
Ih = foll* = 2Re (b — fo. f) + |1 £11°
Thus:
2Re (h — fo, f) < |||
This holds for any f € .#. Now the LHS — 0 linearly in || f||while the RHS — 0
quadratically, so this can only work if the LHS is 0. To make this more precise:
Let 7,60 so that (h — fo, f) = re® and plug in g = te? into 2Re (h — fo,9) < |lg|*
to get 2tr < t2 ||f2H This inequality can only hold for every t if r = 0!

(<) Suppose h — fo L 4. Then for any f € .# we have h — fy L f — fo this
gives:

lh = foll® + If = foll* by Pythag
1h = foll?

So indeed, fy is the minimizer!! O

Ih— f1?

v
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DEFINITION. If A C 7 then define:
At ={fen:f1Lgvge A}

REMARK. For any set A, the orthogonal space Atis always a closed linear
subspace of 7.

DEFINITION. The above theorems show that if .# is a closed linear subspace of
¢ and h € A then there is a unique element fy in .# such that h — fo € .#*(its
the same f; that minimizes ||h — fo||). Define P : 5 — .# by Ph = fy

THEOREM. (2.7) If A is a closed linear subspace of 7 and h € 2, define
Ph to be the unique point in .# such that h — Ph 1 .4 then:

a) P is a linear transformation.

b) I|Ph] < [

c)P?=P

d) ker P = .#*and ranP = A

PROOF. By our previous theorems, we have two characterizations of Ph, firstly
that h — Ph L .# and secondly that |h — Ph|| is minimal. Sometimes it is easier
to use one characterization and sometimes it is easier to use another! (Actually I
mostly used the first one)

a) hy — Phy L A and hy — Phy L ., so by linearity of (-,-) we know that
(h1 + ahg) — (Phy + aPhy) L 4. But P(hy + ahg) is the unique element of .#
which has (k1 + ah2) — P (h1 + ahs) L 4. so we conclude that (Phy + aPhg) =
P (hl + Oéhg)

b) ||k||> = ||h — Ph||> + | Ph||* by Pythagoras and the result follows.

¢) Ph— Ph =0 so it is true that Ph— Ph | .#. Hence P(Ph) = Ph again by
the uniqueness.

d) Any f € ker P has f — 0 L .# so f € .#* by definition. The reverse
inclusions follows by the uniqueness. ranP = .# becauseOrt Pf = f for every
f €M and Pf € A is always true by def’n of P. |

DEFINITION. This P is claced the orthogonal projection.

DEFINITION. Write .#Z < 47 to mean that .# is a closed linear subspace of
H.

DEFINITION. We say % is a linear manifold if it is a linear subspace which is
not nessisarily closed.

COROLLARY. (2.9) If # is a closed linear subspace of 5 then (///L)L =M

PrROOF. By an easy exercise, if .# is a linear subspace then we can write
I =Py+P,y.. Have that (#1)t = ker(Py;1) = ker(I — Py) = # since
(I —Pg)f =0if and only if f € .# (this last fact can be seen by pythagoras for
example) O

COROLLARY. (2.10) If A C J# is some subset, then (A+)L = span {A}is the
closed linear span of A in 7.

PROOF. span {A} is a closed linear subspace of .. Hence span {A} =
_— 1
(span {A}L) . But span(A) = Alby linearity of (-,-). Indeed, {f,a) = O0Va €
A <= (f,g) = 0Vg € span(A). O
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COROLLARY. (2.11) If % is a linear manifold (i.e. a linear subspace which is
not nessisarily closed) then % is dense in S if and only if %+ = {0}.

PrROOF. Have & = span {#} since % is a linear manifold, and so by previous
corollary, (@L)L =span(%) =% .

(<) If #+ = {0} then have 7 = (#+)" = {0}* = .«

(=) Both sides are closed linear subspaces, so taking L’ s and using that
ML = . for closed linear subsapces, we have that &+ = T =t = {0} O

3.3. Riesz Representation Theorem

PROPOSITION. (8.1) Let 5 be a Hilbert space and let L : 7 — T be a linear
functional. The following are equivalent:

a) L is continuous

b) L is continuous at 0.

¢) L is continuous at some point.

d) There is a constant ¢ > 0 such that |L(h)| < c||h|| for every h €

PrROOF. It is clear that ¢ = b == cand d = b. We will show that
¢ = a and that b = d.

(¢ = a) This is essentially because L is “translation invariant” because it is
linear. Say L is continuous at some hg. To check that L is continuous, take any
convergent sequence h,, — h. Then h,, — h 4+ hg — hg so by continuity of L at hg
we have that L(h, — h 4+ ho) — L(ho) using lineariyt of L and rearranging gives
the desired result.

(b = d) By continuity, L=! (—1,1) is an open set. Since this contains 0, we
can find a ball Bs(0) C L=!(—1,1). In other words, ||| < § = |L(h)| < 1. Now
for arbitary h, scale h down by a factor of & (||h]| +¢€)~" an apply this to get that
IL(h)| < 61 (||h]| + €)', Since this works for any e > 0, we get the conlusion d)
with ¢ = 571, O

DEFINITION. (3.2) Such a functional is called a bounded linear functional.
and we define its norm:

ILI} = sup {|L(R)| - [|p]] <1}

THEOREM. (3.4.) The Riesz Representation Theorem
If L : 2 — T is a bounded linear functional, there there is a unique vector
ho € S such that L(h) = (h, hg) for every h € 5. Moreover, |L| = ||hol|

REMARK. The proof uses the theory of orthogonal projections just developed!
The vector hy must be in ker L+ and indeed choosing the right vector from this
space gives the result.

PrROOF. Let .# = ker L. Because L is continuous, this is a closed linear sub-
space of 7. If L is identiacally O then the result is trivial, and otherwise we may
find a vector fy ¢ .#. By taking the orthogonal projection onto .#~, we may
assume WOLOG that fy € .#*. By scaling fy we may also assume WOLOG that

L(fo) = 1.
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The main observation is now that L (h — L(h)fy) = 0 for any h € J#. Hence
h — L(h) fo € .4 and so we have:

0
— <h, f0>

(h = L(h)fo, fo)
L(h) || fol?
Let ho = || fol| ™2 fo now seals the deal.

Uniquness follows because if L(h) = (h, ho) = (h, h})) then hy — hy L ¢ and
so hg — hjy € #+ = {0}. O

3.4. Orthonormal Sets of Vectors and Bases

DEFINITION. (4.1) An orthonormal subset of a Hilbert space J¢ is a subset
&having the properties that a) |le|| = 1Ve € & and b) if e; # e in & then e; L es.

A basis for # is a maximal orthonormal set. (i.e. it is an orthonormal set
that is not a subset of any other orthonormal set)

DEFINITION. A Hamel basis is a maximal linearly independent set. These
are different than orthonormal bases.

PROPOSITION. (4.2.) If & is an orthonormal set in JZ, then there is a basis
for FZ that contains &.

ProoF. This is an application of Zorn’s lemma, just order the orthonormal
sets by inclusion. O

EXAMPLE. (4.3) In J# = L2[0,27], the functions e, (t) = (27)~ /% exp (int)
are an orthonormal set. We will see later that these are in fact a basis.

PROPOSITION. (4.6) (Gram-Schmidt Orthonogonalization Process) If 7 is a
Hilbert space and {h, : n € N} is a lineraly independent subset of J, then
there is an orthonormal set {e, : n € N} such that for every n, the linear space
of {e1,...,enequals the linear span of {h1,..., hy,}.

PROOF. Its the same proof as the usual Gram-Schmidt process. O

PROPOSITION. (4.7) Let {eq,...,en} be an orthonormal set in H and let M =
span{ey,...,e,}. If P is the orthogonal projection of A onto .#, then:

Ph =Y (heg)ex
k=1
for all h € 7.
Proor. Let Qh =Y _, (h,ex) ), and check that h — Qh L e; for each j. O

PROPOSITION. (4.8.) (Bessel’s Inequality) If {e,, : n € N} is an orthonormal
set and h € I then:

D lhen) < I
n=1
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Proor. For any fixed n, let h,, = h—>,_, (h,e;) e, = h— P,h. By Pythago-
ras:

n 2

> (hex)en

k=1

nl® + > 1B, ex)l?
k=1

> (e

IRl* = lhal® +

Y

O

COROLLARY. (4.9) If & is an orthonormal set in 5€ and h € € then (h,e) # 0
for at most countably many e € &

PROOF. Look at the sets E, = {e € & : |(e,h)| > 1}, each is finite by Bessel’s
inequality. O

COROLLARY. (4.10) If & is an orthonormal set (not nessisarily countable) and
h € A then:
2 2
> e < |In]
ecs&

PROOF. Restrict our attention to the {e € & : (h,e) # 0} which is countable
by the last corrolarty, and now it is just a straight up use of Bessel’s ineq. (|

REMARK. To make sense of sums over arbitary (possibly uncountable) sets,
> aci> order the subsets of I by inclusion, and then treat this as a net. We say the
sumn converges if this net converges. This will end up being something like absolute
convergence.

LEMMA. (4.12) If & is an orthonormal set and h € 2 then:
3 ({h)eve € 6}
Converges in

PROOF. Let ey, ... be an enumeration of the elements from & for which (h, e) #
0. By Bessel’s ineq, 3" |(h, en)|* < ||h]|? < .
Now, for any € > 0 take N so large so that > ;= \ |(e;, h)|* < € and let Fyy =

{e1,...,en} Then for any F,G C {all finite subsets of &} define hy, hgby) . (h,e)e.
Notice that:
Ihe = hall® = S {Ihe)f e € FAG]
< ) e <€
n=N
So this net is a Cauchy net, which means it is convergent. (I

THEOREM. (4.18) Let & be an orthonormal set in a Hilbert space 5. The
following are equivalent:

a) & is a orthonormal basis.

b)h1l & — h=0
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c)spané = H

d)h =3 {(h,e)e:ec E}Yh € H

e) (g,h) = 2. {(g,€) (e, h) : e € &}

f) he A then ||h]* =3 {|<h,e>|2 te € é"} (Parseval’s Identity)

PROOF. a) == b): If by contradiction there is a non-zero h 1L & , then add
this to the set to get a larger orthonormal set.

b) <= c¢): We showed that a subsapace is dense if and only if its perpendicular
space is trivial. (Cor 2.11) This is exactly that statement!

b) = d) : For any h, the vector h — > {(h,e)e: e € &} is verified to be in
&+ and we get the desired result.

d) = e): Write g, h as above. Use some care in the definiton of our convergent
nets to check that it is indeed true.

e) = f) Put g = h to get it!

f) = a) Suppose by contradiction that & is not a basis. Then find an element
e ¢ & which is orthonormal to everything. This element will not satisfy Parseval’s
Identity because the LHS is 1 while the RHS is 0. (]

PROPOSITION. (4.14) If 5 is a Hilbert space, any two bases have the same
cardinality.

ProOF. If they are finite, then the result is just that from linear algebra.
Otherwise, create an injectionby, e — {f €: (e, f) # 0}, this is a countable set, so
this shows that |&| < [Rg| = ||. The other direction is the same. O

DEFINITION. (4.15) The cardinality of a basis is called the dimension of the
Hilbert space.

PROPOSITION. (4.16) If 5 is an infintie dimensional Hilbert space, then
is seperable if and only if dim S = N,

PROOF. I'm skipping this! O
REMARK. There is the stuff on Hamel basis’s here....that they are uncountable
and so on, that I'm skipping.
3.5. Isomorphic Hilbert Spaces and the Fourier Transform

DEFINITION. (5.1) We say that a map U : 5 — . is an isomorphism if it
is a linear surjection that preserves the inner product:

(Ug,Uh) = (g, h)

PROPOSITION. (5.2) If V : S — X is a linear isometry (i.e. |h—g| =
IV(h—g)|l), then V is actually preserves the inner product.

PROOF. From the polar identity ||h + Ag||* = ||A]|*> +2ReA (h, g) + ||g]|* we can
get that the inner products actually agree too. O

REMARK. An isometry need not be an isomorphism, because it might not be
a surjection. Example: the shift operator from ¢2 — ¢2.

THEOREM. (5.4) Two Hilbert spaces are isomorphic if and only if they have
the same dimension
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PROOF. (=) If & is a basis, then it is easy to see that {Ue : e € &} is a basis
too.

(<) Let & be any basis for a Hilbert space . We will show that J# is
isomorphic to (2(&) = {f: & = F: > cp f(e)?> <oco}. For any h € H#, define

hi: & = F by h(e) = (h,e). By Parseval’s identity, h € ¢2(&) and ||h|| = HhHZ
The map U : S — (2(&) by Uh = h is easily verified to be linear, and it is an

isometry by the observation we just made ||h| = ﬁng' Finally, we see that the

range of U is dense in £2(&) because it contains all the indicators d. for e € &.
So indeed, this is an isomorphism. |

COROLLARY. (5.5) All seperatble infinite dimensional Hilbert spaces are iso-
morphic.

3.5.1. Fourier Analysis on the Circle.
REMARK. I did a pretty lazy job with this section.

THEOREM. (5.6.) If f : 0D — C is a continuous function, then there is a
sequence of polynomials p,(z,z) so that p,(z,z) — f(z) uniformoly on 0D

REMARK. This can be seen by the Stone-Weirestrass theorem on the algebra
of trigonometric functions Y ;- age’*?.

THEOREM. (5.7) The set of functions e,(t) = (277)71/2 exp (int) is an or-
thonormal basis for L%[0, 2x].

PrOOF. We will show that the closure (under the uniform norm) of the func-
tions e,, is the whole space L?[0,2n]. This is exactly the last theorem.... O

THEOREM. This basis gives rise to the map U : L2[0,2x] — (2(Z) by U : f — f
with f = (f,en) = [ f(t)e™"t. This map is a linear isometry.

3.6. Direct Sum of Hilbert Spaces

This section just tells you how to define an inner product on the direct sum of
Hilbert spaces,
<h1 EB kl, h2 EB k‘2> = <h1, h2> + <k‘17 k2>
The main thing to be done here is to extend this to infinite sums:

PROPOSITION. (6.2) If 74, ... are Hilbert spaces, let 7 = {(hn) thn € 6,50 Y thH2 < oo},

then the inner product:
o0

<hag>3f = Z <hnagn>(}fn
n=1
This inner product makes 7 a Hilbert space.
This Hilbert space is denoted 7 = 70 & 5D ...



Operators on Hilbert Spaces

These are notes from Chapter 2 of [I].

4.7. Basic Stuff

PROPOSITION. (1.1) Let # and ¢ be Hilbert spaces and A : 7 — & a linear
transformation. The following are equivalent:

a) A is continuous

b) A is continuous at 0

¢) A is continuous at some point
d) There is a constant ¢ > 0 such that ||Ah|| < c||h|| for all h

PRrROOF. Similar to the proof for functionals we did earlier. O

DEFINITION. An operator A : J — J is called bounded if|| Al := supy, 1 [[Ah[| <
oo. The space of all bounded operators A : 5% — ¢ is denoted B(H, X) .

PROPOSITION. (1.2) a) ||A+ B < ||4]| + || Bl
b) ||laAll = |al [|Al|
c) [AB| < Al 1B

PRrOOF. Follows your nose from the definition. O

PROPOSITION. (Schur Test) On (*(N), let a;; :== (Ae;, e;). Suppose that Ip; >
0 and B,y > 0 with:

> aupi < Bp
i

Zaijpj < i
J

Then ||A|* < By
Proor. Still working on this onel! O

THEOREM. (1.5.) Let (X,Q,u) be a o—finite measure space and put € =
L*(X,Q,pn) For ¢ € L>(u) define My : L*(u) — L?(n) by Myf = ¢f. Then
My € B(L*(n)) and ||My|| = ||¢|l,, where ||-||, is the essential supremum norm
with respect to the measure p.

ProOOF. The fact that ||My|| < ||¢]., is clear since |¢p| < ||¢[| a.e. . On the
other hand for any € > 0, we can find a positive measure set so that |¢| > @[ —€
and then take some L? functions concentrated here to get the other inequality. [

21
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THEOREM. (1.6.) let (X,Q,p) be a positive measure space and suppose k :

X xX — F is a Q xQ measurable function for which there are constants c¢; and
co so that :

/ k()] duy)
/ k()| du(z)

Then define K : L?(u) — L?(u1) by:

(Kf)(z)= /k(g;, y) f(y)du(y)

IA

cy for a.e. x

IN

co for a.e. y

Then K is a bounded linear operator with | K| < (6102)1/2

ProOF. The trick is to use Cauchy Schwaz:

Kf@)| < / ()] 1 ()] i)
- / k()] 2 [k, )2 £ ()] daly)
1/2 1/2
< { / |k<x,y>|du<y>] [ [ kel 15 (o
<

3| [ el 1761 dutr)] v

And so now integrating over x now gives:
/IKf(ﬂf)\2 du(z) <« // k(2 9)| 1 £ (0)]” dps(y)dps(z)
— a1 [ 1® (162001 ute) ) du() by Fabini-Tonet

2
ciea || f|l

IN

O

4.8. Adjoint of an Operator

REMARK. I made the executive descision to swithc from 7 to ‘H as the symbol
to be used for a Hilbert space.

DEFINITION. (2.1) We say that u : H x K — F is sesquilinear if it is bilinear
except for conjugation in the second component.

EXAMPLE. For any bounded operator A, the form u(z,y) = (Az,y) is a
sesquilinear form. This can be shown by the properties of the inner product.

THEOREM. (2.2) If u:H x K — F is a bounded sesquilinear form with bound
|u(h, k)| < M ||h|| ||k|| then there are unique operators A € B(H,K), B € B (K, H)
so that:

u(h, k) = (Ah, k) = (h, BE)
and |[All, | B|| < M
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ProoOF. The idea is to use Riesz. For fixed h, check that wu(h,-) is a linear
functional on X (holds since u is given to be sesquilinear) Hence, by the Riesz
representation theorem, there is an element k (depending on h) so that u(h,-) =
(-, k). Check by using the uniqueness and linearity that the map A : h — k is a
linear map, and it is boudned because u is bounded. The same stuff works to show
B exists. (I

DEFINITION. (2.4.) For a given A € B(H,K), we can always find a B €
P (K, H) with (Ah, k) = (h, Bk). This matrix B is called the adjoint of A and is
often denoted A*.

ProrosiTION. IfU € B (H,K) then U is an isomorphism if and only if U is
invertible and U~! = U*

PROOF. Suppose U is invertible. We have only to verify then that (U f,Ug) =
(f,g) if and only if U~ = U*. Indeed, it is always true that (Uf,Ug) = (f,U*Ug)
and then:

(f,UUg)=(f9) <= (f(Id=U"U)g)=0
< Range(Id—U*U) c H' = {0}
— U'U=1Id

PROPOSITION. If A, B € #(H) and o € F then:
a) (aA+ B)* = aA* + B*
b) (AB)" = B*A*
c) (A" = A
d) If A is invertble in B(H) then A* is invertble with:
(A*)fl _ (Afl)*
PROOF. Pretty standard exercise! O
PROPOSITION. If A € B(H) then ||A|| = | A*| = ||A*A||"/?
PRrROOF. Have for any h with ||h|| = 1 that:
|AR|* = (Ah, Ah)

(A*Ah, h)
[ A AR[ ||l
A A IR 1A
A 1] -1 -1

Hence [[A|* < [A*A| < [A*|[|A]. Canceling A, we have [A] < [[A].
The argument holds equally well the other way (or consdier that A** = A) and so

we have [|A*]| < ||All. Hence we must actually have equality everywhere and this
proves the claim. O

IA A CIA

ExampPLE. Conway shows a few nice examples here, including the forward shift
on ¢?(N) whose adjoint is the backwards shift.

DEFINITION. (2.11) If A € (1) we say that A is hermitian or self-adjoint
if A* = A and we say that A is normal if AA* = A*A
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REMARK. If we think of *as being analogous to conjugation on the complex
numbers, then Hermitain operators are the analogous of the real numebrs. Normal
operators are the true analogous of arbitarty complex numbers, the analogy doesnt
really make sense for non-normal operators.

PROPOSITION. (2.12) A € B(H) is Hermitian if and only if (Ah,h) € R for
all h € H (This only works for C valued Hilbert spaces)

PRrROOF. (=) (Ah,h) = (h, A*h) = (h, Ah) = (Ah, h)
(<)Assume (Af, f) € R for all f For h,g € H and «a € C consider:

(A(h+ ag),h+ ag) = (Ah,h) + a (Ah, g) + @ (Ag, h) + |a|* (Ag, )

The LHS and two terms on the RHS are R by hypothesis. Hence a (Ah,g) +
@ (Ag, h) is real too, so it is equal to its complex conjugate. On the other hand:

a(Ah,g) +a(Ag,h) = alg, Ah) + «a(h, Ag)
= a(A%g,h) +a(Ah,g)
If you put in a = 1 first and then a = i , you get two linear equations and

two unknowns that leads us to (Ag, h) = (A*g, h). Since this holds for every g, h it
must be that A = A* O

PROPOSITION. (2.13) If A = A* then:

|A]l = sup [(Ah, h)]
llAll=1

PROOF. (my idea: The idea is to use the fact which is always true that ||A|| =
SUP||p=1,)g=1 | (AR, g)|. (This comes from ||z[| = supy, =1 [{z,¥)|). From this it
is clear that [|A[| > sup, =1 [(Ah,h)|. To see the other inequality, do a change
of variable so that x = #, y = g;—h. (The main idea is to manipulate (Ah, g)
into (Ax,x) + (Ay,y) + (Az,y) — (Ay,x), then use the Hermitain-ness to see the
two cross terms as conjugate conjugates, (Az,y) = (Ay,x) since A = A*.) By
the parralelogram law, 2|[z* + 2|lyl|* = |Al* + [lg]* = 2. So [z|* = r* and
yll> = 1 — 2 for some 0 < 7 < 1. So we have:

|4 = sup sup |(Az, z) + (Ay,y) + 2ilm (Az, y)]|
0<r <l ||z||=r,|ly|l=vI=r?

Now, (Ax,z) ,(Ay,y) are real while the other term is imaginary, so they split
up nicely. The fact that (Az, x) and (Ay, y) are real is particularly nice! By scaling,
when |[z|| = r we have sup, -, (Az,z) = r? supj|,|=1 (Az,2) , which controls the
real part. ...... ) O

The way Conway does it is to use A = A*to get to:
4Re (Ah,g) = (A(h + g),h + g) — (A(h — g),h — g)
So if M = supy, =1 (4h, h) then have by scaling:
ARe (Ah.g) < M|h+g|”+ M|k~ g|’

= 2M ||h|]> +2M ||g||* by parralelogram law
4M
By rotating g or h approproatly, this argument can be modified from the con-
cluison Re (Ah, g) < M to |(Ah,g)| < M.
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COROLLARY. (2.14) If A= A*and (Ah,h) =0 for every h, then A = 0.

REMARK. In a complex Hilbert space, (Ah, h) € R for every h implies A = A*,
so this condition could be dropped from this corollary in the complex setting.

PROPOSITION. (2.16) If A € B(H) the following are equivalent:
a) A is normal

b) ||Ah| = ||A*h]|| for all b

If we are working in C then this is also equivalent to:

¢) Th real and imaginary parts of A commute

PROOF. Notice that:
|AR|[> = |A*h|* = (Ah, Ah) — (A*h, A*h)
((A*A— AA")h, h)

So the equivalence of a) and b) follows from the previous corollary.
To check the last bit, let B = ReA and C' = ImA so that A = B +iC, A* =
B — iC and then write out:

A*A = B?—iCB+iBC +(C?
AA* = B?+iCB-BC+C(C?
So that the two are equal if and only if BC'= CB. |

PROPOSITION. (2.17) The following are equivalent:
a) A is an isometry

b) A*A=1

¢) (Ah,Ag) = (h,g) for all h,g € H

PROOF. a) <= c) was discussed earlier (basically because the inner product
can be written purely in terms of norms via the parallelogram law), and b) <= ¢)
is clear because (Ah, Ag) = (h,g) <= ((A*A —Id)h,g) = 0. O

PROPOSITION. (2.18) The following are equivalent:
a) A¥A=AA* =1

b) A is unitary (That is: A is a surjective isometry)
¢) A is a normal isometry

PROOF. a) = b): From the hypothesis a), we know that A is invertable and
from the previous propsition it is an isometry. Hence it is a surjective isometry.

b) = ¢) By Prop 2.17, A*A = I. When A is a surjective isometry, the
inverse of A must also be a surjective isometry, so we have also from Prop 2.17 that
I=(A"")"A~". Now use (A*) "' = (A7')" to manipulate this into I = (4A4*)"".
So then AA* = A*A =T and A is normal.

c¢) = a) By Prop 2.17, since A is an isometry, A*A = I, since A is also normal
we have A*A = AA* = I as desired. O

THEOREM. (2.19) If A € B(H) then ker A = (ranA*)™*

PROOF. If h € ker A and g € H then (h, A*g) = (Ah,g) = (0,¢9) = 0. This
shows ker A C (ranA*)"

If A 1 ranA* then (h, A*g) = 0 for every g € H and so (Ah,g) = 0 for every g,
and hence Ah € H+ = {0} . This shows ran A*+ C ker A. O
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4.9. Projections and Idempotents; Invariant and Reducing Subspaces

DEFINITION. (3.1) An idempotent is a bounded linear operator E so that
E? = E. A orthogonal projection is an idempotent P such that ker P =
(ranP)J‘. We actually use the word projection to refer only to orthogonal projec-
tions.

EXAMPLE. An non-orthogonal projection is an idempotent, but it is not a
proejction. For example, take an basis (not nessisarily orthonormal) for R™, say

e1,...,e, then every vector v has a unique writting v = >  apex , and the map
P : v — oye; for some fixed i is a “projection” but it is not an orthogonal projection
unless the basis is an orthogonal one. (In this case ker P = span{ey,...,é;,...,e,}

while (ranP)" = span {e;}" )

One thing to notice in this case is that |[|P|| > 1. Take any vector v = 3 axey
so that ||v]|®> < ay |lex|| (indeed the existence of this follows by the “cosine law” in
a Hilbert space), and the we will have that ||Pv| = ok

PROPOSITION. a) E is an idempotent <= I — E is an idempotent

b) If E is an idempotent, ran(E) = ker(I — E) and ker E = ran(I — E) and
ran(E) is a closed linear subspaces of H

¢) If M =ranE and A =ker E then MNN ={0} and M + N =H

PROOF. Check that I—FE is idempotent by verifying that (I-E)?> = ... = [-E.
Then ran(E) = ker(I — E) since (I — E)h =0 < h = FEh <= h € ranE
(Notice h € ranE = h = Eg = Eh = E%?9 = Eg = h) . Since ker(4) is a
closed linear subspace for any operator A, ran(E) = ker(I — F)) shows that ran(FE)
is a closed linear subspace too. ([

REMARK. In general the range of an operator is NOT a closed subapce. The
Kernal of an operator always is. For example the diagonal operator from on ¢?(N)
by Ae, = %en. (The range is dense in ¢? but contins only sequences for which
> n(z,e,) < oo for example (1,1,...) ¢ ranA4). Notice that this operator has a
point in its spectrum that is not an eigenvalue....maybe this is relevant?

LEMMA. (Mini Lemma) If E is idempotent then:
h € ranE < h=Lh

PROOF. (<) is clear. (=)If h = Eg for some g, then apply E to both sides to
get Eh = E?g = Eg but Eg = h so this says Eh = Eg = h. O

PROPOSITION. (8.3.) Suppose E is an idempotent on H and E # 0, the
following are equivalent:

a) E is a projection (i.e. ker E = (ranE)" is the definition)

b) E is the orthogonal projection of H onto ranE

c) B[ =1

d) E is hermitian, E = E*

e) E is normal, EE* = E*F

f) (Eh,h) >0 fora all h € H

PROOF. a) == b): Have h — Eh = (I — E)h € ker E = (ranE)*. By the
uniqueness of the orhogonal projection Eh is the orthogonal projection on rankF.

(Recall: a projection is the unique operator so that h — Pyh € M* for all h...see
thm 2.7)
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b) = ¢): Follows from the fact that orthogonal projections have || Papsh|| < |||
with equality for h € M.

¢) = a): Take any h € (ker E)*, we know h — Eh € ker E so we have
(h,h — Eh) =0 = |h||*> = (Eh,h) for any h € (ker E)". On the other hand,
by C.S. we know |(Eh,h)| < |Eh||k] < ||E|||h]|> = ||h]|* here, so we have an
equality sandwhich and we conclude that for any h € (ker E)that ||[Eh|| = ||h|| =
(Eh, h)*/?.

Now by the polarization identity, for any A € ker E-have:

Ih = Eh||* = [|h||* = 2Re (Eh, h) + | ER|* = 0

Hence h € (ker E)* = h = Eh <= h € ranE. This shows ker E+ C ranF.

Conversely, if g € ranFE then write ¢ = Pier g + Prer g1 g - Since g = Eg,
and E(Pyerg) = 0, have then ¢ = Fg = 0+ E (P prg). Since Perpig €
ker E+ C ranFE by the abover argument, we know E(Pye; g19) = Pyey L g, SO We
have g = E(Pyer £19) = Prer g1 g € kergue.

I'm going to skip the rest of this proof and this section for now

The next bit basically has two definitions and a small result about them: O

DEFINITION. (3.5) Given a closed subspace M and its orthogonal space M=*
any operator A can be decomped as A = TAI = (Pp+ Ppyr) A(Ppm+ Pyr) =
PyAPy 4+ PMyAP) . + Pyt APy + Pyr APpr =W + X +Y + Z. In matrix

w X

form this is A = v 7 ] where the first row/column represents M and the

second represents M=

DEFINITION. (3.4. and Prop 3.7) We say that M is invariant for A if AM C
M. The following are equivalent:

a) M is invariant for A (i.e. AM C M)

b) PApAPy = APy

¢) Y =0 in the above

DEFINITION. (3.4 and Prop 3.7) We say that M is reducing for 4 if AM C M
and AM+ Cc M*. The following are equivalent:

a) M reduces A (i.e. AM C M and AM+ Cc M+)

b) PpA = APy

¢) X and Y are both 0 from the above

d) M is invariant for both A and A*

PRrOOF. Not too hard...just follow your nose mostly! O

4.10. Compact Operators

[ Symbol | Name \ Definition
B(H,K) Bounded Operators IT|| < oci.e. T (ball H) is bounded
PBo(H, K) Compact Operators | T (ball H) is pre-compact (compact closure or “totally bounded”)
PBoo (H,K) | Finite Rank Operators ran(7') is finite dimensional

PROPOSITION. (4.2) a)%By C B
b) If T, € By, T € B and |T,, —T|| — 0 then T € %
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¢) If A e B(H) and B € B(K), then for T € Bo(H,K) we have TA, BT €
e@O(fHaK)

PROOF. a) is clear because precompact sets (totally bounded sets) are always
bounded

b) We verify directly that T'(ball H) is totally bounded. For e > 0 choose n
so large so that ||T,, — T'|| < €¢/3 . Since T, (ball H) is totally bounded there are
vectors hy, ..., hy, so that Thhy, ... Tyhy, form an €/3 net for T, (ball). Hence
for any h with ||| < 1, there is an h; with | Th —Th;|| < 5. Claim now that
Thy,...,Th, form an e net for T'(ballX) since:

|Th — Th|| IThs — Tyhl| + | Thi — Tyh|| + | Tnh — Thi|
2T — Tyl +¢€/3

€

AN CIA

c) To see that T A € %, consider as follows. Since A is a bounded operator, can
find a ball so that A(ballH) C bigger ball H, but the T A(ballH) C T'(bigger ball)
is a subset of totally bounded set, and is hence totally bounded.

To see that BT € %, we notice that for any totally boudned set K, B (K)is
totally bounded: get an e net for B(K) by taking the image of an ¢/ | K| net for
K through the map B. Hence B(T'(ball#)) is totally boudned by virtue of the fact
that T'(ballX) is totally bounded. O

THEOREM. (4.4.) The following are equivalent:

a) T € B(H,K) is compact

b) T* is compact

¢) There is a sequence T,, € By of operators of finite rank so that | T, — T|| —

PROOF. ¢) = a) is clear since every finite rank operator is compact (In
symbols:Byy C Hy) and by the previous proposition, a limit (in the norm topology)
of compact operators is compact.

a) = ¢) Since T'(ballX{) is pre-compact, it is separable (take a sequence of
L nets). Therefore, ran(T) =: L is a seperable subspace of K. Take {e1,...} a
basis for £ and let P,, be the orthogonal projection onto span{e; : 1 < k < n}.
Put T,, = P,T and note that each T,has finite rank. To see that | T, — T|| — 0
consider as follows.

Claim: If h € H, then ||T,h — Th|| — 0

Pf: By definition of £, Th =: k € L. Now, ||T,h—Th| = ||P.k—k| =
D kon l{€ks k)|> = 0 by Parseval identity

Now, we will use the precompactness of T'(ballH) to show that claim is enough
to have ||T,, — T|| — 0. Indeed, for any e > 0 take an €/3 net of T'(ballH) call it
Thy,...,Thy,. Take ng so large so that ||T,,h; — Th|| < €/3 for every Th; in the
chosen net (this follows by the lemma since there are finitely many of them to deal
with). Then for n > ng and any ||h|| <1 we find the h; so that [|Th — Th;| < ¢/3
and we have the following estimate:

ITh—Tuhl < \[Th—Thyll+ |Th; — Tuhy | + | Py (Thy — Th)|
2||Th — Thy|| + ¢/3 by choice of ng and since P a projection
2¢/3 + €/3 since Th; an €/3 net

= €

IAIA
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This estimate holds for every ||| < 1, so we conclude that ||T — T,| < e for
n > ng, and ||T — T, || — 0 as desired.

c) = b) For T, € By, it is easily verified that T} € By C HBp too and
T —T,| = |IT*—TF| — 0 so we see that T*is the limit (norm topology) of
compact operators and is hence a compact operator.

b) = a) Can do this the sneaky way: b) is the same as a) for T* so by
a) = c¢), we have c) for the operator T* and then by ¢) = b), we have b) for
the operator 7™, which is really a) for the operator T" as desired. ([

REMARK. There is a slightly less roundabout proof of the fact that T" compact
= T*compact using the Bolazanno-Weirestrass characterization of sequences and
the Arzela-Ascoli theorem (By Riesz, K = K*so these are really functions)

COROLLARY. (4.5) If T € Py then ranT is separable and if e, is a basis for
ranT and P, is the projection onto the first n basis elements, then |P,T —T| — 0

PROPOSITION. (4.6) Let H be a separable Hilbert space with basis e,. Suppose
that ay, is a sequence with M := sup|a,| < oo. If A is the diagonal operator,
Ae,, = ape, for all n, then A is a bounded linear operator with ||A|| < M. (This
part is easy, the real proposition is the next bit)

The operator A is compact if and only if a,, — 0 as n — oo

Proor. Take P, to be the projection onto eq,...,e,. Then A, = A — AP,
is diagonalizable with Ae; = aje; for j > n and Ae; = 0 for j < n. Now, since
AP, € PBoo (H) and || A, || = sup {|a;| : 7 > n} then we know that |4, || — 0 if and
only if o, — 0.

If o, — 0 we have that A — A, are all finite rank and ||[(A — A4,) — 4| =
lA.|l = 0 shows A is the limit (norm-top) of finite rank matrices, and is hence
compact.

Conversly, if A is compact, then the corollary shows that |4 — P, Al — 0 so
Al = ||A — P, Al — 0 and consequently a,, — 0 O

PROPOSITION. (4.7) For k € L*(X x X, x Q, u x 1), the integral operator K
defined by:

(K1) @) = [ Ko w)duty)
is a compact operator and ||K|| < ||k 2
The proof uses the following lemma:
LEMMA. (4.8.) If e; is a basis for L*>(X,Q, u) and:
$ij (1, y) = ej(@)ei(y)
Then ¢;; is an orthonormal set in L?(X x X, QxQ, uxp) and (k, ¢;;)
(Kej, e;)

L2(XxX)
L2(X)

PROOF. (of Prop 4.7) By C.S. it is easy to check that | K f|* < ||k]|*||f]|* and
so K is bounded.

To do the compactness you let K,, = KP,, + P,K — P, K P, where P, is the
orthogonal projection onto the first n basis elements, and then check that this is
finite rank operator. Then do a bit of work to show ||K,, — K| — 0 (it will be
bounded above by the tail of (Ke;, e;) which is equal to the tail of (k, ¢;;) and — 0
by Parseval. (I
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4.10.1. First look at eigenvalues for bounded operators on a Hilbert
space.

DEFINITION. (4.9) If A € A(H), a scalar « is called an eigenvalue of A if
ker(A — ald) # {0}. If h is a non-zero vector in ker(A — «) then h is called an
eigenvector. The set of eigenvalues for A is denoted by o,(A)

PROPOSITION. (4.18) If T € %y is a compact operator, and X € o,(T) is an
eigenvalue and )\ # 0, then the eigenspace ker(T — MId) is finite dimensional.

PROOF. Suppose by contradiction that ker (7' — AId) has an infinite orthonor-
mal sequence e,,. Then, since T is compact, and e,, is a bounded sequence, there
is a subsequence T'e,, which converges. But HTenk —Tep,; H2 =A ||enk — €n; H2 =
2|A]* > 0 cannot possibly be convergent! This contradiction shows that ker(T —
Ald) is finite dimensional. O

PROPOSITION. (4.14) If T is a compact operator on H and A # 0 and inf {||(T — AId)h| : ||h] =1} =
0 then A € o,(T)

REMARK. Later on in the book, we will give this type of thing a name. The
approximate point spectrum is the set where there is a sequence of unit vectors
with lim,,_,o [|[Tz, — Azy,| = 0 and we denote by o4, the set of all such A . In
this language, this result says that compact operators don’t have anything in o4y —
op. In other words, for compact operators, every approximate eigenvalue is a true
eignevalue.

PrOOF. If || Tz, — Az, || — 0, then by the compactness of T there is a conver-
gent subsequence T'z,, — y for some y. Then ||Tz, — Az,|| - 0 = Az, — .
Since ||z, || = 1 for all k, and X # 0 this shows ||y|| = A~ # 0. Now, by continuity
of T' we have also \XT'z,,, — T'y. But since T'z,, — y by def’n of y, and limits are
unique, we have that Ay = Ty in other words, y is an eigenvector! O

COROLLARY. (4.15) If T is a compact operator on Hand X # 0 with A ¢ o,(T')
and X ¢ 0,(T*), then ran(T — N\d) = H and (T — \)~! is a bounded operator on
H.

PRrROOF. Since A ¢ 0,(T), the preceding proposition implies that there is some
constant ¢ > 0 such that ||(T'— A)h|| > c|lh| for all h € H. (This very much
relies on the fact that T is compact!) This is the essentially estimate that makes
everything work.

We claim now that ran(T — AId) is closed. Indeed if (T — \)h,, — f for some
f, then we have the estimate ||h,, — hp|| < ¢ L [(T — Nhy, — (T — X hay||, and so
we see that h,, is Cauchy by virtue of the fact that (T" — A)h,, is Cauchy. Hence
hy, — h for some h and we conclude that f = (T — A\)h € ran(T — M\ d) after all.

Now, since the range is closed, we can use the identity ker A = (ranA*)‘willy-
nilly, and by the funny hypothesis on A, we have that ran(T—\) = [ker(T — /\)*]J‘ =
H

Finally, to see that (T'— \)~! is a bounded operator, one can work a little bit
by hand with the operator ||(T — A)h|| > c||h||, or we can just apply the bounded
inverse theorem (7' — X is a bounded operator and is surjective since its range is all
of H (just proven) and it has trivial kernal (since X ¢ 0,(T))) O
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REMARK. This is sometimes known as the Fredholm alternative for a
compact self-adjonit operator.

Either: X € 0,(A) is a true eigenvector of a finite dimensional hilber space OR
T — M is invertable.

REMARK. It will be proven later that if A ¢ o, (7) then A ¢ 0,(T*) , so this
part of the hypothesis is not nessisary.

4.11. The Diagonalization of Compact Self-Adjoint Operators

The main result in this section is:

THEOREM. (5.1.) [THE SPECTAL THEOREM FOR COMPACT SELF-ADJOINT
OPERATORS]

If T is a compact self-adjoint operator then T has only a countable number of
distinct eigenvalues. If {\1,...} are the distrinct nonzero eigenvalues and P, is the
projection of H onto ker(T — ) then P, P, = P, P, =0 if n # m and each A, is

real and: -
T=Y M\Pn
n=1

Where the series convereges in the sense of the norm topology.
Here are some consequences of this theorem:

COROLLARY. (5.3) a) ker T = (span,,ranP,)" = (ranT)"
b) Each P, has finite rank
¢) ||IT) =sup{|An| :n>1} and A\, = 0 as n — o

PROOF. a) Since P,, L P, for n # m we have a Pythagoras type thing ||Th|* =
S Al |1 Pab]® s0 Th =0 <= P,h = 0¥n and the result follows.

b) Every eigenspace is finite dimensional for compact operators, so this is indeed
the case!

c) Can verify that in the right basis, T' is indeed diagonal with the \’s on
the diagonal so that ||T'|| = sup {|A\,| : n > 1} is clear (to do this you just have to
quotient down to ran(7"). Since T' is diagonal here, the result follows by 4.6. O

COROLLARY. (5.4) If T is a compact self-adjoint operator, then there is a

sequence [, of real numbers and an orthonormal basis e,, for (ker T)J‘such that for
all h,

Th= Z Hn <h, €n> €n
n=1
COROLLARY. If T is a compact self adjoint operator and ker T = {0} then H
is seperable.

PROPOSITION. (5.6.) If A is a normal operator and \ € F then ker(A — \) =
ker(A — A\)* and ker(A — ) is a reducing subspace for A (i.e. A issplits up as an
operator on ker(A — \) and another on ker(A — \)*)

PROOF. Since A is normal, so is A — A. Hence ||[(A — A\)A|| = ||(A — X)*h]| thus
ker(A—X) = ker(A—\)*. If h € ker(A— \) then Ah = Ah € ker(A — \) by linearity
too. On the other hand A*h = Ah € ker(A — \)*. Therefore, by the equivalent
defintion of “reduces” (Namely that M is invariant for A and A*, i.e. AM C M and
A*M C M) we have that ker(A — \) reduces A. O



4.11. THE DIAGONALIZATION OF COMPACT SELF-ADJOINT OPERATORS 32

REMARK. This proposition is important! The fact that ker(A — A) reduces
A means that we can recursivly work with the spaces ker(A — \). To see in an

0 1
The eigenspace ker(A — 1) is e; and this DOES NOT reduce A here since there is
a non-zero entry in the e; — ey corner of the matrix.

L . . . 11
example why this is important, take a non-diagonalizable matrix, say { }

PROPOSITION. (5.7.) If A is a normal operator and \, . are distint eigenvalues,
then ker(A — A) L ker(A — )

PRrROOF. This is everyones favourite proof from linear algebra! Have that (Ah, g)
(h,A*g) = (A—p){f,g) =0 for every f,g € ker(A — ) and ker(A4 — ) O

PROPOSITION. (5.8.) If A= A* and X € 0,(A) is an eigenvalue, then X is real

ProoF. This is everyone’s second favourite proof from linear algebra! Ah =
Ah = A*h = Mh O

LEMMA. (5.9) If A = A*then either £+ ||T|| is an eigenvalue of T.

PrOOF. By Prop 2.13, |T|| = sup{(Th,h) : |h|]| = 1}. Hence there is a se-
quence h,, so that [(Thy, hy,)| — ||T]|, by passing to a subsequence we can assume
that (Thy, h,) — A where A = ||T|| or = —||T||. (Here we are almost done....this
basically says that A is an approximate eigenvalue and we know that for compact
operators that approximate eigenvalues are all in fact actual eigenvalues.)

Consider now:

o
IN

(T = M) b
| Thn||? = 2X (Thy, hy) + A2
< 202 = 2X(Thy, hy) — 0

ANd hence )\ is an approximate eigenvalue. Since T' is a compact operator, by
4.14 )\ is in a true eigenvalue. (]

REMARK. In general (for non-Hermitian matrices) this is NOT true. What you
can say is that ||T|| = \/Amaa(T*T) , the largest SINGULAR value.

Proor. (OF THE MAIN SPECTRAL THEOREM) Take A; € 0,(T") so that
A1 = ||T|| and let € = ker(T — A1) and P; be the projection on &;. Let Ho = &
By Lemma 5.6, £; reduces T', and hence #Hs reduces T' as well. Let To = T'|Hz then
we verify that T5 is again a self-adjoint compact operator on Ha.

Now we repeat this procedure on Ts. Find A3 so || = || T2||, let E; = ker(Ts —
Az2). Note that {0} # & C ker(T — A2). Now we can show that A; # A by the fact
that Ay = Ay would contradict that & L &,.

Put P, to to be the projection of H onto £ and Hz = (& & EQ)L. Note that
IT3]) < 17| s0 that ] < |Ai].

Repeating this argument inductivly, we get:

DAl = [Ae =

i) &, = ker(T — An) and [Angi| = HT| Ete...o sn)lH

By i) and the monotone convergence theorem for real numbers, we know there
is a limit so that |A,,| — «. This limit is forced to be o = 0 because T is a compact
operator. Indeed, choose any sequence e, € &, of norm 1 so that [|[Te,| = An.
Since T is compact, there is a convergent subsequence T'e,,, , since Tep,, = Ay, €pn, L
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Anjen, = Ten;, the only way that this sequence can converge is if Te,, — 0 (i.e.
|Ten, — Ten, |” = |Ten, |I> + HT6”JH2 = A, + A, > 2% cannot be a Cauchy
sequence unless a = 0)

Finally, we claim that || 7 — 527_, \;P;|| = 0. Indeed, T — 527, ;P = 0
on the space (&1 @ ... ®E,) by definition, and T — Z?Zl AjP; = T on the space
1. c‘fn)l since the projections here are all orthogonal of each other. Hence

n 1
HT -y AijH - HT| E1D...DE)

‘ = |An+1] — 0 by the previous argument!
(]



Banach Spaces

These are notes from Chapter 3 of [I].

5.12. Elementary Properties and Examples

DEFINITION. (1.1.) If X is a vector space over F, a seminorm is a function
p: X — [0,00) having the property that:

a) p(z +y) < p(x) +p(y) forall z,y € X

b) p(az) = |a|p(x) for all « € F and x € X

A norm has the additional property that:

c)plx)=0 = =0

When |-|| is a norm, d(z,y) = ||« — y|| defines a metric on X'

DEFINITION. (1.2.) A normed space is a pair (X, ||-||) where X is a vector
space adn ||-|| is a norm. A Banach space is a normed space that is complete with
respect to the metric defined by the norm.

PROPOSITION. (1.3.) If X is a normed space then:
a) The function X x X — X by (x,y) — x + y is continuous
b) The function F x X — X by (a,z) = ax is continuous

Proor. a) If z,, — « and y,, — y then |[(x, + yn) — (z + )| < ||z — | +
[y =yl = 0.

b) If a, = «a and z,, —  then ||apz, — az|| < [|an2y — az, ||+ ||az, — az|] <
| — af sup,, [|lzn || + |af 2n — =[] = 0.

LEMMA. If p and q are semi-norms on a vecotr space X, then we write p < q
to mean that p(x) < q(x) for all x € X. By the scaling property p(az) = |a|p(z),
and by continuity, the following are equivalent:

a) p(x) < q(z) for all z

b) q(z) <1 = p(x) <1

¢)q(r) <1 = pla) <1

d) q(z) <1 = p(x) <1

DEFINITION. We say that two norms |[-||; and ||-||, are equivalent if they
define the same topology on X. (i.e. all limits are the same, all open sets are the
same)

PROPOSITION. (1.5.) If |||, and ||-||y are equivalent if and only if there are
positive constants ¢,C' > 0 so that:

cllzlly < llzlly < Cllzl,
Forallx € X.

34
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PRrROOF. (=) To see that the two topologies are the same, we demonstrate a
base of open sets at each point, each open set of which contains an open set from
the other topology (the natural base to use for metric spaces is the set of balls
centered at a point) From the inequalities in the hypothesis, it is clear that:

{reX ||z —xoll; <e/C} C {zel:|z—ua, <€}
{zeX:|lz—aoly <ce} C {rzeX:|z—ax <e/C}
(<) Since {z : ||z||; < 1} is an open n’h’d containg 0, it must contain a ball

{z:||z]|, <7} C {z:||z|; <1}. By the proceding lemma, we have that |z||; <
—1
|z, O

ExXAaMPLE. (1.6.) Let X be any hausdorff space, and let:

Cux) = {£:X 2 F sup ()] < o0}

zeX

With norm || f|| = sup,ex |f(z)| and pointwise adition and scalare multiplica-
tion in the natural way. Then C(X) is a Banach space.

PRrROOF. The only hard thing to check is that Cy(X) is complete.

To do this notice that if f,, is Cauchy in the uniform norm, then f,(z) is a
Cauchy sequence in F for each € X. Consequently, since F is complete, there is a
limit, f(x) for each point € X. We claim now that f,, — f in the uniform norm.
This is an €/3 argument. For any € > 0 take N so large so that n,m > N —
| fr — fmll < €/3. Then for any z € X consider as follows. Find an M, depending
on z so that |f,(x) — f(x)] < ¢/3 for all n > M,. WOLOG M, > N and we
have that for n > N that |fu(z) — f(@)] < [far, (2) = F@)| + | far, (@) — ful@)] <
€/3+¢€/3. O

PROPOSITION. (1.7.) If X is a locally compact space, then the space of contin-
wous functions
Co(X):={f €Cp(X):Ve>0,{x € X :|f(x)] > €} is compact}

Is a closed linear subsapce of Cy(X). Notice that Co(R) is the set of functions
that tend to 0 at £oo.

ExamMpPLE. (1.8.) The space LP(X,, 1) is a Banach space (this one is a bit
trickier to prove....maybe I’ll get to it in Bass)

EXAMPLE. (1.10.) TLet n > 1 and let C™[0,1] be the collection of func-
tions f : [0,1] — F such that f has n continuous derivatives. Define | f| =
SUPg< k< {SUP |f(k)(x)| :0 <z < 1}. Then C™[0,1] is a Banach space.

EXAMPLE. (1.11.) Let 1 < p < oo and let W}'[0, 1] be the collection of functions

f :[0,1] — Fsuch that f has n — 1 continuous derivatives, f("~1) is absolutly
continuous, and f(™ ¢ L?[0,1]. For f in W0, 1] define:

kznj_o [/O \f“v)u)\’”dxr’
- zn: Hf(k)
k=0

/1]

LP
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PROPOSITION. (1.12) If p is a semi-norm on X then |p(x) — p(y)| < p(z —y)
and if ||-|| is @ norm then |||z| — [[y[ll < [lz -yl

PRrROOF. p(z) =p(z —y+y) < p(x —y)+p(y) then rearrange, and do the same
trick again with z and y interchanged. O

5.13. Linear Operators on a Normed Space

PROPOSITION. (2.1.) IF X and Y are normed spaces and A : X — ) is a
linear map, the follwing are equivalent:

a) Ac B(X,Y)

b) A is continuous at 0

¢) A is continuous at some point

d) There is a positive constant ¢ so that |Azx| < c||x|| for allz € X

PROPOSITION. ||A|| = sup {||Az|| : ||z|| < 1} is called the norm of A and B (X,))
is a Banach space with this norm as long as Y is a Banach space.

PROOF. Suppose A, is Cauchy. Then for any x € X, A,x is a Cauchy
sequence in ) as we have [|A,x — Anz| < ||An — Anll|lz]] — 0. Since Y is
complete, there will be a limit A,z — Axz. We now claim that A is a linear
operator, since A(z + y) = lim(4,(z+vy)) = limA,z + lim A,y = Az + Ay
(scalars are similar). Finally, we verify that A is bounded. By using the fact
that A, is Cauchy, take a subsequence nj so that HAnkJrl — A, H < 2%, and then
write that Az = limy o0 Apz = limjo0 > 7_; (A, — An,_,) @ so has [|[Az| <
220:1 ||(Ank - Ank—l) .’L’H < Z;ozl HAnk - Ank—l” ||1‘H, which shows HAH < 220:1%‘47% - Ank—l” <
0.

EXAMPLE. (2.2) If (X,, 1) is a o—finite measure space and ¢ € L>(X, Q, )
define My : LP — LP by Myf = ¢f for all f in LP. Then M, € % (LP) and
Mgl = ¢l

EXAMPLE. (2.3.) (Genarlization of the integration kernals example) let (X, Q, 1)
be a positive measure space and suppose k : X x X — F is a Q x ) measurable
function for which there are constants ¢; and cs so that :

/|k(x,y)|dﬂ(y) < ¢ for ae. x

/\k(m,y)|du(w) < cgforae. y
Then define K : LP(u) — LP(u) by:
(K@) = [ ko) )duty)
Then K is a bounded linear operator with || K| < c\/%c5/? where p~L +¢~1 = 1

(Use Holder instead of Cauchy-Schwarz)

EXAMPLE. (2.4.) If X,Y are compact spaces and 7 : ¥ — X is a continuous
map, define A : C(X) — C(Y) by (Af)(y) = f(r(y)) (i..e Af = for) then
Ae B(C(X),C(Y)) and ||A]| = 1.
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Proor. [[A] = SUP|| £l x,=1 [Afley = SUP|| f[| o, xy =1 1f oTllcpyy < 1 since

1o lowy = swbyey ()| < sup,ex [f@)] = [ Flogc). To see the other in-
equality, construct the right function f which is 1 on some part of the range of 7 and
< 1 elsewhere. (Such a function should exist by Ursohn-type lemma thinger) O

5.14. Finite Dimensional Normed Spaces

In functional analysis, it is always good to see what significance a concept has
for finite dimensional spaces.

THEOREM. (8.1.) If X is a finite dimensional space over T, then any two
norms on X are equivalent.

Proor. Fix a (Hamel) basis {ey, ..., eq} for the space and define szlzl xi€;

oo
maxi<;<q |;|. We will show that any other norm is equivalent to this norm.

For any x write z = ), x;e; and then have by triangle inequality that [|z|| <
>zl lle;ll < Cllzll,, with C = 3", |le;[|. This argument shows moreover that the
||-|| .-topology is finer than the [-|| —topology. (Indeed, if a point z is an interior
point for a set S in the ||-|| topology, by scaling by size C', we see that it is an interior
point in the ||-|| _-topology too. (The releavent logic is ||z| . < 7/C = |jz| <)
This means that all the |-||-open sets are also [|-||,, —open too. i.e. the [||_-
topology is finer than the ||-|| —topology.)

Now, to see the reverse inclusion/inequality consider as follows. (The crucial
idea is that ||-||,, has a COMPACT unit ball) (Here is a Bolazanno-Weirestrass
type proof I found on math.stackexchange). Suppose by contradiction, that for
all C > 0,3z so that ||z| . > cllz|l. Take ¢ = n to get a seqeunce z, with
|znll = n||zn||- By scaling, we can assume WOLOG that ||z,||,, = 1 for all n,
ie. |lzn| < L. But then |[z,| — 0 shows that z, — 0 in the |-||-topology. On
the other hand, since the unit ball in ||-|| is compact, and ||z, || = 1 for all n, we
have by Bolzanno-Weirestrass a convergence subsequence z,, — y with ||y||_ = 1.
Since ||z, — y| < C||zn, — ||, — 0 we have that x,, — y in ||-|| too. But this is
a contradiction as y # 0!

Conways pf below:

Look at the closed ||-||, —ball B={z € X : ||z||,, < 1}. Since this is compact
in |||, (finite dimensional is used here!), and since the ||-|| _-topology is finer than
the ||-|-topology, we know that B is compact in the ||-|| —topology too (Think of
open subcovers). Moreover, if we restrict our attention from the set X to the set
B, the topologies agree there (I'm not sure why this is true...)

Now the set A = {z € X : ||z[| <1} is a ||, —open set and is C B, so it is
relativly open w.r.t. B in the ||-||_ topology. Hence it is also relativly open in the
I|| topology. I.e. there is a ||-||-open set U so that U N B = A. Since 0 € U, and
U is ,||-|| —open, we find an r > 0 so that {z : ||z|| < r} C U. This is saying:

o] <rand [lz]l,, <1 =[] <1

Claim: ||z|| < 7 implies that |lz| <1

pf: For such an z, write x = )" z;e;. Let o = ||z||, so that ||z/af/ =1 and
x/a € B. Suppose by contradiction now that o > 1 then ||z/a| < r/a < r and
since [|z/a|, =1 < 1 we have then by our choice of r that ||z/af|,, < 1 which is
a contradiction!

By Lemma 1.4. this shows the other inclusion. (I
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5.15. Quotients and Products of Normed Spaces

Let X be a normed space and let M be a linear manifold in X and let Q : X —
X /M be the natural quotient map Qz = = + M. We want to make X' /M into a
normed space, so define:

[z + M| :=inf{[lz -yl : y € M} = dist (z, M)

This is always a semi-norm, and if M is a closed linear subspace then it is a
norm.

THEOREM. (4.2.) If M is a closed linear subspace of X then |z + M| =
dist (x, M) is a norm and:

a) |Q(z)|| < ||z|| for all x € X and hence Q is continuous

b) If X is a Banach space then so is X /M

c) A subset W of X /M is open in X /M if and only if Q1 (W) is open in X

d) If U is open in X then Q(U) is open in X /M.

PROOF. I'm going to skip the proof for now.
....I'm going to skip some other stuff here too.... O

5.15.1. Products of Normed Spaces.

DEFINITION. Suppose X;:i € [ is a collection of normed spaces. Define for
1<p<oo: =&

1/p

el = [Z ||$(Z)|§<i]

ks = {x € HXi : ||;vH@pXi < oo}
7]l x, = supllz(i)]y

iel
Pk = {x € HXi el x, < oo}
i
@oX; = {erXi:HxXn—)Oasn—)oo}

(The last definition only makes sense when I = {1,2,...}. We give ®p&; a
norm by treating it as a subspace of @, X;) The next proposition tells us when this
is a Banach space and other things:

PROPOSITION. (4.4.) Let {X; :i € I} be a collection of normed spaces.

a) ®pX; is a normed space and the projections P, : ®,X; — X, is a continuous
linear map with || Py ()|l < ||1:H@pxi.

b) ®,X; is a Banach space if and only if each X,, is a Banach space

¢) Each projection P, is an open map of ®,X; onto X,.

5.16. Linear Functionals

DEFINITION. A hyperplane in X is a linear manifold M in X" so that dim(X /M) =
1. A little more work gets us to:
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PROPOSITION. (5.1.) a) A linear manifold in X is a hyperplane if and only if
it is the kernal of a non-zero linear functional. b) Two linear functionals have the
same kernal if and only if one is a non-zero multiple of the other.

Proor. a) If f : X — F is a linear functional and f # 0 then ker f is a
hyperplane. In fact, f induces an isomorphism between X'/ ker f and F. Conversely,
if M is a hyperplane, let @ : X — X /M be the natural quotient map and let
T :X/M — Fbe an isomorphism Then f =T o @ is a linear functional on X and
ker f = M.

b) If ker f = ker g then take any xo with f(z¢) = 1. g(xo) # 0since g ¢ ker f =
ker g We claim now that g(-) = g(xo) f(-). Indeed, z — f(x)zo € ker f = ker g for
any z, and so g(x — f(x)xzg) = 0 for any x. Linearity then gives the result. (]

PROPOSITION. (5.2.) If X is a normed space and M is a hyperplane in X,
then either M is closed or M is dense.

PRrROOF. The closure of M is a linear manifold. Since M CclM and dim X'/ M =
1, either cIM = M or cIM = X. |

We will give examples of both these in a second, but first the characterizing
theorem is that:

THEOREM. (5.8.) If X is a normed space and f : X — T is a linear functional,
then f is continuous if and only if ker f is closed. (Otherwise, ker f is dense)

PROOF. (=) If f is continuous, write ker f = f~1 ({0}) is the pre-image of a
closed set and is consequently closed.

(<) If ker f is closed, then the quotient map @ : X — X'/ ker f is continuous.
Let T : X/ker f — F be an isomortphism and let g = T o Q. Then g is continuous
(its the composition of two continuous functions) and we know from prop 5.1 that
g = af for some constant a. O

ExXAMPLE. We now give examples where M is closed and when it is dense. If we
choose X' = ¢j (sequence that tend to zero) with the sup norm, then f(ag,aq...) =
o is a continous linear functional and ker f = {(a,) : @y = 0} is closed.

To make a non-continous linear functional, consider as follows: Take the har-
monic sequence rg = (1, %, %, .. ) and then look at the set {xg,e1,ea,...} where
en(k) = dpnk is the usual basis. This is an independent set. Now extend this to a
Hamel basis for all of ¢y (recall a Hamel basis is one where every element is written
as a finitie linear combination of basis elements) and define f(aozo+ Y. ,-; anen+
>~ Bibi) = ap. Notice that e, € ker f for each n and so ker f is dense.

DEFINITION. For a linear functional f we define:

1£1l = sup {[f(2)] : [|lz]| < 1}
As before, f is continuous if and only if || f|| < co. We define:
X*:={f: X — F linear functionals : ||f|| < co}

PROPOSITION. (5.4.) If X is a normed linear space then X* is a Banach space.

PRrROOF. (This essentially goes because X'* is basically the same as Cy,({z : ||z]| < 1})

and we know that Cj, is a Banach space)
It is easy to check that this the norm ||-|| on functionals is a norm. To see
that it is complete, restrict our attention to the unit ball B = {x € X : ||z|| < 1}
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and define p(f) : B — F by p(f)(z) = f(z) (i.e. p(f) is the restriction of the
functional f to the closed ball B). Notice that p : X* — C(B) is a linear isometry.
We already know that Cy,(B) is complete. Hence to show that X* is complete, it
suffices to show that p (X*) is a closed. Indeed, if f,, C X* and p(f,) — g for some
g € Cy(B). Define f: X — F by f(z) = ||lz|| g(|j=]| " z) for ||z|| # 0 and f(0) = 0.
f is a continuous linear functional because g is bounded. We also see that p(f) = g,
so the fact that p(f,) — ¢g and g = p(f) shows that p (X™*) is closed. O

REMARK. Compare this to the theorem that for # (X,F) # (0), we have that
2% (X,)) is a Banach space if and only if ) is a Banach space.

THEOREM. (5.5.) For (X,Q,u) a measure space and 1 < p < oo and q s.t.
¢t +p' =1 we define for g € Lithe map F, : L? — F by:

Fy(f) = /fgdu

THen F, € (L?)" and the map g — Fy is an isometric isomorphism of L onto
(LP)*.

5.17. The Hahn-Banach Theorem

DEFINITION. (6.1.) If X is a vector space, a sublinear functional is a function
q : X = R such that:

a) q(z +y) < q(x) +q(y) for all v,y € X

b) ¢(azx) = ag(z) for x € X and o > 0

THEOREM. (6.2.) Let X be a vector space over R and let q be sublinear func-
tional on X. If M is a linear manifold on X and f : M — R is a linear functional
such that f(x) < q(x) for all z € M then there exists a linear functional F : X — R
such that F |y = f and F(x) < q(x) for allz € X

REMARK. The substance of the theorem is not that there exists an extension,
but that there exists an extension that is still bounded by ¢. If one just wanted an
extension, then you could just construct one by defining the functional on a Hamel
basis.

COROLLARY. (6.4.) (Complex H-B) If X is a vector space, let M be a linear
manifold in X and let p : X — [0,00) be a seminorm. If f : M — T is a linear
functional with |f(x)| < p(x) for all x € M then there is a linear functional F :
X —= T sucht ath F |pm = f and |F(z)| < p(x) for allx € X

I think I’'m actually not going to type up the rest of this section because all of
the information is on the H-B note I made earlier, which is nicely organized. The
only theorem I didn’s have there that Conway does is this one:

THEOREM. (6.18) If X is a normed space and M is a linear manifold in X
then:
cM Zﬂ{kerf: feX* and M C ker f}

PROOF. Let N be the name of the subspace on the right hand since. We show
inclusions both ways.

For any f € X* and M C ker f, since f is continuous we know that ker f is
closed and hence cIM C ker f. Since this works for any such f then cIM C N.
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We show the other inclusion by contra positive. zy ¢ cIM. Then d =
dist(z, M) > 0. By the “projection H-B” theorem, we find and f so that f(zg) =1
and f |y = 0 which shows zg ¢ ker f D N. O

COROLLARY. M is dense in X if and only if the bounded linear functional on
X that annihilates M is the zero functional.

5.18. An Application: Banach Limits

For x = (x,) € c the set of sequences with a limit, the operator L(z) =
lim,,_,~ &, is a linear functional with the folloing properties:
i) L] =1

ii) L(z) = L(2") where z), = x4 is the shifted sequence

i) z>0 = L(z)>0

We will show that L extends to a linear operator on all of £*° that still has
these properties.

THEOREM. There is a linear operator L : {*° — F so that:
0) L(z) = limy 00 Tp, for all x € ¢

i) 1] =1

it) L(x) = L(z") where z!, = x,,+1 is the shifted sequence
iii) 2 >0 = L(z) >0

PROOF. Let M = {z —a’: 2 € £°°} and notice this a linear manifold. Let
1=(1,1,1,1...) and check that dist(1, M) = 1. By the projection H-B theorem,
there exists an operator L so that L(M) =0, L(1) = 1 and || L|| = dist(1, M)~! = 1.

To check that L agrees with limits, it suffices to show that ¢y C ker L. To see
this, take any sequence x € ¢y and let (™) = 2/ be the sequence shifted n times.
Notice that z(®*1) — 2 € M by writing it as a telescoping sum of z(+1) — z(9),
Hence L(z) = L(z™) < ||x(”)| — 0 shows L(x) = 0.

To check that L is positive, suppose by contradiction there is a sequence z > 0
but L(z) < 0. WOLOG ||z|]] = 1 and so 1 > z, > 0 for each n. Have then
1 — 2|, <1andso L(1—x) <1 on the other hand L(1 —x) = 1— L(x) > 1 since
L(z) > 0, contradiction! O

5.19. An Application: Runge’s Theorem
Let C, denote the extended complex plane.

THEOREM. (Runge’s Theorem) Let K be a compact subset of C and let E be a
subset of Coo\K that meets each connected component of C.o\K. If f is analytic
in a n’h’d of K, then there are rational functions f, with poles only lying in E so
that f,, — f uniformly on K

PRrROOF. I'm skipping the details. The if we let R(K, E) be the closure of the
rational functions with poles only in F, then we want to show that f € R(K, E)
for each analytic f. By the geometric fact that cIM = N{ker¢} for the right
¢ € X* we just have to show that ¢(f) = 0 for every £ € X* for which ker? C
R(K,E). By Riesz this is the condition that if 4 is a measure on K with [ gdp =
0Vg € R(K, F) then f fdu = 0. Having turned the problem into a statement about
integrals, the work is more manageable. (]
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COROLLARY. (8.5.) If K is compact and C\K is connected and if f is analytic
in a w'h’d of K then there is a sequence of polynomilas that converge to f uniformly
on K.

5.20. An Application: Ordered Vector Spaces
I'm going to skip this section

5.21. The Dual of a Quotient Space and a Subspace
DEFINITION. For asubspace M < X define M+ < X* by M+ = {f € X*: f(M) =0}

THEOREM. (10.1.) If M < X then the map p : X*/ M+ — M* defined by:
p(f+M*Y)=flmis
an isometric isomorphism.

THEOREM. If M < X and Q : X — X /M is the quotient map, then p(f) =
foQ defines an isometric isomorphism of (X /M)* onto M*.

5.22. Reflexive Spaces
DEFINITION. X** = (X*)*

DEFINITION. For x € X we define & € X** by &(f) = f(z). This has [|Z|| y.. =
[zl x-

DEFINITION. A space is called reflexive if X¥** = {&:2x € X}. ie. X*™ is
isometrically isomorhpic to X by the * map.

EXAMPLE. LP is reflexive, as (LP)** = (L9)" = LP
EXAMPLE. ¢y is not reflexive, as (o)™ = (¢1)" = £,
5.23. The Open Mapping and Closed Graph Theorems

PROPOSITION. (Added by Mihai) A linear map A : X — Y is an open map
< A(B,(0)) has non-empty interior

Proor. This follows essentially by the translation invariance and scale simi-
larity of the topology on a NVS. For any open set G, write G = Uyeq B, (z) and
then let r, be the radius of the open ball containing so that B, (0) C A(B,,(0)).
Then by translation, we will have: B, (A(z)) C A(B,,(x)) and then can show
A(G) = Uzeg By, (A(x)) is an open set. O

THEOREM. (12.1) (The Open Mapping Theorem) If X and Y are Banach spaces
and A : X — Y is a continuous linear surjection, then A(Q) is open in ) whenever
G is open in X.

Le. continuous linear surjective maps are open maps.

PRrOOF. (Sketch) Let B, (x) denote the unit ball at . The idea is to show that:

i) 0 € int clA (B,(0))

This uses that Y = U, A(B,(0)) by “onto” and then Baire to see that these
can’t all be nowhere dense. This is the harder step.

ii) cl (4 (B,2(0))) C A(B,(0))

This just uses the completeness of the space
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Combining these, we see that A(B,(0)) has non-empty interior (for 0 is an
interior point). The result then follows by the preceding proposition. Lets shore
up the details of i) below:

i) Since A is surjective, we know that Y = U, A (B,,(0)) and now by the Baire
category theorem, since Y is a complete space and hence not meager, we know that
at least one set A (B, (0)) has non-empty interior. Say G C A (B, (0)) is open.
Notice that since By, (0) is symmetric and convex, since A is linear, we know that
A (B, (0)) is symmetric and convex too. Hence 1G + 1(—G) C A(B,,(0)). But
0 € £G + 3(—G) and this is an open set, so we have then 0 € 1G + 3(—G) C
int cl A (B, (0)) as desired. O

REMARK. The Open Mapping Theorem depends very much on the completeness
of the space Y'; both to use the Baire category theorem AND to see that cl (A (B»,-/Q(O))) C
A(B,(0))

THEOREM. (12.5.) (The Inverse Mapping Theorem) If X and Y are Banach
spaces and A : X — Y is a bounded linear bijection then A™' is bounded.

PROOF. Because A is continuous, linear and surjective, it is an open map by
the Open Mapping theorem. This is exactly saying that A~! is a continuous map
(using the “preimage of open sets are open” criteria) O

THEOREM. (12.6.) (The Closed Graph Theorem) If X and ) are Banach spaces
and A : X — Y is a linear transformation then:

A is continuos <= T(A):={(z,Ax) e X D1 Y :x € X} is a closed set

REMARK. T'(A) is called the graph of A, since A is linear it is easily verified
that I'(A) is a linear subspace of X &1 ). Recall that the norm X &1 Y is ||(x, y)|| :=
]l + [lyll

LEMMA. I(T) is closed <= (x, >z and T(z,) vy = T(z)=y ) <
(zn, —0and T(x,) »y = y=0)

PrOOF. The second <= is just by linearity, so we prove the first one only:

( = ) Ilfz, —» x and T(x,) — y then (v,,T(z,)) — (x,y) since I'(4) is
closed we have that (z,y) € I'(A) and so y = T'(x) is forced.

(<) Suppose (zn,T(x,)) = (z,y) then we have x,, — x and T'(z,,) — y and
so T'(x) = y by hypothesis. Hence (z,y) = (z,Tx) € I'(T') and we see that I'(T) is
closed under limits. O

PRroor. (of closed graph theorem)

(=) If A is continuous then the condtion ( z, — = and A(z,) >y =
A(zx) =y ) follows by continuity of A and see that I'(A) is closed by the lemma.

(<=) Think of I'(A) as a Banach space (it is a closed subspace of a Banach
space) and define P : T'(A) — X by (x,Tz) — x. It is easily verified that this is
bounded and bijective. By the inverse mapping theorem, its inverse is continuous,
i.e. 3C so that C||z|| = C||A(z, Tz)|| > C |[(z, Tx)|| = ||z|| + || Tz|| = ||Tz| <
(€ = 1) [l]|

(Basically, T is the inverse of the projection map (z,Tx) — . ) O

REMARK. The strength of the closed graph theorem is as follows. To show A
is continuous you must:
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(Without closed graph theorem): If x,, — 0 then must show Az, converges
AND Az, — 0

(With closed graph theorem): If z,, — 0 you may assume that Az, — y
converges and have only to show that y = 0.

ExXAMPLE. If ¢ is a function so that f¢ € LP for all f € LP, show that ¢ € L*>

PrOOF. Let A: LP — LP by Af = ¢f. It is possible to verify that || Al = ||¢]]
is finite if and only if ¢ € L>°. To check that A is continuous suppose that f, — 0
in LP. We may assume that ¢f,, — g for some g and we have only to verify that
g = 0. Since f,, — 0 in L? we know that f, — 0 in probability, so there is a
subsequence with f,,, — 0 a.s. and we have g = limy ¢ f,,, = 0 a.s. so indeed g = 0.

Notice that without assuming there was such a g, we would be able to show
that there was a subsequence with ¢f,, — 0 but we would be unable to show that
of — 0. (We could have used the subsequence-subsubsequence trick for convergence
in probability to get around this) O

THEOREM. (Subsequence-Subsubsequence trick) Let X be a metric space. Then
xn — x if and only if for every subsequence x,, we have a sub-sub-sequence so that
T, — X

PROOF. (=) is clear. («<=) Suppose by contradiciton z, - x. Then there
exists €y > 0 and a subsequnence ny, so that d(x,, ,x) > € for all k. But this x,,
has no convergent sub-sub-sequence! (]

DEFINITION. (12.8.) If X and Y are Banach spaces, an isomorphism of X
and Y is a linear bijection T : X — Y that is a homeomorphism (i.e. it has a
continuous inverse). By the inverse mapping theorem all continuous bijections are
isomorphisms.

5.24. Complemented Subspaces of a Banach Space
I think I’'m going to skip this section.

5.25. The Principle of Uniform Boundedness

THEOREM. (14.1.) Principle of Uniform Boundednes (or PUB). If A C % (X,))
has the property that:

Vo € X, sup {||Az| : A€ A} < 00

Then:
sup {||4|| : A€ A} < 0

(i.e. “If a collection of operators is bounded at each point, then it is uniformly
bounded”)

PrOOF. Let E, = {z € X : sup,c, ||Taz| < n} so that E = U,E,. Notice
also that B, = Ny | Ta(-)|| " [0,n] is an intersection of closed sets (because z —
|ITwz|| is continuous), so E,, is closed. Since E is not 1st category, we know that
E cannot be written as a countable union of nowhere dense sets. Hence it must be
the case that at least one F,, is not nowhere dense. In other words, Ingy so that
E; # 0. Hence 3o, r so that B,(z0) C Ep,.
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For any z with [|z|| < r now, notice that zg + = € B,(xo) C E,,. Hence for
such z, we know by definition of E,, that sup, ||Ta(zo + 2)|| < no. Have then for

any ||z|| <7:

sup [Toz|| = sup||Ta(zo + 2) = Ta(zo)|

IN

sup (I1Ta(zo + )| + [ Ta(zo)|l)

< ng+ng=2ng

2TLO

So by scaling, we conclude that for any x with [|z|] < 1 that sup,, ||[Taz| < =%
Have finally then that sup,, ||T%|| = sup, supj, =1 [|Taz| < 20 < oo, O

COROLLARY. (14.3.) If X is a normed space and A C X then A is a bounded
set if and only if for every f in X*we have that sup {|f(a)|:a € A} < 0

Proor. Consider X' as a subset of X** by the " map, then it is clear how to
apply the PUB. (]

COROLLARY. (14.4) If X is a Banach space and A C X* then A is bounded if
and only if for all x € X we have sup {|f(x)|: f € A} <

PRrooF. This is exactly the uniform boundedness principle with ) = F. ([

THEOREM. (14.6.) The Banach Steinhaus Theorem. If X and ) are Banach
spaces and A,, is a sequence in B(X,)) with the property that for every x € X
there exists y € Y so that ||[A,x — y|| — 0, then there is a an A € B(X,)) such
that ||Apxz — Az|| — 0 for every x € X and sup ||A,|| <

PRrROOF. Let Ax = lim,, A,,x be the pointwise limit we find. Notice that for each
x we have ||A,z| < ||Anx — Az||+||Az|| — ||Az|| so we see that for each = , ||A, ]|
is bounded. By the PUB, ||A,||is uniformly bounded too. Now, to check that A
is bounded, write ||Az|| < [|[Az — Apz|| + ||Anz| — 0+ [|Anz|| < sup, [|An]| ||z] so
indeed A is continuous too. O



Locally Convex Spaces

These are notes from Chapter 4 of [I].

REMARK. I'm going to skip around here a bit....some of this stuff is a bit weird

6.26. Elementary Properties and Examples

DEFINITION. (1.1.) A topological vector space is a vector space with a
topology so that addtion and scalar multiplication are continuous.

DEFINITION. (1.2.) A locally convex space is a topological vector space
whose topology is defined by a family of seminorms. That is: if py,...,p, are
seminorms (i.e. they are like norms by p(z) = 0 does not nessisarily mean x = 0)
then the subbase of the n’hd’s at a point z¢y € X of the topology are:

n
Uey..ooenimo = [ | {2 € X 1 pj (= m0) < ¢}
j=1
(i.e. aset U is open iff for all o € U there exists €1, ..., €, sothat U, ¢, .z C
U)

REMARK. All the seminorms used to define the topology above are automati-
cally continuous since the for every xg ande > 0, there is an open n’h’d U of xg so
that |p1(x) — p1(zo)| < €. (indeed, the n’h’d Ue 1.1.1,...;a,does this)

REMARK. I'm skipping a whole bunch of stuff here.

EXAMPLE. (1.5.) Let C(X) =continuous functions from X — F. For K
compact, define pr(f) = sup{|f(z)| : € K}. Then {px : K compact in X} is a
family of seminorms that makes C'(X) into a locally convex space.

EXAMPLE. (1.6.) Let G be an open subset of C and let H(G) be the the set
of all analytic functions on G. Define the seminorms of example 1.5. on these
functions. It turns out that this is the topology of uniform convergence on compact
subsets!

EXAMPLE. (1.7.) Let X be a normed space. For each z* € X*define p,«(z) =
|z*(x)| then py~ is a semi-norm. If P = {p,- : 2* € X*}, then P makes X into a
locally convex space. The topology defined on X' by these semi norms is called the
weak topology and is often denoted by o (X, X*). This is a topology on X. In
this topology all of the function z* are continuous.

ExaMPLE. (1.8.) Let X be a normed space and for each x € X, define p, :
X* — [0,00) by py(z*) = |z*(z)]. This family of seminorms make s X* into a
topology. This is called the weak*-topology It is a topology on X*. It is often
denoted o (X*, X).
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DEFINITION. A set A is convex if whenever x,y € A then the line segment
[T,y ={tz+ (1 —-t)y:t€(0,1)} C A

PROPOSITION. a) A set A is convex if whenever x1,x5...x, € A andty,ty... t, €
[0,1] with Y t; =1 has > tix; € A
b) If {A; : i € I} are all convez, then (), A; is convex.

PROOF. a) by induction, splitting it up into many pairs of points. b) [z,y] € 4;
for each 1. O

DEFINITION. (1.10)The convex hull of a set A, denoted co(A) is the intere-
section of all the convex sets that contain A. If X is a topological vector space,
then the closed convex hull of A is the intersection of all closed convex subsets
of Xthat contain A; it is denoted by €o6(A)

PROPOSITION. (1.11) If A is a convez set then:
a) A is a conver set

b) If a € A°and b € A then (a,b] C A°
PrOOF. I'm skiping the proof! O
COROLLARY. co(A) is the closure of co(A)

DEFINITION. A set A C X is caleed balanced if ax € A for all x € A and
la] < 1. A set A is absorbing if for each x € X there is an € > 0 so that tz € A
for 0 <t < e. We say that a set A is absorbing at « if for each x € X there there
isan e >0sothata+txec Afor 0 <t <e.

REMARK. The condition of being balanced at a is a bit like being an interior
point, because the condition is kind of like having a ball of radius e around you,
only that the radius can depend on the direction x that was chose. For this reason,
sets which are absorbing at every point are not nessarily open.

DEFINITION. For a non-empty convex set V, define the Mikowski norm or
Gauge by:
py(z) =inf{t:t > 0,2 €tV}
REMARK. For any set V the set {x € X' : py(z) < 1} is a balanced set which
is absorbing at each point.

PROPOSITION. (1.14) If V is a non-empty convex set that is balanced and
absorbing at each point, then V = {x € X : py(x) < 1} where py is the Minkowski
function.

PrOOF. {z € X :py(x) <1} C V is clear. Use the absorbing and balanced
properties to prove that V C {z € X : py(z) < 1}. O

6.27. Metrizable and Normable Locally Convex Spaces
I'm going to skip the details of this section...the main result is that:

PROPOSITION. (2.1.) A locally convex space is metrizable if and only if it is
given by a countable family of seminorms and N2, {z : p,(z) = 0} = {0}. In this
case the metric that works is:

_ S -n p”(x_y)
d(x’y)_;z 1+ pn(z —y)
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ExaMPLE. (2.2.) For the locally convex topology we put on C(X) before, it
is metrizable iff X = |JK,, whre each K, is compact and if any compact K is
eventually a subset of some K,.

I'm going to skip the rest.

6.28. Some Geometric Consequence of the Hahn-Banach Theorem

THEOREM. (8.1.) If X is a topological vector space and f : X — F is a linear
functional then the following are equivalent:

a) [ is continuous

b) f is continuous at 0

¢) f is continuous at some point

d) ker f is closed

e) . — |f(x)| is a continuous seminorm

And if X is the locally convex space that is defined by a family of seminors P,
then these are equivalent to:

f) 31, pa. ..., pn in P and positive scalars o, ..., o, such that:

If(z)] < Zakpk(ir) Vre X
k=1

PROPOSITION. (8.2.) Let X be a topological vector space and suppose that G
is an open convex subset of X that contains the origin. If:

ge(x) =inf{t: ¢t >0 and x € tG}
then q is a non-negative continuos sublinear functional and G = {z : ¢(z) < 1}

REMARK. This is slightly different than proposition 1.14 since that set was
balanced and this set is not. The proof is similar to that of Prop 1.14.

THEOREM. (8.3.) If X is a topological vector space and G is an open convex
non-empty subset of X that does not contain the origin, then there is a hyperplane
M such that MNG =10

REMARK. Recall that a hyperplane M so that X' /M is one dimensional.

PrOOF. The minkowski functional from Proposition 3.2 is the sublinear func-
tional that we will use the H-B theorem to get the result. Pick a point xy € G so that
H := G — x( is an open convex set containing the origin and not containing xy. By
Prop 3.2., then these facts say that H = {z : ¢(x) < 1} and ¢(z¢) > 1. On span{zg}
define f(axzg) = aq(zp) and so f < g on span{xo} as f(axg) = aq(zo) = q(axp)
for @ > 0 and f(azg) = ag(zo) <0 < g(azg) for a < 0. Now extend f to all of X
by Hanh Banach.

Now, let M = ker f and we will show that this is the hyperplane we want. For
x € G we have g —x € H and so f(xg) — f(z) = f(zo —2) < g(zo—2) <1 =
f(z) > f(zo) — 1 = q(z9) — 1 > 0. Which shows that f does not vanish anywhere
on G.

(The proof for the complex case is simlar....I omit it thought) (]

DEFINITION. An affine hyperplane is a set M so that for all zy € M, the
set M — ¢ is a hyperplane. (it slike a translated hyperplane so that its allowed to
not go through 0)
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An affine closed subspace is a set M so that for all g € M, the set M — xq
is a closed subspace.

REMARK. There is a great advantage inheret in a geometric discussion of real
TVS’s. Namely, if f : X — R is a nonzero continuos R—linear functional, then
the hyperlane ker f disconnects the space. That is X'/ker f has two connected
components. (This is left as an exercise)

DEFINITION. (3.5.) Let X be a real topological vector space. A subset S of X
is called an open half space if there is a continuous linear functional f : X — R
such that S = {z € X : f(x) > o} for some a. A subset S of X is called a closed
half space if there is a continuous linear functional f : X — R such that S =
{xr e X: f(x) > a} for some a.

DEFINITION. Two subsets A and B of X are said to be strictly separated
if they are contained in disjoint open half-spaces; they are separated if they are
contained in two closed half-spaces whose intersection is a closed affine hyperplane.

PROPOSITION. (3.6.) Let X be real topological vector space.

a) The closure of an open half-space is a closed half-space and the interior of a
closed half space is an open half space

b) If A, B C X then A, B are strictly separated if and only if there is a contin-
wous linear functional f : X — R and a real scalar « so that f(a) > « Va € A and
f)<aVbeB

¢) If A)B C X then A, B are separated if and only if there is a continuous
linear functional f : X — R and a real scalar « so that f(a) > a VYa € A and
f)<aVvVbeB

PROOF. a) is not hard keeping in mind that f is a continuous function.

The («<=) direction of b) and c) is clear. Not sure about the other direc-
tion....maybe we could use the fact they are disjoint and then look at G = A — B
and apply the theorem above to get the functional f....this is essentially the ap-
proach of the next theorem. ([

THEOREM. (3.7.) If X is a real topological vector space and A and B are
disjoint convex sets with A open, then there is a continuous linear functional f :
X — R and real scalar a such that f(a) < « for all a € A and f(b) > « for all b
in B. If B is also open then A and B are strictly separated.

PrOOF. Let G = A — B and check that G is convex and does not contain 0.
By the previous theorem we have a closed hyperplane so that M NG = (). Take the
functional f so that M = ker f and for this functional either f(x) > 0 for all x € G
or f(x) < 0 for all z € G. Suppose that f(z) > 0 for all z € G (the other case is
similar) then f(a—b) > 0foralla € Aand b € Bie. f(a) > f(b). Taking sups and
inf’s we get the desired result with sup{f(b) : b€ B} < a <inf{f(a):a € A} O

LEMMA. (8.8.) If X is a topological vector space, K is a compact subset of X
and V is an open subset of X sucht that K C V', then there is an open nhd U of O
such that K +U C V.

THEOREM. (8.9.) Let X be a real locally convex space and let A and B be two
disjoint closed conves subsets of X. If B is compact, then A and B are strictly
seperated.
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THEOREM. (8.13) If A and B are disjoint closed convex subsets of X, and if
B is compact, then there is a continuous functional f : X — C and o € R and an
€ > 0 such that for all a € A and b € B we have:

Ref(a) <a < a+e< Ref(b)

REMARK. I skipped a lot of theorems and some of the optional sections from
this chapter.



Weak Topologies

These are notes from Chapter 5 of [I].

7.29. Duality

DEFINITION. For a locally convex space X, let X* denote the space of all
continuous linear functionals on X'. This is a vector space. We use the notation
(x,z*) = z*(z) for z* € X* and x € X. We will sometimes use (z*,z) = z*(z)
too.

DEFINITION. (1.1.) If X is a locally convex space, the weak topology on X
is the smallest topology so that all the functionals z* for x* € A™* are continu-
ous. Equivalently, it is defined by the family of seminorms {p,« : * € X*} where
e+ () = |(x,z*)|. This is denoted by “wk” or by o (X, X*)

The basic n’h’ds are sets of the form Uyp: . o500 := [hey {2 € X : [(x — zo, 21)| < €}
and a set U is open if and only if for each zy € U there is a basic open n’h’d
Ust ... axezo C U. Convergence of nets is characterized by convergence for each
linear functional z*, i..e z; — 9 < (z;,x*) — (xg,x*) for all z* € X*.

DEFINITION. The weak-star topology on X* is the weakest topology so that
each functional (-,z) for x € X is continuous. Equivalently, it is defined by the
family of seminorms {p, : z € X*} where p,(z*) = |(z,2*)|. This is denoted by
“wk*” or by o (X*, X)

The basic n’h’ds are sets of the form Uy, .. 2,0z := hey {25 € X : [(z* — zf, 21)| < €}
and a set U is open if and only if for each xf € U there is a basic open n’h’d
Usy,....wmez; C U. Convergence of nets is characterized by convergence by action
on each element z i..e 27 — of < (2,z) = (z§,2) for all x € X.

REMARK. Notice that with these definitions there are two topologies on the set
X, the norm topology and the weak topology. We will always use the word “weak”
to refer to the weak topology. For example, if we say a set A is closed, that means
it is closed in the norm topology. If we wanted to say a set A was closed in the
weak topology, we would say “A is weak closed”

THEOREM. (1.4.) If X is a locally convex space and A is a convex subset of X
then the closure of A is the same as the weak closure of A.

PRrOOF. Since the weak topology is smaller than the norm topology (i.e. it is
a coarser topology), it is clear that cl A C wk-cl A.

Conversely, if z € X\cl A then by separation theorems, seperating {z} and
clA, we know that there is an 2* in X* and an « in R and € > 0 so that:

Re(a,z*) < a < a+e <Re(z,z")
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for all a € cl A. Hence A C cl A C B := {y € X : Re(y,z*) < a}. But the
set B is a weak closed set, since x* is weak continuous. Thus wk-clA C B. Since
x ¢ B, x ¢ wk-clA. This shows cl A° C wk-cl A°, which is the other inclusion. O

COROLLARY. (1.5.) A convez subset of X is closed if and only if it is weakly
closed.

REMARK. I skipped the stuff on the polar and prepolar here....

One can reformulate ideas about the Principle of Unifrom boundedness in terms
of weak and weak-star topologies.

THEOREM. (1.10.) If X is a Banach space and Y is a normed space and
AC B(X,Y) is a collection such that for every x € X we have {Az: A€ A} C Y
is weakly bounded in Y, then A is norm bounded in B(X,)).

7.30. The Dual of a Subspace and a Quotient Space
I'm going to skip the details here, but one of the main results is:

THEOREM. (2.2.) Let X be a locally convex space and M be a closed linear
subspace of X. Let Q be the quotient map from Q : X — X/ M.

Then the map f — foQ defines a linear bijection between (X /M)™ and M+ =
{z* € X*: (x,z*) = OVx € M}. This bijection is continuous with respect to the
weak star topology. If X is a normed space, then this bijection is an isometry.

7.31. Alaoglu’s Theorem
Denote by ballX := {z € X : ||z|| < 1}.

THEOREM. (3.1.) (Alaoglu’s Theorem) If X is a normed space, then ballX* =
{z* € X* . ||lz*|| < 1} then ballX* is weak-star compact.

PRrROOF. Let D = {a € F : |a| < 1} be the closed unit disk. Make a copy of this
labeled D, for each x in ballX and look at the product space Dy := H;ceballX D,.

This is a compact set by Tychonoff’s theorem, since each copy of D is compact.
Define 7 : ballX* — Dy by:

7(2%)(z) = (z,27)
Le. 7(x*) is the elmento fo the product wpace D whose x coordinate is (z, x*).
We will show that 7 is a homeomorphism from (ballX*, wk*) onto the image
7 (ballX*) with the relative topolgogy induced by Dy and that the range 7 (ballX'™)
is closed, and hence compact. This will show that (ballX*, wk*) is compact, since
homeomorphism preserve compactness.
I'm going to skip the actual details here. O

7.32. Reflexivity Revisited

In chapter 3, we said that a Banach space X' was defined to be reflexive if the
natural embedding of X' into its double dual X** was surjective. Recall the map
"t X — X** was given by x — & defined by (z*, %) = (x,%), We showed that this
map was an isometry.

If we think of the space X** as the dual space to X*,i.e. X** = (X*)", then we
have a weak-star topology on A**; namely its the one characterized by continuity
of things from X*. If we think of X C X** (by the " embedding), then the weak-star
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topology on X** is exactly the same as the weak topology on &’; they are both
characterized by the continuity of things from X*. Being able to think of this in
both ways can be useful, for example if X = X™** is reflexive, in some situations
we will be able to apply Alaoglu’s theorem to the weak topology of X, since this
topology corresponds to the weak-star topology on X**. In the meantime, here are
some other results:

PROPOSITION. (4.1) If X is a normed space, then ballX is o(X**, X*) (i.e. the
weak-star topology on X** given by functionals form X*) dense in ballX**.

Shorter version: ballX is dense in ballX** when X** is equipped with the weak-
start topology.

PrOOF. Let B be the closure of ballX in this topology so that apriori B C
ballX** and we desire to show that actuually B = ballX**. Suppose by contra-
diction that there is an z§* € ballx**\B. Then use the Hanh-Banach theorem to
seperate the point {zo} from B to find a sperating functional x* € X* such that:

Re({z,z2")) < a < a+ e < Re ({(z*,x{")) for all x € B

By scaling the element z* chosen here, we may assume WOLOG that o = 1.
Have:
Re ({z,2")) <1< 1+e<Re((z",25")) for all x € ballX
Re ({(z,z*)) < 1 shows that z* € ballX. But this is a contradiction 1+ € <
Re ((z*, z§*)) since * € ballX™* and x§* € ballxX**. O

THEOREM. (4.2.) If X is a Banach space, the following are equivalent:

a) X is reflexive

b) X* is reflexive

¢) The weak-star topology on X* (characterized by action on X) is the same as
the weak-topology on X* (characterized by functions from X**)

(Conway writes this as o (X*,X) = o (X*, X**)

d) ballX is weakly compact.

REMARK. The most important thing to get out of this theorem is that X is
reflexive <= ballX is weakly compact.

PROOF. I'm just going to prove that a) <= d).

a) = d) is just Alaoglu’s theorem, since the weak topology on X is the same
as the weak-star topology on X** when X is reflexive.

d) = a) If ballX is wekaly compact, then it is weakly closed. We have then by
the preceding proposition that ballX = ballX = ballX**. Hence X is reflexive! [

DEFINITION. We call a sequence {z,} in X weakly Cauchy sequence if for
every z* € X* we have that {(x,,2*)} is a Cauchy sequence in F. Since F is
complete, and Cauchy sequences are exactly the convergent sequences, you could
equally well say that (x,,z*) is convergent.

THEOREM. (4.4.) If X is reflexive, then every weak Cauchy sequence converges
weakly. This is called being “weakly sequentially compact”.

PROOF. Say {z,} is the weakly Cauchy sequence in question. Since {(z,,z*)}
is Cauchy for each z*, in particular {(z,,z*)} is bounded for each fixed z*. By
the principle of uniform boundedness, there is a constant M so that ||z,| < M
for all n. (Le. the operators (z,,-) are bounded at each point z*, by the PUB
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there must be a uniform bound. Since ||{(z,, )| = ||#.]|| this means the z, are
bounded.) Now, since X is reflexive, the set {z € X : ||z|| < M} is weakly compact.

Since {z,} is a closed subset of this compact set, we know that there must be a

. . k
subsequence z,, weakly converging to something, say z,, — xo. We know

already that (x,,z*) exists for all z* (since its Cauchy) so it must be the case that
(xo,2*) = limp_yoo (T, ™) = limy 00 (@y, v*)for each z* and we conclude that
T, — xo weakly. O

REMARK. Not all Banach spaces are weakly sequentially compact. For exam-
ple, the space C]0,1] with the uniform norm is not. (Remember: its not reflexive,

1 t=0
0 > 1 and linear in the

range [0, 1/n] then for any u € M|0,1] = (C[0,1])" we will have [ f,du — u({0})
by the Monotone convergence theorem. Since this is convergent, we have by defi-
nition that f, is weakly Cauchy. However, f, does not converge uniformly to any
continuous function in C|0, 1]!

so this is indeed a possibility!) In we take f,(t) :=

7.33. Separability and Metrizability

I’'m not going to go into too much depth for this section, here are some high-
lights:

THEOREM. (5.1.) If X is a Banach space, then ballX* is weak-star metrizable
if and only if X is seperable.

PROPOSITION. (5.2.) If a sequence in (' converges weakly it converges in norm.

PROOF. The main idea is to use that (61)* = (> and consequently by Thm
5.1. we have that ball¢> is weak-star metrizable. One such metrizing is d(¢, ) =
> 277 |¢(j) — (j)|- From here you have to do some tricky stuff with the Baire
category theorem to get the result. O

7.34. An Application: The Stone-Cech Compactification
Skip!
7.35. The Krein-Milman Theorem

DEFINITION. (7.1.) An extreme point of a convex subset A is a point that
is never on the interior of a line segment from points in A: it can only be realized
as an endpoint. Let ext K be the set of extreme points.

THEOREM. (7.4.) (The Krein-Milman Theorem) If K is a nonempty com-

pact convex subset of a locally convex space X, then ext K is nonempty and K =
<o (ext K)



Fredholm Thoery of Integral Equations

These are notes from Chapter 24 of [2].
Suppose K (x,y) is a kernal on [0,1]?, and f is a given function on [0,1]. We
are interested in finding solutions u to the following system:

u() + / Kz, y)u(y)dy = f(z)

To begin, lets look at a discretized version of the problem. Fix n and h = 1/n,
let K;; = K(ih, jh), f; = f(th) and u; = u(j). We now want to solve:
U; + hZK”’U,j = fz
The left hand side is the operator, [0;; + hK;],; which is an n x n matrix.
For this reason, we might be interested in the determinant det [d;; + hK;;]. The
following claim is an essential tool:

PROPOSITION. Let A;; be an N x N matriz. Have:

det [T + hA;] = 1+hZAii+hQZdet[A“ A"j]+...
- 2 < Aji Ay
N k
= 1Rt Y det (Avy)

7,7=1
k=1 0<v1<...<vp<N-1

PRrROOF. Let us call D(h) := det [l + hA;;]. D(h) is a polynomial of degree at
most N in the variable h, D(h) = Zév amh™, so it suffices to find the coefficients
am. Using derivatives, we have that:

1 d\™
am = m!<dh> bo)

Label the columns of I + hA;; as C;(h) . Notice that each column C;(h) has
components which are linear in i and also that C;(0) = e;. Now, think of the
determinant as being a linear function of all the columns. Since the derivative is
multilinear as a function of the columns C;, we have the following differentiation
rule:

d N d
- det [C1(h), Ca(h),...,On(h)] = D det [Cl(h), o g Crlh), . On ()
k=1

dh

(Here a derivative cfl—hCZ- is the vector that we get by taking component-wise
derivatives. A skeptical reader could prove this result from the definition of the
derivative and using induction, along with the usual “add and subtract” trick that
comes up in this type of derivative argument. Hint: Induction hypothesis for [ < N

55



FREDHOLM THOERY OF INTEGRAL EQUATIONS 56

is that: lima_,o & (det [Cy(h+ A), ..., Ci(h + A), Cryr(h),. .., Cn(h)] — det [Cy(h), ...

Sy det [CL(R), ..., £Cw(R),...,On(R)]) 0

Using this rule repeatedly, gives that:

N

(i) det [C1(k), Calh),.....Cx(W)] = 3~ det[@(h) O

ki,.ookm=1

In our case, since every component C;(h) is a linear function of h, taking two
derivatives of any column C} would give a zero-column, and then the determinant
from that term would vanish leaving no contribution. For this reason, we only need
to consider k; all distinct. In our effort to evaluate a,, now, we evalute the above
at h = 0. For columns with no derivative we have Cj(0) = ey, and for columns with
a derivative we have that d 47 Ck(0) = Al is the column from A. Hence we have:

mla, = Z detfer, ..., Apy,.o Agy s oen]

Z det Akk 13 1

k1.

If we sort the indeces k; so that k1 < ... < k,,, then we pick up a factor of m!
which exactly cancels out the m! on the LHS. Plugging back into D(h) = Y_ h¥ay,
completes the result.

DEFINITION. We define the shorthand:

1 g ...TL .o
K =det (K(z;,y5)). . 1<i,57<k
(y1 ” ...yk> (K(xi,y5)); 5 j

The formal limit as n — oo of the finite sum D(h) := det [I + hA;j] as h =1
is the infinite series:

1 o ... T
Dnlgn;OD< ) Zk'// / (m . “.xk>dx1dx2...dxk

This infinite sum is called the Fredholmf determinant of the operator I + K
i.e. the operator u(z) )+ fo u(y)dy.

LEMMA. This series converges.

ProoF. We use Hadamdards inequality |det (C1,...,Ck)| < [TIC:ll- In our
case, since |K(z,y)| < M is bounded, so the length of each column vector in the

matrix K(z;,z;) is < MVk . Hence by Hadamard, we have ‘K (T T2 TRy <

xr1 T2 ...Tg -

MP¥E*/2. Hence the k-th term in the seris is < M*k*/2/k! by Stirling’s formula this
is < (Me)*k~"*/2 which is summable. Hence the thing is absolutly convergent.

One can get a better estimate on the sum if the kernal K is Holder continuous

by doing some column operations which don’t effect the determinant. O

Let us turn our attention back to the linear system [5”- + hKij]ij u; = f; now.
We want to invert this system. The elements of the inverse matrix can be repre-
sented by Cramers rule as the determinants of the minor of size 1 less than the

Ck
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order of the system. If you do this, and then pass to the limit n — oo as we did
before, you get the operator:

R(z,y) = K(x,y)+/K(z ii)dxle...

ST B g LR

This sum converges uniformly by the same reasoning as before.

PROPOSITION. R(z,y)+ [ K(z,2)R(z,y)dz — DK (z,y) =0

T 1 ...Tk
Yy Ty ...Tg

rxry ...T r1 ... Tk T1,T2, Tk
K =K K K
( xk) (@) ( >+Z K zs) ( l‘y?«"k)

yxry ... Y, L1y

Proor. Expand the determinant K( ) along the first row to get:

Where Z; is the absentee hat indicating that z; is not there. We now claim that
terms appearing in the sum all integrate to the same thing when you do integrate
over dxy,...dz. This is seen by doing row and column swaps to make them all
look the same. Have:

//(_1)kK(x,‘"EJ)K( $1;$21 Tk )dxld‘rk _ //(—1)kK(.’IJ,Z>K< Wy, L2y y 2y . T
Yy L1y Ty . Tk YW, T2 oo Lj—1,Lj415--
—1k—11Kx,zK( 2, Ty .. W ..
/ /( JEDE ) YW, ... Tj—1,Tj+1
DR =D (=1 2K z,zK( =2
[ [Enentey R xS

If we relabel z = z1now and w = x; then we see these rae all equal! Conse-

quently:
Ty ... Tk k T1,T2, X
K(x,y)K + -1)"K(x,z;)K R
/ / ( y) ( T1 ... xp ) Z( ) ( j) (yvxlw"xjw

[ R g LR
o ([ [ Yionan) ([ [ 0

If we divide by k! and sum this up now, the LHS becomes R(:c,y); the first
term on the RHS has a common factor of K(z,y) and the integrals sum to D; by
bringin in the % = ﬁ we recognize that we have R(x1,y) appearing. Hence
have:

R(e.9) = K(@y)D - [ K(o,o0)Rar, )
As desired. O

DEFINITION. Use the notation K to be the operator of integration against the

kernal K, namely:
:/K(w,y)U(y)dy

The equation we are trying to solve is:
I+K)ju=f
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Notice that:
I+K)I+H)=I+L

where L is the operator with the kernal:
Le.y) = Kla) + Hloy) + [ (e 2)K ()0

THEOREM. If K is a continuous kernal with D # 0. Then the operator I + K
is invertable with inverse I — D™'R..

ProOOF. We have from the proposition that:

R+KR-DK = 0
R+RK-DK = 0
Since D is assumed to be non-zero this can be rewritten as:
(I+K) (I — DilR) =1
I-D'R)I+K) = I
d
The next way to get more information is to instead look at D (A f f K(”“’ T )dxl e

(so that our D before was D(1)) This is what you get if you look at the kernal MK in-
/\k"'1 T T1,...T

stead of the K. Similarly define R(x,yl\) = f f K(y xll x:)dxl Ldag.

By the estiamtes we had before, you can see that these are entire analytic func-

tions of A (it is a power series and the estimates we had before show us that

lim sup |C|"/* < limsup ‘(Me)kk:_k/ﬂl/k = 0 so it has an infinite radius of conver-

gence.)

THEOREM. If K is a continuous kernal such that D = 0 then the operator I+ K
has a non-trivial null space and is hence not invertible.

ProoF. For fixed y, let 7(-) = R(-,y). Then the fact R(z,y)+ [ K(z, 2)R(z,y)dz+
DK (z,y) = R(z,y) + [ K(z, 2)R(z,y)dz = 0 when we plug in this fixed value of y

says:
+ /K(gc, 2)r(z)dz =0

i.e. r(x) is in the null space of I+ K. If r(x) is not identically 0, then we are
done. The following arguments show that it is not possible that r(z) = 0 for every
choice of y O

LEMMA. [ R(z,z;)\)dz = A& D())
PROOF. Just write out the power series. O
PROPOSITION. It is impossible for R(xz,y) =0 for all z,y.

PROOF. Suppose by contradiciton taht R(z,y) = 0 for all z,y. Then it must
have a zero of oo order at every point. If D = 0 then D(\) has a zero at A\ = 1.
Since D(-) is an analytic function, this is a zero of some finite order m. But then
[ R(z,z;\)dz = A& D(X) shows the zeros of R are of finite order. Contradiction!

]

THEOREM. The complex number k is an eigenvalue of the integral operator K
if and only if A = f% is a zero of D()\)

dZL’k
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PRrROOF. By the above theorems, we had that an operator I + K if invertable if
D # 0 and has non-trivial nullspace if D = 0. This is saying that 1 is an eigenvaluf
of K if and only if D = 0. By applying this to the oeprator I + MK we get the
result we want, keeping in mind the definiton of D()). O

THEOREM. If K1, ka,... are the eigenvalues of the integral operator K whose
kernal K (x,y) is Holder continuous in x or y with Holder exponent > % then:

/K(m,x)dx = Zm
D = H(l‘i‘lﬁj)

And the series and the product converge absolutely.



Bounded Operators

These are notes from Chapter 6 of [3].

9.36. Topolgies on Bounded operators

Here are three different topologies on .Z(X,Y’) the space of bounded linear
operators from a Banach space X to a Banach space Y.

Name N'Ivd basis at origin Continuous Functions Net characterization, Ty, — T if;
1T =TT =0
Norm (aka el : e
Uniform) B.(0)={S:|S|| <r} T,z — Ta unif for all ||z]| < 1
(its a Banach space)

Strong
Operator Ao (0) = (S [[Sailly < ¢} ET): Z(X,Y) =Y T,z — Ta for all @
Topology Ey(T) :=T(x)

Weak Aty to (0) =514 (Sz:) < } Eoo(T): Z(X.Y) 5 C
Operator () X}y UTua) = (Ta)Va € XL Y*
Topology E, (T) = ((Tx)

ProPOSITION. Weak is weaker than strong which is weaker than norm

ProOF. We will show that convergeging in norm implies converging strongly
which implies converging weakly. Indeed, the ineqaulies:

|Thx — Tx| < || T — Tl |||
Gives the first one, and:
U(Thx) — 6(Tx)| < ||| || Tz — Tz
Gives the second one. O

ExAMPLE. Here are examples for £2 that show the different types:
i) Tox = Lz has T}, — 0 in the norm topology

i) Sp(&1,&,...) = (0,0,...0,&041,&n42,--- | has ||Sp]] = 1s0 S, - 0 in
———

n
the norm topology, but we do have for any fixed = that ||S,z|| — 0 meaning that
S, — 0 in the strong operator topology.

iii) Sp (&1,&2,...) = 1 0,0,...0,&,&,... | this has |S,z| = ||| for every z,
———

n
so Sp - 0 in the strong topology. However for any e; we have (e;, S,z) = 0 for

n > 4 so we can check that S;, — 0 in the weak operator topology.

REMARK. Operators on ¢? can be thought of as infinite x infitinite matrices
with entires (T'e;, e;).
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Converging T, — T'in the norm topology means something like that >, . [(T'e;, e;) =
0 (Indeed, we roughly have,

o)
ITuzl® = D [(Toz, e

I
B
<.
s
=
!

]
<

D
$
-~

ij=1

So this condition is definetly sufficient. Puttoing z so that \:Uj|2 =1 j<kand
0 otheriwise....I'm spending too much time on this so I'll stop now)

Convering T,, = 0 means that T,z — 0 for each z. It is nessasary and sufficient
that | T,e;||”> = > \(Tnei,ejHQ — 0 for each e; since any z is approximated by
SR

Convering 7,, — 0 means that each [(T},e;,e;)| — 0.

THEOREM. (6.1.) Let £ () denote the bounded operators on a Hilbert space
H. Let T, be a sequence of bounded operators and suppose that (T,,x,y) converges
asn — oo for each x,y € . Then there evists a T € £ (H))such that T, > T.

PRrROOF. We first claim that for each z, sup,, ||Tz| < co. Indeed, for each y
we know that sup,, [(T,x, y)| < oo so thinking of (T},z,-) as an operator on ., we
see that this family is pointwise bounded. By the uniform boundedness principle,
it is uniformly bounded. Since the norm of this operator is ||T,z| this is exactly
saying that sup,, ||Tz|| < co.

Now again by the uniform boundedness principle, it must be that sup,, || 1,] <
00

Define now B(z,y) = lim, (T,z,y). This is a sesquilinear form, and it is
bounded since |B(z,y)| < ||z|||ly||sup, |Tn|l. By the Riez theorem for Hilbert
spaces then, B(z,y) arises as a a bounded linear operator. [l

9.37. Adjoitns

DEFINITION. Let X,Y be Banach spaces and T a bounded linear operator from
X to Y. The Banach space adjoint of 7" : Y* — X* is defined by:

(T'0) (z) := £(Tx)
THEOREM. The map T — T’ is an isometric isomorphism of L(X,Y) into
LY*,X*)
PRrROOF. The fact that it is an isometry comes from using the charaterization

2]l = supyg <1 [€(x)| (This is a consequence of Hanh-Banach). Have:

HTHL(X,Y) = sup |[Tz|
l=ll<1

= sup sup [{(Tz)]
lzll<1i<1

= sup (SUP [(T"0) (517)|>

lef<1 \ llzfl<1

1Tl 2+ xo)
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We are mostly interested in the case where 7' is a bounded linear transformation
of a Hilber space H to itself. In a Hilbert space, we know that H* = #H by the Riesz
theorem, so we may think of T* : H — H. T*satisfies (x,Ty) = (T*z,y). O

THEOREM. Here are some properties of the adjoint:

i) T — T*is conjugate liear.

it) (TS)* = S*T*

i) (T*) =T

w) If T has a bounded inverse T, then T*has a bounded inverse and (T*) ™" =
()’

e) The map T — T*is continuous in the weak and uniform operator topologies,
but is only continuous in the strong operator topology if H is finite dimensional.

* 2
ANTT|| = [T

PROOF. i)-iv) are routine.

The fact (z, Ty) = (T*x,y) shows that if T,, > T then (z, T,y) — (z,Ty) <=
(Tra,y) — (T*x,y) so indeed T % T* and we see that the map T — T* re-
spects weak limits. The same holds in the uniform topology: if 7;, — T here then
T, — T|| — 0 and since | T*|| = ||T||, we get that ||T;¥ —T*|| — 0 too. The shift
operator W,, that shifts by n places converges weakly, but not strongly to 0. How-
ever, Wy =V,, eats the first n componets, and this DOES converge strongly to 0.
So * does not repect this convergence.

f) follows since ||TT*| < ||T| |T*|| = |T||* and conversly we have:
17T = Sup, (2, T"Tx) = Sup, Tz = |7

O

DEFINITION. A boudned operator T' on a Hilbert space is called self adjoint
ifT =T
An important class of these are the orthogonal projections:

DEFINITION. If P € £L(H) and P? = P, then P is called a projection. If in
addition, P = P* then P is called an orthogonal projection.

Notice that the range of a projection is always a closed subspace on which P
acts like the identity. If in addition P is orthogonal, then P acts like the zero
operator on (ranP)" (Indeed: for z € (ranP)" we have (Pz,y) = (z,Py) = 0
for any y since x € (ranP)lis perpendicular to any Py). If x = y + z with
y € ranP and z € (ranP)J‘ is the decomposition guarenteed by the “projection
theorem”, then Px = y. P is called the orthogonal projection onto the subsapce
ranP. Thus the projection theorem sets up a one to one correspondence between
orthogonal projections and closed subspaces. Since orthogonal projections arise
more frequently than non-orthogonal ones, we normally use the word projection to
mean orthogonal ones only.

9.38. The Spectrum

Recall that for a linear operator 7' on CV, the eigenvalues of T" are the complex
numbers A such that the deteriminant of A\l — T is equal to zero. The set of such
A is called the spectrum of T'. If X is not an eigenvalue, then AI — T has an inverse
since det (AI —T') # 0. In infinite dimensions this is more complicated because it
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is possible that A\I — T is invertable but not bounded invertable and other weird
things can happen. The spectrum is very important in understanding the operators
themselves.

DEFINITION. Let T' € £(X) a complex number A is said to be in the resolvent
set p(T) of T if \I — T is a bijection with a bounded inverse. Ry(T) = (A —T)™"
is called the resolvent of T at A. If A ¢ p(T') then X is said to be in the spectrum
o(T) of T.

In other words, o(T) is the set of all A so that either AI — T is not a bijection or
where it does not have a bounded inverse. The inverse mapping theorem, however,
guarentees that if A\I — T is a continuous bijection then it automatically has a
bounded inverse.

DEFINITION. Let T' € £(X)

a) If there is some z # 0 so that Tx = Az then x € ker (A\] — T') and so A must
be in the spectrum of 7. In this case we call z an eigenvector and we call Aan
eigenvalue. The set of all eigenvalues is called the point spectrum of 7'

b) If A € o(T') but ker(A\—T') is trivial, then it must be the case that ran(AI—T))
is not dense in H. (Otherwise we would have that A\I — T is invertable). In this
case we call the set of such A the residual spectrum.

To study the spcectrum we first develop a theory of functions C — H. (The
example to keep in mind is the resolvent, Ry = (Al — T)_l.) Since we have a norm
on H, we can devolp the theory in much the same way as the theory of complex
function f: C — C.

We say that such a function is strongly analtic at some point 2z, € C if
limy,—so M exists in H. As in the case of complex valued functions, every
strongly analytic function has a norm-convergent taylor series.

A function is called weakly analytic if for every linear operator ¢ we have
£ (x(+)) is an analytic function in C.

It is a fact that every weakly analytic function is strongly analytic (I am skip-
ping the proof).

THEOREM. Let X be a Banach space and suppose T € L(X). Then the resol-
vent set p(T) is an open subset of C and Ry (T) is an analytic L(X)-valued function
on each component of D. For any A\, € p(T), R\(T) and R, (T) commute with:

RA(T) = Ru(T) = (= \) Ru(T)RA(T)

PrOOF. Ommited for now...you basically just manipulate the power series in-
volved. (]

This is called the first resolvent formula.
COROLLARY. For any T, the spectrum of T is not empty.

PRrRoOOF. We can write:

w1 (13 (2))

So as A — oo we have |[Ry|| — 0. If o(T) were empty, then Rywould be an
entire function of A and then by the Loiville theorem since R is bounded, we would
get Ry = 0 which is a contradiction. Hence ¢(T') is not empty. O
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The series above is called the Neumann series for R)(T). We also see that
o(T) is contained in a disc of radius ||T’|| since otherwise the above series is conver-
gent.

THEOREM. limy,_yoe [77"/™ = #(T) = supyco(r Al

PrOOF. The idea is to prove that the radius of convergence of the Laurent series
for Ry about A\ = oo is exactly 7(T)~! (Look at the Neumann series). Indeed, the
radius of convergence cannot be smaller than r(T')~! since R,is analytic on p(T')
and {MA > r(T)} C p(T). On the other hand, the radius of convergence (about
o0) is no more than 7(7)~!, for it was it would include a point A € o(T) which is
impossible since we know that R is divergent there. (]

COROLLARY. For a Hilbert space r(T') = supc,(ry Al = [T



Facts about the spectrum of an operator

DEFINITION. Let A € #(X) be a bounded linear operator on a Banach space X.
The specrum of an operator o(A) is defined to be the set 0(4) = {A € C: AI — A does not have a boudned linear
The set p(A) = C\o(A) = {X € C: I\ — A IS invertable} is called the resolvent set.
The operator Ry(A) = (A — A)™" is called the resolvent function.

REMARK. Notice that if AI — A is a bijection, then if AT — A is invertable, the
inverse is automatically continuous by the inverse mapping theorem. This means
that the question of being in the spectrum or not comes down to whether or not
Al — A is bijective.

10.39. The resolvent function is analytic and the spectrum is an open,
bounded, non-empty set.

THEOREM. (The first resolvent formula). Let X be a Banach space and
suppose T € L(X). Then the resolvent set p(T) is an open subset of C and Rx(T)
is an analytic L(X)-valued function on each component of D. For any A\, u € p(T),
R\(T) and R, (T) commute with:

RBA(T) = Ru(T) = (1= A) Ru(T)RA(T)

Actually the following is more useful:

o0

T+Y (Ao =N"Ry(T)"

n=1

RA(T) = Ry, (T)

ProOOF. Check by manipulating power series that:
1
T) = ——
1
A=X0)+ N —T)
1

1
A0—T<(A—Ao)(A0—T)‘1+1>
Ry, (T <I+Z B (A= Xo) (AO—T)—k>

I+Z Ao — A R)\O( )"

= R)\o

Notice that the radius of convergence of the power series on the RHS is [A\g — A| <

W This shows that p(T) is open and thatRy(T) is an analytic function of
Ao (

A (Since it has a power series expansion around each point.) [
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COROLLARY. The resolvent set is an open set. The spectrum o(A) is hence a
closed set.

PROPOSITION. The spectrum of a bounded linear operator A is always non-
empty.

PROOF. The resolvent function R(A) = (A — A)~" is a meromorphic function
with singularities only at o(A4) (You have to come up with a theory of functions
f:C — Z(X) but this is exactly analaogous to the theory of holomorphic func-
tions...think of #(X) as a so called “Banach Algebra”) .

Suppose by contradiction o(A) where empty. Then R()\) would be an entire

function. But [|ROV) | = (1 =) 7| = |+ (1+ 4 + 45+ )| < d o 4k =

m — 0 as A — oo. Hence |R())| is a bounded entire function. But then by

Louivelle’s theorem, it must be a constant. Since |R(\)|| — 0 it must be that
R(\) = 0 which is a contradiction! O

DEFINITION. The spectral radius of an operator is:

r(A) = sup ||
Xeo(A)

THEOREM. lim,,_,o [|A"]|"/™ = SUPeo(a) Al

ProOF. The idea is to prove that the radius of convergence of the Laurent series
for Ry about A = o is exactly r(T)~! (Look at the Neumann series). Indeed, the
radius of convergence cannot be smaller than »(T)~! since Ryis analytic on p(T)
and {AX > r(T)} C p(T). On the other hand, the radius of convergence (about
00) is no more than r(T)~!, for it was it would include a point A € o(T') which is
impossible since we know that R) is divergent there. ]

COROLLARY. o(A) is a bounded set.

10.40. Subdividing the Spectrum

One can subdivide the spectrum in a few way...I'm going to do it like this:

(1) The point spectrum (denoted o,(T)) is the set of true eigenvalues for
which there is a non-zero eigenvector z so that Tz = Az (In this case
ker(A —T) D {z} and A\ — T is not injective.

(2) The approximate point spectrum (denoted o,,(T)) is the set of
points so that Jx, of norm 1 so that Tz, — Az, — 0. In this case it
is possible that ker(AI —T') = 0 but the ||\ — T|| is not bounded from
below, i.e. for all ¢ we can find z so that ||[(A —T)z|| < ¢||z| (See the
section on the approximate point spectrum).

(3) The residual spectrum is the set where AT —T is injective (ker(AI—-T') =
(0)) but AI —T does not have dense range. (i.e. A\I —T is not surjective).
If a point is in 04p(A)\op(A) i.e. it is in the approximate point spectrum
but not an eigenvalue, then it is in the residual spectrum.

10.40.1. The Approximate Point Spectrum.

PROPOSITION. The following are equivalent:

a) A ¢ oap(A)

b) ker(A — XI) = (0) and ran(A — NI) is closed

¢) There is a constant ¢ > 0 such that ||(A — AI) || > c||z|| for all x
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PROOF. a) = c¢): Suppose by contradiction. Then plug in ¢ = % to get a
sequence z,, such that ||(A — Al)z,|| < 1 |/z,||. Normalizing z, to be norm 1 then
gives the result.

¢) = a) Suppose by contradiction A € o,4,(A). Then the sequence x,, of norm
1 (A= Az, — 0 will contradiction the hypothesis c).

c¢) = b): If by contradiction = € ker(A — AI) then z would contradict
the hypothesis c¢). If y, € ran(A — AI) and y, — y then find =z, so y, =
(A — M)z, But then cl||z,| < ||(A—= ADaxu|| = ||lynl|- Moreover, ¢ ||z, — 2m| <
(A = AI) (2, — )|l = |yn — Ym]| sO @, is Cauchy since y, is. Hence there is a
limit z,, — = and so y, = (A — AI)x,, — (A — X)z € ran(A — \I) as desired.

b) = c¢): Let Y = ran(A— AI) since this is closed this is a legitimates subspace
of X. The map A—AI : X — ) is a bijection since ker(A—AI) = (0). By the inverse
mapping theorem, there is an inverse B : Y — X. Have then [|B(A — A])z| =
|z| = ||B|||[(A=A)z| > ||lz|| so ¢) holds with ¢ = ||B||"". O

COROLLARY. Negating each statement gives that the following are equivalent:

a) A € gqp(A)

b) Either ker(A — A) # (0) (i.e. X is a true eigenvalue) OR ker(A — A) is not
closed

¢) For all ¢ > 0, there exists x such that |[(A — A)z| < c||z| (i.e. A is “not
bounded from below”)

PROPOSITION. 0(A) C 04p(A)

REMARK. Since o(A) is a closed set, do(A) C o(A) so the trick is to prove
that they are approximate eigenvalues.

PRrROOF. Let A € 0(A) and let p, C C\o(A) = p(A) such that p, — A.

Claim: There is a subsequence nj so thatHank (A)H = [[(A = pny) 7| =
as n — oo

Pf: Suppose by contradiction that ||R,, (A)|| < M is bounded. But then by the
first resolvent formula we can define Rx(T) by Ry, (T) [I + Y01 (png — N)" Ry, (T)"]
will converge as long as |pp, — A| < ﬁ This contradicts that A is not in the resol-
vent set!

Since the sequence p, was not chosen in any particular way, we now relabel so
that p, is the subsequence above with |[(A — p, 1) 7! | — oc.

Now take z,, of norm 1 so that oy, = ||[(A — pp) '@n|| > [[(A = pa) 7t —n
By the claim, o, — 0o. Put y, = a;,; (A — p, )z, so that |ly,| = 1 and check that
this sequence shows that A is an approximate eigenvalue.

(Another way to do this is see that if we choose p so that |p — A| is small and
y so that norm (A — p)~ly is large compared to norm y, then we will have for
r = (A - p)~ly that:

A=A z| < |(A—=pDz|+]|X—p||z|
= |yl + A= pl |z
< iH(A— )7 y|| + r = ol el
Vi p) -y P

1
= g7zl + 12 = pl 2]
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And we can make M arbitarily large and |\ — p| arbitarily small by the claim.
We then see that A € o,y since A — Al is not “bounded from below” O

PROPOSITION. Points A € o(A) which are poles of A correspond to eigenvalues
i.e. A€ oy(A).

10.41. The Spectral Theory of Compact Operator

Recall the following facts about compact operators:

PROPOSITION. In the setting of bounded operators on a hilbert space: A is

compact if and only if there is a sequence of finite rank operators A, so that
A, — Al — 0.

(The next few results are in the framework of a Hilbert space)

PROPOSITION. For A a compact operator, and A € o,(T) and A\ # 0, the
eigenspace ker(T' — A1) is fintie dimensional.

PRrROOF. Suppose not. Then there is an infinite orthonormal sequence z, in
ker(T'— AI). Since T' is compact, there is a subsequence so that Te,, converges.

2
But this is impossible since HTenk — Tenj H =2 Hem, — €n; H2 =2)? > 0. g

PROPOSITION. Suppose T' is compact. If X # 0 and X € 0,,(T) is an approz-

imate eigenvalue, then A € o,(T) is a true eigenvalue. eigenvalues i.e o.p(T) =
op(T).

Proor. We will show that if h,, are unit vectors so that ||(T" — AI)h,|| — 0 then
there exists h so that ||(T"— AI) h|| = 0. Since T is compact, Th, has a convergent
subsequence, say Th, — g. We claim now that A, — ¢ indeed, |[Ah, —g| =
|(T = AD)hy — (Thy — )| < (T — AD)hy | + | Thy — gl] = 0+ 0. Since A £ 0 we
have (T — M) (39) = lim,—o0 (I' — AI) hy, = 0 s0 +g is an eigenvector for 7. O

COROLLARY. IfT is a compact operator on H and A # 0 and X ¢ o,(T) then
ran(T — \) = X and (T — X\)~! is a bounded operator on X .

PROOF. By the preceding proposition, A is not an approximate eigenvalue, i.e.
A ¢ 04p(T). Hence T — A is bounded from below, i.e. there is a constant ¢ such

that (T — M) z|| > c¢||z| and ran(T — AI) is closed...... we do some more work
to show that actually ran(T — AI) is all of X’ and the inverse is then bounded by
1T =AD" < e 0

These lead to the following Spectral Theorem for Compact operators:

THEOREM. (Riesz) If dim X = oo and A € By(X) is a compact operator, then
only of the following possibilities occur:

o) o(4) = {0}

b) o0(A) ={0,A1,..., \n} where each eigenspace is finite dimensional.

¢) o(A) = {0, \1,...} where each eigenspace is finite dimensional and 0 is the
ONLY limit point of the set {\y} i.e Ay = 0 as k — co.

Here is another way to state it:\
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THEOREM. For a compact operator A:

i) Every nonzero A € o(A) is an eigenvalue of A.

i) For all nonzero \ € o(A), there exist m such that ker(A] — A)™ = ker(A —
A)m L and this subspace is finite dimensional.

iii) The eigenvalues can only accumulate at 0. If the dimension of ran(A) is
not finite, then o(A) must contain 0.

i) o(A) is countable.

v) Every nonzero A € o(A) is a pole of the resolvent function Ry(A)
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