PDE Oral Exam study notes

Notes transcribed by Mihai Nica



ABSTRACT. These are some study notes that I made while studying for my
oral exams on the topic of PDEs. I took these notes from parts of the textbooks
by Fritz John [2] and Lawrence C. Evans [I] (both books are unsurprisingly
called “Partial Differential Equations”). Please be extremely caution with these
notes: they are rough notes and were originally only for me to help me study
and are not complete or guaranteed to be free of errors. I have made them
available to help other students on their oral exams.
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Four Important PDEs

These are notes from Chapter 2 of [I].

1.1. Transport Equation
The transport equation is:
us+b-Vu=0

where b is a fixed vector.
Solve this by writing it in “integral surface form” namely:

(L,by, .oy bn, 0) - (ug, Ugyy - Uy, , —1) =0

(Ug, Ugys - - Uy, ,—1) is the normal to the integral surface z = wu(t, &) so the
above says that tangent along integral curves satisfy (1, b1,...,b,,0). This gives us
the system:

dt
1l = — = t= t;(0
s s +:(0)
b doi b + 24(0)
P = T; = 8b; +
ds
0 dz =
= —_— Z = Z
ds 0

So if we are given intial data we can solve. This is called the method of
characteristics.

1.2. Laplace’s Equation

Laplace’s equation is:

Au=20
A function satisfying Au = 0 is called a Harmonic function. Poisson’s
equation is:
—Au=Ff

1.2.1. Fundamental Solution. Find the radial solution that is spherical
symmetric. If ¢(r) depends only on r, then Ay = 0 becomes r'~"9, (r”flard)) =0.
Solving this gives a spherically symetric solution, (its like logr if n = 2 and other-
wise its like 7~ ("=2))

Wy 2—n

1/J(7"):{ L forp > 2

1 _
5-logr formn =2

5
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With this solution in hand, the solution to Poisson’s equation is given by:

u(r) = /w(x —y)fly)dy = f*y = /f(ﬂc —y)Y(y)dy

(Think of electric charge) You might be tempted to just take A of both sides,
but this is not justified since 1 has a singularity at = y.

PROPOSITION 1.1. v = f x4 is C? when f is C? and has Au = f

PRrOOF. Check by taking limits that 6‘925 = % aazg so we see u is C2. To
zdy zdy
check Au = f, fix an € > 0 and split the integral into interior and exterior ball of
radius e.

On the exterior, 1 is legit so by doing a differentiation by parts we get some
boundary terms on the ball. (The main integral dies sicne At = 0 here). These
are bounded by the surface area of the ball, which is O(e)

On the interior of the ball, bound by the volume of the ball, get something like

faB(w,E) f(y)dS(y) — f(z) (I

1.2.2. Mean-value formulas.

THEOREM 1.1. (Mean-value theorem) If u € C*(U) is harmonic, then:

u(x) = 1 / udS = / udy

Wt
OB (z,r) B(z,r)

PROOF. Set ¢(r) = faB(;p " udS and check using greens formula that ¢’ =
z fB(m " Au(y)dy so ¢ is consant. But also lim,_,o ¢(r) = 0 is clear.
In Fritz-John he does this by getting making a Green-like function:
G(a,8) = K(x,8) = (ro) = ¢ (| = £]) =¥ (ro)
And then will have (again using Green’s identity):

u(xo) :/G(a:,a:o)Au(a:)dm+ ln_l /u(m)de
Q

Wn Ty

[219]

THEOREM 1.2. (Conwverse to the mean value property) If u € C? has:

u(z) = — / uds

Wpr™
OB(z,r)

For every ball, then w is harmonic.

PRrOOF. Otherwise find a ball so that Aw > 0 in the ball and then ¢'(r) > 0 is
a contraditction. (]

1.2.3. Properties of Harmonic Functions.
THEOREM 1.3. (Strong Mazimum Principle)
Ifue C?*(U)NC(U) is harmonic then:

maxu = maxu
T U

Furthermore if the mazimum is achieved at an interior point, then u must be
constant in U.
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PROOF. Suppose u has an interior maximum. By using the mean value prop-
erty, the set where u achieves its maximum is an open set. However this is also
u~1{M} is a closed set. Hence u must be constantly equal to the maximum M. 0O

THEOREM 1.4. (Uniqueness) The initial value problem has at most one solu-
tion:

—Au = finU
u = gindU

PROOF. Subtract two candidate solutions and apply the maximum (and mini-
mum by multiplying by —1) principles to see the difference is 0. O

1.2.3.1. Regularity. We will show that if u € C? is harmonic, then actually u €
C*°. Thus harmonic functions are automatically infinitely differentiable.

THEOREM 1.5. If u € C(U) is continuous and satifies a mean-value property
for every ball B(x,r) C U then actually:

ue C®(U)
Note that u may not be smooth or even continuous up the boundary OU.

PROOF. Let u¢ = uxn, be a standard mollifier so that 7. is supported in a ball of
radius < eand |||/ . = 1. Then u® € C*°(U,) where U, = {z € U |dist(x,0U) > €}.
By looking in a ball of radius r < € and using the fact that w satisfies the mean
value property we will get that u = u®. O

REMARK 1.1. In Fritz John we used the integral representation formula u(zg) =
[ K(z,20)Vu(z) + VK (z,zo)u(z)dz to see that C? solutions to A = 0 were C™
and analytic.

1.2.3.2. Local Estimates.

THEOREM 1.6. If u is harmonic in U then:

| D%u(z0)| < Ttk ”“HLl(B(xoﬂ"))

Proor. Use the fact that wu,,is harmonic too. This satisfies a mean value
property. Integrate by parts to compare back to u and work out the estimate

ug, (0) = ot f|a;\:a xiu(z)dS,. O
1.2.3.3. Liouwille’s Theorem.
THEOREM 1.7. If u is harmonic and bounded in R then u is constant.
ProoF. Have |D%u(z)| < % |ul| oo =0 O

THEOREM 1.8. (Representation formula) If f € C? (R™) for n > 3 then any
bounded solution of:
—Au=f
has the form:
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PROOF. Since f is compactly supported, the integral solution u above is bounded.
Now, if v is any other solution, then v — u is bounded and has A(v —u) = 0. By
Liouville’s theorem, it must be a constant. O

REMARK 1.2. This doesnt work in dimension n = 2 since the kernal ®(z) =
— 5= log || is unbounded as |z| — oo .

1.2.3.4. Analyticity.
THEOREM 1.9. If u is harmonic in U then u is actually analytic in U .

PRrROOF. Use the bounds on the derivatives to get a bound:
2n+1n laf
Dol < 20 (22) ol
r

By Stirlings formula this is so tight as to have a postive radius of convergence.
d
1.2.3.5. Harnack Inequality.

THEOREM 1.10. Say V is a connected open set so that V is compact in U. Let
u be a non-negative harmonic function in U. Then there is a positive constant
C depending only on V so that:

supu < Cinfu
v 1%

i.e. Su(y) <u(z) < Culy) for alz,yeV.

REMARK 1.3. This says that the value for non-negative harmonic functions
are comparable; u cannot be very large/small at one point without being large /small
everywhere. The intutive idea is taht since V is a positive distance away from 0U
, the averaging effects of the Laplace equation smooth out u in this way.

PROOF. Let r = 1dist (V,0U). Choose z,y € V so that |z —y| < r so that
B(z,2r) D B(y,r). Then:

1 1 1
u(z) = a(n)2irm / udz > a2 / udz = 2—nu(y)

B(z,2r) B(y,r)

So this gives a Harnack inequality if |z — y|. Since V is precompact, we can
cover it with fintely many of these balls and get a constant that works everywhere
on V. (]

1.2.4. Green’s Function. We seek a solution to Green’s function:
—Au=finU

subject to prescribed boundary conditions:
u =g on oU

From the Greens identity from vector calc, and our proof that A®(y — z) = ¢,
we know:

/ u(y)AD(y — 2) — By — ) Au(y)dy
1% oV

ulx) - / B(y - r)Auly)dy =

|4

I
—
<
=
s
S
<=
|
G
|
&
iy
<
|
8
N
S
o,
n
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So if we can find a ¢ with g—f = 0 on the boundary V this will give us a
solution. (We still need to maintain A®(y —x) =4, for y € V)
The idea is to add on a corrector function:

A¢® =0 in U
¢ =Py —xz) on U

Then setting the Greens functions G(z,y) = ®(y — z) — ¢*(y) , we will get
(again by greens formula):

u(x) = —/u(y)ngde /nyAu
oU
=~ [ o) ww)ast) - / G ) )y
ouU U

1.2.4.1. Green’s Function for a half-space. Use the method of images, put a
refleced point at the mirror image across the half space. Get:

G(r,y) =0y —z) — ®(y — 7)

This leads to:
2 Ty

K(z,y) = v o P

In two dimensions:
Y

(@ —20)* + (y — y0)?
1.2.4.2. Green’s Function for a ball. Define:

K(fo,yoax,y) =

has:

~12
| [y — 2|

I
Bl
o
/>
=
o
+
?‘H
T

|
N )
S |<
~_—

Le.:

So, for n > 3, if we put ¢*(y) = |z|* " ® ((y — 7)) = ® (Jz| (y — 7))) then this
will be Harmonic too and will have:
¢"(y) = ®(y —x) for y € 9B(0, 1)

(This works since ®(z) depends only on |z|) Hence the Green’s function for n.
The resulting Green’s function is hence:

G(z,y) =2y —z) — @ (Jz|(y — 7))
This leads to the kernal for a ball of radius r:
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In two dimesnions this is:

1_x2_y2

1
K = —

This looks sexy in polar coordinates or in terms of complex variables, where
we put 7 = /22 + y? and 6 to be the angle between the rays to(z,y) and (zo, yo)

at the origin:
1 1—172 1+ ret
P.(0) = — =Re| ———
©) 27 1 — 2rcos(0) + r2 e(l—re”)

with the solution being given by:

2
- 7,(15 |Z0‘
ZO 2 / ( 20 — 6“75) ) d¢
0

1.2.5. Energy Methods. Energy methods are often a quick way to get an-
swers to come out without having to develope too much theory first.
1.2.5.1. Uniqueness.

THEOREM 1.11. There is at most one solution to Au = f in U and u = g on
ou

PROOF. Suffices to check it for 0 boundary data since the PDE is linear. Look
at the energy functional

1
= [Vl s o
U
1
— /5 |Vu|? dz since we take f =0
U

By integration by parts:

/ % Vul? dz

—/uAu—i—/uVu

U U U
= 040
Since this is zero, we get that Vu must be zero everywhere! (]

1.2.5.2. Dirichlet’s Principle. Define as above the energy:

Iu) :/%|Vu\2—uf dz

U

THEOREM 1.12. u solves Au= f in U and uw = g on OU if and only if:

Iu] = glelg Tw]

Where A = {w € C*(U) |w =g on U }
Le. it satisfies the PDE if and only if it minizes the energy.
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ProoFr. (=) If u solves the PDE, then 0 = [(—Au— f)(u—w)dz =
[ VuV (u—w) — f(u — w) for any w. Integration by parts gets us the result after
an application of a Cauchy-Schwarz inequaltiy.

(«<=)For any v, look at i(t) = I[u + tv]. Since u is a minizer, ¢'(0) = 0. This
gives the PDE. g

1.3. Heat Equation

The Heat equation is:

ug — Au =10
And the non-homogenous heat equation is:
u —Au=f

subect to appropraite inital boundary conditions.

1.3.1. Fundemental Solution. Let search for a special solution of the form
u(z,t) = t%v (t%) (or equivlently, go look for a solution which is invariant under
some scaling, u(x,t) = A*u(M\z, A\t), and then the function v will be v(y) = u(y, 1).)
We will find 8 =1 and a = n/2 If we also guess that v(xz) = w(|z|) is radial, we
get to the ODE for w namely w’ = —%rw = w = e "/4 50 this give us the
fundemental solution:

C e
u(z,t) = 7a€ || /4t

This is called the fundemental solution.
1.3.1.1. Initial Value Problem. Consider the initial value problem (aka Cauchy
problem):

uy—Au = 0in R" x (0,00)
u =g onR"x{t=0}
THEOREM 1.13. For g € C(R™) N L*°(R") define u = ® x g, where ® is the
fundemental solution. Then:
u € CR"x(0,00))
w—Au =0 mR"t>0

li t) = g(z°
e, oy Ul t) = g(2)

Proor. & is C* for t > § > 0 so the first two follow by differentiating under
the integral sign. The last one works by using that flﬂi|>5 O(z,t)de - 0ast — 0

and by continuity of g at the limit point. 0

REMARK 1.4. Notice that the information propogates infinetly fast here, not
at finite speed as before.

1.3.1.2. Nonhomogenous Problem. If we want u; — Au = f with 0 boundry
condtion, now how do we solve this?

Duhamel’s Principle asserts we can solve non-homegenous problems like this
in a way similar to variation of parameters. The idea is to try and write the solution

as an integral:
t

u(z,t) = /u(z,t;s)ds

0
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Where each u(z,t;s) is the solution in times ¢t > s with intial data given at
t=s:
ue(x,t;8) — Au(z,t;s) = 0t>s
u(z,t;s) = f(z,s)t=s
By our work before, the solution is u(z,t;s) = [ ®(x —y,t — s)f(y, s)dy. So
we get:

t
u(z,t) = //@(m —y,t—38)f(y,s)dyds
0
and indeed this works.
1.3.2. Mean Value Formula. For a fixed x € R™, t € R and r > 0 define:

1
E(x,t;r) = {(y7s) eR" s <t,®(x —y,t —s) > n}
,

THEOREM 1.14. (Mean value property) Let u € C3(U x (0,T]) solve the heat
equation. Then:

1 r—y 2
u(x,t) = ywe / / u(y, s) |(t — s)|2 dyds
E(z,t;r)

REMARK 1.5. This is the integral around “the heat ball”; a kind of ellipse for
which (z,t) is the top point.

PROOF. Let ¢(r) = = ffE(r) u(yw)‘zs’—fdyds and work to comput ¢’. O

1.3.3. Properties of Solutions.
1.3.3.1. Strong Mazimum Principle.

THEOREM 1.15. (Strong Mazimum Principle for heat Equation) Assume that
ue C? (U x (0, T))NC (U x [0,T)) solves the heat equation. Then:
maxu = _ max u
ﬁT ﬁTfUT
i.e. the mazximum is achieved either at the edges or the initial condition, but
not in the interior or a later time.

PRroOF. There is a proof using the Heat Ball. O

REMARK 1.6. In Fritz John, there is a proof using properties of maximmas:
Suppose first u; — Au < 0. Restrict attention to Q. = w x (0,7 — €) so that we
have derivateive at the top end. u; — Au < 0 here means that interior local maxima
are impossible (since these must have either u; = 0 and Au < 0 which contradicts
ug — Au < 0) There can also not be a local maxima at at time T — € (since these
would have u; > 0 and Au < 0, again contradicting u; — Au < 0). Hence:

maxu = max u < maxu
Q. Q. EIENs)

THEOREM 1.16. (Uniqueness in bounded domains)

PRrROOF. Subtract the solutions, minimum and maximum must be zero. (I
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1.3.3.2. Unbounded Domains.

THEOREM 1.17. (Mazimum principle in undbounded domain with sub-gaussian
growth assumptions)

If u(z,t) < Ae?l®l® and u satisfies the heat equation with initial value g(x) ,
then:

sup w =supg
R" x[0,T] R®

PRrOOF. Take time small enough so that E (u(X,t)) makes sense. Fix y € R,
u > 0 and put:

v, = u(z,t) — pK(iz,it, T+ € — t) ~ u(z,t) — pexp ((z — y)*/7T)

Then v will still satisfy the heat equation, and in a bounded region it satisfies
the maximum principle, and very far away from y, the big negative exponetial term
means that supv < sup g. Since this works for every p get the solution. ]

THEOREM 1.18. (Uniqueness for subgaussian tails in unbounded domains)

PROOF. Subtract the two solutions. O

1.3.3.3. Regularity.

THEOREM 1.19. (Smoothness) If u € CZ(Ur) solves the heat equation, then
actually uw € C*

ProoF. Evan’s makes a big deal of this....I think its not so hard to see by
differentiating under the integral sign for the heat kernal? O

1.3.4. Energy Methods.
1.3.4.1. Uniqueness.

THEOREM 1.20. (Uniqueness) There exists at most one solution u € C? (UT)
to the heat equation IVP, on a comapct set.

PrROOF. By subtracting the two solutions, we can suppose that w; — Aw =0
in Up and w = 0 on I'p. Define the energy:

Then:

o) = 2 / wwydz

= Z/wAwdx

= —2/|Dw|2dx§0
U

Hence the energy is only decreasing, 0 < e(t) < e(0) = 0 means that e(t) = 0
for all ¢t and so w = 0. g
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1.3.4.2. Backwards Uniquencess. What happens if we try to solve the heat
equation backwards in time?

THEOREM 1.21. (Uniquenss for the backwards equation) Suppose u, U are two
solutions to uy — Au = 0 in Up and uw = g on OU x [0,T]. If u(z,T) = u(z,T)
agree at the final time, then v = @ within Up.

REMARK 1.7. In other words, if two temperature distributions on U agree at
some time 7' > 0 and have the same boudnary conditions, then they must have
been identically equal at all earlier times.

PROOF. Write w = u — @ again. Again we set e(t) = [, w?(z,t)dz and we

get é(t) = =2 [, |Dw|® dz, a bit more work gets us &(t) = 4 [(Aw)?dz. Using
1

S/ (Dw)* dz = — JwAwdz < (f dex)% (fU (Aw)? dm) we get:

e(t) < e(t)é(t)
This will force e(t) = 0 for all ¢, for otherwise suppose that e(f) > 0 for
t1 <t <ty but e(tz) =0. Set f(t) = loge(t) in the intervale t; <t < t2 and notice
" ; e
that f(t) = % — 282 > 0 which means that f is convex. But then f cannot go
to —oco as t — ts. O

REMARK 1.8. The first thing we saw with the energy method is that its non-
increasing (this proved uniqueness for the ordinary problem). The next thing we
say, trhough the ODE é(¢)? < e(¢)é(t) is that the energy is log-convex and so the
energy can’t go from being non-zero to being zero...it can approach zero but never
get there.

1.4. Wave Equation
The wave equation is:
Uy — Au =0
And the non-homegneous wave equation is:

uy — Au = f

subject to the appropraite initial and boundary conditions. Here ¢t > 0 and
x € U where U C R™ is open. It is common to write Cu = uy; — Au

1.4.1. Solution by Spherical Means.
1.4.1.1. Solution when n = 1, d’Alembert’s formula. In one dimension we can
“factor” the PDE as:

O ON(D 9N w0
ot ox)\ot oz)t T T Yer T

(Equivalently, change variables to the characterstics { = x+tand n =2 — ¢
to get ug, = 0) Put v = (& — Z)u = ug so then (& +2)v = v, = 0. This is
exactly the transport eqaution for v! The solution is v(z,t) = a(x — t) for some

function a. Have then u; — u, = a(x — t) is the transport eqaution for u. Solving
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this gives u(z,t) = 1 ;:Ltt a(y)dy + b(x + t). then use the intial conditions to solve
for the functions a, b in terms of g, h. End up with:

x+t

a4 g0+ 5 [ by

r—1

1
u(zx,t) = 3

This is called d’Alembert’s formula.
1.4.1.2. A reflection method. You can use d’Alembert’s formula to solve certain
problems with boundary condtions. For example:

Ut — Uz =0 in Ry x (0, 00)
u=g, uy=h onRy x {t=0}
u=0 on {z =0} x (0,00)
If you extend the intial data by odd reflection you get the solution. Draw some
pictures with characterstic lines to see what’s up! Get a solution:
g+t +g@—]+35 [ hy)dy ifz>t>0

et = { lg(e+1) = g(t —2)] + 5 7)1, h(y)dy

1.4.1.3. Spherical Means. Suppose n > 2 now. We will reduce the wave equa-
tion in dimension n to dimension 1 by the method of spherical measn. Say u solves:

SIS

Utt—AUZO in RHX(O,OO)
u=g,us=h onR"x {t=0}

We will study the space averages of u over certain spheres. These averages,
taken as functions of time ¢ and radius mr turn out to solve the Euler-Poisson-
Darboux equation, a PDE we can (for odd n) convert to the 1d wave equation.
Applying d’Alembert’s formlula

DEFINITION 1.1. Define the spherical mean as:

! / u(y, 1)dS(y)

U(z;r,t) = T,
n
OB (x,r)

Fix z, and regard U(x;r,t) as a function of r and t. What PDE does it solve?

LeEMMA 1.1. (Euler-Poisson-Darboux equation) Fiz x € R"™ and let u satisfy
the wave equation. The the spherical means U satisfy:

-1
Utt - Urr - nTUr = Utt - Tl—nar (T‘n_larU) =0

Proor. Calculate U, (this is similar to when we calculated ¢’ for ¢ = =~ Jon e u®)dS(y)
for the Laplace equation. I do this in the following lemma . Get:

1
U, = —— Au(y, t)d
. / u(y, t)dy
B(z,r)

1 /
= — ugedy
nrv—lw, t

B(z,r)
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Hence we have:

1
,rn—l Ur i / Utt(y7 t)dy
Nwy,
B(z,r)
— 2 ("0) = oo [ wds)
or " nwy, A
OB(z,r)
n—1 1
=T o u(y,t)dS(y)
nrv—lw,
OB(z,r) -
= " Uy

O

LEMMA 1.2. Let ¢(r) = nr%lwn f{)B(m,r) u(y)dS(y). Then L¢ = m%lwl fB(LT) Au(y)dy

PRrROOF. First step: Rewrite as an integral over B(0,1): have:

1
o(r) = T / u(y)dS(y)
OB (x,r)
1
= — u(z + 2zr)dS(z)
Then:
¢ (r) = wi / (Du(zx + 2r) - 2) dS(2)
" oB(0,1)

Now z is the outward facing normal, so we can apply the Divergence theo-
rem:

&) = wi / V(e + 2r)] - 7dS(2)
" oB(0,1)
— o [ V) aasw)
naB(m,T)
_ ﬁ / V- [Vu(z + 2r)] d(2)
" B(0,1)
= = f auwy

1.4.1.4. n =3. When n = 3 the equation is:

2
Utt*Urrfor =0
T
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If we change variables U = rU now we get:
Utt = rUu
= rU,, —2U,
o (U +1U,),
= Op (rU)

Because of the multiplication by 7, we know U = 0 at r = 0. So U satisfies a
1-D wave equation with this boundry term:
tt — [77*7' =0 in R+ X (0, OO)
G,U,=H onR"x{t=0}
0 on {r =0} x (0,00)

h

S
el

We have the solution of this when 0 < r < ¢ (this is what we need when we
take lim,_,o which is what will let us recover the solution):

r+t
N 17~ ; 1 7
Oair,t) = 5 [G(r+t)—G(t—r)] +3 / H{(y)dy
—r—+t
Taking limits now:
() = lim L&Y
r—0+ r
Gr+r)-G-n) , 1]
r+r)—G{t—r 3
= o |
lim o + 3 / (y)dy
t—r

G'(t)+ H(t)

Going back to our original equation, we have:

u(@,t) = ][ th(y) + 9(y) + Dg(y) - (y — 2)dS(y)
OB(z,t)
This is called Kirchoff’s Formula for the solution of the initial value problem.
1.4.1.5. Method of Descent. To get the soltuion when n = 2, use the method

of desent...look for 3D solutions that are constant along one of the space direction.
1.4.1.6. Solution for other odd/even n. When n = 2k + 1 is odd you can make

the spherical means work out by putting U(r,t) = (li)kfl (r# U (251, 1))

r or
For even n, again can use the method of descent.

1.4.2. Non-homegeonous problem. Duhamel’s principle again. Say you
want to solve:

u=0,u,=0 onR"”x{t=0}
First look for solutions to:
uge(58) — Au(;8) =0 in R™ x (s,00)
{U(-; s) =0,u(58) = f(5)

{utt —Au=f inR"x(0,00)
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Then set:

u(z,t) = /u(z,t;s)ds
0

1.4.3. Energy Methods.
THEOREM 1.22. (Uniqueness using energy)
PrOOF. Assume we have 0 boundry conditinons. Define the energy:
1
e(t) = B /uf(x,t) + |Vu|* dz

U

Check that é(¢) = 0 using integration by parts to make A appear:
é(t) = /uut + Vu - Vude

U

Use nowV - (uVv) = Vu - Vo + uAwv:
ety = /(uut + V- (uVu) — uVu) dx
U

/u (uy — Au)dz + / (w/ V) - idS
U oUu
Both terms are 0 0

1.4.3.1. Domain of Dependence. Conisder the cone C' = {(x,t) |0 <t < tg, |z —xo <to—t|}

THEOREM 1.23. (Finite propogation spped) If w = uy = 0 on B(xg,to) then
u = 0 within the cone C.

REMARK 1.9. This shows that any distrubances from outside the cone cannot
effect the interior of the cone! This is already known from the explicit solutions (in
fact when n = 3, the domain of dependence is the SHELL of a cone, not a cone)
but the energy method proof is a much simpler way to prove this face.

PRrOOF. Define e(t), this time integrating only over the cone:

e(t) = 1 / u? + |Vul|® dz

B(xzo,to—t)

This time é will have some boundary terms:=

1
et) = / urtg + (Vu) - (Vug) doe — 3 / u? +|Vul|*dS
B(:Eoﬂfo*t) 8B(:p07t07t)
1
= / ug (ugy — Au) dz + / (usVu) - ndS — 3 / u? +|Vul®dS
B(:Eoﬂfo—t) aB(ZEOYto—t) aB(I07to—t)
1 1
= / (utVu) -l — iuf ~3 |Vu|*dsS
BB(Io,to—t)

Now use Cauchy Schwarz, [u;Vu - 7| < |u||Vu| < 2u? + 1 |Vul® so we have
é(t) <0 O



Sobolev Spaces

These are notes from Chapter 5 of [I].

2.4.4. Weak Derivatives.

DEFINITION 2.2. For a function u,v € L*(U) we say that v is the a-th weak
partial derivative of u, written D%u = v if:

uD%¢dz = (=) [ veda
/ /

U

for all ¢ € C*(U), i.e. infinitely differentiable compactly supported functions.
PROPOSITION 2.2. Weak derivatives are unique up to a.e.
PRrROOF. Since if v, 0 are weak derivatives of u then:

/uDO‘qum = (=1)lel /vgbdx = (—1)‘a|/@¢dx

U U
= [y(v=0)pdz =0V¢e CZU)

Since C'2° is dense in L', it must be that v — 9 = 0 a.e. O
2.4.5. The Sobolev Space.
DEFINITION 2.3. The Sobolev space:
WHE(U) = {u € LP(U) : Diyue LUV |a] < k}
i.e. we have k weak derivatvie that are in L?. We have the norm on this space:

R —— Z /\Dau|l’dx
‘MS’CU

When p = 2 this space is a Hilbert space so we write H for “Hilber space’
H*(U) = W*(U)

with the inner product:

(u, v) o = Z (Dot Diyjpv) 2
la| <k

THEOREM 2.24. WFP is a Banach space for every k,p

19
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PRrROOF. It’s easily verified that its a norm. To see that it is complete, notice
that [Jullyyr, < ||D%| . for any |a| < k. Hence for a Cauchy sequence u,,, we
know that for each |a| < k, {D“u,, } is a Cauchy sequence in LP. Since each LP? is a
Banach space, each of these convergese to something, call it u,, so that D%u,, — uq,
in LP. In particular ug = lim,,_, oo u exists. We now claim that ug € W*? and that
D%ug = uy. Indeed, just check how they act on test functions. Hence wu,, — v in
WkP(U) as required. O

THEOREM 2.25. If U is bounded and OU is Cl then if u € W*P then there
exists U, € C°(U) so that:

Upy — u in WHP(U)

ProOF. The idea is to mollify v, = 1. * u. The regularity makes sure its ok
near the boundary. ([

This leads to the alternate definition of the Sobolev space:
Wk’p = Ck(U)LP
The closure of the C* function in LP.

THEOREM 2.26. (Rellich Compactness Theorem,)

WYP(U) is a compact subset of L1(U)for each q¢ < p* where % + p% =1 In
particular:
compact

H' =W"*(U) L*(U)

PRrROOF. The proof is basically by arzela ascoli, since any bounded set in W-2will
have bounded weak derivatives. You need to work a bit though since the functions
themselves are not actually smooth. [

THEOREM 2.27. (Poincare Inequality). If Q is a bounded domain, then there
s a constant C depending only on ) so that:

/qux < C/|Vu|2 dx
Q

Q
for every u € CL. By completion the inequality holds for all u € HS’Q.
REMARK 2.10. For Poincare inequality it is important that we have the zero

condition on the boundary.
2.5. Second Order Elliptic Equations
Let L be the operator by:

Lu=— Z a (2)ug,z, + Z b (z)uy, + c(x)u
i i
We call it uniformly ELLIPTIC if the prinicple part has
S a (2)6; > 01

for all ¢ € R™ and x € U. (in other words the matrix a% is positive definite at
every point x € U, and the poistivie-defintetness is uniform over = € U)



2.5. SECOND ORDER ELLIPTIC EQUATIONS 21

We study the PDE:

Lu = finQ
v = 0on 9N

By integration by parts, we get the following weak form of the solution, for any

v e CX(U) we want:
/(Lu)v:/fv

n n
/ E AijUg, V) + E uziv—l—cuvdx:/fvdx
Ui i=1 e

For this reason it makes sense to look in the space u € H}(U) (remmeber H
stands for Hilbert space - L? so this is the space where you have 1 weka derivative
wheih is in L2.)

For this reason it makes sense to look at the bilinear form B[, ] H associated
with L on the space H¢ defined by:

n n
B [u,v]Hé = / Z AUy, v,, + Zbiuxiv + cuvdzx
7 i=1

ij=1
u € H} is a weak solutioon of the boundary value problem if:
Blu,vlgy = (f,v) 2 forallv e H}
This is sometimes called the variational formula.

THEOREM 2.28. (Laz-Milgram Theorem) Let H be a Hilbert space. Assume
that B : H x H — R is bilinear mapping for which, o, 5 > 0 so that:

| B [u, v]| < a|lul| [Jv]]
and:
Blul? < Blu,u]

Then for any bounded linear functional f : H — Ron H, there exists a unique
elemetn u € H so that:

Blu,v] = (f,v)
for allv e H.

Proor. By the Riesz representation theorem, we know that:
Blu,v] = (Au,v)

for some bounded linear operator A : H — H with ||A|] < a. We now claim
that A is one-to-one and range(A) is closed in H. Indeed, the lower bound we have
Blull < |JAul| so w is 1-1. Now if Au,, is a Cauchy sequence then w, is a cauchy
sequence t00 since 8 ||u, — U] < ||A(tyn — um)|| which shows the range is closed.

We now claim that R(A) = H. Otherwise, since R(A) is closed, find a w €
R(A)*.Then (Aw,w) = 0 but we know (Aw,w) = Blw,w] > 8 ]jw|* # 0.

Hence A is invertible so for any f € H let u = A~!f and we will have our
solution. ]
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We now try to apply this to the bilinear form for B[u,v] we had above. The
first inequality |Bu,v]| < allul|||v|| follows as long as the constants that appear
a' b7, ¢ are bounded and the lower bound.

Using the uniform ellipticity we can get:

Bllulls ) < Bl ] + 7 [l o
However if v # 0 then we can’t apply Lax-Milgram directly
EXAMPLE 2.1. For Laplace’s equation, the Blu,v] = [ Vu - Vodz so we have
Blu,u] = (a1 + a2) [|Vu>dz > % [u?de + ap [|Vul’ da. If we choose a1, as

so that a1/C = ag then this is exactly some constant times ||UHH3 and the Lax
Milgram theorem applies.



The Single First-Order Equation

These are notes from Chapter 1 of [2].

3.6. Introduction
DEFINITION 3.4. A PDE for a function u(z,y,...) is a relation of the form
F(z,y,...,u, Uz, Uy,...) =0

Where F' is a given function of the independent variables x,y,... and of the
“unknown” function u and a finite number of its partial derivatives. We call u a
sol'n if it satisfies the above idenitcally. Unless otherwise stated we assume that «
and its derivatives are continuous.

The order of a PDE is the order of the highest derivative that occurs. A PDE
is linear if it is linear in the unknown functuion and its derivatives (the coefficients
may depend on z,y,...) e.g. F =a(z,y,... )u+b(z,y,.. )ug +c(z,y,.. )uy + ...
A PDE of order m is called quasilinear if it is linear in the derivates of order m
with coefficients that depend on z,y and also on the derivatives of order < m.

3.7. Examples

Linear equations:

i) The Laplace Equation Au = ug 4, + ... + Us, s,

ii) The wave equation uy; = c2Au

iii) Maxwell’s equations

iv) More complicated wave equations

v) Heat equation u; = kAu

vi) Schrodinger’s equation ¢y = —co Ay + Vp

Non-linear equations:

vii) Minimal surface z = u(z,y) has the second-oder quasi-linear equation:

viii) Velocity potential for a two dimensional flow...
ix) Navier-Stokes equation
x) KdV equation:

U + CUUy + Uggy = 0
3.8. Analytic Solutions and Aprroximation Methods in a Simple
Example
Consider the simplest PDE:
U +cuy =0

23



3.9. QUASI-LINEAR EQUATIONS 24

Along a line of the family:
T —ct =const =§
we have:

% = %u(ct+§,t) =cuz+u =0

So wu is constant along these characteristic lines, and depends only on the pa-
rameter £ which distinguishes the different lines. The general solution then has the
form:

u(z,t) = f(§) = f(z —ct)
Notice that:
u(z,0) = f(x)

And every u of this form is a solution to the PDE provided that f is C*

Notice that the value of u at the point (z,t) depends only on the intersection
of the characterisic line through (x,t) with the initial z—axis, namely at the point
x = £. We say in this case that domain of dependence of u(z,t) on the initial
values is represented by the single point £&. The influence of the initial values
at a particular point £ on the solution w(z,t) is felt only on the points of the
characteristic line.

If for each fixed t the function u is represented by its graph in the zu—plane,
we find that the graph at the time ¢ = T is obtained by translating the graph at
the time ¢ = 0 parallel to the z—axis by the amound ¢T":

u(z,0) =u(z+ I, T) = f(x)

The graph of the solution represents a wave propagating to the right with
velocity ¢ without changing its shape.

We use this example to study the numerical solution of a PDE by finite dif-
ferences. Cover the z —t plane with a mesh of size h in the z-direction and a mesh
of size k in the t—direction. Then the PDE approximation is:

v(x, t+ k) —v(z,t) v(x + h,t) —v(z,t)
k e h

There is a discussion on this finite difference scheme and its stability on pages
6-8

=0

3.9. Quasi-linear equations
Consider a quasi-linear PDE in two dimensions:
a(%l/a“)“x + b(%%“)“y = C(xayau)
<’U/1,’U/y,—1> . <a(x7y7u)ab('r7y7u)ac(xay7u)> =0

We represent the function w(z,y) by a surface z = u(z,y) in xyz-space. Sur-
faces corresponding to solutions of a PDE are called integral surfaces of the
PDE (i.e. integral surfaces are solutions u(x,y) = z(z,y)) The prescribed functions
a(z,y,u),b(z,y,u), c(x,y,u) define a field of vectors in zyz-space. {(a(x,y,u),b(z,y,u), c(z,y,u))
is called the characteristic direction for the PDE. Obviously, only the direction
of this vector (not its magnitude) matters for the PDE. Since (ug, u,, —1) constitute
direction numbers of the normal of the surface z = u(x,y) we see that the PDE is

the condition that the normal of an integral surface at any point is perpendicular
to the characteristic direction.
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With the field of characteristic directions with direction numbers (a, b, c) we
associate the family of characteristic curves which at each point are tangent to
that direction field. Along a characteristic curve, the relation:

dz dy dz

a(x,y,z)  blz,y,z)  cz,y,2)
holds. Refereing the curve to a siutable paratmeter ¢ (or calling the common
ration above dt) we get a system of ODEs:

di‘: = a(‘rayvz)v % = b(:z:,y,z), % = C(x’yVZ)

The system is “autonomous” since ¢ does not appear explicitly. Using any other
parameter along the curve amounts to replacing a, b, ¢ by proportional quantities,
which does not change the characeteristic curve or the PDE.

Assuming that a,b,c are C! we know from the theory of ODEs that through
each point of 2 there is exactly one characteristic curve. Consequently, there is a
2 parameter family of characteristic curves in zyz-space.

PrOPOSITION 3.3. If a surface S defined by z = u(x,y) is a union of charac-
teristic curves, then S is an integral surface

Proor. (This is just a bit of geometry) Take any point P of S. Let II be
the tangent plane through S at P. Since S is a union of char. curves, there is a
char. curve v through P. The tangent to v has characteristic direction (this is the
definition of a char curve). The tangent to 7 also lies in the tangent plane II. The
tangent II is perpendicular to the normal of the surface S, so since  is in II, we
conclude that the normal to S at P is perpendicular to the characteristic direction,
as desired. (]

We can also show that every integral surface S is the union of char curves or
equivalently that every point of S there passes a char curve contained in S. This
is a consequence of the following theorem:

THEOREM 3.29. Let the point P = (xo, Yo, z0) lie on the integral surface S :z =
u(zx,y). Let v be the char. curve through P. Then ~ lies completely in S.

PROOF. Suppose 7 is parametrized by v(t) = (x(¢),y(¢), z(t)). (i.e. ~ is the
solution to ﬁ—f = a(z,y, 2), ‘;—f{ = b(x,y, 2), ﬂ—f = ¢(z,y, z) which passes through
P = (x0, Y0, 20) at t = tg) From v and S we form the expression:

U= 2z(t) —u(z),y) =U()
Clearly U(t) = 0 since P € S. And now:
dU dz dx dy
= C(.’L‘, Y, Z) - ’U/a:(l’, y)a($7 Y, Z) - “y(xa Y, Z)b($7 Y, Z)
(x =2(t),y = y(t), z = 2(t) is tacitly assumed) We have used the fact that v is

. . dz dy dz : _ :
a char. curve to know the derivatives 7, 57, §7- Now since, 2 = U + u(x,y), this

is:
dU

dt

This is a crazy ODE! However, we are lucky since we see that U(t) = 0 is a
solution by virtue of the fact that S is an integral soluiton i.e. u satisfies the PDE.

=c(z,y,U+u(z,y) — ... —uy(z,y, U +u(z,9)b(z,y, U + u(z,y))
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Since ODEs have unique solutions we know that U = 0 is THE solution. In other
words z(t) = u (z(t), y(t)) along the curve i.e. v lies in S. O

3.10. The Cauchy Problem for the Quasi-Linear Equation

We now have a simple description for the general solution u of the Quasi-Linear
PDE: namely the integral surface z = u(x, y) is a union of characteristic curves. To
get a better insight into the structure of the manifold of solutions, it is desirable
to have a definite method of generating solutions in terms of a prescribed set F' of
functions callsed “data”.

A simple way of seeking an individual u(x, y) is to specify a curve I in zyz-space
which is to be contained in the integral surface z = u(xz,y). Let ' be represented
parametrically by:

x = f(s), y=g(s), z=h(s)

We are asking for the solution u(x,y) such that:

h(z) = u(f(s), 9(s))

holds. (i.e. the curve (f(s),g(s),h(s)) is part of the integral surface) This is
known as the Cauchy Problem for the PDE.

An example is the initial value problem:

u(x,0) = h(x)

So that the curve in question is x = s,y = 0,z = h(s).

THEOREM 3.30. (Local Existence Theorem for the Cauchy Problem)

Suppose that f(s),g(s),h(s) are C' in a n'h;d of a point sy and let Py =
(20,90,20) = (f(80),9(50), h(s0)). Assume also that a(z,y, z),b(x,y,2),c(z,y, 2)
are C' in a n’h’d of Py.

Then if the Jacobian:

I (CO
a(@o,Yo0,20)  b(20, Yo, 20)

Then there is locally a unique integral surface ¥ : z = u(x,y) to the PDE.

PROOF. For each s near sg, consider the ODE:

3}
EX(&t) = a(X(s,t),Y(s,t),Z(s,1))
13}
5 Y () = D(X(s,0).Y(5.8), Z(s.1)
%Z(s,t) = c(X(s,1),Y(s,t),Z(s,1))
With initial condition at ¢ = 0:

X(s,0) = f(s)

Y(s,0) = g(s)

Z(s,0) = h(s)

From the theory of ODEs, the C'! condition on the functions tell us that there
exists a unique solution AND moreover that the solutions will depend smoothly
on the parameter s. i.e. we have C! solutions X(s,t),Y (s,t), Z(s,t) in a n’h’d of

(So,t).
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Now when does this represent a surface? It is precisly when we can invert
these equations say to get s = S(z,y),t = T(x,y) and then put z = u(x,y) =
Z(S(z,y),T(z,y)) will solve our PDE.

The implicity function theorem guarentees we can do precisly this, as long as
we have the Jacobian condition from the hypothesis. O

3.11. Examples

EXAMPLE 3.2. (1)
The PDE:

Uy + cuy =0
With initial condition:
u(z,0) = h(x)
PrOOF. Rewrite the PDE as:
(ug,ty, —1) - (c,1,0) =0

Put ¢ = z(t),y = y(t), 2 = 2(t) and then a characteristic curve from the intial point
2(0) = 5,5(0) = 0,2(0) = h(s) has:

ax(t) = ¢
%y(t) =1
d
az(t) =0
= z(t) = ct+s
y(t) =t
z(t) = h(s)

Now, invert the formula to get s,¢ as a function of z,y we have t(z,y) = y and
s(z,y) =z — cy.

[This is where the Jacobian condition comes in....making sure this system is
invertable| So finally then:

u(x,y) = Z(t(.’lﬁ,y), S(J?,y)) = h(.’l? - Cy)
is the solution! O

ExaMPLE 3.3. [Homogeneous Functions]
Suppose:

n
E Ty, = QU
k=1

With initial condition:
w(zy, .y Tn_1,1) =h(x1,. .., Tp_1)
ProOF. Rewrite the PDE as:

(1, Ty o) - (Ugyy e ooy Uy, —1) =0
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Find characteristic curves. Letting x; = x;(t) and 2(t) = u, We get the system:

Sty = nln)
%z(t) = az(t)
With initial conditions on the specified curve:
2;(0) = s;for1<i<n-—1
z;(0) = lfori=n
z(0) = h(s1,...,Sn—1)
Solving these we get:
xi(t) = sieffori=1,...,n—1
zi(t) = efori=n
z = e"h(s1,...,5n)

Inverting this and so on, we get:
T Tpn—1
z=u(r1,...,2n) =2Sh | — ..., —
(@10veevmn) =ath (22, T2
This has the property that:
w( Az, .. Axy) = A u(z, .. x)

(The converse also holds: take dy of both sides and then plug in A = 1 to
recover the PDE)

This condition also causse some issues if a < 0, for then we could take A very
close to zero to get that for x on the unit ball, and taking A — 0 would give
u(0) = oou(x), so this forces u(z) to be zero everywhere unless we allow the PDE
to blow up at 0. O

EXAMPLE 3.4. (Burger’s Equation)

Uy + Uty = 0
With initial conditon:
u(z,0) = h(z)
PRrROOF. Rewrite the PDE as:
(Ugs Uy, —1) - (u,1,0) =0

So the characteristic curves follows:

d
Em(t) =

Sy =

4
dt
With inital conditions z(0) = z,y(0) = 0, 2(0) = h(s). Going through it all we
get:

t) = 0

u=h(z —uy)
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This equation has a problem, you can see this from the fact the characteristics
INTERSECT unless h(s) is non-decreasing. One way to see this is to take the
derivative of above to get:

W
1+ (s)y

Which becomes infinite in finite time if h'(s) < 0 (happens at the time y =

h’ls )

(A)nother way to see this is to just draw the curves. From y = 0 the curves leave
the orgin and have slope h(x), so if h(z1) > h(z2) with z; < x4, then these two
curves will meet in finite time. Since the PDE is constant along curves this is a
problem as at this point we would have h(z1) = h(z2)

We can find a weak solution of the Burger’s equation as follows. First, rewrite
the PDE as:

OR(u(x,y))  0S(u(z,y)) _
+ —0
oy Ox
Where R(u),S(u) are any functions for which S’(u) = wR'(u) and for which
R'(u) # 0. (In this case we have 8%Ro u = R’(u)g—z and C%S’o u = S’(u)g—: =
R'(u) (u%%) so canceling out R'(u) in the above gives exactly Burger’s equation.
Integrating the above D.E. gives an integral conservation law:

b
0= diy/R(u(x,y))dx + S(u(b, y)) — S(ula, y))

(If you want you can see the above as V - (RTS)(u) = 0, so we can do a
diverengence theorem around any set). We can take this as our defintion for weak
solutions: namely we say v is a solution if it satisfies the above integral equation.
u does not have to be differentiable for this to make sense.

We can use this to examine the shocks that develop from the burger’s equation
PDE: O

PROPOSITION 3.4. Let & = £(y) be the curve of the shock. Let u™ denote the
value just to the left and just to the right of the shock by: u™(x) = limy_,¢(y+ u(z,y),
ut(z) := limy_,¢(y)- u(z,y). We have the following shock condition:

b St () = St (@)
&y T R (@)~ R~ (@)

PrOOF. For a weak solution u, we have the defining integral equation that u
satisfies. Our integral equation this over a region a < {(y) < b is (we have to do a
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differentiate-the-integral-chain-rule):
3 b
0 = S(u(by)) fS(u(a,y))deiy /R(u)dz+/R(u)dx
3
¢

a

OR(u)

b
= (b)) - Stulag) + | Fore) + [F5ar )+ |- Ewrat)+ [

— (b)) - Sulo) + E@RE) - E@rEn + [ Bas [ 2
a ¢
— S(u(by)) - Slu(ay)) + j—j(w) (w) - j—j( JR(uH) + S(u*) — S(u(a,y)) + S(ulb,y)) — Sut)
- j—j(w) (R(u™) — R(uh)) + (S(u™) — S(u™))
And the condition follows. |

3.12. The General First-Order Equation for a Function of Two
Variables

3.12.1. The Monge cone. The general (i.e. not quasilienar) first-order par-
tial differntial equation for a function z = u(z,y) has the form:

F(x,y,2,p,q) =0

Where p = u,,q = uy. There can be fully non-linear dependence on u, and
u, in this framework. We assume that F is C* with respect to z,y, z,p,q. We will
again find a geometrical interpretation in terms of integral surfaces that will allow
us to solve things.

Think of the PDE F(z,y,2,p,q) = 0 as a relation between the coordinates
(z,y, z) and the normal to the integral surface (p, ¢, —1). An integral surface passing
through a point Py = (xo, yo, 20) must have a tangent plane given by:

z—20 = plr —x0) +q(y — vo)

and, since it is an integral surface, it must satisfy:

F('TanO;ZO7pa q) =0

F' is ONE restricting equation where in general we could have had TWO free
parameters p and ¢ to play with. Thus the differential equation restricts the possible
tangent planes of an integral surface at Py to a one-parameter family. In general this
one parameter family of planes through Py can be expected to envelop a cone with
vertex Py called the Monge cone at FPy. (The envelpe made by a one parameter
family of planes is a cone!) Each possible tangent plane touches the Monge cone
along a certain generator. In this framework the PDE given by F' = 0 defines a field
of cones. A surface z is an integral surface if at each of its points Py it “touches”
a cone with vertex Py (in the sense that the cone is tangent to the plane....its lying
on the plane)

[Side Remark: in the quasilinear case F' is a LINEAR function of p,q when
x,y, z are fixed. In this case since F' can be written F' = (p,q, —1)-(a, b, ¢) there is a
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specific direction that is in included in EVERY possible tangent plane (the direction
is (a, b, ¢)....no matter what the value of p,q (a,b, c) is always perpendicular to the
normal to the plane and so is always in the tangent plane). Since every possible
plane includes this direction, the envelope of all the possible tangent planes is
degenerate; it is not a cone as in the general case instead it is just an “axis” in this
special direction. This is called the Monge axis.]

A surface z is an integral surface if at each of its points Py it “touches” a cone
with vertex Py. In that case, the generator along which the tangent plane tocuhes
the cone defines a direction on the surface. These “characteristic” directions are
the key to the whole theory of integration for the PDE. The Monge cone at P,
degenerates into the line with direction (a, b, ¢) through Py.

3.12.2. Envelopes. The central notion here is that of the envelope of a family
of surfaces Sy. Suppose we have a family of surfaces indexed by a parameter A given
to us the form:

Sy : ZZG(%% A)
Suppose also that:

0= G)\ (l’, Y, )‘)
Then for fixed A, these two equation together determine a curve 7, (The first
equation gives a surface (two real parameters ... its convenient to use z,y), and

the second is one equation that the two real parameters must satisfy = one
parameter family of solutions i.e. a curve).
The envelope of the surfaces G(z,y, \) is defined to be the union UyG(z,y, A).
If one can invert 0 = G (z,y, A) to get A = g(z,y), then the resulting envelope
surface is:

E: z=G(z,y9(z,9))
The envelope E touches the surface Syalong the curve «,. For in a point (z,y, 2)

of v» we have that g(x,y) = A, so we must be in both E and in Sy (check the
equations that define Syand F). For any surface z = F(z,y), the normal to

the surface through a point (z, yo, 20) is given by (%F(xo, Yo), %F(zo, Yo)s 71).
We hence compute using the chain rule that the normal to E is the direction
(G2 + Grga, Gy + Grgy,—1) = (G4, Gy, —1) since Gy = 0 on the curves v5. In
differntial notation what we have discovered is that along curves ) we have:
dz = Gudz+G,dy
0 = Gmdx—i—G;\ydy

The first holds since (G5, Gy, —1) is normal to E and the second is just the
differential of 0 = G\ (z,y, \) along the curve.

3.12.3. Characteristic Equations. Back to our PDE: For fixed Py = (xq, Yo, 20)
we have a one parameter family of surfaces through P, given by:
z—z2 = plz—z0)+q(y— o)
F(x07y0,207p3q) =0

(There are a-priori two parameters p,q but the relation F' reduces us to one
effective parameter). The envelope of this family of surfaces is the Monge cone we
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were discussing earlier. If we think of p as the parameter, and ¢ = ¢(p) depending
on p, taking differentials above we have:

d
dz = pdz + qdy 0:dx+d—qdy
p

By the relation F(xo,yo,20,p,q) = 0 we know that F, + %Fq = 0. So rear-
ranging a bit and then plugging this in we have that the direction of the generator

is characterized by: 4 1
€T Y
dz = pdzx + qdy, 7, = 7,

If we are given an integral surface S : z = u(x,y) , these differential equations
define a direction field since Fy(z,y, u, uy, uy) and Fy(z, y, u, Uy, u,) are then known
functions of =, y. Hence we can define characteristic curves belonging to the integral
surface S as those fitting the direction field data. If we paraterize the above with

a parameter ¢t we get the following system

dz

E = FP (xa:%Zapaq)

dy

E = Fq (xayvz7p7q>

dz

E = pr(xayazapaQ)+qu(x7y7Z7p7Q)

Where we identify:

z=u(z,y) p=us(z,y) ¢="uy(x,y)

[Side remark: Let’s compare what we just did to the quasilinear case. In the
quasilinear case, suppose F' = (p,q,—1) - (a, b, ¢) then Monge cone degenerated into
a Monge axis, so there was only one direction to follow at each point...namely the
direction (a,b,c) itself! This led us to the system ((lj—f = a, % = b, ?Tf = ¢ that
we solved to get the soltion. In the fully nonlinear case we instead had a whole
Monge cone of possibilities at each point. However, if the surface S is specified,
then only one possibility remains and we can follow along that path as we did in
the quasilinear case.]

Notice that we have three ODEs but 5 variables here. However, we know that
z,p, q are related in that we z = u(z,y) p = u.(z,y) ¢ = uy(z,y) so this will save
us here. We will use these relations to construct some explicit ODEs for fl—’t’ and %
to make everyting tidy. We start with the relation that must hold on an integral
surface:

F(a,y,u(@,y), ua(2,y), uy(z,y)) =0

Differentiating (“total” derivatives) with respect to x once and separly with

respect to y once, and then plugging in i—’t’ = % (ug(z,y)) = um% + uzyd—lt’ =
Uga Fp + Upy Fy = —Fy — ugF, we will arive at [This last bit is where we used the
relations between z, p, ¢ from their relationship to wu]:

dp

E = *Fz (xayazapaQ)prz (xayazapaQ)

dg

E = _Fy(iv?yz»p7Q)_sz(mayuzvpvq)

So we have a system of 5 ODEs in 5 unknown variables, that does NOT require
knowledge of the integral surface z = u(x,y) to work out. One can explicitly check
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that %(w,y,z,p, q) = ... =0 by these ODEs. We refer to this system of 5 ODES
along with F'(x,y, z,p,q) = 0 as the characteristic equation.

Here is a brief recap of how we derived them:

-Start with the equation of a plane through xg, yo, 2o and the PDE condition
at that point (this defines a one parameter family of surfaces...the Monge cone)

z—z0 = p(&—20)+q(y—yo)
F(w(hyo»ZOaPaQ) =0

-Think of p as a parameter and differentiate:

d

-Now use F'(xo, Yo, 20, P, q) = 0 to get F),+ g—qu = 0 so we can eliminate the g—g
from above. “If we are given an integral surface S : z = u(x,y) , these differential
equations define a direction field since Fj,(x,y, u, uz, uy) and Fy(z,y, u, uy, u,) are
then known functions of x,y. Hence we can define characteristic curves belonging
to the integral surface S as those fitting the direction field data.” If we parametrize
the above with a parameter ¢t we get the first three equations:

d
= dz = pdz + qdy O:dx—i——qdy
p

dx
E = Fp(may7z7p7q)
dy
= E = Fq(m7y7zap7Q)
dz
a = pr(x,y,Z,p,q)+qu($,y,Z,p,q)
with z=u(z,y) p=us(z,y) ¢=uy(x,y)

Then use F(z,y, u(z, y), us (2, ), uy(z,y)) =0and z = u(z,y) p = ux(z,y) ¢ =
uy(x,y) to get the last two by differentiating with respect to z,y and w.r.t. ¢ to
get the last two equations:

dp

E - —Fw(x,y,z,p,q)—pFZ(x,y,Z,p,q)
dg

L = —Rwepa) - aF(ey,200)

(In summary...if you ever get stuck, go back to F(z,y, z,p, q) and take creative
derivatives all over. It’s also kind of helpful to imagine you already have the integral
surface u worked out and then to later eliminate the need for it.)

3.12.4. Characteristic Strips. A solution of the characteristic equations is
a set of five functions (z(t),y(t), z(t),p(t),q(t)). Generally, we call a quintuple
(z,9,2,p,q) a plane element and we interpret it geometrically as consisting of a
point (z,y, z) combined with a plane through the point with the equation:

(—z=pE—2)+qn—y)

Le. the plane element (x,y, 2, p, q) is thought of as the point (z,y,z) and the
plane with normal (p, ¢, —1) passing thought that point. A plane element is called
characteristic if it satisfies F(z,y, z,p,q) = 0. (For example, with this jargon, the
Monge cone is the envelope of the characteristic plane elements) A one-parameter
family of elements (x(t),y(t), z(t), p(t), q(t)) is called a strip if the plane elements
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are tangent to the curve (z(t),y(t),2(t)) at every point ¢. In this case the curve
(z(t),y(t),z(t)) is called the support of the strip. For this to be the case, the
increment (dz,dy,dz) must be perp. to the normal to the plane, so we get the so
called strip condition:

dz  dw dy

a ~Par
A solution to the characteristic equations will be called a characteristic strip.
(Notice that solutions of the characteristic equations automatically satisfy the strip
condition....just look at it!)

Any surface z = u(x, y) parametrized by two parameters (s, t) can be thought of
as a two parameter family of elemtns (z(s, t), y(s,t), z(s,t), p(s,t), q(s,t)) formed by
the points of the surface and the corresponding tangent planes. Again, in order to
actually be a surface, we need to satisfy the strip condition in the s and ¢ directions.
(Indeed, for fixed s or for fixed ¢ the resulting thing must be a strip.)

Since the characteristic strip is the soltion to the ODE system (the char. eqns.),
by existence/uniqueness for ODEs the whole strip is determined by any one of the
plane elements in it.

In the next little section, the book reparametrises everything in terms of z
instead of t...

3.13. The Cauchy Problem

The Cauchy problem for F(z,y,u,us,u,) = 0 is the problem of finding the
integral surface through a prescibed intial curve I'. T is given parametrically by:

z=[(s), y=9g(s), z=h(s)

To do this, we will pass suitable characteristic strips through I'. If f, g, h are C!
for s near a value sg corresponding to a point Py = (xo, Yo, 20) = (f(s0), 9(s0), h(s0))-
The specified curve T is NOT a strip...it is just a curve. (Recall a strip is a set
of plane elements while a curve is just a set of point). So the first thing we do is
augment I' to a strip using the strip equations. Say p = ¢(s) and ¢ = ¢(s) so that
(z,y, z,p,q) make a strip. We must have:

h'(s) ¢(s)f'(s) +1(s)g' (s)
F(f(s),9(s),h(s), d(s),¥(s)) = 0

Since F' is non-linear, there might be more than one solution for ¢ and . If we
have a starting plane element (xq,yo, 20, Po,q0), and if the genertor of the Monge
cone at Py is not in the same direction as I', then we can use the implicit function
theorem to get unique function ¢ and v near sq.

Through each points (f(s), g(s), h(s), ¢(s),1(s)) we treat these as the intial
conditions at ¢ = 0 and we solve for a charactersitc strip starting here. In this way
we will get 5 solution functions:

E< T IR S I
I
QO TN <
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This gives us a parametric equation in terms of the parameters (s,t) for the
integral surface S. If we can invert this system, we get a solution to the Cauchy
problem (we can do this incversion at least locally if the Jacobian %((i?)) # 0. This
turns into an equation involving f’, ¢’, F,, F, here by all the relations we know T,y
satisfy)

3.13.1. Higher order equations. The same kind of game works in higher
dimensions. The characteristic equations are:

dil'i
= F,
dt Ppi
dp;
dt = _Fwi - szi
dz -
7 = 2_rib
1=1

3.13.2. An example. There is an example here from geometric optics. I'm
going to come back to it in the morning.

3.14. Solutions Generated as Envelopes

PROPOSITION 3.5. If we have a one parameter family of integral surfaces Sy
with equation:

Sx: z=G(z,y,\)

The the enevelope of these integral surfaces is again an integral surface.

ProoOF. Every tangent plane of the envelope is a tangent plane to one of the
surfaces Sy. Hence, since Syis an integral surface, that tangent plane is a charac-
terstic plane element. This works at every point, so the surface is indeed an integral
surface. |

REMARK 3.11. The particular value of A for which the envelope surface S
touches Syis the one for which 0 = Gy(z,y,A). Along with the equations p =
Gz(z,y,A) and ¢ = Gy(x,y, ) this defines a characteristic strip! We can solve the
family of equations:

0 = G)\ (1[,’, Y, A)
p = Gu(2,9,))
q = Gy(z,9,))

....I'm going to jsut rememeber the general idea here and not go in to so much

detail...



Equations for Functions of Two Independent
Variables

These are notes from Chapter 2 of [2].

4.15. Characteristics for Linear and Quasi-Linear Second-Order
Equations

We will examine the general quasi-linear second-order equation for a function
u(z,y) namely:
AUgg + 20Ugy + ClUgy = d
where a, b, ¢, d, are functions of z,y, u, uy, u,. The Cauchy problem consists of

finding a solution w of the PDE with specified data u,u,,u, on a curve v in the
xy—plane. If ~ is given by:

v ox=f(s)y=g(s)

Then the cauchy data is given by some functions:

u=h(s) Uy = ¢(s) uy = P(s)

The value of the function and its derivatives must be related by the “strip
condition” (essentially chain rule along the curve), this gives:

h'(s) = ¢(s)f'(s) +1(s)g(s)
Thus no more than 2 of the three parameters u, u;, u, may be prescribed along
the curve.
We can similarly get relations for higher derivatives that must be satisfied:

duy, du
= U [1(8) + Uzyg' () disy = Ugy [ (8) + uyyg'(5)

Similar relations are valid for uys, Uy, uyy etc. If u is a solition of the PDE
with specified data along a curve, then we have a system with 3 equations:

AUgg + 20Uzy +ClUyy = d
fuzw + g/uwy = ¢/
f/umy + g/uyy = 11/

These determine g, Uy, and ugz, uniquely along < as long as the system is
non-degenerate. I.e. we have the determinant

g
A = |det g
a 2b c

= a(g) —2bf'g +c(f)’

36
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is non-zero.

We call the initial curve v a characteristic if this is zero (i.e. the system is
degenarte) and a non-characterstic if A # 0 along . Along a non-characteristic
cure, we can hence solve the system and get Uy, Usy,Uyy at these points. By
repeated use of this,m we can get all mixed derivatives for u. We might hope to
use this to construct a power series solution...we will handle this in more detail in
the next chapter under the Cauchy-Kowalevski theorem.

To find the characteristic curves at a point, we write ¢’ = % and f' = % and
then A = 0 becomes:

dy 2 dz\ ,dy dx 27

Solving implictly gives us:

%_ b+ Vb2 —ac

dx a
Notice there are two characteristic directions if b2 —ac > 0, there is one charac-
eristsic equation if b2 — ac = 0 and NO characteristic equations if 5> — ac < 0. We
call these hyperbolic, parabolic and elliptic equations respectively.

’ Type \ Condition \ Number of characteristics at a point ‘
Hyperbolic | b — ac > 0 2
Parabolic | > —ac=0 1
Elliptic b —ac=0 0

Notice that since in general a, b, c depend on z, yu, u,, u, this type classificiation
can depend on the location, or which solution. For linear equations, where the thing
only depends on z,y then this depends only on which region of the plane one is in.

4.16. Propagation of Singularities

Suppose we wish to think of solutions to u which are not C? but instead satisfy
the PDE in some weaker sense. Suppose that the solution is C? in a region I and
C? in a region IT and that the 2 regions meet along some curve v. If v was a
non-characteristic curve, then the 2nd derivatives would have to be equal along y
since they are uniquely determined by the first derivatives along non-charactersitic
curves. Hence this can only happen if v is a characterstic curve. One can derive
relations for the jump across a characeteristic curve.

4.17. The Linear Second-Order Equation
Let us analyze in more detail the linear second order equation:

AUgz + 20Uyy + CUyy + 2duy + 2euy + fu =0

where a,b,c,d, e, f depend only on x,y. We do a change of variable now by
introducing variables £ and 7 defined by:

E=o(z.y), n=1v(zy)
Then the equation becomes:

Auge + Bugy + Cuyy + 2Dug + 2Euy + Fu =0
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Where:
A = a4 2600y + ol
B = a¢r¢y +2 (d’r"/)y + ¢y¢r) + C¢y¢y
C a} + 2bigthy + i’
ete.
4.17.1. Hyperbolic Case. In the hyperbolic case, it is helpful to find the
characteristic curves and put:
€ = ¢lw,y) = cons't 1 =1(w,y) = cons't
So that for every cthe set ¢(x,y) = care characteristic curves. If this is a
charactersitic curve, we know that a (dy)? — 2b(dz) (dy) + ¢ (dz)?® = 0 so putting
in the relation ¢,dx + ¢,dy = 0 along the curve, we get:
ady + 2bga ¢y + chl =0

This is exactly saying that the “coefficient” A = 0! In the same way, choosin 7 to
be a characteristic eliminates C. We then divide out by B everywhere to remain
with:

Ugy + 2Dug + 2Eu, + Fu=0

And this will have £ = cons’t and 1 = cons’t as its characteristic equations.
Sometimes it is nicer to put:

g =E+n, Y =&
So that the equation looks like the wave equation:

’U,y/y/ — Uy’ g’ + ces = 0

4.17.2. Elliptic Case. In the elliptic case b> — ac < 0 there are no real char-
acterstics. We instead try to force A = C and B = 0 to get an equation of the
form:

Ugg + Uy + 2Dug + 2Eu,) + Fu=0

This leads to solving;:

b _b¢w+6¢y P __aww+b¢y
T Vac—2 Y Vac—1?

Eliminating ¢ from here leads to the so called “Beltrami Equation”

(b%JrC%) +(a¢x+bwy> _
Vac -0/, vac—b% /,

EXAMPLE 4.5. (The Tricomi Equation)

Consider:

Uyy — Ylgg = 0

This has ac — b?> = —y so this is hyperbolic for y > 0, parabolic at y = 0 and
elliptic at y < 0.The characteristic equation is a (dy)? — 2b (dz) (dy) + ¢ (dz)> =0
is —y (dy)® + dz2 = 0. This gives:

dz £ /ydy =0for y >0
The characeteristic curves are therfore:

2 .
T+ §y3/2 = cons't
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Hence if we put & = 3z — 2y%/2 and n = 3z + 243/ we get to:
1ue —uy,
I

4.18. The One-Dimensional Wave Equation
The simplets hyperbolic PDE is the one-dimensional wave equation:
Lu = uy — 02um =0

The characteristic curves are given by 1 (dz?) — 2.0 - (dz) (dt) — ¢ (dt?) =

0 = (%)2 = ¢ 50 x & ct = cons't. Introducing £ = 2 + ¢t and n = = — ct as new

coordinates, we get to:
Ugny = 0

Assume that we are dealing with a convex region Q. (Not 100% sure why this
is relevant....I think it might be so that if you integrate along lines connecting two
points you never leave the region) Integrating with respect to ug,, =0 <= (ug)77 =
0 = ug = f(§) does not depend on 7. Integrating with respect to 7 now gives,
uw= [ f(&)dE + G(n) = F(§) + G(n) in the original variables this is:

u=F(rx+ct)+ G (z—ct)

Here u € C? iff F,G € C?.Thus the general solution of the PDE is obtained
from superposition of the solution F(x + ¢t) = v of vy — cv, = 0 and a solution
G(z — ct) = w of wy + cwy = 0. This correponds to the factoring:

L0 (0 ON(0 O
oz~ “ o2z \oar “ox) \ot T oz

Thus the graph of u(x,t) in the z — u plane consits of two waves propagating
without change of shape with velocity ¢ in opposite directions along the = axis.
If we impose initial conditions:

u(x,0) = f(x), w (x,0) = g(z)
Then putting ¢t = 0 into v = F(z — ct) + G(x + ct) we get:
f(x) = F(z)+G(z)

g(z) = cF'(z)—cG'(z)
Differentiating the first equation and then solving for F’ and G’ we get:
'(z) +g(z)
@)
(z) 50
L e ) — g
G'(z) = 70

f@) 1]
F(z) = “—/=+ - [ g(§d¢

2 200/

f@) 1]
Glx) = —F>— 5 [ 9(§d¢

2 200/
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So the final solution is:
z+Ct

(Fatet)+ fla—ct)+ 5 [ o€

r—ct

u(z,t) =

N =

From this we see that u is determined uniquel by the vales of the intial functions
in the interval [x — ct,x + ct] whose end points are cut out by the characteristic
curves from (z,t). This is called the domain of dependence for the solution at
the point (z,t). Conversly a point at time ¢ = 0 only effects points in the (z,t)
plane that lie in a cone bounded by the two characterstics from that point.

4.18.1. Generalized Solution. One can take the solution u = F(x + ct) +
G(z — ct) where F, G are not nessisarly C? as the weak form or generalized form of
soltuions for the PDE. Geometrically one can check that u(za,ta) + u(zc,te) =
w(zp,tp) + u(zp,tp) for any points A, B, C, D that form a parallelogram in the
(z,t) plane.

4.18.2. Wave Equation with Boundary Conditions. Consider now the
vertical strip 0 < < L and ¢ > 0. Suppose we initial conditions:

u(x, O) = f(z)v ut(xa O) = g(x)
at the bottom and we have boundary conditions on the boundaries of the strip
u(0,1) = a(t) u(L,t) = B(t)

One way to solve this is take the Fourier series in the z-direction. (Seperation
of variables)

Alternativly, you can divide the strip like region into subregions where you
can solve it by the parallelolgram sum rule. For example, the soltuion in the
region {(z,t): z—ct>0—c-0=0and x +ct < L+ ¢-0= L} boudned by the
characterstics from the end of the strip has an ordinary solution in the same way
the non-boundary condition PDE does. Once we solve in this region, we can solve
in the two triangular shapped regions on the edge etc.

4.19. Systems of First-Order Equations
Skip for now

4.20. A Quasi-linear System and Simple Waves

If you have the PDE:
v+ B(v)vy =0
You might hope to find a solution of the form v = F(6(z,t)). By plugging in
and noting that F must be an eigenvector of the B matrix, we get to the PDE for
0:
0,4+ c(0)6, =0
Where ¢(6) is an eigenvalue of matrix B in some way.



Characteristic Manifolds and the Cauchy Problem

These are notes from Chapter 3 of [2].

5.21. Notation of Laurent Schwartz

For vectors x = (x1,...,%,) and a multi-indez a = (o, ..., ay) whose compo-
nents are non-negative integers oy we define:

« _ [e5) (6%
x* = .o
o] = o +...+ay
al = o1l

We also define the differential operator

ol
pe=pypge .. pon = 0

daigoz  gon

5.22. The Cauchy Problem

The most general m-th order linear differential equation for a function u(z) =
u(xy,...,x,) takes the form:

Lu = Z Ay(x)D% = B(z)

la|<m

The sme formula describes the general mth order system of N differentail
equaions in N unknowns if you think of v and B as column vectors and A, as
N x N matrices.

The general m—th order quasi-linear equation is:

Lu= Z A, DU +C =0

la]=m

where now A,’s and C are functions of  and of the lower order derivatives
DBy for any |3| < m — 1. These can be reduced to large systems of first order
by treating yg := DAy as a new independent variable (this adds a lot of new
independent variabels) and then also introducting the “compatability conditions”
in the form of equations like y5 — DPu =0 .

Nonlinear equations or systems are given by:

F(z,D%) =0

These can be formally reduced to first order quasi-linear systems by applying
a first order differential operator to this. (?)

41
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5.22.1. Definition of the Cauchy Problem.

DEFINITION 5.5. The Cauchy Problem consists of trying to find a solution
of v to Lu = 0 having been prescribed Cauchy data on a hypersurface S C R”
given by:

St ¢d(z1,...,xn) =0

Here ¢ should be smooth enough so that it has m continuous derivatives adn
the surface should be regular in the sense that:

0 0

D¢:(D1¢,~~-7Dn¢): <3SE1¢7“"8$¢> 750

everywhere on the surface S. (this makes sure the surface has no “pinch” points
or other wrinkles).

The Cauchy data on S for an m-th order equations consists of the derivatives
of u of orders less than or eqaul to m — 1. As we have seen already, these cannot
be specified arbitrarily...they must satisfy compatibility conditions (we called these
strip conditions before....for example if v = f, uy = g, uy = h on a curve z =
¢(s),y = 1(s) then Lu(z(s), y(x)) = usd’ + uyt)’ is a compatability relation)

(One thing that CAN be specified is the normal derivatives to the surface...indeed
all the compatiability relations come from differentiating along the surface so these
are ok)

We are now going to find a solution of u near S which has this given Cauchy
data on the hypersurface S. We call a surface S non-characteristic if we can get
all of D®u for |a| = m on S from the linear albegraic system of equations consistinf
of the compatability relations for the data and the PDE together. Otherwise we
call the hypersurface S a characteristic.

We have seen before that if a generalized solution of class C™~! has jump
discontinuities in the m-th order derivative, they must occur along characteristic
surfaces.

5.22.2. The compatability conditions. Lets suppose for now that the sur-
face S we are interested in is the hyper-surface z,, = 0 and that the data is specified
here by a family of functions 1, that specify the derivatives on this hyper surfaces
in the normal direction #;,:

ak
D’;nu: oz )ku:@[}k(xh...,xn,l) 1<k<m-1
n

By using the fact that the surfarace is x,, = 0, we can get compatibility condi-
tions that give all the other derivatives:

Dfu = D& .. . DS-1DBny

T Tn—-1""Tn

= DI ... Dty

Tn—1

This express all of the derivatives as long as 8, < m — 1. To extend to the
derivatives with 3, > m we must use the PDE. Let o* = (0,0,...,0,m) be the
index for the derivatives of this top order that are not expressable just from the
Cauchy data. We can hope to solve for D* u in terms of the other deratives by
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using the PDE:
0=Lu = » AD%u+C

lal=m

A D u + Z AuDu+C

lal<m—1

So we will be able to solve for D" if the matrix A,-is invertiblei.e. det (Aqy-) #
0. In the linear case, this is just a question of the function A,- but in the quasi-
linear case A,~(and whether or not it is differentiable) may depend on the given
Cauchy data.

This condition depends only on the coefficients of A,.Define the principle
part of the PDE to be the operator:

Ly = Z A, D
|a]=m

Define the symbol of this operator by the matrix A an N x N matrix form
(i.e. a multilinear thing that acts of vecotrs) defined by:

AQ) =D Aul”
la]=m

Where ( is a vector ¢ = ((1,...,¢n)

5.23. Real Analytic Functions and Cauchy-Kowalevski Theorem

5.23.1. Multiple Infintie sereis. We say >  C,converges if it it converges
absolutly >  |C,| and in this case the order of summation does not matter.

5.23.2. Real Analytic Functions.

DEFINITION 5.6. We say f is real analytic at a point y if it has a power series
in a n’h’d of y:

flz) = an (x —y)*Vz € Be(y)

We call the space of such functions C*. We say a vector is C" if each of its
components are real analytic.

THEOREM 5.31. If f = (f1,..., fm) € C¥ then f € C* is infitently differen-
tiable and for all y € Q) there exists a n’h’d N of y and postive numbers M, r such
that for all x € N we have:

1 (6% (6%
fl@) =Y = (Df(y) (x—y)

al

«

and we have that
|D? f(z)| < M |B|lr =V for all B € Z™ and all k

PROOF. Suppose f(z) = > cqox® converges in some radius |z| < r9. Since
the covergence is uniform, we claim that D°f = 3 D (c,2®) exists and again
converges uniformly inside |z| < 7o with geometric estimates strictly inside the
radius of convergence.
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(Here is a sketch of this: let fy = Z\aISN cqr® so that fy — f uniformly.

Define gy = 37, j<n DP(cqx®) and g = limy_,o gn. We can verify that the series
has the same radius of convergence and gy — ¢ uniformly here. We know for each
N that DPfy = gn here since its a finite sum. Hence we can write Ang(x) =

fol gn(z 4+ v(h))da where Af is a finite difference operator so that Agf — DB f as
hlﬁ 0 and [ is a suitable integral over g (For example: w = %f;ﬁh g(s)ds =
Jo 9(z+sh)ds.) Now taking the limit » — 0 we have that the LHS AZfN (x) = DPf
while the RHS — [/ g(z)ds = g(x) by the LDCT. Hence D®f = g as desired) O

5.23.3. Statement of the C-K theorem.

THEOREM 5.32. Suppose that S is a mon-characterstic surface. Suppose we
have real analytic data at 2° € S (i.e. locally a power series). Suppose that the
coefficeitns that appear in the PDE are real analytic functions of their arguments.

Then there is locally a solution that is real analytic in some n’h’d of xo. This
is the unique real analytic solution here.

PrROOF. On a non-characterstic curve, we can find all the derivatives D, so
we can then construct the candidate power series about xg. From there, you must
show that the power series converges in some n’h’d.

The idea to prove this is by majorisation: you create a new problem where the
coefficents are bigger and for which you can explicitly show the series converges.

Usual one reduces to the case of the hypersurface x,, = 0 first. (]

5.23.4. Counterxamples. Consider the heat equation u; = u,, with data
specified at the initial time u(0,z) = g(z).

The z(s) = s,t(s) = 0 is a characterstic curve for the PDE. Notice the principle
part of the PDE is just u,, = 0 which has characteristics 1(d¢t)? = 0 so dt = 0 or
t =cons’t.

Here is an explicit example where you can check that the power series does
NOT converge:

1
Ut = Ugy U(l’,o) = m

T ™
u(t,x) = Zamm%m

Um+1,n = Am n+2

Write:

Then the PDE implies:

The initial conditions imply:

1 2, 4 z"
o =1—2"+z +...:u(x,0)=Zao,nH

ap2n+1 = 0 ap,2n = (_1)71 (2n')
Hence we get:
Am,2n = G0 2n+2m = (—1)"T" (2(n +m))!

But now:
mon  2(n+m)!
m!(2n)!  m!(2n)!
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Along the diagonal m = n this is:
(4n)! (4n)in
n!(2n!) - n"™(2n)n -
which blows up so fast that the series cannot coverge in any radius.
This also reflects the fact that the equation is ill posed for backwards time.

5.24. The Lagrange-Green Identity
Apply the divergence theroem to f = uDyv to get an integration by parts

formula:
T _ T t
/v Dkudx—/v u-nde—/(Dkv) udz
Q

Q 0
Or more generally:

/vT Z ao(z)D%u dx:/ Z (—1)‘0‘| D* (v"an(z)) udx—i—/M(v,u,ﬁ)dS
a0

a<m Q lal<m

where M is some surface intgral that is linear in 7 with coefficients that are
bilinear in the derivatives u,v. This expression is not determined uniquely, but
depends on the order in which we apply integration by parts.

5.25. The Uniqueness Theorem of Holmgren
Skip!
5.26. Distribution Solutions

The integration by parts buisness lets us define weak solutions. We define
a distribution to be a linear functional from the compactly supported infintely
differnetiable test functions ¢ denoted by f[¢]. We require that the f are continuous
in the sense that:

Va, lim D%¢p(z) =0 = lim fpx] =0
k— o0 k—o0

Of course and continuous functions f creates a distribution by f[¢] := [ foda.
The dirac delta function d,,[¢] = ¢(x0) is another distribution.
We can define derivatives by D, f := the unique distribution so that :

Dy, fld] = —f [Da, 9]

In this way any differential operator on functions is a differential operator on
distributions too. We call a solution u a fundemental solution if it has (as a
distribution):

Lu = 0g4,

We call u a weak solution to Lu = w if:

/ pwdz = / (i¢) udz

For all test functions w. If Lu(xg,z) = 65, () then u = [ u(zo, z)w(xo)dz will be
a weak solution of the Lu = w.



Laplace Equation

These are notes from Chapter 4 of [2].

6.27. Green’s Identity, Fundamental Solutions and Poisson’s Equation

6.27.1. Green’s Identity, Energy Identity, Uniqueness. The Laplace
operator acting on a function u(x) = wu(xy,...,2,) of class C? in a region Q
defined by:

A= zn:D,i
k=1

The Laplace equation is the equation Au = 0 inside some region 2. The Green’s
idenity for two functions u,v € C? (Q) is that:

du
Auder = — o, Ug, d —d
/vuaz /;vlulac—&—/vdnS

Q Q o0

/vAudx = /uAvdx—l—/ vd—qi —ud—g ds
dm dn

Q Q o0

Where here % indicates the derivative in the normal outward direction of
the surface, % = Vy - 7i. (To get these you can apply the divergence theorem
JoV-FdV = [, (F-7)dS to F = ¢V¢ and using the idenity “Ay = V - V1) )
When v = 1 is a cons’t function, the above gives:

/Audx:/d—l_{dS
drni

Q [2/9)

Another special case is when v = u in which case we get the energy identity:

/Zuider/uAu:/ud—gdS
el dn

Q Q o2

This energy idenity is enough to show us uniqueness for the Laplace equation

Au = 0 inside a region €2 when u or % is specified on the boundary 0f2.

THEOREM 6.33. Suppose we specify either the boundary data ul|sq (This is
referred to as a Dirchlet problem) or we specify % loa (This is reffered to as
the Neumann problem). Then there is at most one solution u for the Dirchlet
problem, and at most one solution for the Neummann problem up to an additive
constant.

46
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ProOOF. Since the Laplace equation is linear, by letting v = u; — ug for any

two solutions w1, us, it suffices to check that if u|sg =0 or % loo =0 then u =0
for the Dirchlet problem or u = cons’t for the Neumann problem. Indeed, by the

energy equation we have that:
/ Z uidx =0
Q i

And since the integrand is non-negative everywhere inside €, it must be the

case that it is identically 0. Hence u,, = 0 everywhere, which shows u = cons’t.
For the Neumann problem, the boudnary data gives us that u = 0 since it is 0 on
the boundary. O

6.27.2. Fundemental Spherically Symmetric Sol’n. One of the principle
features of the Laplace equation is that it is spherically symmetric i.e. if ¢(z)
is a sol'n then ¢ (Oz) where O is an orthogonal transformation is a sol'n too.
It is natrual to then look for a spherically symmetric sol’n, i.e. one for which
Y(x) = 1 (Ox) for every x. In polar coordinates, such a function must be a function
only of the radius r. Since r? =} 22, we have that 2 (0,,7)r = 2z, = Op,r = %
and we then get for any function ¢ (r) which is function only of the radius r that:

AY(r) = Y 02,00,1(r)

> 0, (1) (917))

So., (VD)

> ow () @er) (5) + 0 0) (0,7
Sur) () + ) (1 e x)

n—1

- Y
= rl n (T"_lw’(r))

So if AY(r) = 0 we get the ODE (+"~1¢/(r)) =0 = 4/(r) = Cr'~" which
has the sol’n:

/!

r2-

C—  forn>2
vr) =3 T
Clogr forn=2

It is clear that Ay = 0 for » > 0 but notice that ¢ is singular at » = 0. The
following result gives some information about what’s going on at r = 0:

THEOREM 6.34. The solution 1(r) defined as above with the choice of constant
C = i(where wy, is the SURFACE AREA CONSTANT of the n-sphere. E.g.
wo = 27, w3 = 47, w, = 27" /T(in) ) is a fundemental sol’n, in the sense
that Ay = 65 in the sense of distributions.

PROOF. Say ( is a region containg 0, and take any function u € C? (Q). For
some small p > 0, take B,(0) the ball of radius p centered at 0. Assume that p is
so small so that this is contained in Q. Let 2, = Q — B,(0) be the region with this
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ball removed. Apply Green’s identity and the fact that Ay = 0 inside €, to get:

/wAudx—/ wd“ w32 ds + / p3 99 gs
dn dni dn
8B, (0)
The normal points INTO the ball B,(0), so glf = —1)'(p) = —Cp'~"is constant

on 0B,(0) Also, ¥ = ¢(p) is constant on dB,(0) so this can be factored out of the
integral. These two facts let us simplify the last term on the right hand side:

/ (wj:;— jw>d5 = 4(p) / (du)ds+¢() / wds

8B, (0) 8B, (0) 8B, (0)
= o) [ dudervtlp) [ uds
B, (0) 0B,(0)

As p — 0, we know by continuity that fBP(O) Audz ~ Au(0) - p™ up to a
constant. Since 1(p) has p"(p) = o(1) as p — 0 the first term completely dies as
p — 0. In the second term, we have ¢/(p) = Cp*~™ and f@BP(O) udS ~ wyu(0)pnt
where w,, is the SURFACE AREA CONSTANT of the n-sphere. E.g. ws = 2,
ws = 47, w, = 2v/7"/T(3n) . Hence ¢/ (p) Jom, () udS — Cw,u(0) as p — 0 and

we get:
/wAudx: lim/wAudx:/ wdlﬁ —ud—w dS + Cw,u(0)
p—0 dm dn
Q Q, a0
Have then:

/u((Ad)))dz ::/zDAudx—/(zbil;—u(:’[}) dS = Cunu(0)
Q Q o

(You can also use that for test function supported on compact subsets of €2, all
the stuff on 02 vanishes).
So indeed A¢(0) = Cw,d; in the distributional-integration-by-parts sense. [

6.27.3. Integral Representation Formula. Let us define now a kernal K (z, &) :=

¥ (|Jz — £]) to be this fundamental sol’n centered at some arbitrary point £. By what
we did above AK (z,&) = d¢. If Au = 0 then the identity developed above gives a
very important identity:

PROPOSITION 6.6. Integral Representation for solutions to Laplace’s equation:

w9 =~ [ (K9 @ - w22 astw

o0
This shows that the solution u depends only on the data on the boundary. This
also lets us see very clearly that one CANNOT prescribe both u|sq and du < loq -

COROLLARY 6.1. Let u be a sol’n to the Dirchlet problem wtth ulgq = f pre-
scribed. Then there are NO soln’s for the problem v |9q = f and % oo = g except
for the very exceptional case that g = Z loo matches the solutzon u we had found
earlier.
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Proor. This follows directly by uniquness (since any such sol’'n v must be
v = u) or you can see it from the above integral formula. O

This integral representation also shows that u is infinetly differentiable: we can
take any number of £ derivatives by differentiating under the integral sign and using
the differentiability of

COROLLARY 6.2. Any sol’n u is infinetly differentiable u € C*(Q)

PROOF. Just use the integral representation and integrate under the integral
sign. Since K(z,¢) is differentiable w.r.t. & away from £ = z (i.e. away from
r = 0). For points £ € €, since ) is an open set, there is no issue with these
“problem points” where x = &. O

We can actually show a slightly stronger result: that sol'ns u are real ana-
lytic...i.e. u is locally equal to a power series.

COROLLARY 6.3. Any sol’n u is real analytic.

ProoOF. It suffices to show that any sol’'n u has an analytic extension. Again,
observe K(x,€) is real analytic away from z = £. 777 O

ExaMPLE 6.6. (The Cauchy problem for the Laplace equation is generally
unsovable.)

Suppose we look at the half space BT = {z, > 0} (equally well will be a
compact “slice” from this half space) with data prescribed on the boundary z,, = 0:

U= O, Uy, = g(xlv oo 71'77.71)
We will show that if g is not real analytic, then there cannot be any solution.
Any solution u here can be extended to the whole space by “Schwarz reflection
principle” uw(z1,...,Zn-1,2n) = —u(T1,...,Tn, —Tp). Since u is real analytic it
must be that this extended function has u|,, —o is real analytic. But this is exactly
g, so g must be real analytic.

6.27.4. Law of averages. Notice that if w(z) = w(x1,...z,) is any sol'n of
Aw = 0 then:

G(z,§) = K(z,8) + w(x)
is again a fundemental sol'n of the Laplace equation with a pole at £&. The

advantage of doing this is that by adding this w, we can manipulate the behaiviour
of G on the boundary 9f). The integral identity still holds:

u(§) = /G(x,f)Audx—/ (G(m,f)du(x) —u(x)dG(x’g)) ds,

dri, dri;,
o

For example, in the case Q = B, (z¢) adding on a CONSTANT function w(z) =
—1 (ro). Notice then that:

G(z,8) = K(z,§) =9 (ro) = ¢ (lz = &|) — ¢ (ro) by choice of
From this it is clear that G(x, ) = 0 for any = € 99, since |x — xg| = ro for
such x. We can also explictly compute

dG(z, xo) dK (x,z0) 1

_ — o r _ 77‘17”
dni, dii,, ¥(ro) Wy ©
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So our integral formula becomes:

u(xo) :/G(m,xo)Au(ac)d:E+ 1n71 /u(aﬁ)dSz
Q o9

wn T

When Awu = 0 this gives Gauss’s Law of the Arithmetic Mean:

THEOREM 6.35. For Au =0, we have:

1
u(eo) = — / w(x)dS,
"o |[z—z0|=T0

PROOF. See above formula. O

REMARK 6.12. Notice that wrf ' is the surface area of the ball |2 — xo| = 7o,
so this says that the value at the center of the ball is equal to the average value on
the surface of the ball.

A function is called subharmonic if it satifies the inequality:

1

n—1
WnTy

u(xg) < u(x)dS,
|z—xo|=T0

The above identity, along with the monotonicity of ¢ shows that functions with
Awu > 0 are subharmonic.

6.27.5. Poisson’s formula. From our proof that the Kernal K(x,¢) has
AK(z,§) = d¢ , we had the integral formula that for any compactly supported
test function u that:

() = / (DK (2,6)) u(z)dz
- / (A (z,€)) ulz)dz

— A ( / Kz, f)u(x)dx)

If we put w(§) = [ K(z,&)u(z)dz then this is saying that u satisfies the differ-
ential equation:

Agw(§) = u()
This actually works even for functions v which are C?(Q)...i.e. they don’t have
to be compactly supprted.
PROPOSITION 6.7. Suppose we are given a function u and we seek a solution
to the DE:
Agw(§) = u(§)
Then w(€) = [ K(z,&)u(x)dr is a solution!

ProoF. To prove this a bit more rigorously, one can use a partition of unity
to approximate C?(Q) solutions by compactly supported ones. (I

6.27.6. Relationship to Holomorphic functions in dimension n = 2.
Come back to this. Also go over how to map solutions via conformal maps.
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6.28. The Maximum Principle

6.28.1. Without using the averging principle; analyze potential max-
ima.

THEOREM 6.36. Let u € C?(2) N C°(Q) and suppose Au > 0 in Q. Then:

max u = maxu
Q o0

PROOF. Suppose by contradiction that z( is an internal maxima. Since zy a
local extremum, we have Vu(zg) = 0. At x9 we have Au(zg) = 3 Uy, (T0) >
0 = Jig 50 Uy, z,, (7o) > 0. But then by traveling in the z;,direction, we get an
even greater value!. O

THEOREM 6.37. Same theorem as before, but now assume only that Au > 0.
Then maxg u = maxpq u

PROOF. Define a helper function v = |z|*> . For any ¢ > 0 we have that u + ev
satisfies the conditions of the previous theorem. Hence:

max (u + ev) = max (u + €v)
Q o9

Hence we have for every e > 0 the inequality:

max v < max (u + ev) < max (u + ev) = maxu + € maxv
o) Q EI9) o0 o9

Taking € — 0 in this inequality gives the desired result. g

In the special case that u has Au = 0, we have both a maximum principle AND
a “minimum principle”...just apply the maximum principle to —u. Combining the
max and min principle gives:

THEOREM 6.38. Let u € C?(2) N C°(Q) and suppose Au =0 in Q. Then:
max |u| = max |u]
Q 20
COROLLARY 6.4. (Uniqueness) A function u € C?(Q) N C(Q) is determined
uniquely by the values of Au in Q and of u on 0N2.

PROOF. Subtract any two such solutions. The difference is harmonic and is 0
on the boundary, so by the maximum principle it must be 0 everywhere. Hence the
two solutions are the same! ([l

REMARK 6.13. This method of proving the maximum principle works for ar-
bitary elliptic operators:

AUgy + 20Uy + ClUyy + 2du, + 2eu, =0

by exploiting the fact that at local maxima we must have that det Hess =
U Uy — u?ﬁy > 0 and ugz, <0 and uy, <0
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6.28.2. Using the averaging principle. The averaging principle u(zo) =
—L f __. u(x)dS, we had from the last section is a powerful way to prove
Wn Ty |z—ao|=r0

maximum principles.

THEOREM 6.39. Suppose u € C%(Q) and Au > 0 in Q. Then either u is a
constant or:
u(€) < supu for all £ € Q
Q

REMARK 6.14. The result actually holds for any w that is subharmonic in .

PRrOOF. We use a “connectedness” argument. Take M = supg v and then let
O ={e:ul§) =M} and let Q2 = {£€€Q:u(f) < M}. s is an open set
by continuity of w. €3 can also seen to be open by the averaging principle for
subharmonic functions. Take xy € €27 and consider that for any ry that:

0 < / (u(z) — u(xg)) dS,

|z—z0|=r0
< 0
So we have an equality sandwhich and everything must be equal. Consequently
u(x) = M in a n’h’d of zy. Hence by the usual connectedness argument, we can

conclude that €, must be empty and that u < M everyewhere on the interior of
Q. O

THEOREM 6.40. Suppose u € C%(Q2) N C°Q) and Au> 0 in Q. Then either u
s a constant or:
u(§) < max u for all £ € Q

PROOF. u must achieve its maximum on the compact set Q somewhere. By the
previous theorem, it cannot be on interior. Hence it is attained on the boundary
and maxpo v = maxg u. O

6.29. The Dirichlet Problem, Green’s Function, and Possion’s Formula

Recall that if we have a fundemental solution G(z,§) with A,G(x,€) = 4y,
then we had the integral representation:

w(€) = / Gz, ) Audz — / (G@c,g)d“(m) —u(m)cwd(;;g)) ds,
Q

dm,
aQ

DEFINITION 6.7. We call a fundemental sol’'n G(x,&) with pole £ a Green’s
function for the Dirichlet problem for the Laplace equation in the domain {2 if:
G(z,§) = K(z,8) + v(z,)
forx € Q, ¢ € Qand v # ¢ with K(z,8) = ¢ (Jx — £|) our spherically

symmetric solution and v(z, &) is a solution to A v = 0 inside Q of class C%(Q).
We also require that:

G(z,&) =0 for z € 90, € Q
(This is the part that makes it the Green’s function for the Dirichlet problem)
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REMARK 6.15. Physically, K(-,£) is the potential function caused by a point
charge at the point £ € Q. We are looking for a potential function v(-, ), which
depends on &, that will work out to ezactly cancel any voltage contribution on the
boundary 9 that K(-,&). We want to do this without adding any charges inside
Q....this is the condition that Ayv = 0 inside Q. (We will see that adding point
charge in a smart way outside of 2 is actually a very smart way to go about doing
this)

If we have a Green’s function, notice that the terms with % at the boundary

0f) vanish, so we will have an integral formula for any u that has Au = 0, namely:

ue) = [ uw e as,

o0

Notice that to construct such a G amounts to solving a Dirchlet problem:
you have to find a harmonic v = —K on 9. In some cases G can be produced
expliticlty. We will show how this can be done for halfspaces and for balls.

When n = 2, the Laplace equation is conformally invariant under conformal
mappings, so if we can solve it here and we are good at conformal mappings, we
can solve it in a number of regions.

6.29.1. Poisson Integral formula, Method of Images. Lets try to find
such a Green’s function in the region Q = B,(0), a ball of radius a centered at
the origin. Recall the definition of inversion of a point through a sphere, namely
E—= & = @5 . Sphere inversion has the property that for every x on the sphere,
we have:

g-¢| a
lz =&l €]

This is handy because the function K depends only on these radii, so if put
G(z,§) = K(z,8) + v(x,€) and we choose v(x,&) to be something like —K (x,&*)
we can make sure the Green’s funtion vanishes on the boundary.

Physically this is known as the method of images. In the physics picture,
finding G(z,§) is trying to find the voltage function for a point charge at the point
¢ where the boundary of the sphere is held at fixed voltage V' = 0..imagine it is a
conducting shell made of metal. One way to ensure that the boundary condition
V =0 is met is to imagine that there is a mirror image particle of opposite charge
placed in exactly the right spot to cancel any contributions from the first charge.
(Physically: the electrons in the metal shell will rearrange themselves to mimic
such a charge distribution in order to keep their voltage at 0)

= const

Notice that by the relationship that % = ﬁ = const, we know that:

_
(2 —n)w,

1

K(z,§) = @ ),

x—€*", K(z,6%) = |z — &>

(This is for the case n > 2) So for x € 9 the two quantities are equal up to

2—n
the factor (%) . Hence the following Green’s function works:

1€l

a

Gle.6) = K(2.9) - ( )2_nK<x,s*>
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2—n
K(z,¢
singular only outside of the sphere € so this is a valid solution with A, G(z, &)
inside €.
We can now do a calculation to see compute the following:

€]

vanishes for x € 92 exactly as desired! The second term, (7 *), is
€

=
PROPOSITION 6.8. Have:

dG(z,&) 1 a® ¢

dii,  awp |z —&|"
PROOF. Since K(z,§) = m |z — &[>, we have:
dK (x,§) T
Tan VK (z,§) - 2]

- een(E=8) ()
Wn |z | ||

—¢
- kT -9 @)
- -l (¢ 0)

AWy,

(Since z - 2 = |z|* = a2 here) So we have then:

dG(z,§)  dE(z,§) ( l¢] ) dK (z,£")

dri, dfi, a dri,

- L [x—ﬁln (0 —¢-z) - (|§>2” o = €7 (a® — € x)]

awn,

- — [xa" (@ —¢-a) - ('2 |x€*|>n (('E')Qa? ('2')25* x)]

2
We now use the fact that | — &| = % |z — &*| and £* = (%) € to get to:

dG —n -n
Wt = Llo-gm@-eo)-(o-eh™ (g ¢ 2)]
a® - |¢*

awn, |z — &["

O

REMARK 6.16. Since the solution only depends on V K here, this actually works

for n = 2 as well. (Since in any dimension ¢/(r) = ——r1=")

PROPOSITION 6.9. (Poisson Integral formula). If u(§) is a solution to the
Dirichelet problem in the sphere of radius a, then we have an integral formula for
u in terms of its boundary data:

ul€) = / H(x, €)u(x)dS,
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The kernal is given by:
_dG(x,6) ¢

H(z,¢) :

The kernal is called the Poisson Kernal.

dii, awy, |z — &"

REMARK 6.17. Note that if someone specifies some arbitary boudnary data
f, there might not be a solution u with this as its boudnary data; we need some
kind of smoothness criteria. The following properties of H make this kind of thing
possible to prove however:

LEMMA 6.3. The Poisson Kernal H has the following properties:
i) H(z,£) € C™ for |z| < a. |{| <a and x # &
i) AeH(x,€) =0 for [€] < a and |z| =a
iiz')fmza H(z,&)dS, =1 for all |¢| < a
i) H(x,&) >0 for |x] =a, |{| <a
v) If |xo| = a then:
lim H(z,£) =0

E—rxo

uniformly in x for |x — &| > >0
PRrOOF. These are not too hard to check. O

PROPOSITION 6.10. Suppose [ is continuous on |x| = a. Then the function
u(§) = f|z\:a H(z,8) f(x)dSy for |&| < a and u(§) = f(&) for || = a is a continuous

solution to the Dirichlet problem and is C* inside the interior |¢| < a

Proor. By differentiating under the integral sign, it is clear that w(§) defined
in this way is harmonic and C'*°. It remains to check that u is continuous on the
boundary and that it equal to f there.Consider any point zy € 92 on the boundary
and think of a limit £ — z¢. By properties of the kernal H we write:

() — flwo) = / H(x,€) (f(x) — f(x0)) S,

|z|=a

+

le|=a.lz—z0|<5  |z|=a,lz—0|>3

The integral over nearby points |z — z¢| < ¢ will — 0 by the continuity of f
since we can choose ¢ so small so that |f(x) — f(zp)| is small there. The integral
over “far away” poitns |x — x| > ¢ tends to 0 by the property v) from the last
lemma O

6.29.2. Estimates from the integral/compactness results. Differentiat-
ing under the integral in the formula u(¢) = [,, H(z,&)u(z)dS, gives (Recall that
H(w,€) = 450 = o),

awnp |z—&[™

n

/ zu(z)dS,

|z|=a

ug, (0) = s

and hence: "
ug; (0)] < — max |u(z)|

a |z|=a
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More generally if if we have a point £ in the domain €2, and d(€) is the distance
from £ to the boundary of 2, we can apply the above result in a sphere centered at
¢ and of radius a for any a < d(&). As a — d(§) we get the estimate:

e, (0) < g up

Similar inequalites hold for higher derivatives too.

These inequalites lead to completness and compactness properties for the set of
harmonic functions. For example, suppose we have a sequence uy € C?(Q)NC°(£2)
satisfing Aug = 0 in € and suppose that on the boundary we have uj converging
uniformly on 91 to a fixed function f. Notice that if the sequence uy is uniformly
Cauchy on the boundary, then it is uniformly Cauchy on the interior {2 by the
maximum principle. Hence the sequence wu; must converge to some function wu.
The above estimates let us see that all the derivatives are congerging too! Hence
the limit point « must also be harmonic.

If we have only that ug is a BOUNDED set |ug| < M on €, the estimates
for the derivatives for the family u; we have above actually know the family is
equicontinuous. Hence, by the Arzela Ascoli theorem, we know that there is a
uniformly convergence subsequence. As before the limit point myst be harmonic
too.

6.30. Proof of Existence of Solutions for the Dirichlet Problem Using
Subharmonic Functions (“Perron’s Method”)

We can prove existence of solutions to the Laplace equation by using the fact
that harmonic functions are the pointwise-largest functions that are subharmonic
(recall that subharmonic was defined in terms of an inequality in Gauss’ averaging
principle)

THEOREM 6.41. Let o(Q)) denote the set of subharmonic functions, namely
those which satisfy at every point &:

1
u(§) < —— / u(x)dS, for sufficiently small p

9B, (&)

Suppose we have some boundary data f on 9Q. Let o;(?) denote the set of
subharmonic functon u € o(Q) that also have u < f on 0Q. Then the function:

wyi(zx) = esu;zg)u(x)
ucof

This function wy is harmonic in the region Q.

REMARK 6.18. This does not show that wy = f on 0f)....to get this additional
information you need some information about the regularity of the boundary 9f2.
We will see this in the barrier functions we look at later.

We divide the proof into a number of sub-lemmas

LEMMA 6.4. For u € o(Q) N C°(Q) we have:

maxu < maxu
el 9

PRroOF. This was the maximum principle for subharmonic functions! O
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DEFINITION 6.8. For £ € © and p a radius such that B,(£) C Q, and u € C°(9)
define the function u¢ , by replacing the value of u inside B,(§) with a harmonic
function there. Le. ug¢ , is characterized by:

ugp(x) = wu(z)forall z ¢ B,(£)
u¢,, is  harminic for z € B,(§)

This is ok since we know how to explicitly construct (via Poisson integral)
solutions to the Laplace equation inside a sphere.

LEMMA 6.5. For u € o(Q) and B,(§) C 2 we have:
uw(z) < wugp(x) for allx €
and moreover ug,, s subharmonic, i.e.:
ue,p € 0(2)

PRrROOF. The inequality u(x) < u¢ ,(x) is clear outside of the ball B,(&). Inside
the ball, we will apply the maximum principle to get the result we need. We
know that u — ug , is a subharmonic function (since u¢ , is harmonic here and w is
subharmonic). Hence by the maximum principle, MAaXp, (p) U—Ug,p < MAXYB, (p) U—
ug¢,, = 0 since the two agree on the boundary.

To see that u¢ , is subharmonic we must verify that ue¢ ,(x) < ﬁ J u(x)dS
at each point x for r small enough. This is clear if z € Q\B,(£) since ue, = u
here and w is subharmonic, and it is clear if € B,({) since u¢ , is harmonic
inside the ball. For x € 9B,(£) on the boundary of the ball, we use the inequality
u(x) < ue ()

1

wnrn—l

1

ug,p(x) = u(z) < o1

/ u(z)dS < / ue(z)dS

(]

LEMMA 6.6. We defined “subharmonic” to mean that Vg € Q3r so that u(xzg) <
ﬁ [u(x)dS. In fact, if u is subharmonic then this inequality holds for ANY
choice of r, as long as B(xg,r) C Q

ProOF. The proof goes by comparing with u¢ ,. Have:

1 1
w rn—l /uzovp(:c)dS: m/u(l’)ds

U(IO) S urg,r(ZO) S
(Il

LEMMA 6.7. A function w is harmonic if and only if both u € o(2) is subhar-
monic and —u € o(2) is subharmonic.

PROOF. = is clear since Au > 0 and A(—u) > 0.

To see the converse, we will show that u(x) = ue ,(x) at every point x. Indeed,
u(z) < ugp(x) for every point z since u € () and —u(x) < —wue ,(x) since
—u € 0(2). Hence they are equal! O

LEMMA 6.8. If for every z , there is r small enough so that u(zg) = ——— [u(x)dz,
then u s harmonic.

PRrROOF. The equality means that both u and —u are subharmonic. O

LEMMA 6.9. Ifuq,...,ux € 04(Q2) then v = max (ug,...,ux) € 07(Q2) too.
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PRrOOF. For any r sufficiently small,

v(xzo) = max (ui(zg),...,ux(zo))

1 1

max (r”lwn /ul(x)dx, i, /uk(x)dx>
1 1

max m 'U(l')dif7 ey m ’U(‘T)dx

1
= oo /v(m)dx

IN

IN

LEMMA 6.10. wy is harmonic in 2.

ProoF. Fix an arbitrary n’hd B,(&). We will show that w; is harmonic here.
Let z1,... be a dense subset of B,(§). Then, for each x; since wy = SUPyeo, () U
find a sequence wu; ; of functions in o¢(2) so that lim;_, u, ;(z;) T wy(z;) for each
x;. Define u; := max (u1 ;,u2,j, ... u; ;). By the lemma, u; € 0;(Q) too. We have
now that lim; o uj(z;) > im0 w; j(z;) = wy(x;) and since this is a sup, we
actually have an equality. Moreover, since u; ¢ ,) > u; for each j and is still in
o7(Q2) we have lim; o uj, (¢ p)(2i) = wy(w;) for each i.

We can suppose WOLOG that the u; are bounded from below by m = infaq f
by replacing u;by max(u;, m) if nessasary. The u; are automatically bounded from
above by M = supyq, f by the maximum principle. Now since u; is a bounded set
of harmonic functions, by the derivative estimates we had in the last section and
the Arzela Ascoli theorem, we know there is a unifromly convergent subsequence
uj, (¢,p) — W for some harmonic W.

It must be the case that W = w however, since the two functions agree on the
dense set {z;} and the functions are continuous: W (x;) = limg 00 uj, (¢,p)(T:) =

6.31. Solution by Hilbert Space methods

Convert the Dirichlet problem into:

Au = win
u = 0on 0N

Define an inner product for u,v € C*(2) with « = 0 on 9 by:

(u,v) = /Vu - Vudz
Q

And take the completion w.r.t to this inner product to get a Hilbert space Hg
with this norm (Turns out it contains all the functions with weak derivatives in L?)
Define now the functional:

d(u) = / wwda

We check that this is a bounded linear operator on H{ by using the Poincare
Inequatiy:



6.31. SOLUTION BY HILBERT SPACE METHODS 59

PROPOSITION 6.11. (Poincare) There exists C so that

/u2dx < C/|Vu|2 dx
Q

Q

Proo¥. First prove it for v € C1(Q). Find a cube that contains . Then
integrate by parts in the x; direction:

2 2

/u2dx = —2/$1uﬂdz
81'1
Q Q
2a/|u\
Q
2a (/u2da:> (/|Vu|2dac>

So dividing through by [, u*dx gives the result:

Ouf*
Ox

IN

IN

/qum < C/ Vul®d for u e C*
Q Q

Now to prove it for arbitrary u € Hg, take a sequence uj — u in the sense of
H{ so that each u; € C'. But then u; is H}—Cauchy. By the above, it is also

||-|| .= Cauchy. Hence both sides of teh inequality are converging, and we get it for
general u € H}. O

PROPOSITION 6.12. The functional ¢(u) = [uwdz is continuous

Proor. Have:
2

ol = | fuwas

< ‘/uzdx /dex
< C‘/|Vu2dx /wzdx
< C’/w2dx [lu)?

O

PROPOSITION 6.13. By the Riesz Representation theorem, there exists a weak
solution to:

Au=w in Qu =0 on 0N

PROOF. By Riesz, find v so that for every u € H':

/uwdx = ¢(u) = (v,u) = /Vu - Voda
Q



6.32. ENERGY METHODS 60

And then by integration by parts we have:

/ wwde = / V- Vode
/ wwds - / wAvdz
— ( / u(w—Av)) 0

So v solves it in the weak sense. O

6.32. Energy Methods

THEOREM 6.42. There is at most one soltuion to Au = —f in U and u = g on
ou.

ProOOF. Let w = u — u be the difference of any two such solutions. Then
Aw =0 and w =0 on U. But:

0= —/wAwda: :/|Vw|2 dz
U U
Hence Vw = 0 i.e. w is a constant. Since w = 0 on the boundary, must have
w = 0. U

Proor. dfhs O

THEOREM 6.43. (Dirichlet’s Principle) Assume u solves Au = —f in U and
u=g on OU. Then:

Iu] = f,fléf}][w]

whereA:{w€C2:w:g onaU}

REMARK 6.19. This is saying the solution to the PDE is the one that minimizes
the energy.

PROOF. Let u be a solution. For w € A, we know that:

0:/(—Au—f)(u—w)dx

U

Integration by parts gives:

Oz/Vu-V(u—w)—f(u—w)dx
U
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(There is no boundary term). Hence:

/|Vu|2—ufdx = /Vu~Vw—wfdm
U

U
< /|Vu||Vv|—/Vw—wfdx
U
1 2 1 2
< §/Wu\ dz + /§\Vw| —wfdz
U
= Iu] < I[w]

(I
THEOREM 6.44. Conversly, if Iu] = ming,e 4 I[w] then u satisfies the equation.

PRroOF. This is a calculus of variations proof. For any test function v notice
that Ifu + ev] > Ifu] so the function f(e) = I[u + ev] must have an extremum at
e = 0. Hence f'(0) = 0. On the other hand:

f(@)]e=0 = /Du -Dv—wvfdr = / (—Au — f)vdx
U
Since this is zero for every v it must be that —Awu — f = 0 inside U. O



Hyperbolic Equations in Higher Dimensions

These are notes from Chapter 5 of [2].

7.33. The Wave Equation in n-dimensional space

DEFINITION 7.9. The wave equation for a function w(z1,...,zn,t) = u(z,t) of
n space variables x1,...,x, and for time ¢ is given by:

Ou=uy — Au=0
The operator [ is called the D’Alembertian. The initial value problem asks
for a solution of this PDE in the (n + 1)-dimensional halfspace ¢ > 0 given Cauchy
data at t = 0:
u=f(z), uy = g(x) at t =0
7.33.1. Method of spherical means. We will show how we can reduce this
problem in a way to the 2 dimensional case that we have already studied. For any

function h(z) = h(z1,...,x,)in R™ we define its average M}, (z,7) on a sphere of
radius r centered at x:
1
My (z,r) = o1 / h(y)ds,
ly—|=r
1
= — / h(z+r€) dSe
wn,
1€1=1

This is defined only for » > 0, but we can extend it evenly to all of r < 0
(the last formula also works for r < 0 essentially amounts to a change of variable
§— —=¢)

This integral formula shows that Mj,(z,r) € C*(R"*!) whenever h € C*(R)
since we can differentiate under the integral sign. For h € C? (R")if use the diver-
gence theorem on M), we get:

PROPOSITION 7.14. M), satifies Darboux’s Equation:

72 n-10
(67‘2 + 7"37‘) My (z, 1) = Ay M, (2, 7)
REMARK 7.20. Rememeber that the Laplacian in spherical coordiantes for a
function that has only radial dependence is (See 4.1.2) :

72 n-10 0 0
A = _— _— = 1-n 2 n—-1~
¥(r) (aﬂ +— m) Y(r)=r"5 (r mwm)
So you can think of this operator as like A, or something, and then Darboux’s

equation is:
AMp(z,r) = Az Mp(z,r)

62
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PRrROOF. The general idea is that this follows from the DIVERGENCE THE-
OREM, which will relate the radial derivative % on the boundary of the sphere of
radisu r to A, inside the region of radius r.

O ey = - [ > ha @ e uase

or .
lej=1 =1

= wL Agh(z + r€)dSe by the Divergence Theorem

"lei<1

Tlfn

= A, / h(y)dy

Wn

y—z|<r

Tlfn
= A, / / h(y)dy | dp
Wn

0 Ny—=z|=p

T

= riIT"A, /p"_th(:mp)dp
0

Now mupliply by r"~'and take another r derivative:

T

0 n—1 0 _ 0 n—1
o (r th(xﬂ")) = 3 Ay /p Mp(z, p)dp
0
N / "My, (x, p)d
= T or P r\Z, p)dp
0
= A, (r”fth(x,r))
= r”flA(Mh(:v,r))
And the claim follows. (]

Suppose now that w (z,t) is a solution to the wave equation:
Ou = uy — Au

Consider M, (x,r,t), its spherical average. (We can always recover u by setting
r = 0, so knowing M,, is the same as knowing u). By The Darboux equation, we
have:

2 _
0 n 18>Mu

AM, ==+ ——
<6r2+ r  Or
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On the other hand:

1
A M, = A, o / u(z + 1€, t)dSe
" ei=1
1
= —/Au:z:+r§t)d5§
w
1 1 92
[€l=1
_ 1
T2 o2

Hence, when wu is a solution to the multi-dimensional wave equation (u = 0,
the spherical averages satisfy the so called Fuler-Poissson-Darbour Equation:

02 L, (0 n—-10 T VA
aﬂMu_c(WJrrar)M“_cr a( arMu>

7.33.2. In three dimensions n = 3: In three dimensions the equation takes
on a particularly nice form for the function rM, (z,r,t) :

8? (P 20
g = ¢ (arzﬂar) M.
o? L[ 9 8
— @(TMU) = C (T87'2+287’> Mu
82
== CQw(TM>

If we think of z as fixed here, this is just the 1-d wave equation for rM,,(z, r,t).
The initial condiitons are:

w(z,0) = f(z), w(z,0) = g(xr) = rMy(r,z,0) =rMs(z,r) % (rMy(r,2,0)) = rMg(r,x)

By our solution for the 1—d wave equation vtt = vy, with v(z,0) = f(x), vi(z,0) =
g(x)isv(z,t) =5 (f(z—ct) + f(z +ct)+ 5 fm+;t g(£)d¢. So our problem for M,
has the solution:

rMy(x,rt) = [(r+ct) My(z, 7+ ct) + (r — ct) My(z, 7 — ct)]

r+ct

1
toe [ (e e
r—ct

DN | =
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To recover u we need to put » = 0. This involves a 0/0 indeterminant, which
we sort, out using L’Hopital’s rule:

M, (z,0,t) = }%Mu(x,r,t)
o1 ct ct
= }1_1%5 KlJrr) Mf-(m,r+ct)+<1r> Mf(:v,rct)}
1 r+ct
JF@ / EMy(x, €)dE
r—ct
1 1| L (Mg(a, t) — My (z,ct —
= = [My(z,7+0)+ Mg(x,r —0)] + Sct ar | f(errC()l e T))]
2 2 4,
(S ey, €)ac)
+ d
1 (2¢r)
= MyGer) + et | LMy (2,0 + et) — (<1) DM (2, et — 0)
= fl,r 20 ot £, C ot flx,c
Jr((O + ct)Mg(x, 0+ ct) — (0 — ct)My(x,0 — ct))
2c

= My(z,r)+ct <§th(.73, ct)) + tMgy(z, ct)

d
= 4 (tMy(z,ct)) + tMy(z, ct)

This can be written out soley in terms of the original functions u, f, g:

d 1 1
uet) = G | T /_ SISy |+t /_g(y)dSy
ly—z|=ct ly—z|=ct
1
= e / (tg(y)+f(y)+2fyi(y)(yi—xi)> ds,
ly—z|=ct i

Any solution u of the inital-value problem of class C? for t > 0 in n = 3
dimensions is given by this integral formula and is hence unique.

Conversly, every f, g can be integrated to give such a solution u by this integral
formula. Notice that we need to take a derivative of f in the formula. This means
that if we want u to be a C? solution, we need f € C3 and g € C?. The fact
that f needs to be smoother than u is the effect of focusing: it is possible for bad
initial data to focus themselves in space and get even worse (i.e. discontinuous 3rd
derivatives in f can focus to cause discontinuous 2nd derivatives for u at some later
time.)

7.33.3. Energy. The pointwise behaivour of f is subject to things like focus-
ing. However the L? average of the thing remains ok for all time. Consider the
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energy norm of u:

B(t) = ;///<uf(x,t)+cQZuii(x,t)> dz
1

= f/(uf—i—CQVzrVu)dx

2
1 2
= 5 el e + 5 IVl o

This is conserved if Ou = uy — c2Au = 0 satifies the wave equation and is
compactly supported by the following calculation:

dF
a / (ututt + 2 Zumumt) dx

/ (ututt + AV - Vut) dx

= / (ututt — U (chu) +AVu - Vg + uy (CQAU)) dx
= /(utDu + V- (uVu)) dx

/ (wbu+e Y (wus),, ) de
/ 0+ V- (uVu)) da

= /(utVu) -ndS,; by the Divergence theorem

If we assume that u is compactly supported, we can restrict ourselves to this
region and apply the divergence theorem on the last line. This will be 0 since we
can choose the region so that « = 0 on the boundary.

7.33.4. Domain of Dependence. According to the integral formula for wu,
the value u(z, t) depends on the values of g and of f and its first derivatives on the
sphere S(z, ct) of center x and radius ct. Thus the domain of dependence is the
surface of the sphere centered at x and of radius ct.

The fact that this is a surface and not the filled in sphere is called Huygen’s
principle in the strong form. For most hyperbolic equations, this does not
hold: in general the domain of dependence will be the filled in region. (When the
dimension n = 1, the solution depended on the filled in region). It is sometimes
true that disturbance travel with finite speed.

Conversly, if we think of an inital point y at ¢ = 0, this point will only influence
points z in the future if |z — y| = c¢t. This makes a cone of points that are effected
by this point.

This means that if we start with a compactly supported inital data, the solution
at time t is compactly supported: the support of u is contained in the region
Qfinal C UzeQuniia Bet(z) where Bei(x) is the ball of radius ct centered at .

Example: If the inital data is given in a region ;. in a ball of radius p
centered at some o Qinitial = B,(zo) then the region in space-time that sees the
inital condition is contained in the region (z,t) such that ¢t —p < |v — o] < ct+p
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(Since Jy s.t. y € B,(xg) implies |z — y| = ¢t if and only if |z — x| < |z —y| +
ly — xo] < ct+pand |x —xo| > | —y| — |y — x0| > ct — p)

7.33.5. Decay. While the support of u is always increasing in time, the height
of the function u(z,t) is decaying to zero as t — 0. Indeed, look at:

wwd) = rom | (m@w+ﬂw+§:hxw@h—m0d%

ly—a|=ct

If Qntiiar C Br(zo), then the contibutions to u(x,t) come only from the in-
tersection S(z,ct) N B.(xg) so the volume of the region that effect the point (z,t)
is no more than 4mp?. If f € C! is bounded with bounded derivative and ¢ is
bounded, then the above integral is bounded by 4‘71:;7@; (tN9lloe + 11 flloo + 11F Nl ct)
which shows that u(z,t) = O(1) as t — oo.

7.33.6. Two dimensions: Hadamard’s method of descent. You can
solve in dimension n = 2 by thinking of solutions w(z1,x2,t) as solutions in
n = 3 u(x1,x2,xs,t) that happen to have the following property: u(xi,x2,x3,t) =
u(x1, o, T3, t) ie. it doesn’t depend on z3 at all.

This means we can look at u(z1,x2,0,t) as our solution to the 2D problem.

Take the intial data:

9(v) = g1, y2) f(y) = f(y1,v2)

We think of these as functions of 3 variables, with the 3rd variable not playing
any role.

We now do a bit of work to show how we can eliminate the 3rd direction from
showing up explicitly (we hide its dependence with change of variables etc). On the
sphere S(z1, 22,0, ct) we can write the surface element in terms of yjand yo alone:

Ays\” Ays\”
s, = 4/1+(22) +(25) ayd
Y (5?/1) <3y1> ey
ct
——dy1dys
3]

ct .
= dy1dys since (x1 —y1)* + (22 — y2)? + 43 = (ct)”

Ve = (g — 21 = (g2 — 22)°

We also put in a factor of 2 to account for the fact that (y1,y2,ys) has the same

contribution as (y1,y2, —ys3). Putting r = \/(1/1 — x1)2 — (y2 — x2)2 as a shorthand,
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we have:

u(r1.72,0,t) = 47T02t2// / (tg Y1 v2,y3) + Fn, v, us) + O Fu, (01,42, ys) (i —

ly—z|=ct i

1
= 2@/ / tg(y1,y2,0) + F(y1,42,0) + > fu (01,92,0) (i — x

1=1,2
[(y1—x1,y2—x2)|

z)) dSy

;)

ct

]

lyz|=v,

1
_ 7// 9(y1,92) dyldy2+ // (y1,92) dy a + //fy1 Y1, Y2)
27c 2mct

r<ct \/ Ct r<ct

_ // 9(y1,92) dyldy2—|— // (Y1, 2) dyldyg
27 ot \ 2nc
r<ct \/ Ct ree A/ ( ct

Notice that the domain of dependence is now the solid disk of radius r.
i.e. it is filled in. This is the weak form of Huygen’s principle. This means
that if you start with a region B,(xz¢) of initial disturbance, the disturbance will
continue forevoer (in the 3d case, we saw that the disturbance was isolated to a
shell at radius r = ¢t and of width 2p)

This is called the Method of Descent: we descend from the solution with
n = 3 to the solution for n = 2.

7.33.7. Other tricky methods of descents. In the above section we used
the special class of functions {u(z1,x2,z3,t) : u does not depend on x3} to allow
us to solve the 2d problem. In other words, we turned a 2D function v(x1,z2,t)
into a 3D function u(xy,xs,x3,t) with this special property by:

u(xy, x2, x3,t) = v(x1, T2,t) VI3
By considering other special classes of functions, we can solve other PDEs in lower
dimesnions

EXAMPLE 7.7. How does one solve:

Vit = € (Vgyzy + Vapay) — A2C20

Consider the special class of functions:
ATsy (21, 29, t)

The Ou — 2Au = 0 <= vy = ¢ (Vayzy + Vayz,) — A2c?v. So by solving u
using our 3D solution, we get the solution for v. We have to translate the initial
conditions:

U(Il,LEQ,l’g,t) =€

u(z1, w2, 23,0) = 0 (21, 32,0) up(21, 22, 23,0) = €30y (21, 72, 1)

r<ct



Parabolic Equations

These are notes from Chapter 7 of [2].

8.34. The Heat Equation
8.34.1. The initial-value problem. The heat equation is:
u = kAu

with a positive constant k that is the conductivity coefficient. The characterstic
surfaces ¢(z,t) =t — ¢ (x) = 0 must satisfy:

znjwii =0
k=1

And hence the characteristic surfaces are ¢t = 0.

Notice that the PDE is preserved under maps # — ax and t — a®t, i.e. anything
that leaves |z|* /¢ invariant.

Notice if u is a solution of the form:

u(z,t) = e Att+ed)

for some fixed ¢ then, if plug into the PDE, we get that for this to solve the
heat equation we must have i\ = —|¢|* so the solution is:

u(z,t) = e eIl
If we now are asked to solve the equation with initial condition:
u—Au = 0
u(z,0) = f(z)

We can do so by superposition of the special solutions from before using the
Fourier transform. Write:

f(z) = (2m) " / € f(6)de

So then we expect a solution of the form:

u(z,t) = (2m) "2 / e IF £€)de
(27?)%/2/6"‘”'57‘5‘2/(27r)7n/2 e~ f(y)dydé
[ K050y

69
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Where:
K(xvyvt) = (27T)_n/ei($_y)'§_‘f\2td€

This is the Fourier transform of a Gaussian random variable, and is easily
evaluated by completing the square. We get:

1 |z =y
K(z,y,t) = exp | —
(4t)"/? 4t

ProrosIiTION 8.15. The kernal K above has:
a) K(x,y,t) € C>

b) (% - A;) K(z,y,t) =0 for t >0

¢) K(z,y,t) >0 fort>0

d) [ K(z,y,t)dy =1 for allz € R" and t > 0
e) For any 6 > 0 we have:

lim / K(z,y,t)dy = 0 uniformly in x
t—0+
ly—=|>5

REMARK 8.21. The whole thing can be easily thought about if you notice that:
[ K@)y =B (X))

where X ~ N(z, V2t). (There is a factor of v/2 that pops in snice the equa-
tion is u; = U, rather than u; = %um which is more natural for Brownian mo-
tion/probability)

PROPOSITION 8.16. Let f(x) be continuous and bounded for x € R™. Define for
t>0. u(z,t) = [ K(z,y,t)f(y)dy. Then u e C fort >0 and satisfies uy = Au
fort > 0. Moreover, limy_,¢ »—¢ w(€,t) = f(x) . This means that we can extended
u continuously to the space {t = 0} U{t > 0} and u solves the initial value problem
for the heat equation there.

PRrROOF. The only that needs checking is the fact that lim; .o ¢ u(§,t) = f(z).
For any € > 0 choose 0 so small so that |f(z) — f(y)| < € for all |z —y| < ¢ and
then we have:

lu(z, ) = f(E) = ‘/K(ﬂf,y,t)(f(y)—f(ﬁ))dy
E[f(X)

— f(€)] where X ~ N(x,V/2t)
= E[f(X) = f€s1X =& > 0] + E[f(X) = f(£); [X -] <]
< 2fll P (X =€l >6) +e

— O04+easax— &t —0
And the result follows. O

REMARK 8.22. The same thing works if |f(z)] < Mell” if g < 2. (Di-
videup E(;|X —¢|>0)into E(; M >|X —¢>d)+E(;|X —£& > M). Since
E(f(X)) < oo the second term — 0 as M — oo, so can choose M large enough
so that its < e. The first term then — 0 as ¢ — £ and ¢ — 0.) Similarly if

|f(z)| < Me?#l” then the solution exists at least up to time ¢ = + (Basically as
long as E (| f(X)]) < oo its ok!)
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REMARK 8.23. Notice that information travels with infinite speed here, and
depends on the value of f at all points. It also satisfies a maximum principle. You
can check that is actually analytic, not just smooth.

REMARK 8.24. Notice that the solution above doesn’t make sense if E (|f(X)])
is not finite. Indeed there is no uniqueness for the intial value problem with some
additional assumption like this. We will see later on that in fact f non-negative is
enough to make it work.

EXAMPLE 8.8. Choose g(t) so that all derivatives of g(t) are 0 at ¢ = 0. For

B () ok
g(2k:)! T

This has u(x,0) = 0 by the choice of g. Then check that actually this power series
converges uniformly.

example g(t) = exp [—t~2]. Then define the power series u(xz,t) = Y,

8.34.2. Maximum Principle, Uniqueness and Regularity. Let w be an
open bounded set in R™. For a fixed T > 0, we form the cylinder Q € R**! with
base w and height T

Q=wx(0,T)
We divide the boundary into two pieces; the “walls” and the “end piece”™
oM = (wx{0})U(Bw x [0,T7)
090 = wx{T}

THEOREM 8.45. Let u be continuous in Q and Ut, Uy, 2, €TESE and be continuos
in Q and satisfy uy — Au < 0. Then:

maxu = maxu
Q aQ

i.e. the mazximum always occurs on the walls.

PROOF. Suppose first u; — Au < 0. Restrict attention to Q. = w x (0,7 —¢€) so
that we have derivateive at the top end. u; — Au < 0 here means that interior local
maxima are impossible (since these must have either u; = 0 and Au < 0 which
contradicts u; — Au < 0) There can also not be a local maxima at at time T — ¢
(since these would have u; > 0 and Au < 0, again contradicting u; — Au < 0).
Hence:

maxu = max u < maxu
Q. amQ, aQ

Since this hold for every € and since w is continuous, we get maxg u = lim._,o maxe U =
u < maxya)o u and the other inequality holds since 9N Q c Q.

Now if uy — Au < 0 instead, introduce v(z,t) = u(z,t) — kt so that v, — Av =
uy — Au — k < 0. Then the maximum principle on k holds, and taking & — 0
recovers our result. O

THEOREM 8.46. (Uniqueness) If u is continuous in Q and u;, Uy, exist and

are continuous in Q, then u is uniquely detrmined in Q by the value of uy — Au in
Q and the boundary 0.

PrOOF. By linearity it suffices to show that the only solution with u; — Au =0
and v = 0 on 9MQ is the the v = 0. By the maximum principle maxu < 0 and
since —u also has u; — Au < 0 we have minu < 0 so indeed © = 0. O
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THEOREM 8.47. Suppose that:
u(z,t) Meel®’|
u(z,0) f(x)
u—Au < 0
Then u(x,t) < sup, f(2).

IN

PROOF. Restrict attention to a ball of size p. Let v, = u(x,t) — pK (ixz,it, T +
€—t) ~u(xz,t) — pexp ((z —y)?/T) this still satisfies the heat equation. On a ball
of size p, v,satisfies the maximum principle on the interior, and the exponential
term makes v, small outside of the ball of radius p. Hence v,, satisfies the maximum
principle. Taking ;1 — 0 we get the maximum principle for u too. O

8.34.3. Boundary value problems. Use the reflection principle to solve
these ones...go over your PDE for finance notes.

8.34.4. Non-negative solutions.

THEOREM 8.48. For:

U — Ugye = 0
u(z,0) = f(z)
u(z,t) > 0

The unique solution is given by:
u(et) = [ K. 0f)dy

PROOF. Again truncate to a bounded region by letting (%(x) = 1 for |z| < a—1
and ¢%(z) = a—|z| for a—1 < |z| < a. Then define v*(z,t) = [ K(x,y,t)("(y)f(y)dy
which will be our approximation to the solution u. Fix an a. Then take p large
enough so that v*(z,t) < € < e+u(z,t) on |z| = p and v*(x,0) < f(x) < e4u(z,0)
for |z| < p. By the maximum principle v*(z,t) < € + u(z,t) everywhere in here.
Then by taking p — oo this works on all of R.

Then define v(z,t) = lim,— 00 v*(2,t) = [ K(z,y,t)f(y)dy (ok by MCT) will
have v(z,t) < u(z,t) and then show v — w = 0. O

8.35. Heat Equation (From Evans PDE book)

8.35.1. Duhamel’s Principle. Suppose you want to solve the non-homogeonous
heat equation:

up—Au = f(x,s)
u(z,0) = 0

To do this put u(zx,t;s) to be the solution of u; — Au = 0 and initial value
u(zx, s;s) = f(x,s) at time s. Then define:

u(z,t) = /tu(x,t;s)ds
0

So that u;(z,t) = u(z,t;t) +f(f u(z,t;8)ds = f(x,t) —|—f0t Agu(z,t;s)ds = f(x,t)+
A, (u(z,t)) so indeed it works. This is a sort of variation of parameteres for PDEs.
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8.35.2. Mean-Value formula. For fixed r > 0 define:

E(z,t;r) := {(y,s) ER"x[0,T): s<t,K(zx—y,t—s)> 171}

r

This is a set in space time whose boundary is the level set K(z —y,t—s) = %

It looks like an ellipse of sorts....for small time the set has points very near x (since
K(-,t—s) is peaked sharply) then it expands for intermediate time, and then shrinks
back down to nothing for large time (since K(-,t — s) will become so wide that its
maximum is < L)

THEOREM 8.49. (Mean value property for the Heat Equation) If u solves the

heat equation then:
|z — y|?
t) 5 dyd
we0=ga | [ o) iawe

E(z,t;r)

PRrROOF. Define ¢(r) to be the integral on the right, then check that ¢'(r) =0
and lim, 0 ¢(r) = u(z,t). O

THEOREM 8.50. Assume that u is C1 and satisfies the heat eqaution in Up :=
U x (0,T] and 0N Uy is the parabolic boundary as defined in Fritz John. Then:

maxu = max u
UT 8(1)UT

and furthermore if there is an interior mazimum (zo, to) so u(xo, to) = maxg, u
then u is constant in U x (0,%o).

PROOF. Suppose (o, o) is an interior maximum with u(zo, to) = maxg, u =:
M. By the mean-value property we have:

2
zo — Y
M = u(xo,to) 4r"/ / —3)2 yds

E(zo,to;r)
\
< M 5dyd
o 47«” / / 0 - S ves
E(zo,to;r)
= M
Hence the inequality above is actually an equality so u(y, s) = M a.e. ([

THEOREM 8.51. (Uniqueness in a bounded domain)
By the mazimum property us — Au = f in Up, u = g on 8V Uy has a unique
solution.

8.35.3. Energy Methods. Assume u(z,t) = 0 on the boundary 0")Ur. De-
fine the energy of the solution at time ¢ in a bounded domain by:

e(t) = /u(x,t)zdx

U
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Check that:
0
ae(t) = 2/uutdx
U
= Q/uAudx
U
= Q/V (uVu) — |Vul® dz
U
= 0-— 2/ |Vu|® dz by div. thm and since u = 0 on MUy
U
< 0

So the energy is decreasing. Hence for the initial condition u(x,0) = 0 the
unique solution is 0.

8.35.4. Backward Heat Equation. More playing around with the energy
functional can show that there is a unique solution to the backward heat equation
too. However, the problem is not well posed since tiny perturbations in the inital
data lead to large perturbations later (look at the Fourier series)
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