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Abstract

Hocherman and Rosenau conjectured that long-wave unstable Cahn-Hilliard type
interface models develop finite-time singularities when the nonlinearity in the desta-
bilizing term grows faster at large amplitudes than the nonlinearity in the stabilizing
term (Phys. D 67:113-125, 1993). We consider this conjecture for a class of equations,
often used to model thin films in a lubrication context, by showing that if the solutions
are uniformly bounded above or below (e.g. are nonnegative) then the destabilizing
term can be stronger than previously conjectured yet the solution still remains globally
bounded. For example, they conjecture that for the long-wave unstable equation

ht = −(hnhxxx)x − (hmhx)x,

m > n leads to blow-up. Using a conservation of volume constraint for the case
m > n > 0, we conjecture a different critical exponent for possible singularities of non-
negative solutions. We prove that nonlinearities with exponents below the conjectured
critical exponent yield globally bounded solutions. Specifically, for the above equation,
solutions are bounded if m < n + 2. The bound is proved using energy methods
and is then used to prove the existence of non-negative weak solutions in the sense of
distributions. We present preliminary numerical evidence suggesting that m ≥ n + 2
can allow blow-up.

1 Introduction

Long-wave unstable equations are ubiquitous in the modeling of pattern
formation in physical systems that involve interfaces. A now-classical
example is the periodic Kuramoto-Sivashinsky equation that arises in
modeling combustion [27, 28] and solidification [25, 26]

ht = −hxxxx − hxx + h2
x, h(x + L) = h(x). (1.1)

The graph of h represents the position of the interface between the solid
and liquid phases or the burnt and unburnt material. The equation arises
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from a series of approximations including both a “sharp interface” as-
sumption and an assumption that the solution has a long-wave character.

The KS equation (1.1) is long-wave unstable in that a small per-
turbation of a flat interface yields, to linear order, the solution h =
h0 + εg(t) cos(2πkx/L) where g(t) ∼ eσt with linear growth rate

σ(k) = −k2

(
2π

L

)2
(

k2

(
2π

L

)2

− 1

)
.

Only long-wave perturbations grow: σ(k) > 0 ⇐⇒ |k| < L/2π. The
growth of the linearized solution implies that the nonlinear terms must
enter into the dynamics. In fact, the nonlinear term h2

x causes the solution
to saturate — h remains bounded and smooth, despite the solutions of
the linearized equation growing exponentially in time [17, 34, 42]. The
nonlinear term transports energy from longer (growing) wavelengths to
shorter wavelengths which then dissipate the energy.

The nonlinearity in the KS equation is advective, and affects the dy-
namics differently than other types of nonlinearities would. For example,
if the nonlinearity is destabilizing, it can cause finite-time blow-up. The
semilinear heat equation is an example of a second order equation with
such a nonlinear destabilizing term:

ht = hxx + hp.

For p > 1 certain initial data can yield a finite-time blow-up: h(x∗, t) ↑ ∞
at some point x∗ as t ↑ T ∗ <∞. Extensive rigorous work on this equation
shows the existence and self-similarity of the blow-up singularity [2, 31, 49]
1.

The Childress-Spiegel equation is a fourth order equation with a non-
linear destabilizing term

vt = − ∂2

∂x2
(vxx + v + v2). (1.2)

The equation arises as an interface model in bio-fluids [15], solar convec-
tion [19], and binary alloys [48]. It too can have a finite-time blow-up:
v(x∗, t) ↑ ∞ at a point x∗ as t ↑ T ∗ < ∞. One way in which this equa-
tion differs from the KS equation is that if the period L = 2π then the
nontrivial steady states near the k = 1 mode are subcritical rather than

1This partial list of references is given simply as sources of further references.
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supercritical. However, subcriticality of nontrivial states is not the driv-
ing force for blow-up, as a recently studied generalization illustrates. The
modified Kuramoto-Sivashinsky2 equation

ht = −hxxxx − hxx + (1− λ)h2
x + λh2

xx (1.3)

arises as a model for the dynamics of a hypercooled melt [47]. Solutions of
this equation can exhibit finite-time singularities in which

∫ T ∗
0 |hxx|2 dt ↑

∞. Numerics confirm a self-similar blow-up profile in which |h|l∞ grows
like − log(T ∗ − t) [7].

A natural question, addressed by Hocherman & Rosenau, is under
what conditions do such destabilizing nonlinearities allow finite-time blow-
up. For a generic Cahn-Hilliard model, they conjectured:

Conjecture 1 [37] Consider the evolution equation

ut = − ∂

∂x

(
M(u)

∂

∂x
[−Q(u) + R(u)uxx]

)
, (1.4)

with periodic boundary conditions u(x + L) = u(x). If M(u), R(u) ≥ 0,
and Q′(u) < 0 then the equation is long-wave unstable. In such a case, the
behavior of Q(s)/(sR(s)) determines the presence or absence of a finite-
time blow-up.

Specifically,

lim
s→∞

∣∣∣∣ Q(s)
sR(s)

∣∣∣∣ =


∞ : u→∞ in finite time,
finite : marginal case,

0 : globally stable solutions.
(1.5)

This conjecture is consistent with the fact that the linear growth rate
associated with linearized perturbations of a flat state u0 is

σ = M(u0)[−Q′(u0)k2 − R(u0)k4],

and the band of unstable modes becomes infinite (vanishes) as u0 ↑ ∞ if
Q′/R→∞(→ 0).

In this article, we prove that while Hocherman & Rosenau’s conjecture
may stand for equations that have non-degenerate coefficients of diffusion,
M(u) ≥ α > 0 for all u, it must be modified for degenerate diffusion
coefficients. We propose an alternate conjecture for such cases.

2Note that the Childress-Spiegel equation is a special case of the modified Kuramoto-
Sivashinsky equation with v = −hxx and λ = 1.



4 A. L. BERTOZZI AND M. C. PUGH

All previously studied examples of (1.4) seemed to confirm Conjecture
1. However, these examples all had M(u) constant. In this paper, we use
the fact that if M(u) is degenerate then the solutions can have special
behavior near points x0 where M(u(x0)) = 0. The vanishing of M(u) at
u0 can stop the solution from crossing the line u = u0. Such degeneracy
of M can ensure that solutions are uniformly bounded above (u ≤ u0) or
below (u ≥ u0). This ‘weak maximum principle’ is not true for general
fourth-order equations and requires a certain degree of degeneracy in the
fourth order term. Specifically, for certain equations with M(0) = 0,
non-negative initial data can be proven to yield non-negative solutions.

Here we show that non-negativity of solutions coupled with the con-
servation of volume,

∫
u = const, can lead to different behavior than that

predicted by Conjecture 1. The conjecture and proven results generalize
immediately to solutions that are uniformly bounded above or below.

1.1 Long-wave Unstable Lubrication Models

Equations of the form (1.4) arise in modeling the dynamics of thin liquid
films. In some physical situations, a destabilizing force causes the liquid
film to bead up into isolated droplets. Such an instigator can be either
an external force, such as gravity in the case of a thin liquid film hanging
from the bottom of a horizontal surface [22], or intrinsic to the system,
such as repulsive long range Van der Waals forces that enter the evolu-
tion equation in the form of a disjoining pressure [18, 50, 41]. In such
situations, a lubrication approximation reduces the evolution equation to
one of the form

ht = −(f(h)hxxx)x − (g(h)hx)x. (1.6)

For simplicity we consider periodic boundary conditions.
For thin liquid films, the fourth-order term of (1.6) comes from surface

tension between the liquid and air and also incorporates any slippage at
the liquid/solid interface [35]. The general form for f(h) is

f(h) = h3 + λhp (1.7)

where 0 < p < 3 and λ > 0 determines a slip length [21, 36, 38, 39,
40]. There is a long-wave instability if the second-order term of (1.6) has
g(h) ≥ 0. In the gravity-destabilized thin film problem, g(h) ∼ h3 [22].
For the thin film problem with repulsive Van der Waals forces [18, 41, 50],
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for nonretarded interactions

g(h) =

{
A/h, 3D film,

A/h2, 2D film,
(1.8)

and

g(h) =

{
B/h2, 3D film,

B/h3, 2D film,
(1.9)

for retarded interactions. In a recent work [10], we considered the case of
attractive Van der Waals forces (g ≤ 0) and discussed the mathematical
need for a cut-off of Van der Waals interactions on a microscopic length-
scale. We considered a cut-off such that g(h) ∼ hm as h ↓ 0 where m > 0.
We call this a ‘Porous Media’ cut-off as it can introduce behavior similar to
that of the sub-diffusive Porous Media equation [45] near the contact line.
In this case, the choice of cut-off depends on the nature of the slip model
used at the liquid/solid interface. With such a cut-off of the attractive
Van der Waal forces, we prove existence and long-time behavior results
for non-negative solutions. It is natural to consider a ‘Porous-Media’ type
cut-off for repulsive Van der Waals interactions (g ≥ 0).

Another context in which equation (1.6) arises is the gravity-driven
Hele-Shaw cell, for which f(h) = g(h) = h [32, 33]. The fourth-order term
comes from surface tension between the two liquids. The second-order
term comes from the destabilization due to a density mismatch between
the liquids. In [33], Goldstein et al. show that the initial disturbance
leads to a finite-time pinching of the fluid neck (h ↓ 0) and is due to a
long-wave instability which persists up to times close to the singularity
time. They present a scenario in which the higher modes of the system
are slaved to a low mode. However their slaving mechanism does not
establish whether or not it is possible for the model to form finite-time
‘spikes’ in which hmax →∞. In this paper we prove that their equation
always leads to saturation in which the solution, while unstable to finite
wavelength perturbations of a flat state, does not grow without bound.
Such saturation was observed in their numerical simulations.

In recent papers, authors studied the problem (1.6) for g = 0 [3, 4, 11]
and g ≤ 0 [10]. If g ≤ 0, the second order term is stabilizing. In both
situations, solutions are uniformly bounded for all time, so that the only
unresolved issue regarding singularity formation is whether h ↓ 0 in finite
time. However, in the g ≥ 0 case considered here, the second order
term is destabilizing and two new concerns arise: the problem may be
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ill-posed near the contact line and the solution may blow up in finite
time. Of course, h ↑ ∞ is a clear violation of the assumptions made
by the lubrication approximation and the modeling equation has broken
down. To prove the problem is well-posed, one must prove that not only
do the solutions exist and depend smoothly on the initial data but they
are unique. While uniqueness of weak solutions is not known for this
class of problems, we conjecture, based on linear stability theory, that
ill-posedness is avoided if f(h) dominates g(h) in the h ↓ 0 limit. Indeed,
this condition proves to be sufficient to derive an existence theory for the
problem. The question of blow-up versus uniform boundedness presents
an interesting case study for Conjecture 1. Writing equation (1.6) in
the form of equation (1.4) with R(u) = 1, M(u) = f(u), and Q′(u) =
−g(u)/f(u), Conjecture 1 becomes “solutions can only blow up if f(s)

g(s) <

∞ as s → ∞”. Given an equation of the type (1.6) in which f(h) and
g(h) are positive for h > 0, vanishing or diverging as h ↓ 0 and h → ∞,
is Conjecture 1 true?

In this paper, we show that, for a class of non-negative weak solutions
of equation (1.6), Conjecture 1 requires revision. This is because equation
(1.6) conserves volume

∫
h and has non-negative solutions when f(y) and

g(y) are sufficiently degenerate at y = 0. These two properties are suffi-
cient to control the maximum of the solution for a range of cases where
Conjecture 1 suggests blow-up occurs.

H

 L

Figure 1.1. Length and height scales of a bump.
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A heuristic argument based on volume conservation suggests a different
scaling than that of Conjecture 1. Consider a local maximum of the
solution of height H (see Figure 1.1). Denote the characteristic length-
scale of this bump by L. Conservation of volume requires that HL ≤ V ,
where V is the total fluid volume. However, if the bump is growing
without bound, the dynamics should have a balance between the nonlinear
terms in equation (1.6)

f(H)H
L4

∼ g(H)H
L2

⇒ f(H)
g(H)

∼ L2.

This gives the constraint

H2f(H)
g(H)

< V 2,

suggesting that the solution can grow without bound only if

lim
s→∞

s2f(s)
g(s)

<∞.

We analytically show that such scaling arguments are valid by proving
that s2f(s)/g(s)→∞ as s→∞ implies uniform boundedness for positive
classical solutions (in Section 3) and for non-negative weak solutions (in
Section 4).

Including the ht term from (1.6) into the scaling analysis,

Ḣ ≤ g(H)H
L2

∼ g(H)2

f(H)
H.

This bound on Ḣ suggests that any blowup must take infinite time when-
ever lims→∞ g(s)2/f(s) = A <∞ since the solution would be dominated
by eAt. We prove this for positive classical solutions (in Section 3) and for
nonnegative weak solutions (in Section 4). We conclude that finite time
singularities are only possible for equations of the type (1.6) in which

lim
s→∞

s2f(s)/g(s) <∞ and lim
s→∞

g(s)2/f(s) =∞.

1.2 The Need for Non-negative Solutions

The modified Kuramoto-Sivashinsky equation (1.3) provides a case study
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for the difference between the behavior predicted in Conjecture 1 and the
results we prove here.

Computations of solutions [7] of the modified KS equation

ht = −hxxxx − hxx + (1− λ)h2
x + λh2

xx

show that as the solution becomes singular the driving equation is

ht = −hxxxx + λh2
xx.

Rewriting this equation with v = hxx, it is of the form we consider (1.6)

vt = −vxxxx + 2λ(vvx)x. (1.10)

With f(v) = 1, g(v) = 2λv, and lim s2f(s)
g(s) = ∞. Conjecture 1 states

that this equation produces a blow-up in which v →∞. The preceding ar-
gument for sign preserving solutions suggests that if the solution to (1.10)
has a fixed sign, then it cannot blow up because lims→∞ s2f(s)/g(s) =∞.
On the other hand, solutions of (1.10) do have finite-time singularities
with self-similar structure in which max{v(x, t)}→ ∞ and min{v(x, t)} →
−∞ as t→ T ∗ while

∫
v = 0 [7]. Figure 1.2 presents the early evolution

of a solution that ultimately blows up in finite time. Note that while the
initial data is positive, the solution changes sign. In Section 3.1 we prove
that all finite-time singularities of the modified Kuramoto-Sivashinsky
equation must be the type where the solution changes sign and its second
derivatives blow up and down to ±∞.

1.3 the Revised Conjecture

The scaling arguments of Subsection 1.1 lead us to make the following re-
vised conjecture. The conjecture is revised to consider degenerate fourth-
order equations.

Conjecture 2 Consider the evolution equation

ut = − ∂

∂x
(f(u)

∂

∂x
[−G̃′(u) + uxx]), (1.11)

with periodic boundary conditions u(x + L) = u(x). If f(u) ≥ 0 and
G̃′′(u) ≤ 0, then the equation is long-wave unstable. Suppose G̃′′(u) is
bounded as u ↓ 0 and f is degenerate, f(u) ↓ 0 as u ↓ 0. In such a case,
the behavior of G̃′′(u)/u2 as u → ∞ determines the presence or absence
of blow-up for non-negative solutions.
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−1.0 −0.5 0.0 0.5 1.0
x

−5.0

0.0

5.0

10.0

15.0

v(x,t)

initial condition
solution at later times

Figure 1.2. The beginning of a blow-up of the solution to (1.3) with initial data
h0(x) = 1 +0.1 cos(πx) and 2(1−λ) = 40 . Note that while the initial data is positive,
the solution changes sign. The blow-up occurs as in [7] with the solution having a self-
similar structure in which max{hxx(x, t)} → ∞ and min{hxx(x, t)} → −∞ as t→ T∗.

Specifically,

lim
s→∞

|G̃′′(s)|
s2

=


∞ : blow-up

finite : marginal case,
0 : globally bounded solutions.

(1.12)

Defining
A = lim

s→∞

√
f(s)|G′′(s)|,

if A =∞ then it is possible that the blow-up will occur in finite time.

The conjecture is written for equations where the degeneracy in f(y)
occurs at y = 0, hence it considers nonnegative solutions. The conjecture
modifies in a natural manner to equations for with degeneracy f(u0) = 0
and solutions u ≤ u0 or u ≥ u0.

We prove the global boundedness part of this conjecture for equations
in which f(u) is sufficiently degenerate at u = 0. In Section 5 we present
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a preliminary numerical computation which suggests that Conjecture 2 is
sharp.

The paper is organized as follows. In Section 2 we introduce the Lya-
punov function upon which the work depends. In Section 3 we use this
Lyapunov function to prove the global boundedness part of Conjecture 2
for positive classical solutions of equations of the form (1.11). In Section
3.1 we discuss the modified Kuramoto-Sivashinsky equation (1.3) and us-
ing energy estimates prove that when a solution to (1.3) blows up, the
second derivative hxx must simultaneously blow up to +∞ and blow down
to −∞ (behavior observed in numerical simulations [7]). In Section 4 we
use the global boundedness results for positive classical solutions equa-
tions to prove global existence of non-negative weak solutions of a class
of equations of type (1.6). The proof follows arguments from previous
papers [3, 11] with G = 0. In Section 5 we present preliminary numerical
simulations that confirm the blow-up part of Conjecture 2. We will study
of the detailed structure of this blow-up in a separate paper. Finally,
in Section 6 we review the results of this paper and consider the case of
higher space dimensions.

2 The Lyapunov Function

We start by considering steady periodic solutions of the evolution equation
(1.6). These satisfy

0 = (f(h)hxxx)x + (g(h)hx)x.

Integrating,
C = f(h)hxxx + g(h)hx.

Assuming that f(y) and g(y) vanish only at y = 0, we show that C = 0.
If there is a point at which h vanishes then C = 0. If there is no such
point, then f(h) > 0 and

C

f(h)
= hxxx +

g(h)
f(h)

hx = hxxx + F (h)x.

Integrating,

C

∫
S1

1
f(h)

dx = 0 ⇐⇒ C = 0.

Hence if h ≥ 0 then C = 0. Integrating,

D = hxx + F (h) where F ′(y) =
g(y)
f(y)

.
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The constant D is determined by the steady state, D =
∫

F (h). Steady
states are extrema of the Lyapunov function

E(h) =
∫
S1

(
1
2
h2
x − G̃(h) + Dh

)
dx where G̃′′(y) =

g(y)
f(y)

.

This Lyapunov function is crucial in proving the uniform boundedness of
positive and non-negative solutions.

3 A Global Bound for Positive Solutions

This section is concerned with positive smooth solutions of

ht = −(f(h)hxxx)x − (g(h)hx)x (3.1)

with periodic boundary conditions

h(0, t) = h(1, t)

and initial condition h(x, t)|t=0 = h0(x). In Section 4, we prove that
given certain assumptions3 such equations yield positive solutions from
positive initial data. Slightly weaker assumptions on f yield non-negative
solutions from non-negative initial data.

In this section, we prove uniform boundedness of positive smooth so-
lutions of equations of the form (3.1) that satisfy the further constraint,
that g(y)/(y2f(y)) → 0 as y → ∞. (This is the condition of Conjecture
2.) The methods of this section only require that the solution be nonneg-
ative and smooth. As strictly positive solutions are immediately smooth,
we consider this case.

Equation (3.1) is a conservation law, therefore a smooth solution con-
serves mass

d

dt

∫
S1

h dx = 0 =⇒ h =
∫
S1

h dx =
∫
S1

h0 dx.

Moreover, smooth solutions satisfy

d

dt

1
2

∫
S1

h2
x dx = −

∫
S1

f(h)h2
xxx dx−

∫
S1

g(h)hxhxxx dx.

3Both f(y) and g(y) positive for y > 0, and as y ↓ 0, g(y) ↓ 0, g(y)/f(y) < M , and
f(y) ↓ 0 “sufficiently strongly”.



12 A. L. BERTOZZI AND M. C. PUGH

Finally, for any G(h), a smooth solution satisfies

d

dt

∫
S1

G(h) dx =
∫
S1

G′′(h)f(h)hxhxxx dx +
∫
S1

G′′(h)g(h)h2
x dx.

Choosing G̃(y) so that G̃′′(y) = g(y)/f(y), yields the Lyapunov function

d

dt

∫
S1

(
1
2
h2
x − G̃(h) + Dh

)
dx = −

∫
S1

f(h)
[
hxxx +

g(h)
f(h)

hx

]2

dx ≤ 0.

(3.2)

If in (3.2), the minus sign in front of G̃(h) were a plus sign, the Lyapunov
function would be a sum of positive quantities and its dissipation would
immediately guarantee that the solution remains bounded in H1(S1) for
all time. This is the case when the second order term is stabilizing (g ≤ 0)
[10]. In the following, we show that for some G̃, the Lyapunov function
can be used to control |h|H1 despite its mixed sign.

We assume for simplicity that both f and g behave as power laws in
the large and small y limits: f(y) ∼ yn1, g(y) ∼ ym1 for y � 1, and
f(y) ∼ yn2, g(y) ∼ ym2 for y� 1. The further assumption4 m2 > n2 − 2
gives the crude bound

G̃(y) ≤
{

ayp for y ≥ 1
C for y ≤ 1

(3.3)

where p = max{2, m1 − n1 + 2}. The following lemma states that given
bound (3.3) with p < 4, the H1 norm of a positive function can be
bounded by its mean and the Lyapunov function E(h):

Lemma 3.1 Let G̃ be a function on [0,∞) such that the bound (3.3) holds
for some exponent p < 4. Define a functional on H1 by

E(h) =
∫
S1

(
1
2
h2
x − G̃(h) + Dh

)
dx <∞

and define

q =
{

max{2, (2 + p)/(4− p)} if h > 1,
2 if h ≤ 1.

(3.4)

4For the existence of non-negative weak solutions with non-negative initial data, the
stronger requirement of m2 ≥ n2 is needed.
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Then there exist positive constants c1, c2 such that for all nonnegative
h ∈ H1(S1),

1
4
|h|2H1 < E(h) + c2h

q
+ c1. (3.5)

The critical case p = 4 is discussed in a remark following the proof
of this lemma. In one space dimension, the H1 norm bounds the L∞

norm, providing a uniform upper bound for the solution. The bound
(3.5) depends only on E(h), h =

∫
h, and the quantities used to bound

G̃(h).
Lemma 3.1 immediately yields the following uniform boundedness re-

sult for positive smooth solutions of equation (3.1):

Proposition 3.2 Let h(x, t) be a smooth positive solution on [0, T ] to
(3.1). Let G̃′′(y) = g(y)/f(y) be such that G̃ satisfies the conditions
of Lemma 3.1. If the initial data h0 ∈ H1 then |h(·, t)|H1 is uniformly
bounded by the initial data

1
4
|h|2H1 < E(h) + c2h

q + c1 + 1/4 h
2

< E(h0) + c2h
q + c1 + 1/4 h

2
<∞.(3.6)

The constants c1 and c2 are as in Lemma 1.

The proof follows directly from Lemma 3.1 and the fact that for a
smooth solution h of (3.1), E(h, t) ≤ E(h0) and

∫
h =

∫
h0.

In the proof of Lemma 3.1, we use the interpolation inequality (see
e.g. [30] p.27 thm 10.1):

Interpolation Lemma
Let p > 1. Then there exists a constant C1 depending only on p so

that for all u ∈ H1(S1)

|u|Lp ≤ C1|u|
2(p−1)

3p

H1 |u|
2+p
3p

L1 . (3.7)

Proof of Lemma 3.1: Bound (3.3) on G̃(h) implies∫
S1

G̃(h) dx ≤ a

∫
{h≥1}

hp dx +
∫
{h<1}

C dx

≤ a

∫
S1

hp dx + C
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Since p > 1,

E(h) + c2h
q
+ 1/4 h

2
=

1
2

∫
S1

h2
x dx + 1/4 h

2 −
∫
S1

G̃(h) dx + Dh + c2h
q

≥ 1
4
|h|2H1 −C − a

∫
S1

hp dx + Dh + c2h
q

≥ 1
4
|h|2H1 −C − aCp

1 |h|
2(p−1)

3

H1 h
p+2

3 + Dh + c2h
q(3.8)

≥ 1
8
|h|2H1 −C + Dh +

c2

2
h
q ≥ 1

8
|h|2H1 −C. (3.9)

In (3.8) we use the interpolation inequality (3.7) coupled with the key
observation that for h ≥ 0, |h|1 =

∫
h = h. Step (3.9) uses the fact that

(3.8) is of the form

1
4
A− C − βA

p−1
3 B

p+2
3 + DB + c2B

q ,

where β = aCp
1 , and the following elementary lemma5:

Lemma 3.3 Given 1 ≤ p < 4 and β ∈ R, there exists a constant c2 such
that for all A, B ≥ 0,

1
4
A− βA(p−1)/3B(p+2)/3 + c2B

(2+p)/(4−p) ≥ 1
8
A +

c2

2
B(2+p)/(4−p).

Remark regarding the critical case, p = 4. In this case, p =
4, (3.8) implies that there exists a constant ccrit, depending on a, the
asymptotic prefactor for G̃ in (3.3), such that if h̄ < ccrit then Lemma 1
holds. Thus an apriori upper bound also occurs for the critical case when
the initial data has sufficiently small mean.

As the scaling argument in Subsection 1.1 suggests, if p ≥ 4 in the
bound (3.3), smooth solutions have controlled growth if m1 ≤ n1/2. To

5This lemma is proved by considering two cases: A ≥ εBq and A ≤ εBq where ε =

(8β)
3

4−p and c2 ≥ 2βε(p−1)/3.
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see this, we assume that m2 ≥ n2/2 and find that the solution satisfies

d

dt

1
2

∫
S1

h2
x =−

∫
S1

f(h)h2
xxx −

∫
S1

g(h)hxhxxx

=−
∫
S1

f(h)
(

hxxx +
1
2

g(h)
f(h)

hx

)2

+
1
4

∫
S1

g(h)2

f(h)
h2
x

≤1
4

∣∣∣∣g(h)2

f(h)

∣∣∣∣
L∞

∫
S1

h2
x ≤ C

∫
S1

h2
x. (3.10)

It follows immediately that if m1 ≤ n1/2 then the H1 norm of h grows at
most exponentially in time.

In the m1 > n1/2 case, g2/f is not in L∞ and the final step (3.10) is
not valid. Instead, one finds

d

dt

1
2

∫
S1

h2
x ≤ C

(∫
S1

h2
x + h

2
)m1−n1/2+1

.

This does not preclude a finite-time blow-up but does ensure that the H1

norm of h is bounded for t < (
∫
S1 h0

2
x + h̄2)n1/2−m1/(C(m1 − n1/2)):

Proposition 3.4 Let h(x, t) be a smooth positive solution of (3.1) with
initial data h0 ∈ H1(S1). Assume that m2 ≥ n2/2.

If m1 ≤ n1/2 then |h(·, t)|H1 grows at most exponentially on any time
interval [0, T ].

If m1 > n1/2 then |h(·, t)|H1 has controlled growth on a finite time
interval [0, T0) with T0 = C(

∫
h0

2
x + h

2
)n1/2−m1.

Proposition 3.2 can be generalized to solutions that are no longer re-
stricted to be nonnegative if the solution h is smooth enough to admit
integration by parts and if for some 1 < p < 4 one has∫

S1
G̃(h) dx ≤ a

∫
S1
|h|p dx + C.

In such a case, if the solution h has either an upper or lower pointwise
bound then the Lyapunov function E(h) bounds the H1 norm of h. The
proof is a minor modification of the proof of Proposition 3.2. Proposition
3.4 can be analogously generalized.

In the following Subsection 3.1, we expand upon this observation to
show that the finite-time singularity of the MKS equation (1.3) must be
of the form where hxx ↑ ∞ and hxx ↓ −∞ simultaneously as t ↑ T ∗.
Furthermore, |hxx|L1 →∞. The rest of the article is independent of the
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next subsection. Those readers who wish to read immediately about the
existence of non-negative weak solutions of equation (3.1) should skip to
Section 4.

3.1 Classifying the finite-time singularity of the Modified
Kuramoto-Sivashinsky equation

The methods used to prove Proposition 3.4 can be used to prove sharper
results concerning blow-up of the modified Kuramoto-Sivashinsky equa-
tion. In [7], Bernoff & Bertozzi consider periodic solutions of the modified
Kuramoto-Sivashinsky equation

ht = −hxxxx − hxx + (1− λ)h2
x + λh2

xx. (3.11)

The λ = 0 case is the Kuramoto-Sivashinksy equation which is known to
have globally bounded smooth solutions.

For all values of λ 6= 0, Bernoff & Bertozzi prove that there exist
periodic initial conditions that lead to finite-time singularities in which
|hxx|L∞ → ∞ as t ↑ T ∗. Moreover, their computations combined with
asymptotic methods suggest that the finite-time singularities are of a self-
similar form in which max{hxx} ↑ ∞ and min{hxx} ↓ −∞ simultaneously
as t ↑ T ∗. We prove here that |hxx|L1 must become singular when a blow-
up occurs. This then implies that both max{hxx} ↑ ∞ and min{hxx} ↓
−∞ simultaneously, since for periodic solutions

|hxx|L1 =
∫

h+
xx −

∫
h−xx = 2

∫
h+
xx = −2

∫
h−xx.

Here h+
xx and h−xx denote the positive and negative parts of hxx.

Theorem 3.5 Consider the modified Kuramoto-Sivashinsky equation

ht = −hxxxx − hxx + (1− λ)h2
x + λh2

xx x ∈ S1. (3.12)

For λ 6= 0 there exist smooth periodic initial data that yield a finite-time
singularity in which

|hxx|L1 →∞ as t ↑ T ∗. (3.13)

Moreover all finite-time singularities from smooth periodic solutions to
(3.12) must satisfy (3.13).
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Proof: We first note that Bernoff & Bertozzi proved a continuation
lemma for the problem — all finite-time singularities must be accompa-
nied by a blow-up of |hxx|L∞ . For this reason, we can assume that control
of |hxx|L∞ implies there is no finite-time singularity.

The proof relies on the construction of a kind of ‘Lyapunov function’
for the variable v = hxx. The proof is by contradiction: we prove that if
v has bounded L1 norm then its L∞ norm is controlled.

The equation for v = hxx is

vt = −vxxxx − (g(v)vx)x + (1− λ)(h2
x)xx (3.14)

where g(v) = 1− 2λv. Taking G′′(v) = g(v),

E(v) =
∫
S1

(
1
2
v2
x −G(v)

)
dx

satisfies

d

dt
E(v) = −

∫
S1

[vxxx + g(v)vx]
2 dx

+2(1− λ)
∫
S1

[vxxx + g(v)vx]hxv dx.(3.15)

Equation (3.15) implies

d

dt
E(v) ≤ (1− λ)2|hx|2L∞

∫
S1

v2.

Since |hx|L∞ ≤ |v|L1,

d

dt
E(v) ≤ (1− λ)2|v|2L1|v|2L2. (3.16)

By an argument similar to the proof of Lemma 3.1, there exist con-
stants c1 and C so that for all v ∈ H1,

1
8
|v|2H1 ≤ E(v) + C|v|5L1 + c1.

The integrated form of (3.16) then implies

1
8
|v|2H1 ≤ E(v0) + C|v|5L1 + c1 +

∫ t

0

(1− λ)2|v|2L1|v|2H1.
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We assume

|v|L1 < M. (3.17)

This assumption, combined with Grönwall’s lemma yields

|v|2H1 ≤ 8(E(v0) + CM5 + c1)e8(1−λ)2M2t.

In short, on any finite time interval, |v|H1 and hence |v|∞ is bounded by
a function of the initial data and the maximum of its L1 norm. This is a
contradiction if the initial data is in the class for which Bernoff & Bertozzi
proved |hxx|∞ = |v|∞→∞ in finite time. Therefore for such initial data,
assumption (3.17) must be false, finishing the proof.

As
∫

hxx = 0 is conserved by the evolution, a pointwise upper or lower
bound for hxx implies a bound on the L1 norm of hxx. This observation
yields a corollary predicting the simultaneous blow-up of hxx found in
numerical simulations:

Corollary 3.6 For λ 6= 0 there exist smooth periodic initial data for
(3.12) that yield a finite-time singularity in which

min{hxx} ↓ −∞ and max{hxx} ↑ ∞ (3.18)

simultaneously as the blow-up occurs. Moreover, all finite-time singulari-
ties from smooth periodic solutions to (3.12) must satisfy (3.18).

4 Weak Solutions: existence, positivity, behavior near the
edge of the support

Section 3 addressed the question of global boundedness of positive smooth
solutions of the long-wave unstable diffusion equation

ht = −(f(h)hxxx)x − (g(h)hx)x. (4.1)

This equation has a Lyapunov function of the form

E(h) =
∫
S1

(
1
2
h2
x − G̃(h) + Dh

)
dx



LONG-WAVE UNSTABLE THIN FILM EQUATIONS 19

where G̃′′(h) = g(h)/f(h). As before, we make the assumption that both
f and g behave as power laws in the large and small y limits:

f(y) ∼
{

yn1 for y� 1
yn2 for y� 1

(4.2)

g(y) ∼
{

ym1 for y � 1,
ym2 for y � 1,

(4.3)

and thus for y� 1

G̃(y) ∼


ym1−n1+2 if m1 − n1 6= −2,−1,
log(y) if m1 − n1 = −2,
y log(y)− y if m1 − n1 = −1.

In Section 3, we prove that if m1 − n1 + 2 < 4 (i.e., g(h)/(h2f(h)) → 0
as h→∞), then positive smooth solutions are uniformly bounded in H1

and thus in L∞.
For thin films, both positive and non-negative solutions are of interest.

In particular, non-negative solutions can be used to describe coating flows
with moving contact lines. In this section, we derive a global existence
theory, similar to that derived for equation (4.1) without the long-wave
instability [3, 11, 10, 4]. Furthermore, we discuss cases for which the
contact line of a non-negative solution can be shown to have finite speed
of propagation. Such finite speed of propagation is relevant as it proves
the solutions to be physically reasonable. Some of the techniques used
here are very similar to those in previous work [11, 10, 3, 5, 6]. For this
reason, we present sketches of the proofs and refer the reader to previous
papers whenever possible.

Positive solutions are smooth since given a priori upper and lower
bounds the equation is uniform parabolic [24, 29]. On the other hand,
non-negative solutions can be positive to one side of a point and zero to
the other side. Such a point is denoted a ”contact line” and an asymptotic
expansion near this point6 suggests that the solution may be C1 but not
C2.

For this reason, any formulation of an existence theory for non-negative
solutions requires weak solutions rather than classical solutions. This is
typically done by integrating the evolution equation against a test func-

6see e.g. [14] for traveling wave solutions to the equation with only the fourth order
term or [10] for traveling wave solutions to the problem with a stabilizing second order
term
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tion ϕ and then integrating by parts. Taking ϕ ∈ C∞0 (0, T ; S1), we have∫∫
QT

hϕt dx dt = −
∫∫

QT

f(h)hxxxϕx dx dt−
∫∫

QT

g(h)hxϕx dx dt.

(4.4)

QT is the parabolic cylinder [0, T ]×S1. The above formulation is a weak
solution in the sense of distributions, and requires control of hxxx at the
contact line. Bernis and Friedman [4] introduced a weaker form of (4.4)
to define a weak solution for (4.1) with g = 0 which does not consider
hxxx at the contact line:

Definition 4.1 A BF weak solution7 of equation (4.1) is a function h
satisfying the conditions

h ∈ C
1
2
, 1
8 ([0, T ]× S1) ∩ L∞(0, T ; H1(S1))

h ∈ C4,1(P) and
√

f(h)hxxx ∈ L2(P),

where P is the set [0, T ]× S1/(h = 0∪ t = 0), and h satisfies (4.1) in the
sense of∫∫

QT

hϕtdxdt +
∫∫

P
f(h)hxxxϕx +

∫∫
QT

g(h)hxϕx dx dt = 0.

For the g = 0 case, Bernis [5] denotes a “strong solution” to be one
that satisfies Definition 4.1 and in addition has h(·, t) ∈ C1(S1) for almost
all t > 0. This definition is motivated by the results in [3, 11, 10] showing
that for f(h) = hn, 0 < n < 3, there exists a weak solution in the sense
of Definition 4.1 that is C1(S1) for almost all t > 0.

In [11, 10] (for g = 0 and g ≤ 0) we showed that, for 1 < n2 < 3,
a non-negative weak solution, constructed to satisfy Definition 4.1, also
satisfies the equation in the sense of distributions in one of two ways:∫∫

QT

hϕt dx dt =
∫∫

QT

f(h)hxxϕxx dx dt

+
∫∫

QT

f ′(h)hxhxxϕx dx dt−
∫∫

QT

g(h)hxϕx dx dt(4.5)

7We introduce the name “BF weak solution” to differentiate this solution from a weak
solution in the sense of distributions.



LONG-WAVE UNSTABLE THIN FILM EQUATIONS 21

or

−
∫∫

QT

hϕt dx dt =
∫∫

QT

f(h)hxϕxxx dx dt +
3
2

∫∫
QT

f ′(h)h2
xϕxx dx dt

+
1
2

∫∫
QT

f ′′(h)h3
xϕx dx dt +

∫∫
QT

g(h)hxϕx dx dt.(4.6)

Being a weak solution in the sense of (4.5) is stronger than being a weak
solution in the sense of (4.6), in that (4.5) requires some control of hxx.

Using the techniques developed in the above mentioned papers, we
outline the analogous existence results for various weak solutions of (4.1)
with g ≥ 0.

4.1 Initial data and problems of interest

The weak solution theory considers two types of initial conditions h0 > 0
and h0 ≥ 0.

First, we consider positive initial data h0 > 0. In this case, we prove
existence of nonnegative weak solutions for all n2 > 0. If n2 > 3.5, we
show that the solution remains smooth and positive for all time, while
if n2 ≤ 3.5 finite-time singularities might occur in which a contact line
spontaneously forms (min{h} ↓ 0). A finite-time pinching singularity has
been observed numerically for the f(h) = g(h) = h case although the
authors did not consider the evolution of the resultant weak solution [33].
The formation and evolution of a contact line was studied numerically
for the equation with f(h) = h1/2 and g = 0 [9]. The contact line was
observed to move with finite speed as was later proven in [5].

Second, we consider non-negative initial data, h0 ≥ 0. For this case
we prove global existence theorems when 0 < n2 < 3, n2 ≤ m2 and f
and g satisfy the conditions of Proposition 3.2. We show that if there is
a contact line then it moves with finite speed and its position is a Hölder
continuous function of time if 1

2 < n2 < 3. The finite speed of propagation
results follow immediately from methods similar to those derived in [5, 6].

4.2 Approximate problem

To prove the existence theory, we construct a family of smooth approx-
imate solutions. For the porous medium equation, a degenerate second
order equation, ht = (hmhx)x, m > 0, a natural approximate equation is
the uniformly parabolic equation hεt = ((hεm + ε)hεx)x. As the approxi-
mate equation is second order, one can apply the maximum principle to
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find that positive initial data yields positive solutions. A subsequence of
these positive approximate solutions will have a nonnegative ε→ 0 limit,
which can be proven to be a weak solution of the porous medium equa-
tion. The lubrication equation, ht = −(hnhxxx)x, n > 0, is a degenerate
fourth order equation. However, the maximum principle does not apply
so that the analogous approximate equation, hεt = −((hεn+ε)hεxxx)x can
take positive initial data to a solution that may be negative in regions.

To find strictly positive approximate solutions, we consider the prob-
lem with “lifted” initial data

hε0(x) = h0(x) + δ(ε) > 0 (4.7)

and approximate equation

hεt = −(fε(hε)hεxxx)x − (gε(hε)hεx)x, (4.8)

where

fε(y) =

{
f(y)
yn2

yn2+4

εyn2 +y4 if n2 < 4
f(y) if n2 ≥ 4

(4.9)

and

gε(y) =

{
g(y)
ym2

ym2+4

εym2 +y4 if n2 < 4 and m2 < 4
g(y) otherwise.

(4.10)

This is a slight modification of a regularization first suggested by Bernis
& Friedman [4] and later used in [3, 11] for the equation (4.1) with g = 0.
The regularizations (4.9–4.10) preserve the large y behavior of f(y) and
g(y) while modifying the small y behavior of f(y) and g(y).

Like the regularizations used for the g = 0 case [3, 4, 11], fε(y) ∼ yn2 for
y� 1 with n ≥ 4. This ensures that the approximate solutions are strictly
positive, smooth, and unique. The existence theory [10] for the lubrication
equation with a porous medium term, ht = −(hnhxxx)x + (hmhx)x, uses
the approximation

hε0(x) = h0(x) + δ(ε) > 0 hεt = −(fε(hε)hεxxx)x + (hεmhεx)x.

The porous medium term does not need to be regularized to ensure that
the approximate solutions be positive, smooth, and unique. However,
as we demonstrate below, if the second order term is destabilizing then
positivity, smoothness, and uniqueness of the approximate solutions are
only guaranteed if g is regularized whenever f is regularized.
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Proposition 4.2 (Global existence and positivity of approximate solu-
tions) Given a time T and positive initial data hε0 = h0 + δ(ε) ∈ H1(S1)
with h0 ≥ 0, with δ(ε) = εθ, ε < 1, and θ < 2/5, the approximate equation
(4.8) with m1 < n1+2 and n2 ≤ m2 has a unique positive smooth solution
for all time. The approximate solution hε has a pointwise lower bound Mε

which depends on ε but not on T :

0 < Mε ≤ hε(x, t) t ∈ [0, T ].

Moreover, if 0 < n2 < 3 and h0 > 0 then for all −1
2 < s < 1, there

exists a constant C independent of both T and ε such that the following
uniform-in-ε bounds are satisfied for all approximate solutions:

|hε(·, t)|2H1 ≤ C, (4.11)∫∫
QT

(
hε
s/2+1

)2

xx
dx dt ≤ CT, (4.12)∫∫

QT

(
hε
s/4+1/2

)4

x
dx dt ≤ CT. (4.13)

If h0 ≥ 0 then the a priori bounds (4.12) and (4.13) hold for all s with
max{−1

2 , n2 − 2} < s < 1.

Sketch of proof: The proof essentially follows from the uniform
boundedness of positive smooth solutions shown in Section 3 and methods
from previous papers. First, short-time existence is proved following the
same steps Bernis & Friedman used for the g = 0 case. To prove that
the solution can be continued in time and will remain positive, we note
that from Proposition 3.2 there is a global bound on the H1 norm (4.11).
As in Bernis & Friedman, this implies that the solutions are uniformly
in C1/2,1/8(ΩT ). A pointwise lower bound then suffices to continue this
positive solution indefinitely in time.

To obtain the pointwise lower bound, we follow the argument of The-
orem 3.1 in [11]. Defining8 Gε(y) to satisfy G′′ε (y) = 1/fε(y),

d

dt

∫
S1

Gε(hε) = −
∫
S1

hε
2
xx −

∫
S1

gε(hε)
fε(hε)

hε
2
x. (4.14)

The assumption that g(y)/f(y) is bounded for all M > y > 0 and the a
priori bound (4.11) yield ∫

S1

Gε(hε) ≤ CT. (4.15)

8Gε is different from G̃ from the Lyapunov function of the previous section.
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Equation (4.14) shows why g must be regularized whenever f is regular-
ized: to have |gε(hε)/fε(hε)| pointwise bounded independent of ε. The
pointwise lower bound follows from the bound (4.15) and the Hölder
continuity of the approximate solution hε. Specifically, if δ(t) is the
minimum value of hε(·, t), occurring at the point x0(t), then hε(x, t) ≤
δ(t) + C|x − x0(t)|1/2. As fε and gε have been regularized to behave like
y4 for y � 1, (4.15) implies

∫
Gε(hε) ∼

∫
ε/hε

2 ≤ CT . This and the
Hölder continuity yield

0 < Mε = e−C2/ε ≤ δ(t).

Finally, for the bounds (4.12) and (4.13) we define Gs
ε(y) to satisfy

Gs
ε
′′(y) = ys/fε(y). In the g ≤ 0 case this determines a family of entropies

that are dissipated as the solution evolves (if max{−1
2 , n− 2} < s < 1).

Here we show that although these entropies are not necessarily dissipated
in time, they continue to provide a framework in which to derive the
bounds (4.12) and (4.13). Specifically, their growth can be controlled for
all time:

d

dt

∫
S1

Gs
ε(hε) dx =

∫
S1

hε
shεxhεxxx dx +

∫
S1

hε
s gε(hε)
fε(hε)

hε
2
x dx

= −
∫
S1

hε
shε

2
xxdx +

s(s− 1)
3

∫
S1

hε
s−2hε

4
x

+
∫
S1

hε
s gε(hε)
fε(hε)

hε
2
x dx (4.16)

≤ −
∫
S1

(hεs/2+1)2
xx + C

∫
S1

(hεs/2+1)2
x (4.17)

≤ −1
2

∫
S1

(hεs/2+1)2
xx + C1

The condition −1
2 < s < 1, is used in step (4.17) and the condition

s > n2 − 2 is needed for
∫
S1 Gs

ε(hε0) to be bounded independent of ε.
Following the arguments in [3, 11] the above yields the bounds (4.12) and
(4.13).

If the initial data is strictly positive h0 > 0, then the condition 0 <
n2 < 3 can be broadened to include all 0 < n2 and the condition on s to
include all −1

2 < s < 1.



LONG-WAVE UNSTABLE THIN FILM EQUATIONS 25

4.3 The ε→ 0 Limit

We use the a priori bounds of Proposition 4.2 to prove the existence of
non-negative weak solutions. In the following, we present the proofs for
the n2 > 0 case with positive initial data h0 > 0 and for the 0 < n2 < 3
case with non-negative initial data h0 ≥ 0.

Theorem 4.3 (Weak solution from positive initial data) Given T <∞,
0 < n2, n2 ≤ m2, m1 < n1 + 2, initial data h0 ∈ H1(S1) and h0 > 0, and
hε the approximate solution of Proposition 4.2 on time interval [0, T ], then
there exists a subsequence of {hε} which converges pointwise uniformly
and weakly in

L2(0, T ; H2(S1)) ∩ L∞(0, T ; H1(S1))

as ε→ 0 to a non-negative BF-weak solution h. Furthermore, for 1 < n2

the solution h also satisfies the equation in the sense of distributions (4.5)
and inherits the a priori bounds (4.12) and (4.13) of Proposition 4.2 for
all −1/2 < s < 1. Finally, if n2 > 3.5 then the weak solution is a positive
classical solution.

Sketch of proof: Given the a priori bounds of Proposition 4.2,
the proof follows identically those in Section 4 of [10] and [11]. We refer
the reader to these papers. The result on global positivity when n2 ≥ 3.5
follows the analogous proof for the g = 0 case [12]. In particular, one uses
the a priori bound on Gs(h) for s arbitrarily close to −1

2 combined with
the a priori H1 (and hence C

1
2 ) bound.

As in [11, 10], etc. the condition h0 > 0 can be weakened to include
non-negative data for which the entropies

∫
S1 Gs

0(h0) are bounded.

Theorem 4.4 (Weak solutions from non-negative initial data) Given
T < ∞, 0 < n2 < 3, n2 ≤ m2, m1 < n1 + 2, initial data h0 ∈ H1(S1)
and h0 ≥ 0, let hε be the approximate solution of Proposition 4.2 on time
interval [0, T ].

For 0 < n2 < 2, there exists a subsequence of {hε} which converges
pointwise uniformly and weakly in

L2(0, T ; H2(S1)) ∩ L∞(0, T ; H1(S1))
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to a non-negative BF-weak solution h. Furthermore, for 1 < n2 < 2,
h also satisfies the equation in the sense of distributions (4.5) and in-
herits the a priori bounds (4.12) and (4.13) of Proposition 4.2 for all
max(−1/2, n2 − 2) < s < 1.

For 2 < n2 < 3, there exists a subsequence of {hε} which converges
pointwise uniformly and weakly in

L∞(0, T ; H1(S1))

to a non-negative BF-weak solution h. Furthermore, h also satisfies the
equation in the sense of distributions (4.6) and inherits the a priori bounds
(4.12) and (4.13) of Proposition 4.2 for all s such that n2 − 2 < s < 1.

Sketch of proof: Again, the a priori bounds of Proposition 4.2
yield the results. The proof follows those in Section 4 of [10] and [11].

In fact, the non-negative weak solutions of Theorem 4.4 are weak so-
lutions in the sense of distributions for 3/8 < n2 ≤ 1 and n2 = 2. The
weak solution formulation and analogous proofs can be found in [10] and
[11].

We proved in Section 3 that the H1 norm of positive smooth solu-
tions can grow in a controlled manner if m1 ≥ n1 + 2 and m1 ≤ n1/2.
This H1 control then implies a priori bounds, propositions, and theorems
analogous to Proposition 4.2 and Theorems 4.3 and 4.4.

If m1 ≥ n1 +2 and m1 > n1/2 then Conjecture 2 suggests a finite-time
blow-up is possible. However, Proposition 3.4 does provide short-time
control of the H1 norm of approximate solutions. Short-time equivalents
of Proposition 4.2 and Theorems 4.3 and 4.4 then follow.

4.4 The Contact Line

In this section we establish two results. First, following the work of [11,
3, 10] we consider the asymptotic behavior of the solution near the edge
of support. Second, following the work of [5, 6] we establish that the
support of a weak solution has finite speed of propagation.

For almost all t ∈ [0, T ], the weak solution satisfies the bounds (4.12)
and (4.13). Suppose that the contact line is at the point a(t) with
h(x, t) > 0 for x < a(t) and h(x, t) = 0 for x ≥ a(t). If the leading-order
asymptotics of the solution can be described by a power law behavior,
h(x, t) ∼ C(t)(a(t)− x)β, the power law must satisfy the restrictions:
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β ≥ 2 0 < n2 < 3/2, (4.18)
β ≥ 3/n 3/2 < n2 < 3.

The constraints in (4.18) are identical to those computed for the g = 0
case in [11]. The condition of g(y)/f(y) remaining bounded as y ↓ 0 is
simply that the second order term cannot dominate the solution near the
contact line, hence the constraints in (4.18) only depend on n2. As in
[11], we believe that the a priori bounds (4.12) and (4.13) are sharp since
the exponents β = 2 for 0 < n2 < 3/2 and β = 3/n for 3/2 < n2 < 3
are exactly those of the g = 0 case. The m2 ≥ n2 condition needed for
existence of solutions implies that near the contact line, the evolution
equation is like the g = 0 case, suggesting that the exponents would be
sharp for this case as well.

We now show that the support of the weak solutions of Theorems
4.3 and 4.4 have a property known as finite speed of propagation. This
property is not enjoyed by solutions of uniformly parabolic equations,
however it is a well-known property of solutions of the ‘porous-media’
equation ht = (hmhx)x, m > 0. Recently it was shown that for the g = 0
case, the weak solutions have support that propagates with finite speed
[5, 6].

The key ideas of these papers are strong and local versions of the en-
tropy equation (4.16) for the weak solutions constructed in Theorems 4.3
and 4.4. Without presenting all the details, we show how to extend these
ideas to the problem considered here.

Definition 4.5 A function h(x, t) : S1 × [0,∞) → R is said to have
“finite speed of propagation” if for all t0 > 0, x0 ∈ S1, and r0 > 0, such
that Br0(x0) ⊂ S1 and h(x, 0) ≡ 0 almost everywhere in Br0(x0), there
exists a T∗ > 0 and a continuous function r : [t0, t0 + T∗) → R+ with
r(t0) = r0 such that

h(x, t) = 0 a. e. for all t ∈ [t0, t0 + T∗) and x ∈ Br(t)(x0).

With this definition,

Theorem 4.6 (Finite speed of propagation) The weak solutions of The-
orems 4.3 and 4.4 have finite speed of propagation.

The proof follows by considering local versions of the estimates in
(4.16) and using the Lyapunov function from Section 3. We sketch the
proof below for the 0 < n2 < 2 case.
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Lemma 4.7 Assume the hypotheses of either Theorem 4.3 or 4.4 with
approximate solutions from Proposition 4.2. If 0 < n2 < 2 then for any
cut-off function ξ(x) satisfying ξ ∈ C2(S1), ξ ≥ 0 there exists a positive
constant C depending only on s and n2 so that for all T > 0 and ε > 0,
the approximate solutions satisfy∫

S1
ξ(x)(Gs

ε(hε(x, T ))−Gs
ε(h0(x)+εθ)dx+

∫∫
QT

ξh̄sεhε
2
xx+

∫∫
QT

hε
s−2hε

4
x

≤ C

(∫∫
QT

|ξ′hεs−1hε
3
x|+

∫∫
QT

|ξ′hεshεxhεxx|+
∫∫

QT

|ξ′′hεs+1hεxx|
)

+
∫∫

QT

|ξhεsf(hε)/gε(hε)hε2x|+
∫∫

QT

|ξ′Gs
ε
′(hε)hεx|. (4.19)

The proof of this lemma is identical to that of lemma 4.3 in [5]. The
key aspect of (4.19) is that because fε/gε ≤M , the last two terms on the
right hand side, which arise from the long-wave unstable term in (4.1),
can be absorbed into the relevant terms when taking ε→ 0.

Choosing a cut-off function ϕr of the form

ϕr(x) = rϕ1(x/r), r > 0, ϕ1 ≥ 0, ϕ4 ∈ C2
0(R), (4.20)

we pass to the ε = 0 limit to obtain a bound analogous to that of Lemma
4.5 in [5]:

Lemma 4.8 Given a cut-off function ξ = ϕ4
r where ϕr satisfies (4.20),

let 0 < n2 < 2 and h be the weak solution of either Theorem 4.3 or 4.4.
Then there exists a positive constant C2 depending only on s, n2, and ϕ1

such that for all T > 0,

1
(1− n2 + s)(2− n2 + s)

∫
S1

ϕ4
r(x)h2−n2+s(x, T )dx (4.21)

− 1
(1− n2 + s)(2− n2 + s)

∫
S1

ϕ4
r(x)h2−n2+s(x, 0) (4.22)

+
∫∫

QT

ϕ4
r(x)(h(s+2)/2)2

xx (4.23)

≤ C2

∫∫
QT∩{ϕr>0}

hs+2. (4.24)

The constant C2 is slightly different from the constant in Lemma 4.5
in [5] as the lower order destabilizing terms are also absorbed into the
estimate.
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Following the arguments in [5], Lemma 4.8 is sufficient to imply that
the weak solution has finite speed of propagation.

The 2 < n2 < 3 case similarly follows the argument in [6] for the g = 0
case. In fact, since g < Cf and gε < Cfε, all the relevant inequalities
in [6] can be proved for the weak solutions constructed here. The details
regarding the Hölder continuity in time of the contact line in time for
1/2 < n2 < 3, follow the arguments from [5] and [6].

5 Computational results

In this section we present numerical solutions of

ht = −(f(h)hxxx)x − (g(h)hx)x, (5.1)

which confirm the results of Sections 3 and 4 and support Conjecture 2.
The numerical method we use is a modification of the finite difference

scheme used for related problems [10, 12, 9, 13]. The previously used
schemes were found to have numerical instabilities on non-uniform meshes
near points at which h ↓ 0 when used to study the long-wave unstable
problem. We avoid this numerical instability by modifying the numerical
scheme to use an ‘entropy dissipating’ form [51] of the nonlinear term
f(h).

5.1 Hanging Drops

In [22], Ehrhard considered a viscous fluid hanging from the bottom of
a smooth horizontal plate. In that work, the author did not compute
solutions of the evolution equation. Instead, solutions of a quasi-static
approximation was computed: a sequence of steady states satisfying time-
dependent boundary conditions. Here, we present solutions of the evolu-
tion equation.

In the isothermal case, the equation for the dynamic evolution of the
film height is ([23] eq. (4.8p))

ht = −((h3/3 + βh2)(hxxx −Ghx))x = −((h3/3 + βh2)L(h))x. (5.2)

β = 0 corresponds to a no-slip boundary condition at the liquid/solid
interface — this precludes contact line motion. A slip length β > 0, is
introduced to allow slippage near the contact line. For hanging drops,
G < 0, there is a long-wave instability. This reflects the Rayleigh-Taylor
instability arising when a heavier fluid is above a lighter one.
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Figure 5.1 presents a numerical solution of equation (5.2) with G =
−80, β = 0, and initial data

h0(x) = 1 + 0.1 cos(πx). (5.3)

The initial data is positive and the computation shows that the solution
remains positive (and hence smooth) for all time9, apparently approaching
a non-negative weak solution as t→∞. The black lines denote successive
times of the height profile starting at t = 0 and ending at t = 100. The
weak solution is a periodic array of separated droplets and is denoted with
circles:

h∞(x) =


1.66( 1 + cos(

√
80x) ) |x| < π/

√
80

1.18( 1 + cos(
√

80(1− |x|)) ) 1.− |x| < π/
√

80
0 elsewhere

(5.4)

A steady weak solution of equation (5.2) must satisfy L(h∞)≡0 wherever
h∞ 6= 0: shifted cosines of period 2π/

√
80. The above steady state has

zero contact angle and
∫

h∞ =
∫

h0.

5.2 Growth and saturation in the sub-critical case

We consider an equation which Hocherman & Rosenau conjectured to
blow up in finite time:

ht = −(h4hxxx)x − 138(h5.9hx)x = −(h4hxxx)x − 20(h6.9)xx

with initial data (5.3). This equation is sub-critical in the sense that it
satisfies Theorem 4.3, its solutions remaining uniformly bounded for all
time. However, if the exponent 5.9 were a 6, the equation is in the critical
case for which there are no analytical results.

The solid line in Figure 5.2 shows the growth of the maximum of the
solution. There is an initial rapid growth, followed by saturation. This
behavior is to be contrasted with the apparent lack of saturation shown by
the dashed line. The dashed line presents the growth of the maximum for
the same initial data in the critical case: ht = −(h4hxxx)x − 140(h6hx)x.

9For this reason, we compute solutions of the original equation (5.2) rather than solu-
tions of the approximate equation used in Section 4 to prove existence of non-negative
weak solutions.
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Figure 5.1. Instability and droplet formation in a thin hanging film of liquid. The
circles denote the weak solution (5.4).

5.3 Preliminary evidence of blow-up in the critical case

We present preliminary numerical results which suggest a finite-time blow-
up for the critical case of Conjecture 2. We consider an equation with
critical exponents:

ht = −(h4hxxx)x − 140(h6hx)x = −(h4hxxx)x − 20(h7)xx

with initial data (5.3). The heuristic scaling argument presented in the
introduction suggests that blow-up is possible for the critical case. As
m > n/2, the exponents do not preclude a finite-time blow-up of the H1

norm.
The computations show that the positive solution simultaneously ap-

proaches infinity and zero as t ↑ 0.00042. The solution appears to go to
zero at two points, one on each side of the point at which it is blowing
up. Figure 5.3 presents a logarithmic scale plot of h near the point where
the blow-up occurs.
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Figure 5.2. Initial growth and saturation of the height of the solution for ht =
−(h4hxxx)x − 20(h6.9)xx. The dashed line represents the solution to the same equa-
tion with the 6.9 replaced by 7.

6 Summary and Conclusions

This paper considers a class of 1-D long-wave unstable degenerate dif-
fusion equations arising largely in the context of surface tension driven
interface motion.

For equations of the form

ht = −(f(h)hxxx)x − (g(h)hx)x, (6.1)

we show that for a class of nonlinear diffusion coefficients f and g, pos-
itive smooth solutions remain uniformly bounded. Equations with such
degenerate diffusion coefficients were conjectured in [37] to yield finite-
time singularities. Specifically, it was conjectured that only if g(h)/f(h)
decays as h ↑ ∞ will solutions remain bounded. Here we prove that it
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Figure 5.3. Apparent singularity occurring in finite time for solution to ht =
−(h4hxxx)x − 20(h7)xx.

suffices if g(h)/(h2f(h)) decays as a power law as h ↑ ∞ to preclude
blow-up.

Positive solutions are a natural class of solutions, when f(y) vanishes
sufficiently fast as y ↓ 0, since we show that such equations often preserve
positivity (h0 > 0 =⇒ h > 0). When f(y) vanishes at a rate too slow to
permit the positivity preserving property, we show that it is still possible
that f vanishes fast enough to yield a weak maximum principle (h0 ≥
0 =⇒ h ≥ 0).

We prove the existence of non-negative weak solutions for a range of
equations of type (6.1). The weak existence theory builds upon previous
theory [11, 10, 3] for related equations with g ≤ 0 or g = 0 — equations
which do not have a long-wave instability. We extend recent work on
finite speed of propagation of the support for the g = 0 case to prove that
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in the g ≥ 0 case the non-negative weak solutions also have finite speed
of propagation.

We present preliminary numerical evidence of finite-time blow-up in
a ‘critical case’ where g(h) = ch2f(h), suggesting that our conjecture is
sharp. The numerics show h blowing up at one point and touching down
at a pair of points, one to each side. The observed singularities appear
to have interesting structure involving matched asymptotics and second-
type self-similarity. Such behavior is found in the h ↓ 0 singularities in
the g = 0 case [1, 12, 20, 13]. The supercritical case, which we do not
present here, has singularities with the expected dimensional scaling. We
will pursue the details of the structure of the singularities in a separate
paper.

Another model mentioned by Hocherman and Rosenau [37] is the
Benny equation [46], which in the non-convective case takes the form
of (6.1) with f(h) = c1h

3 and g(h) = c2h
6 + c3h

3, c1, c2 > 0. Numerical
computations in [46] supported Conjecture 1. It is interesting to note
that, were they to have considered a “modified Benny equation” with
g(h) = c2h

m, Hocherman and Rosenau would have predicted finite-time
singularities for m > 3, however our results here prove that blowup is not
possible for all m < 5, and also in the critical case m = 5 for initial data
of sufficiently small mean.

We note that a subclass of problems, included in the possible blow-
up scenario of Conjecture 2, are those with ‘negative exponents’ n1, m1.
Consider for example the equation

ht = −
((

h4

1 + h7

)
hxxx

)
x

−
((

h4

1 + h5

)
hx

)
x

,

where the behavior of the coefficients f and g near h = 0 insures positivity
of the solution whenever it is bounded. If a blowup were to occur for this
equation, it would necessarily involve a singularity in higher derivatives
since both diffusion exponents decay as h→∞.

There remain unsolved theoretical problems. For example, the numer-
ical evidence suggests that Conjecture 2 is sharp. Can one prove this?
There are conjectures related to pinching singularities that are still un-
proven for the g = 0 and g ≤ 0 cases. For example, pinching singularities
were numerically observed for equation (6.1) with f(h) = h, g(h) = 0
[20, 12, 13, 1]. There is no analytical proof. The question of uniqueness
of non-negative weak solutions also remains an open problem.

Variational methods have been applied to ht = −(hhxxx)x, proving
the existence of solutions with non-zero contact angles [43]. Such ap-
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proaches have yet to be brought to bear on non-quadratic nonlinearities
or equations with a second-order term.

Furthermore, there are related long-wave unstable equations to which
the energy methods of this paper do not directly apply. One example is
motion by the Laplacian of mean curvature [16, 8]. Other examples are
addressed in the paper [37] in which Hocherman & Rosenau made their
conjecture.

In higher space dimensions we expect a different type of scaling to
occur. Consider non-negative solutions of the evolution equation

ht = −∇ · (f(h)∇∆h + g(h)∇h) x ∈ RD (6.2)

and suppose that the solution blows up in finite time with hmax ↑ ∞.
Applying the scaling argument presented in the introduction, finite-time
blow-up can only happen if

lim
h→∞

g(h)
h2/Df(h)

=∞.

The methods of Section 3 do not immediately extend to higher dimen-
sions. This is due to the Sobolev embedding lemma that states that the
H1 norm controls L∞ in one space dimension, but not in higher dimen-
sions. Various analytical results have been proven in higher dimensions.
We refer the reader to a recent paper of Dal Passo et al. for further
references [44].
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Boundary Problems: Theory and Applications, volume 323 of Pitman Research
Notes in Mathematics Series, pages 72–85. Longman House, 1995. Proceedings
of the International Colloquium on Free Boundary Problems, Toledo, Spain, June
1993.

[10] A. L. Bertozzi and M. Pugh. The lubrication approximation for thin viscous
films: the moving contact line with a ‘porous media’ cut off of Van der Waals
interactions. Nonlinearity, 7:1535–1564, 1994.

[11] A.L. Bertozzi and M. Pugh. The lubrication approximation for thin viscous films:
regularity and long time behavior of weak solutions. Comm. Pur. Appl. Math.,
49(2):85–123, February 1996.

[12] Andrea L. Bertozzi. Symmetric singularity formation in lubrication-type equations
for interface motion. SIAM J. Applied Math., 56(3):681–714, June 1996.

[13] Andrea L. Bertozzi, Michael P. Brenner, Todd F. Dupont, and Leo P. Kadanoff.
Singularities and similarities in interface flow. In L. Sirovich, editor, Trends and
Perspectives in Applied Mathematics, volume 100 of Applied Mathematical Sci-
ences, pages 155–208. Springer–Verlag, New York, 1994.

[14] Stephanella Boatto, Leo Kadanoff, and Piero Olla. Travelling wave solutions to
thin film equations. Phys. Rev. E, 48:4423, 1993.

[15] S. Childress and E. A. Spiegel. Pattern formation in a suspension of swimming
microorganisms: nonlinear aspects. Unpublished manuscript.

[16] Bernard D. Coleman, Richard S. Falk, and Maher Moakher. Stability of cylindrical
bodies in the theory of surface diffusion. Physica D, pages 123–135, 1995.

[17] Pierre Collet, Jean-Pierre Eckmann, Henri Epstein, and Joachim Stubbe. A global
attracting set for the Kuramoto-Sivashinsky equation. Commun. Math. Phys.,
152:203–214, 1993.

[18] P.G. de Gennes. Wetting: Statics and dynamics. Rev. Mod. Phys., 57(3):827–863,
1985.

[19] M. C. Depassier and E. A. Spiegel. the large-scale structure of compressible con-
vection. The Astronomical Journal, 86(3), March 1981.

[20] Todd F. Dupont, Raymond E. Goldstein, Leo P. Kadanoff, and Su-Min Zhou.
Finite–time singularity formation in Hele Shaw systems. Physical Review E,
47(6):4182–4196, June 1993.

[21] E. B. Dussan V. The moving contact line: the slip boundary condition. J. Fluid



LONG-WAVE UNSTABLE THIN FILM EQUATIONS 37

Mech., 77:665–684, 1976.

[22] P. Ehrhard. The spreading of hanging drops. Journ. of Colloid and Interface Sci.,
168:242–246, 1994.

[23] Peter Ehrhard and Stephen H. Davis. Non-isothermal spreading of liquid drops
on horizontal plates. J. Fluid. Mech., 229:365–388, 1991.

[24] S. D. Eidelman. Parabolic Systems. North-Holland, Amsterdam, 1969.

[25] M. L. Frankel. On the nonlinear evolution of a solid-liquid interface. Phys. Lett.
A, 128:57–60, 1988.

[26] M. L. Frankel. On a free boundary problem associated with combustion and
solidification. Math. Modelling and Num. Anal., 23:283–291, 1989.

[27] M. L. Frankel and G. I. Sivashinsky. On the nonlinear thermal diffusive theory of
curved flames. J. Physique, 48(1):25–28, 1987.

[28] M. L. Frankel and G. I. Sivashinsky. On the equation of a curved flame front.
Physica D, 30:28–42, 1988.

[29] A. Friedman. Interior estimates for parabolic systems of partial differential equa-
tions. J. Math. Mech., 7:393–418, 1958.

[30] Avner Friedman. Partial Differential Equations. Holt, Rinehart, and Winston,
New York, 1969.

[31] Y. Giga and R. V. Kohn. Asymptotically self-similar blow-up of semilinear heat
equations. Comm. Pur. Appl. Math., 38:297–319, 1985.

[32] Raymond E. Goldstein, Adriana I. Pesci, and Michael J. Shelley. Topology transi-
tions and singularities in viscous flows. Physical Review Letters, 17(20):3043–3046,
May 1993.

[33] Raymond E. Goldstein, Adriana I. Pesci, and Michael J. Shelley. An attracting
manifold for a viscous topology transition. Physical Review Letters, 75:3665–8,
1995.

[34] Jonathan Goodman. Stability of the Kuramoto-Sivashinsky and related systems.
Comm. Pure Appl. Math., 47:293–306, 1994.

[35] H. P. Greenspan. On the motion of a small viscous droplet that wets a surface. J.
Fluid Mech., 84:125–143, 1978.

[36] Patrick J. Haley and Michael J. Miksis. The effect of the contact line on droplet
spreading. J. Fluid Mech., 223:57–81, 1991.

[37] Tal Hocherman and Philip Rosenau. On KS-type equations describing the evolu-
tion and rupture of a liquid interface. Physica D, 67:113–125, 1993.

[38] L. M. Hocking. A moving fluid interface on a rough surface. Journal of Fluid
Mechanics, 76:801–817, 1976.

[39] L. M. Hocking. A moving fluid interface. part 2. the removal of the force singularity
by a slip flow. Journal of Fluid Mechanics, 79:209–229, 1977.

[40] L. M. Hocking. Rival contact-angle models and the spreading of drops. J. Fluid.
Mech., 239:671–681, 1992.

[41] Jacob N. Israelachvili. Intermolecular and surface forces. Academic Press, New
York, 1992. second edition.

[42] B. Nicolaenko, B. Scheurer, and R. Temam. Some global dynamical properties of
the Kuramoto-Sivashinsky equations: nonlinear stability and attractors. Physica
D, 16:155–183, 1985.



38 A. L. BERTOZZI AND M. C. PUGH

[43] Felix Otto. Lubrication approximation with prescribed non-zero contact angle: an
existence result, 1996. unpublished manuscript.

[44] Roberta Dal Passo, Harald Garcke, and Günther Grün. On a fourth order de-
generate parabolic equation: Global entropy estimates and qualitative behavior of
solutions. 1998.

[45] L. A. Peletier. The porous media equation. In H. Amman et. al., editor, Applica-
tions of nonlinear analysis in the physical sciences, pages 229–241. Pitman, New
York, 1981.

[46] P. Rosenau, A. Oron, and J. M Hyman. Bounded and unbounded patterns of the
Benney equation. Phys. Fluids A, 4(6), June 1992.

[47] David C. Sarocka and Andrew J. Bernoff. An intrinsic equation of interfacial
motion for the solidification of a pure hypercooled melt. Physica D, 85:348–374,
1995.

[48] G. I. Sivashinsky. On cellular instability in the solidification of a dilute binary
alloy. Physica D, 8:243–248, 1983.

[49] J. J. Velazquez, V. A. Galaktionov, and M. A. Herrero. The space structure near a
blow-up point for semilinear heat equations: A formal approach. Comput. Maths.
Math. Phys., 31(3):46–55, 1991.

[50] Malcolm B. Williams and Stephen H. Davis. Nonlinear theory of film rupture.
Journal of Colloid and Interface Science, 90(1):220–228, 1982.

[51] L. Zhornitskaya and A. Bertozzi. Positivity preserving schemes for lubrication-
type equations. 1998. preprint.

email: bertozzi@math.duke.edu, pugh@math.upenn.edu

Received August 4, 1997.
Revised February 7, 1998.


