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CHAPTER 1

Topological groups

1. Definitions and basic properties

DEFINITION 1.1. A topological group G is a group which is a topological space and has
the property that the map (x,y) — zy~! from G X G to G is continuous. (Equivalently, the
maps (z,y) — xy and x — ! are continuous.) Here, G x G is given the product topology.

LEMMA 1.2. Let G be a topological group. Then

(1) The map g+ g~ !

18 a homeomorphism of G onto itself.
(2) Fir go € G. The maps g — gog, g — ggo, and g — Goggy " are homeomorphisms of

G onto itself.

ExAMPLE 1.3. Let F' be a field that is also a topological group under addition and
the nonzero elements F* in F' is a toplogical group under multiplication. (Some standard
examples are R, C and finite extensions of the field Q, of p-adic numbers). The set M,,(F')
of n x n matrices with entries in F is homoemorphic to F™*. Let GL,(F) (also denoted
by GL(n,F)) be the group of invertible matrices in M, (F'). Since GL(n, F') is a subset of
M, (F), we can make GL,(F) into a topological space using the the subspace topology. The
determinant map det : M, (F') — F is continuous (it’s a polynomial in the matrix entries). It
is easy to see that the multiplication map (A, B) — AB from M, (F) x M,(F) — M,(F) is
continuous, so the restriction to G L, (F)x G L, (F') is also continuous. Given A € GL,,(F), let
adj A be the adjoint of A. Using the fact that A=! = adj A/ det A, we can see that inversion
is continuous. Hence GL,(F) is a topological group under matrix multiplication. If F' is
Hausdorff and locally compact, then GL,,(F") is Hausdorff and locally compact. (Recall that
a topological space X is locally compact if given a point x € X there exists a compact subset
U of X such that U contains an open neighbourhood of x.)

More generally, if R is a commutative ring with identity, R is a topological space, and
multiplication and addition are continuous maps from R x R to R, let GL,(R) = { A €
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6 1. TOPOLOGICAL GROUPS

M,(R) | det A € R*}. Here, R* is the group of units in R. Then GL,(R) is a topological

group under matrix multiplication.

ExAMPLE 1.4. Let B(H) be the set of bounded linear operators on a Hilbert space H.
(Recall that a linear operator T' on H is bounded if there exists a positive constant C' such
that ||T(v)|| < C|lv|| for all v € H.) If T € B(H) is bijective, then T-' € B(H). The strong
operator topology on B(#H) is the weakest locally convex topology such that the evaluation
map sending 7" to ||T'(v)]| is continuous for each vector v € ‘H. If H is infinite-dimensional, the
group of bijective operators in B(#) is not a topological group with respect to the subspace
topology induced by the strong operator topology on B(H). Neither the multiplication map
nor the inversion map is continuous.

If we take the subgroup U(H) of unitary operators on H, this is a topological group with
respect to the subspace topology. To see this, fix T3, To € U(H). Fix e > 0 and v € H.
Then the set

Vi={SeUMH) | (S -NTo)| <e}

is an open neighbourhood of 7775 in the strong operator topology. Let

Vi ={(51,5) € UH) | (51 = T)(Ta(v))]] < €/2, and [[(S2 = T)(v) || < €/2}.

(v
Then V' is an open neighbourhood of (T7,T3) in U(H) x U(H). Let (S1,S52) € V'. Then
105152 = ) (v)[| = [[51(S2 = T2)(v) + (S1 — Th)(T2(v)) |
< (151052 = T2) ()] + [[(S1 — Ta)(T2(v))]
= [[(S2 = T2) ()] + [|(S1 = Th)(Ta(v))[| < €/2+¢€/2

To see that inversion is continuous, fix 7" € U(H). Then, given v € H and € > 0, let
V={SeUH)||(S=THw)| <e}. Set w=T""(v). Show that the image of the open
neighbourhood {S" € U(H) | ||(S" = T)(w)|| < €} of T under the inversion map is a subset
of V.

A subgroup H of a topological group G is a topological group in the subspace topology.

ExAMPLE 1.5. Let (I, <) be a directed partially ordered set. Suppose that {G,};c; is
a family of finite groups. Assume that whenever ¢ < j € I, there exists a homomorphism
fi; 1 Gj — G, such that
(1) fi is the identity map.
(2) fir = fijofiwfori<j<kel
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Then ((G;)ier, (fij)i<jer) is called an inverse (or projective) system of finite groups and ho-
momorphisms. Let I&H G be the subset of the direct product [],.; G; consisting of elements
(gi)ier such that g; = f;;(g;) for all i < j € I. It is easy to see that @Gi is a subgroup of
[Lic; Gi- We give each G; the discrete topology and then we take the product topology on
[Lic; Gi- Then @GZ’ is closed in [[,.; Gi. Furthermore, @Gi is compact and totally dis-
connected. The details are left as an exercise. Here is a simple concrete example: fix a prime
p, take I to be the natural numbers, G; = Z/p'Z, and, for i < j, set fi;(n+p'Z) = n+ p'Z,
n € Z. Then Z, := @Z/p’Z is known as the group of p-adic integers. (In fact, Z, is a
ring.)

LEMMA 1.6. Any open subgroup of a topological group is closed.

PROOF. Let H be an open subgroup of a topological subgroup G. If g € G, then gH is
open. Hence S := UgeG\H gH is open. Since H = G\ S, it follows that H is closed. U

LEMMA 1.7. If H is a subgroup of a topological group G, the closure H is a subgroup of
G. If H is normal in G, then H is normal in G.

PROOF. Let z, y € H. Let U be an open neighbourhood of xy. Let Sy = {(u,v) €
GxG |uv € U}. Then Sy is open and contains (x,y). Let U; and U, be open neighbourhoods
of z and y, respectively, such that U; x Uy C Sy. Because x, y € H, U; N H is nonempty,
=12 FixueUNHand v € U,N H. Note that uv € U N H. We have shown that
U N H is nonempty for any open neighbourhood U of zy. Hence zy € H.

Let V be an open neighbourhood of y=t. Let V' = {v™! | v € V' }. Since V' is open
and contains y and y € H, the intersection V' N H is nonempty. The inverse of any point in
V' N H belongs to V N H. Hence V N H is nonempty. As before, this implies that y~* € H.

The assertion about normality is left as an exercise. 0

Let H be a subgroup of a topological group G, and let ¢ : G — G/H be the canonical
mapping of G' onto G/H. We define a topology Ug/y on G/H, called the quotient topology,
by Ug/u = {q(U) | U € Ug }. (Here, Ug is the topology on G). The canonical map g is

open (by definition) and continuous.

PROPOSITION 1.8. Let H be a subgroup of a topological group G.

(1) If H is compact, then q is a closed map.
(2) G/H is a Hausdorff space if and only if H is closed.
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(3) If G is locally compact, then G/H is locally compact. If, in addition, H is closed,
then H 1s locally compact.

(4) If G is Hausdorff and H is a locally compact subgroup of G, then H is closed.

(5) If H is normal in G, then G/H is a topological group.

(6) H is open in G if and only if G/H is a discrete space. If G is compact, then H is
open in G if and only if G/H is a finite discrete space.

ProoOF. (1): It suffices to show that if S is a closed subset in G, then the set SH is
closed in G. In fact, if S C G is closed and T' C G is compact, then ST is closed. The proof
is left as an exercise.

(2): Suppose that G/H is Hausdorff. Then single points are closed in G/H. In particular
{H} is closed in G/H. By definition of the quotient topology, ¢~*({ H}) is closed in G. Next,
suppose that H is closed in G. If X is a topological space, then X is Hausdorff if and only
if Ay :={(z,2) |z € X }isclosed in X x X. Define f: G/HxG/H — (GxG)/(H x H)
by f(g1H,g.H) = (g1,92)(H x H). Then f is a homeomorphism. It suffices to show that
f(Ag/m) is closed. Equivalently, is suffices to show that the set { (g1,92) € G X G | g195"' €
H } is closed. This set is the inverse image of H under the continuous map ¢ : G X G — G
defined by ¢ (g1, 92) = g195 . Since H is closed, this set is also closed.

(3): Since ¢ is continuous, the image under ¢ of a compact subset of G in G/H is compact.
Since ¢ is open, this implies that if G is locally compact, then G//H is also locally compact.
For the second statement, use the fact that a closed subset of a locally compact topological
space is locally compact (in the subspace topology).

(4): Suppose that H is a locally compact subgroup of G. Let U C H be a compact
set such that U contains an open neighbourhood of 1 in H. Because compact subsets of
Hausdorff spaces are closed, U is closed. Fix a closed set V' in GG such that U = VN H and V'
contains an open neighbourhood of 1. Since U is compact in H, U is compact in G. Because
G is Hausdorff, this implies that U is closed in G. Fix an open neighbourhood W of 1 in G
such that W - W := {ww' | w, w’ € W} is a subset of V.

Let x € H. We know that Wa~' N H is nonempty. Let y € Waz~' N H. Let W’ be an
open neighbourhood of yz in G. Because y~'W’ and 2W are both open neighbourhoods of
rin G and x € H, the intersection y~'W’ NaW N H is nonempty. Let z € y~ ‘W NaW NH.
Note that yz € W-W CV, yz € H and yz € W'. Hence yz e W' N(VNH)=W'nNU.
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This shows that W' NU is nonempty for every open neighbourhood W’ of yx in G. Thus
yx belongs to the closure U. As observed above, U is closed. Hence yx € U C H. Now we
have that x = y~lyx € H.

(5): If g, x € G, define Ty(x) = gx. Similarly, we define Ty, : G/H — G/H, g € G.
Observe that g o T, = Ty, o p and g(z)~' = g(x)~'. Using the fact that ¢ is an open map

and T, and the map = — !

are continuous maps, we can show that T;,) and the map
gH +— g~ 'H are continuous.

6): Exercise. [l
(6)

REMARK 1.9. In cases where certain G-invariant measures (known as Haar measures)
exist, integration plays a key role in various aspects of representation theory. In order for

such measures to exist, G must be locally compact. This is discussed in Section 4.

EXERCISE 1.10. Let G be a Hausdorff topological group.

a) Show that the centralizer of a nonempty subset of G is closed.

b) Show that the normalizer of a subgroup of G is closed.

DEFINITION 1.11. The identity component G° of G is defined to be the connected com-

ponent of G containing the identity element.

LEMMA 1.12. Let G be a topological group.

(1) G° is a closed normal subgroup of G.
(2) The quotient group G/G° is discrete if and only if G° is open in G.

EXERCISE 1.13. Let GG be a connected topological group. Show that a proper subgroup

of G cannot contain an open neighbourhood of the identity.

DEFINITION 1.14. If G and G’ are topological groups a continuous homomorphism f :
G — G’ is called a homomorphism of topological groups. If f is also a homeomorphism, then

f is an isomorphism of topological groups.

LEMMA 1.15. Let f : G — G’ be a homomorphism of topological groups. Let H be the
kernel of f.
(1) H is a closed normal subgroup of G.
(2) If G is locally compact, then H and G/H are locally compact.
(3) G/H and f(G) are isomorphic (as topological groups) if and only if f is open when
viewed as map from G to f(G).
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2. Locally compact, totally disconnected groups

Recall that a topological space X is totally disconnected if given any two distinct elements
x and y in X, there exist opensets U and V withz e U,y € V, UNV =0, and X = UUV.

Equivalently, there is no connected subset of X with more than one element.
LEMMA 2.1. A totally disconnected group is Hausdorff.

The proof is left as an exercise. In fact, if a topological group is T (that is, points are

closed sets), then the group is Hausdorff.

DEFINITION 2.2. A topological group G is profinite if G is compact and totally discon-

nected.

LEMMA 2.3. If G is profinite, the quotient maps combine into a topological isomorphism
between G' and the projective(aka inverse) limit @G/N, where N runs over the set of open

normal subgroups of G.

LEMMA 2.4. . (Chapter I, §1 of [S]) Let G be a topological group. The following are
equivalent:
(1) G is a projective limit of finite groups.
(2) G is a compact, Hausdorff group in which the family of open normal subgroups forms
a fundamental system of open neighbourhoods of the identity.

(3) G is a compact, totally disconnected group.

EXAMPLE 2.5. One example that has already been mentioned is the set Z, of p-adic
integers (where p is a fixed prime). Another example: Suppose that L is a Galois extension
of a field K of infinite degree. Let F range over all extension fields of K such that F/K is a
finite Galois extension. We can define a partial order on the set of such F' using inclusion.
If F, C Fy, we take the homomorphism Gal(F;/K) — Gal(Fy/K) given by restriction to
F,. Then Gal(L/K) ~ Hm Gal(F/K). The topology on Gal(L/K) is often referred to as the
Krull topology.

DEFINITION 2.6. If GG is a locally compact, totally disconnected group, we say that G is
locally profinite (alternatively G is a group of t.d. type, or a t.d. group).

If G is a locally profinite group, then every open neighbourhood of the identity in G
contains a compact open subgroup of G. A compact open subgroup of a locally compact,

totally disconnected, group is a profinite group.
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LEMMA 2.7. A Hausdorff topological group is locally profinite if G has a countable neigh-
bourhood basis at the identity consisting of compact open subgroups, and G /K is a countable

set for every open subgroup K of G.

Some locally profinite groups occur as matrix groups over p-adic fields. Let p be a prime.
Let x € Q*. Then there exist unique integers m, n and r such that m and n are nonzero and
relatively prime, p does not divide m or n, and = = p"m/n. Set |z|, = p~". This defines a
function on Q*, which we extend to a function from Q to the set of nonnegative real numbers

by setting |0, = 0.
DEFINITION 2.8. The function | - |, is called the p-adic absolute value on Q.

The p-adic absolute value is a valuation on Q - that is, it has the properties
(1) |z|, =0 if and only if x =0
(2) [zylp = |zlplyly
(3) [z +ylp < 2]y + [yl
The usual absolute value on the real numbers is another example of a valuation on Q. The
p-adic abolute value satisfies the ultrametric inequality, that is, |z + y|, < max{|z|,, |y|,}-
Note that the ultrametric inequality implies property (iii) above. A valuation that satisfies
the ultrametric inequality is called a nonarchimedean valuation.
Note that the set {|z|, | * € Q* } is a discrete subgroup of R*. Hence we say that
| - |, is a discrete valuation. The usual absolute value on Q is an example of an archimedean
valuation. Clearly it is not a discrete valuation. Two valuations on a field F' are said to be

equivalent is one is a positive power of the other.

THEOREM 2.9. (Ostrowski; see Theorem 2.1 of [Cas|) A nontrivial valuation on Q is

equivalent to the usual absolute value or to |- |, for some prime p.

DEFINITION 2.10. If F'is a field and | - | is a valuation on F, the topology on F induced
by | - | has as a basis the sets of the form U(z,e¢) ={y € F' | |xt —y| < €}, as x varies over F,
and e varies over all positive real numbers. A field F’ with valuation |- |" is a completion of
the field F' with valuation |- | if F' C F', |z|' = |z| for all z € F, F' is complete with respect
to | -|" (every Cauchy sequence with respect to | - |" has a limit in F”) and F” is the closure

of F' with respect to |- |.

The completion of F' is the smallest field containing F' such that F’ is complete with

respect to | - |'.
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The real numbers is the completion of Q with respect to the usual absolute value on Q.
DEFINITION 2.11. The p-adic numbers Q, is the completion of Q with respect to | - |,.

(We denote the extension of |- |, to Q, by | - |, also).

In Example 1.5, we defined the p-adic integers Z, as lng /p'7Z. Strictly speaking, before
making the next definition, we should verify that @Z/piz is isomorphic to the group
R ={x e Q| |z, <1} This can be done as follows. It is possible to show that a
proper open subgroup of R has the form p’R for some positive integer ¢ and that R/p'R
is isomorphic to Z/p'Z. Then, since R is profinite (it’s compact and totally disconnected),
R~ @R/piR ~ I'&nZ/piZ.

DEFINITION 2.12. The p-adic integers Z, is the set {z € Q, | |z|, < 1}.

Note that Z, is a subring of Q, (this follows from the ultrametric inequality and the
mulitiplicative property of |- |,), and Z, contains Z. The set pZ, (the ideal of Q, generated
by the element p) is a maximal ideal of Z, and Z,/pZ, is therefore a field.

Let z € Q*. Write x = p"m/n with r € Z and m and n nonzero integers such that m and
n are relatively prime and not divisible by p. Because m and n are relatively prime and not
divisible by p, the equation n.X = m(mod p) has a unique solution a, € {1,...,p—1}. That
is, there is a unique integer a, € {1,...,p — 1} such that p divides m — na,. Since |n|, =1,
p divides m — na, is equivalent to |(m/n) — a,|, < 1, and also to |z — a,p"|, < |z|, = p~".
Expressing = — a,p" in the form p*m//n’ with s > r and m’ and n’ relatively prime integers,

we repeat the above argument to produce an integer as € {1,...,p — 1} such that

—S

|ZL‘ - arpr - asp8|p < |$ - arpr|p =P

Ifs>r+1,set a1 =a,.9=---=as_1 =0, to get
S
|z — Zanp”\p <p~*t.
n=r

Continuing in this manner, we see that there exists a sequence {a, | n > r} such that
a, € {0,1,...,p— 1} and, given any integer M > r,

M
|z — Z anp"l, < p™.

n=r

It follows that »_° a,p™ converges in the p-adic topology to the rational number z.
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On the other hand, it is quite easy to show that if a, € {0,1,...,p — 1} and r is an
integer, then Y >° a,p™ converges to an element of Q, (though not necessarily to a rational

number).

LEMMA 2.13. A nonzero element x of Q, is uniquely of the form > >~ a,p", with a, €
{0,1,2,...,p— 1}, for some integer r with a, # 0. Furthermore, |x|, =p~". (Hence x € Z,
if and only if r > 0).

LEMMA 2.14. Z,/pZ, ~ Z]pZ.

PROOF. Let a € Z, be nonzero. According to Lemma 2.13, a = > a,p™ for some
sequence { a,|n > r}, where |a|, = p~" < 1 implies that » > 0. If r > 0, then a € pZ,.
For convenience, set ag = 0 when |a|, < 1. If r =0, then ap € {1,...,p—1}. If a =0, set
ag = 0. Define a map from Z, to Z/pZ by a — ag. This is a surjective ring homomorphism

whose kernel is equal to pZ,. 0

DEFINITION 2.15. A local field F' is a (nondiscrete) field F' which is locally compact and

complete with respect to a nontrivial valuation.

The fields R, C, and Q,, p prime, are local fields. If | - | is a nontrivial nonarchimedean
valuation on a field F, then prp := {z € F | || < 1} is a maximal ideal in the ring
op:={x € F||x] <1}, so the quotient or/pr is a field, called the residue class field of F.
The following lemma can be used to check that @, is a local field.

LEMMA 2.16. ([Cas|, Corollary on p. 46) Let | - | be a nonarchimedean valuation on a
field F'. Then F is locally compact with respect to | - | if and only if

(1) F is complete (with respect to |- |)
(2) |- | is discrete
(3) The residue class field of F' is finite.

For every integer N, p"VZ, is a compact open (and closed) subgroup of @,. It is not hard
to see that { pVZ, | N > 0} forms a countable neighbourhood basis at the identity element
0. The group Z, of units in the ring Z, is equal to {a € Q, | |af, = 1}. It follows from
Lemma 2.13 that Q) ~ (p) x Z. Hence Q,/Z, is discrete. It can be shown that any open
subgroup of Q, is of the form pVZ, for some integer N. Thus Q,/K is discrete for every
open subgroup K of Q,. Therefore Q, is a locally profinite group. For more information on

valuations, the p-adic numbers, and p-adic fields, see [Cas].
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As mentioned in Example 1.3, because Q, is locally compact, the topological group
GL,(Q,) is also locally compact. In fact GL,(Q,) is a locally profinite group. If j is a
positive integer, let K; be the set of g € GL,(Q,) such that every entry of g — 1 belongs
to p'Z,. Then K, is a compact open subgroup, and { K; | j > 1} forms a countable
neighbourhood basis at the identity element 1.

Let K be an open subgroup of GL,(Q,). Then K; C K for some j > 1. Hence to
prove that G/K is countable, it suffices to prove that G/K; is countable for every j. For
a discussion of the proof that G/K; is countable, see [M]. At this point, we can apply
Lemma 2.7 to conclude that GL,(Q,) is a locally profinite group.

Closed subgroups of locally profinite groups are locally profinite. Hence any closed sub-
group of GL,(Q,) is locally profinite. Such groups are often called p-adic matrix groups.

This gives a way to generate many examples of locally profinite groups.

3. Matrix groups

3.1. Lie groups. A real Lie group is a topological group G that is a finite-dimensional
real smooth manifold with a group structure in which the multiplication and inversion maps
from G x G to G and from G to G are smooth maps. Without referring to the differentiable
manifolds, we may define a matriz Lie group, or a closed Lie subgroup of GL,(R) or GL,(C)
to be a closed subgroup of the topological group GL,(R) or GL,(C), respectively. (This
latter definition is reasonable because GL,(R) and GL,(C) are real Lie groups, and it can
be shown that a closed subgroup of a (real) Lie group is also a (real) Lie group). A complex
Lie group is a complex-analytic manifold G that is also a group in which the multiplication
and inversion maps are holomorphic functions.

A connected matrix Lie group is reductive if it is stable under conjugate transpose, and
semisimple if it is reductive and has finite centre. The book of Hall [Ha] gives an introduction
to matrix Lie groups, their structure, and their finite-dimensional representations. Some
other introductory references on Lie groups and their representations are [BD], [FH], [K1]
and [K2].

ExamMpPLE 3.1. Consider the hermitian form z;z; + 2922 + -+ + 2,2, on C*. The n xn
complex unitary group U,(C) is the group of complex n x n matrices that preserve this
hermitian form. It is a closed subgroup of GL,(C), so it is a locally compact group. A
matrix g € U, (C) satisfies 'gg = I, (the columns of the matrix form an orthonormal basis of

C™ with respect to the standard inner form). The group U, (C) (sometimes written U,) is a
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real Lie group. The group SU,(C) := U,(C) N SL,(C) is the n x n complex special unitary
group.

EXERCISE 3.2. Verify that U, (C) is connected and compact.

ExAMPLE 3.3. Consider the quadratic form 2?2 + 23 + ---22 on R". The n x n real
orthogonal group O, (R) is the group of matrices in M, (R) that preserve the form. It is a
compact, disconnected Lie group. The real special orthogonal group SO,(R) = SL,(R) N
O,(R) is the connected component of the identity in O, (R). The n x n complex orthogonal
group O,(C) is the matrices in M, (C) that preserve the quadratic form 2% + 23 + --- + 22

on C".

ExAMPLE 3.4. If F is a field, the 2n x 2n symplectic group over F' is defined by:

0 I,
Span(F) = {9 € GLyn(F) | 'gJg =T}, where JI(—J 0>'

If = R or C, then Spy,(F) is a noncompact connected Lie group. There is another
real Lie group, the so-called compact symplectic group Sp(n), which may be defined as
U2n<C) N Spgn((C)

3.2. Linear algebraic groups. A linear algebraic group is an affine algebraic variety
that is also a group, where the multiplication and inversion operations are given by regular
functions on the variety. A linear algebraic group may be realized as a subgroup of some
general linear group.

Many Lie groups are algebraic groups over the real or complex numbers. For example, a
compact Lie group can be regarded as the group of points of a real linear algebraic group.
Other examples of linear algebraic groups include various p-adic groups, that is, groups
occuring as closed subgroups of GL,,(F), where F is a p-adic field (a finite extension of Q,,
p prime). If F' is a finite field, the groups GL,(F), SL,(F), Sp,(F) are linear algebraic
groups.

Orthogonal and unitary groups are the groups preserving nondegenerate quadratic and
hermitian forms, respectively, on finite-dimensional vector spaces. If the vector space is
a real vector space, there are several equivalence classes of quadratic forms, so there are
various corresponding orthogonal groups. When the form is positive-definite, the associated
orthogonal group is O, (R) (mentioned above). Over finite fields and p-adic fields, there can

be more than one equivalence class of quadratic forms. Similary, different hermitian forms
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can give rise to nonisomorphic unitary groups. For example, when F' = Q,, if n is even,
there are two isomorphism classes of unitary groups and if n is odd, there is one such class.
Almost all of these groups are noncompact.

If we have a topology on F', then GL,,(F'), SL,(F), Sp,(F), as well as many other matrix
groups, are topological groups. When F' is a p-adic field, these groups are locally profinite
(with respect to the topology coming from F'). Such groups have another topology, the
Zariski topology (coming from the variety that is the algebraic group). In the representation
theory, the topology arising from the topology on F' plays an important role. Results in the
structure theory of the groups depend on the underlying algebraic group structure, hence
are related to the Zariski topology.

The adeles Ag = R x [['Q, of Q is a subring of the direct product R x Hp Q,. It
consists of elements (aw, a2, as, as, ...) such that a, € Z, for all but finitely many primes.
Consider the set of open neighbourhoods of zero of the form Ur x Hp U,, where Uy is an
open neighbourhood of zero in R, U, is an open neighbourhood of zero in Q,, and U, = Z,
for all but finitely many primes p. This set forms a base of neighbourhoods of zero for a
topology on Ag. This topology is locally compact. More generally, if /' is a number field
(that is, a finite extension of Q), we can define the ring of adeles of F' similarly. Since Ap
is a locally compact topological ring, GL,(AF) is a locally compact topological group. This
is also the case if G is a linear algebraic group defined over F: G(Ar) is a locally compact
group. Certain irreducible representations of G(Ar), known as automorphic representations,
are basic objects in the theory of automorphic forms. Such representations can be expressed
as restricted tensor products of infinite-dimensional representations of the locally compact
groups G(F,), where F, runs over the set of completions of F' with respect to nontrivial

valuations.

4. Haar measure on locally compact Hausdorff groups

Let G be a locally compact Hausdorff group. Integration on G and on various coset
spaces plays a role in the construction of unitary representations, including discrete series
representations, in the construction of induced representations, in relating representations of
G to representations of the Banach space of integrable functions L!'(G) on G, and in defining

characters of infinite-dimensional representations.

DEerFINITION 4.1. If X is a topological space, a o-ring in X is a nonempty family of

subsets of X having the property that countable unions of elements in the family belong to
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the family, and if A and B belong to the family, then so does {z € A |z ¢ B}. If X is
a locally compact topological space, the Borel ring in X is the smallest o-ring in X that
contains the open sets. The elements of the Borel ring are called Borel sets. A function
f:X — Ris (Borel) measurable if for every t > 0, the set {x € X | |f(x)| <t} is a Borel
set.

DEFINITION 4.2. Let u be a positive Borel measure on X.

(1) The measure p is called regular if, for any Borel subset S of X,
p(S)=inf{wU) | UDS, Uopen} and u(S)=sup{u(C)|C CS, C compact }.

(2) The measure p is a called a Radon measure if
(i) u(C) < oo for any compact set C' C X,
(i) w(S) =inf{u(U) | U D S, U open } for any Borel subset S of X,
(iti) pw(U) =sup{u(C) | C Cc U, C compact } for any open subset U of X.

A o-finite Radon measure is regular. (Recall that o-finite means the space is a countable

union of measurable sets, each having finite measure.)

DEFINITION 4.3. A Radon measure p on G is left invariant (respectively, right invariant)
if u(gS) = p(S) (respectively, u(Sg) = u(S)) for any g € G and Borel subset S of G.

THEOREM 4.4. ([Hal], [HR], [L]) There ezists a nonzero left-invariant Radon measure
e on G. It satisfies p(U) > 0 for any nonempty open subset U of G. If vy is any nonzero

left-invariant Radon measure on GG, then there exists ¢ > 0 such that vy = ¢ .

The measure py is called a left Haar measure on G. There is also a right Haar measure
I, unique up to positive constant multiples, on G. Right and left Haar measures do not

usually coincide. See Proposition 4.11(3) for more information.

G:{<x y) |x€]RX,y€]R}.
01

Show that |x|?dx dy is a left Haar measure on G and |z|~'dx dy is a right Haar measure on

G.

EXERCISE 4.5. Let

If X is a locally compact topological space, let C.(X) be the space of continuous complex-
valued functions on X with compact support. Let CF (X)) be the set of real-valued functions
f € C.(X) such that f(x) >0 for all z € G.
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If f € C.(G), then f is integrable with respect to j, and we often write [, f(g) due(g)
as [ f o f(9) deg. We use the same simplification for many kinds of functions on G (for exam-
ple, non—negatlve measurable, Haar integrable, or vector valued-versions of integrability) for

which [, f o f(9) deg makes sense. The left invariance of ju, implies that

/ f(g909) deg = / f(g)deg, Y g0 €G.

If f € CF(G) and f is not identically zero, then [, f(g) deg > 0.
Existence of Radon measures can be expressed in terms of continuous linear functionals

on the space C.(G). The following remark is useful when working with Haar measure.

REMARK 4.6. The notion of (left) Haar measure is essentially equivalent to the notion
of a linear functional A on the space C.(G) such that

(i) For each compact subset C' of G, there exists a constant M such that for every
f € Cu(G) with support inside C, [A(f)] < Mcsup,co|f(g)]- (If A is the linear

functional corresponding to a particular left Haar measure puy, then Mo = 11,(C).)

(i) A(Lyf) = A(f) for all g € G and f € C.(G), where (L,f)(z) = f(g 'x), g, x € G.

DEFINITION 4.7. Let Let L'(G) be the Banach space obtained as the completion of
C.(G) with respect to the norm || f|l; := [, |f(g)| deg. (As usual, two functions in L'(G) are
regarded as equivalent if and only if they differ on a set of measure zero.) Let L*(G) be the
completion of C,(G) with respect to the norm Hf||2 = (fG | f(9)]* deg) "2 Since the L? norm
is associated to the inner product (f1, f2) = [, f1(9)f2(9) deg, L*(G) is a Hilbert space.

DEFINITION 4.8. A (locally compact Hausdorff) group G is called unimodular if each

left Haar measure is also a right Haar measure.

If G is unimodular, we write fG g) dg instead of fG g) dgg. Clearly, G is unimodular

if G is abelian.

LEMMA 4.9. Let py be a left Haar measure on G. If p : G — G is an automorphism of
G and a homeomorphism, then pg o ¢ is a left Haar measure on G. (Hence there exists a

positive real number c, such that ji0 ¢ = cpopu. Note that ¢, is independent of the choice of

ie-)

If go € G, let Int go : G — G be defined by Int go(g) = goggy ', g € G. Because Int gq is
an automorphism of GG and a homeomorphism, the measure S + p,(Int go(S)) = pe(Sgy ")
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(S measurable) is also a left Haar measure. By uniqueness of left Haar measure, there exists
a constant A(go) > 0 such that 1(Sgy ") = A(go)pe(S). This can also be expressed as

/ (f o Tnt(g0))(g) deg = / F(995) deg = Algo) / f(g)dig, [ integrable
G G G

DEFINITION 4.10. A quasicharacter of G is a continuous homomorphism from G to C*.

PROPOSITION 4.11. (1) The function A : G — R} is a quasicharacter.
(2) The restriction of A to a compact subgroup of G is trivial.
(3) A(g)~'dyg is a right Haar measure on G.

PROOF. (1) The fact A is a homomorphism, follows from the fact that right multiplica-
tion is an action of G on itself. Suppose that f € C.(G). Since f has compact support, f is
uniformly continuous. Given € > 0, there is an open neighbourhood U of the identity 1 in
G such that for v € U and g € G, |f(gu) — f(g9)| < e. Without loss of generality, we may
assume that the closure U of U is compact. Let S be the support of f. For each u € U, the
function g — f(gu) — f(g) is supported in the compact set C' := SU 'Us. By continuity
of integration (see Remark 4.6), there exists a constant M¢ such that

| /G F(gu) deg — /G fg)dig| < Moe,  uel.

This can be rewritten as
|A(u)_1 —1|- |/ f(g) deg| < Mce, u e U.
G

We may choose f such that [ o f(g) drg is nonzero. Hence A is continuous at 1. The general
case follows because A is a homomorphism.

(2): By continuity of A, the image of a compact subgroup of G under A is a compact
subgroup of R. The trivial subgroup is the only compact subgroup of R.

(3): We know that

A(go)l/Gf(Q) dzgz/Gf(ggo)dzg

for any Haar integrable function f on G (actually it’s enough to check things for f € C.(G)).
Replacing f by fA™! and multiplying both sides by A(go), we obtain

/G F(9)A(g) " dog = /G £(990)A(g) " dg.
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This shows that A(g)~'d,g is right invariant. The rest of the proof is left as an exercise and

involves checking continuity (see Remark 4.6) or verifying that A(g)~'d,g is a regular Borel

measure using the fact that A is continuous and positive-valued. U

DEFINITION 4.12. The function A is called the modular (quasi)character or modular
function of G.

Clearly, G is unimodular if and only if the modular quasicharacter is trivial. If G is

unimodular, we simply refer to Haar measure on G. Reductive groups over local fields

are unimodular. However, many of their closed subgroups, including the proper parabolic

subgroups (see Exercise 4 below), are not unimodular.

EXERCISE 4.13. (1) Let dX denote Lebesgue measure on M,(R). This is a Haar

(2)

(3)

(4)

measure on M, (R). Show that | det(g)| "dg is both a left and a right Haar measure

on GL,(R). Hence GL,(R) is unimodular.

Fix a prime p. Let dt denote a Haar measure on QQ,. For convenience, we normalize

dt so that the measure of the compact subgroup Z, is equal to one.

(i) Show that if n is a nonzero integer, the measure of p"Z, is equal to p~". (This
can be done by induction. As a first step, note that the index of pZ, in Z, is
p.)

(ii) Show that if 2 € Q) is nonzero, then u(zZ,) is equal to [z],.

(iii) Show that [t|~'dZ is a Haar measure on QY. (Hint: If ¢ € Q), then ¢, : x — cx
is an automorphism of @QQ, and a homeomorphism. Hence p o ¢, is a Haar
measure on Q,. Because p(cZ,) = |c|pp(Z,), it follows that p o ¢. = |c[ppu.)

Fix a prime p. Let dt denote a Haar measure on QQ,. The product measure dg =

[1;; dgij is a Haar measure on the additive group M, (Q,). Show that |det(g)|,"dg

is both a left and a right Haar measure on GL,(Q,).

Let n; and ny be positive integers such that ny+ny = n. P = P, »,) be the standard

parabolic subgroup of GL,(F) (F =R or F' = Q,) corresponding to the partition

92
with g; € GLy,(F), j = 1, 2, and X € My, xn,(F). Let dg; be Haar measure

on GLy,(F), and let dX be Haar measure on M, yn,(F) ~ F™". Show that
dpg = | det go|7"2dgy dgo dX and d.g = | det go| ™ dgy dgo dX are left and right Haar

measures on P (respectively). Here, | - | is the usual absolute value if F¥ = R

X
(n1,n2). That is, P is the matrices in GL,(F) of the form g = 901 ) € P,
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and |-| = |- |, if F = Q,. Hence the modular quasicharacter of P is equal to
A(g) = [ det g1|™| det go| 2.

(5) Show that the homeomorphism g + ¢! turns y, into a right Haar measure. Con-
clude that if G is unimodular, then [, f(g)dig = [, f(g~")deg for all integrable

functions f on G.
PROPOSITION 4.14. If G is compact, then G is unimodular and pu,(G) < 0.

Proor. It follows from Proposition 4.11(2) that G is unimodular. Haar measure on any
locally compact group has the property that any compact subset has finite measure. Hence
1e(G) < oo whenever G is compact. O

If G is compact, normalized Haar meaure on G is the unique Haar measure p on G
such that u(G) = 1. When working with compact groups, we will usually work relative to

normalized Haar measure.

EXERCISE 4.15. Prove that if G is such that the measure of G (with respect to left Haar
measure) is finite, then G is compact. (Hint: Assume that G is noncompact. Let C be a
compact set in G' containing an open neighbourhood of 1. Let U be an open neighbourhood
of 1 such that g7 € U for all ¢ € U and g¢’ € C for all g, ¢ € U. Show that there exist
elements g; € G, j € N, such that ¢;U N ¢g;U = ) whenever i # j. Use this to show that the
measure of G is infinite.)

5. Coset spaces and quasi-invariant measures

The most important method of constructing representations of locally compact groups is
the procedure of inducing representations from subgroups. Let H be a closed (not necessarily
normal) subgroup of a Hausdorff locally compact group G. If 7 is a representation of H,
then the induced representation Indgﬁ is a representation of G. When 7 is unitary, the
representation Indg 7 should also be unitary. In order to achieve this, the measure-theoretic
relations between G, H and G/H must be taken into account. In particular, the notion of
quasi-invariant measure on the set of left cosets G/H (with the quotient topology) is key.

Let G/H be the set of left cosets of H in G, With the quotient topology. Fix a left Haar
measure (g on H. For f € C.(G), Define f#(g fH (gh)dem(h), for g € G. By left-
invariance of the Haar measure on H, f(gh) = fH (g) for all h € H and g € G. Therefore,
there is a unique function f* on G/H such that f*(gH) = f#(g) for all g € G.

LEMMA 5.1. If f € C.(G), then f* € C.(G/H).
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Proor. Fix f € C.(G) and go € G. Choose an open neighbourhood U of 1. Since G
is locally compact, we may assume that U is compact. Let € > 0. Because f is uniformly
continuous and G is locally compact, there exists an open neighbourhood U’ of 1 such that
U' Cc U and and |f(ug) — f(g)] <eforallu e U and g € G.

Let w € U'. Then f(ugoh) = 0 and f(goh) = 0 whenever h € H \ (H N go’lﬁflsupp f)-
Since H Mg, 1Uﬁlsupp f is a compact subset of H, continuity of Haar measure on H implies
that there exists a nonnegative constant ¢ (which we can take to be the measure of the set

with respect to the chosen Haar measure) such that

| (ugoH) — fH(uH)| =

/H(f(UQOh) — f(goh)) deuh| < ec.

It follows that f* is continuous.

Since supp f* C q(supp f), the function f* is compactly supported. O

LEMMA 5.2. Let q: G — G/H be the canonical map. If C is a compact subset of G/H,
then there exists a compact subset C' of G such that ¢(C") = C.

PROOF. Let C be a compact subset of G/H. Since G is locally compact, there exists an
open neighbourhood U of the identity in G such that U is compact. Since ¢ is open, ¢(U) is
open in G/ H, and so are the translates g-q(U) for g € G. Thesets { g-q(U) | g € G } form an
open cover of C'. By compactness of C, there exists a finite subcover { g;-q(U) | 1 <i <n}.
We know that ¢~!(C) is closed in G and, since G is Hausdorff, ;U U - -- U g,U is compact
in G. The set C" := ¢~ 1(C) N (U U+~ U g,U) is compact and satisfies ¢(C’) = C. O

PROPOSITION 5.3. The mapping f + f* is onto C.(G/H). An element of CF(G/H) is
of the form f* for some f € CH(G).

PRrROOF. Fix F' € C.(G/H). Let C' = supp F. Fix a compact subset C’ of G such that
q(C") = C. Choose ¢ € C.(G) such that p(g) =1 for all g € C" and 0 < p(g) < 1 for all
g € G. (This uses Urysohn’s Lemma — see Theorem 2.1 of [K].) Then ¢* > 0 on C.

Define a function ¢ on G/H by

F(gH)/o*(gH) if gH € C

Y(gH) = -
0 if gH ¢ C.
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Then ¢ € C.(G/H). For g € G, let f(g) =¥ (gH)p(g). Then f € C.(G) and f > 0if FF > 0.
If g € G, then

Fi(gH) = /G S(ghH)p(gh) dosih = G(gH) G (gH) = F(gH).
]

Given a bounded, continuous, complex-valued function f on G, let || f[|o = sup,eq | f(9)]-
(Il flloo is called the supremum norm of f). If K is a compact subset of G that contains an
open neighbourhood of 1, let Cx(G) ={ f € C.(G) | supp f C K }. We don’t need the next
result at the moment, but it may be used later.

PROPOSITION 5.4. Let K be a compact subset of G that contains an open neighbourhood
of 1. Then there exists a positive constant cx such that || f*||ee < || flloos for all f € Cx(G).

PrOOF. Fix f € C.(G) with supp f C K. Note that f*(gH) = 0 unless g € KH.
Assume that g € K and h € H. If gh € supp f, then h € (K'K)NH. But (K 'K)NH is
compact, so has finite Haar measure. Let cx be the H-Haar measure of (K~'K)N H. Then,
for g € K,

o) < /H Foh)| desrh < cxcll .

It follows that || f*]|ee < il f|loo- O

Define (L,0)(g0H) = ©(g ' goH) for ¢ € C.(G/H) and g, go € G. Note that (L,f)* =
Ly(f*) for all f € C.(G) and g € G.

PROPOSITION 5.5. Let Ag and Ay be the modular functions on G and H, respectively.
If f € C.(G), define

o) = | Do) Bu(h) Fgh)dian(h), g€,

Then py is continuous and pp(gh) = Ag(h)Ag(h)ps(g) for g € G and h € H. If f €
CH(G), then ps(g) > 0 for all g € G.

ProoF. Continuity of ps follows from the fact that f has compact support. The trans-

formation property follows from a change of variables. ([l

Functions of the form p; are used to transfer integration between G and G/H.
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PROPOSITION 5.6. Let p be a locally integrable function on G which satisfies p(gh) =
Ag(h)Ac(h) tp(g) for g€ G and h € H. If f € C.(G) is such that f* =0, then

/f g) deg = 0.

PROOF. The set C' := q(supp f) is a compact subset of G/H. Choose a function in
C.(G/H) that takes the value 1 on C. By Proposition 5.3, this function is of the form ¢*
for some ¢ € C.(G). In particular ¢ (g) =1 for all g € supp f. By assumption f(g) =0
for all g € G. So we have [, p(9)¢(9) " (g9)deg = 0. That is

0—// f(gh)deahdeg.

Consider the function (g, h) — p(g)p(g)f(gh) on G x H. If the value at (g, h) is nonzero,

1

then g € supp and h € g~ 'supp f. This implies (g, h) lies in the compact set

supp @ X ((supp )~ 'supp f) N H.

That is, the function is compactly supported. Since the function is integrable on G x H and
vanishes outside a set of finite measure, we can use Fubini’s Theorem.

Below we apply Fubini’s theorem, replace g by gh™!, apply Fubini’s theorem again, make
the change of variables h +— h~!, use properties of p, and the fact that ¢(g) = 1 for all

g € supp f:
// F(gh) dthdeg—// F(gh)deg e

=/ /p(gh‘l)so(gh‘l)f(g)AG(h‘l)dwgde,Hh
= | [ Actmauthotamyeta f@)dsh g
—/p(g)f( )¢ (gH)deg—/p(g)ﬂg) deg
G

G
U

Given p a measurable function on G such that p > 0 and p(gh) = Ax(h)Ag(h) ™ p(g)
for h € G and g € G, we can define a linear functional A\, on C.(G/H) by \,(f*) =
Jo f(9)p(g)deg, f € Co(G/H). Note that we can apply Proposition 5.6 to see that A, is
well- deﬁned.
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PROPOSITION 5.7. Let p be as above. Then there exists a reqular Borel measure p, on
G/H such that

F¥(9)du,g = / f(@)p(g)deg,  feCu(G).

G/H

PROOF. According to Proposition 5.3, given go € C(G/H), there exists f € CF(G) such
that f* = ¢. Note that X\,(p) = A\, (f*) = [, f(9)p(g)deg > 0, since f € CH(G). That is, A,
is a positive linear functional. Applying the Rlesz Representation Theorem, A, is given by
a regular Borel measure p, on G/H. (The Riesz Representation Theorem holds for locally
compact Hausdorff spaces. It says that each positive linear functional is given by integration

against a positive measure.) 0

THEOREM 5.8. There exists a nonzero positive G-invariant reqular Borel measure on
G/H if and only if Ag(h) = Ag(h) for all h € H. When it exists, such a measure dg is

unique up to positive scalar multiples and can be normalized so that it satisfies

/G/H/Hf(gh) do,rh dg = /Gf(g) deg, feC.(Q).

PROOF. Assume that Ag | H = Ag. We may apply Proposition 5.7 with p(g) = 1 for
all g € G. Let dg = dp1,3.
If x € G, then
Pt gdg= [ (Lf¥)dg= [ £ dg
G/H G

G/H
_ / fodg= | f@dg  fec(a).
G G/H

This shows that dg is G-invariant.
For the converse, assume that dg is a nonzero positive invariant measure on G/H. Set
) = fG/H f#(g)dg for f € C.(G). Then, if z € G, we can show that \(L,f) = A(f)
(similar to the above calculation). So A is a nonzero positive left-invariant linear functional

on C.(G). By uniqueness of the left Haar measure on G, there exists a positive ¢ such that

fi(g)dg = / f9)dg, | € CAG).
G/H G
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Choose f € C.(G) such that [, f(g9)deg =1 Fix h € H. Set ¢4(g) = An(h)f(gh), g € G.
Then ¢! = f* (details omitted). Therefore

An(h)Ae(h) ™ — 1= /G (F@) A A — f(9)) deg

O

REMARK 5.9. Let H be a closed normal subgroup of G. Then Ay = Ag | H. Let dg
be a left Haar measure on G/H. Then a left Haar measure on G/H is left G-invariant,
so f — fg/H f%(g) dg defines a left Haar measure on G. Fix hy € H. Replace f by the
function g — f(gho). Examining the value of the integral of this new function using the
above realization of left Haar measure on G, we find that Ay (h) = Ag(h).

If 1 is a measure on G/H and x € G, define a measure p, by p,(S) := u(x - S) for any
measurable subset S of G/H. If p is a regular Borel measure on G/H, we say that u is
quasi-invariant if p is nonzero and p, ~ p for all x € G. Here ~ denotes mutual absolute

continuity of measures (essentially, p and p, have the same sets of measure zero).

LEMMA 5.10. There exists a continuous function p on G such that p(g) > 0 for all g € G
and p(gh) = Ap(h)Ac(h)™'p(g) for h € G.

Let p be as in Lemma 5.10 and let 4 = p1,. For x € G, define i, by z-u(S) = p(xS) for any
Borel set S C G/H. Tt is easy to see that L,p satisfies (L,p)(gh) = Ag(h)Ag(h)™(L.p)(9)
for all g € G and h € H and py,, = (f1,).—1. Because the function y — p(xy)/p(y) is right

H-invariant, we can view it as a function on G/H:

o(z,q(y) = p(zy)/ply), 2, y€G

The function (x,y) — o(z,y) is a continuous, strictly positive function on G x G/H. We
can easily see that

(5.1) o(z,y)o(z,2-y) =o0(zz,9), yeG/H z 2€G.
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If feC.(G) and = € G, then

9) die(g / J) (Lo—p)(y) dey = /G f(y)o(z,qy)) ply) dy

G/H

= F4(9) oz, §) du(g).

G/H

Applying Proposition 5.3, we have
| @) = [ e@opdue), ¢ ClG/m)
G/H G/H

THEOREM 5.11. Let p be as in Lemma 5.10. Then the measure p, (see Proposition 5.7)
is quasi-invariant, the Radon-Nikodym derivative o(x,y) = [du./du] (g) is continuous and
satisfies equation (5.1). Furthermore,

[ r@e@dg= [ [ righdunduat) = [ Potydnat),  f e CAG)

G G/H JH G/H

Quasi-invariant measures on GG/H are not unique up to scalar multiples, but any two of

them are mutually absolutely continuous. For more details, see Section 1.3 of [KT].

ExAMPLE 5.12. (Exercise 1 (f)) from p.126 of [R]) Let G = GLy(R) and let H be the
group of upper triangular matrices in G. Because G is unimodular and H is not unimodular,
there is no G-invariant measure on G/H. The quotient G/H can be identified with the

b
projective line. If g = ¢ J with ad # —bc, the coset gH is identified with the line
c

generated by (a,c) in R?, or x = a/c € RU{oc}. Show that Lebesgue measure on R gives a
quasi-invariant measure on G/H.






CHAPTER 2

Continuous representations of locally compact groups

From now on, G will denote a locally compact Hausdorff group.

1. Definition of continuous representation

For V' be a normed complex vector space, let Aut(V'), B(V) and GL(V') be the set of
invertible linear operators on V', the set of bounded linear operators on V', and the set of

invertible elements in B(V') which have bounded inverses, respectively.

DEFINITION 1.1. If V' is a vector space, (m,V) is an abstract representation (of G) if 7
is a homomorphism from G to Aut(V). If V is finite-dimensional, say n = dim(V'), we say
that 7 is finite-dimensional, or n-dimensional. When V' is infinite-dimensional, we say that

7 is infinite-dimensional.

DEFINITION 1.2. If V' is a complex normed vector space, (m, V) is a continuous rep-
resentation (of G) if 7 : G — GL(V) is a homomorphism and the map G x V. — V is

continuous.

EXAMPLE 1.3. Let 7 be a one-dimensional representation of R. Then 7(0) = 1, 7(t; +
ty) = w(t1)+7(t2) for all t; and ¢, € R, and 7w(—t) = 7(¢)~* for all t € R. Fix ¢y € R. Choose
a function f on R such that f is infinitely differentiable, f is zero outside a neighbourhood
of to, and there is a nonzero constant ¢ such that [ f(¢)m(t)dt = ¢ # 0. (Here, we have
used that 7(t) # 0 for all £.) Observe that

/_oo (b + 1) f(ts) dts = (1) /_OO (1) f(t) dbs = 7(t1) ¢,
and - .
m(ty) = c_l/_ 7ty + to) f(to) dty = c_l/_ (L) fty — t1) dts.

The last integral is infinitely differentiable. Combining this with the property 7 (t; + t3) =
7(t1) + 7(t2), we have that 7 is a solution of the differential equation ¢/(t) = z ¢(t) for some
29



30 2. CONTINUOUS REPRESENTATIONS OF LOCALLY COMPACT GROUPS

zt

complex constant z. It follows that m(t) = e**. Note that 7 is unitary if and only if z is

purely imaginary.

The proof of the next proposition uses the fact that the Banach-Steinhaus Theorem holds
for normed barrelled spaces (or, more generally, locally convex barrelled spaces). Given a
normed barrelled space V' and a nonempty family F in B(V'), pointwise boundedness of the
family implies that the family is equicontinuous: If for each v € V', sup{||T(v)|| | T € F } <
0o, then sup{||T||,p|T € F} < oco. Since G is locally compact, this can be applied for
F={m(g) | g €U}, where U is a compact neighbourhood of the identity.

PROPOSITION 1.4. Let V' be a normed vector space that is barrelled. Suppose that 7 is a

homomorphism from G to Aut(V'). Then (m, V) is a continuous representation of G if and
only if

(1) The map g — 7w(g)v is continuous for every v € V.

(2) The map v — 7w(g)v is continuous for every g € G.

REMARK 1.5. More generally, we can assume that V' is a locally convex barrelled topo-
logical vector space. In a locally convex vector space, the topology is determined by a family

of seminorms.

We can define various topologies on B(V'). Let V* = B(V,C) be the space of bounded
(that is, continuous) linear functionals on V.

The weak operator topology on B(V) is the topology induced by the seminorms 7" +—
INTW)|,veV, eV . Ife>0, A€ V*and v € V, theset {T € B(V) | INT(v))| <€}
is an open neighbourhood of zero. (Of course, if V' is a Hilbert space, then A € V* can be
realized as v — (v, w) for some fixed w € V.)

The strong operator topology on B(V') is the topology induced by the seminorms 7" +—
|T(v)|,veV.Ife>0andv € V, then {T € B(V) | ||T(v)]] < €} is an open neighbourhood
of zero. This topology has the property that each function 7" — T'(v) from B(V) to V is
continuous for all v € V.

In the operator norm topology (or uniform topology) on B(V'), for € > 0, the set {T €
B(V) | ITlop < €} is an open neighbourhood of zero.

If V is finite-dimensional, all three of the above topologies coincide. In the infinite-
dimensional setting, the operator norm topology is stronger than the strong operator topol-

ogy, which in turn is stronger than the weak operator topology.
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LEMMA 1.6. Let (7, V) be a continuous representation of G. Then the function g — m(g)
from G to GL(V) is continuous when GL(V') is given the subspace topology arising from the
strong operator topology on B(V).

PRrROOF. Fix gy € G. Given € > 0 and vy € V, the set Uy, == {1 € GL(V) | |[(T —
7(g0))(vo)|| < €} is an open neighbourhood of 7(gy) in GL(V'). By assumption, the function
g — m(g)vy from G to V is continuous. Therefore, there exists an open neighbourhood U of
go in G such that if g € U, then ||7(g)vo — 7(go)vo|| < €. That is, for g € U, 7(g) belongs to
the set Uy, v, Thus the function g — 7(g) is continuous at go. O

Note that when V is infinite-dimensional, GL(V') is not a topological group with respect
to the strong operator topology. However, when V is finite-dimensional, the continuous
function g — m(g) is also a continuous homomorphism. function. In the infinite-dimensional
setting, GL(V) is a topological group in the uniform topology. But very few continuous
representations (m, V) have the property that the function g — 7(g) is continuous when
GL(V) has the norm topology. In particular, as shown in [Sg], the trivial representation
is the only uniformly continuous unitary representation of a complex semisimple Lie group,
and all topologically irreducible uniformly continuous representations of real Lie groups are
finite-dimensional. See [Ka] for information about characterizations of uniformly continuous

unitary representations of connected locally compact groups.

EXERCISE 1.7. Let G = R/Z (or, equivalently, G = SO2(R)).

a) Let V = C(G) be the space of continuous complex-valued functions on G, equipped
with the supremum norm: |[|f[| = sup,eq|f(g)[- Then V' is a Banach space. The
right regular representation p of G on V' is given by (p(t)f)(x) = f(z+t), f €V, x,
t € G. Show that the homomorphism ¢ — p(t) from G to GL(V) is not continuous
when GL(V') is given the operator norm topology. (Hint: Viewing G as the interval
[0, 1] with its endpoints identified, suppose that 0 < t < 1/2. Take f; € V such that
ft is supported in [0,¢], 0 < fi(z) < 1, and f(t/2) = 1. Note that || f;||cc = 1. Show
that ||p(t) ft — fillo = 1. This implies that ||p(t) — I]|,, > 1, where I is the identity
operator on V.)

b) Let W = L*(G). Let p be the right regular representation of G on . Show that
the homomomorphism ¢ +— p(t) from G to the group of unitary operators U(W) on

W is not continuous when U (W) is given the operator norm topology.
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PROPOSITION 1.8. Let V' be a Hilbert space and let U(V') be the unitary subgroup of
GL(V). If 7 : G — U(V) is an abstract homomorphism and for each v € V, the map

g — (v, m(g)v) is continuous at the identity, then (m,V') is a unitary representation of G.

It follows from the above proposition that if g — m(g)v is continuous in the weak topology,
then it is continuous in the strong topology. The converse follows from the Cauchy-Schwarz

inequality: Given u, v € V,
[(m(g)u, v) = (u, )| < [|7(g)u —ulf[lv]l
2. Representations of compact groups are unitary

PROPOSITION 2.1. Let (m, V) be a continuous representation of a compact group in a
Hilbert space V. Then there exists a G-invariant positive-definite Hermitian form on V' and

defines the same topology on V.

PROOF. (The general idea). Define (v, w) = [, (n(g)v, 7(g)w)dg, v, w € G. Show that

1/2 i3 equivalent to

¢ is G-invariant, positive, hermitian. Show that the norm v — ¢(v,v)
|| - || are equivalent norms — this involves applying the Banach-Steinhaus Theorem to see that

g — ||7(g)]lop is bounded above. O

3. Irreducibility, subrepresentations, etc.

If (7, V) is a representation of G and W is a subspace of V| we say that V' is G-invariant
if 7(g)W C W for all g € G.

DEFINITION 3.1. An abstract representation (m,V’) of a group G is algebraically irre-

ducible if there does not exist a nonzero proper G-invariant subspace of V.

DEFINITION 3.2. A continuous representation (7, V) is topologically irreducible if there

does not exist a nonzero proper closed G-invariant subspace of V.

Recall that every subspace of a finite-dimensional normed space is closed. Hence for con-
tinuous finite-dimensional representations, the notions of algebraic irreducibility and topo-
logical irreducibility coincide.

It is easy to show that if V' is an normed vector space, A € B(V), and W is a subspace
of V such that A(W) C W, then A(W) C W.

LEMMA 3.3. If (m, V) is a continuous representation of G and W is a G-invariant sub-

space of V, then W is a G-invariant subspace.
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DEFINITION 3.4. Let (7, V') be a continuous representation of G. If W is a closed subspace
of V, we can define a continuous representation (my, W) of G, by taking mw (g) to be the
restriction of 7(g) to W, for g € G. In this case, (my, W) is called a subrepresentation of
(m, V). If (my, W) is a subrepresentation of G, we can define a continuous representation
(myyw, V/W) of G on the quotient space V/W (which is also a normed space, since W
is closed in V) by myw(g)(v + W) = w(g)v + W, g € G, v € V. The representation
(myyw, V/W) is called a quotient (representation) of (m,V). A representation of G that
occurs as (T, w,, Wa/W1) where Wy C W, are closed G-invariant subspaces of V' is called

a subquotient of (w, V).

DEFINITION 3.5. A representation (m, V') is pre-unitary if V' is an inner product space
and (m(g)vy, m(g)v1) = (v1,ve) for all g € G and vy, v € V. If V' is a Hilbert space and 7 is

continuous and pre-unitary, we say that m is unitary.

DEFINITION 3.6. If (7, V;), 1 < i < n are continuous representations of G, we may define
a continuous representation (@;m, BV;) where (dm;)(g)(v1,...v,) = (m1(g)v1, ..., T(g)Vn)-

Here, we use the norm

n 1/2
[(vr, .- o)l = (Z ||vi||?>
i=1

on ®;V;, where || - ||; is the norm on V;, 1 < i < n. The representation (&, ®;V;) is called
the direct sum of the representations (m;,V;), 1 < i < n. We may also define direct sums
of infinite collections of representations. For example, suppose that (m;, V;), i € I (I some
index set) is a collection of continuous unitary representations of G. Let (-, -); be the inner
product on V;. Let
@ier Vi = { (v)ier € [[Vi | D lJuill <00},
iel il

Define ((v;), (w;)) = > ;e (vi, w;);. This defines an inner product on V' that makes @®;V; into
a Hilbert space. Set (&m;)(g9)(vi) = (mi(g9)vi), g € G, (v;) € V. Then the representation
(b, ®V;) is unitary. Representations of the form (&m;, &V;) are said to be completely
reducible.

If W is a closed G-invariant subspace of a Hilbert space V', then W is a Hilbert space.

Hence a subrepresentation of a unitary representation is a unitary representation.
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LEMMA 3.7. Let (mw,V) be a continuous unitary representation of G. A closed subspace
W of V is G-invariant if and only if the orthogonal complement W+ of W is G-invariant.

In this case (7, V) is the direct sum of the subrepresentations (my, W) and (mwyo, W).

COROLLARY 3.8. A finite-dimensional unitary representation of G is completely re-
ducible.

Recall that we have shown (see Proposition 2.1) that a representation of a compact group

in a Hilbert space is unitary.

COROLLARY 3.9. A finite-dimensional continuous representation of a compact group is

completely reducible.

DEFINITION 3.10. If (7, V) is a continuous representation of G, let V* = B(V,C) be
the space of continuous linear functionals on V. Given A € V* and v € V, the continuous
function g — A(7(g)v) is called a matriz coefficient of w. If V' is a Hilbert space, a matrix

coefficient of 7 has the form g — (m(g)v, w), where v and w are fixed vectors in V.

EXERCISE 3.11. Let (7, V') be a unitary representation of G. Prove that 7 is topologically
irreducible if and only if the the matrix coefficient g — (7(g)v,w ) is not identically zero for

all nonzero vectors v and w in V.

ExAMPLE 3.12. Consider the two-dimensional representation (7, C?) of G = R defined
by m(x)(z1,29) = (21 + x22,29), * € G, 21, 29 € R. The subspace W := Span{(1,0)} is
the unique one-dimensional invariant subspace of C2. In particular, there is no G-invariant

complementary subspace, so 7 is not completely reducible.

4. The regular representation on L*(G/H)

Let H be a closed subgroup of G. Let p be a quasi-invariant measure on G/H. This

measure has the property that

F(@dulz - g) = / o(2,9) f(g)dg.a € G, | € CUG/H),

G/H G/H

where ¢ is a nonnegative continuous function on G x G/H that satisfies
U(y,g)0($,yg) :(7<.Ty,g), Z, yEGa geG/Ha

and o(z,yH) = p(zy)/p(y), =, y € G, where p is a strictly positive continuous function as

in Lemma 5.10.
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If A¢|H = Apy, we will take p to be a G-invariant measure on G/H. (In this case,
o(x,g) =1forallz € Gand g€ G/H.)
Forr € G, g€ G/H and f € L*(G/H, i), set

(m(2)f)(g) = Volz=t,g) f(z™" - g).

It is a simple matter to check that ||w(x)f| = ||f| and w(xy)f = w(z)r(y)f for f €
L*(G/H,u) and z, y € G. We refer to 7 as the left reqular representation of G on L*(G/H, ).

PROPOSITION 4.1. Let w be as above. Then m is a continuous unitary representation of

G.

More will be added later. For the moment, we only mention that given ¢ > 0 and
f € L*(G/H, u), there exists ¢ € C.(G/H) such that ||f — ¢|l2 < €/3. Using the fact that
each 7(z) is an isometry, we can show that

Im(2)f = fll2 < llw(z)e —pll+2¢/3, zeG.

Consider the map z + L,y from G to C.(G/H) given by (L,p)(g) = ¢(xz™!-g), x € G,
g € G/H. 1If C.(G/H) is given the topology associated to the sup norm, this map is
continuous (details to be added). Combining this fact with continuity of o, we can show
that there exists an open neighbourhood U of 1 in G such that ||7(z)p — ¢|2 < €/3 for all
rzeU.

In the special case where H = {1}, we have the left regular representation of G on
L?*(G), where we use a left Haar measure on G. For x and y in G and f € L*(G), set
(p(2)f)(y) = Aq(z)?f(yz). Then p is a continuous unitary representation of G, called the

right reqular representation of G.
EXERCISE 4.2. Let X = GLy(R)/O2(R), where
O3(R) = { g € GLy(R) | (gv, gw) = (v,w) Vv,w € R?},

where (-, -) is the standard inner product. Consider the space L>(X) of essentially bounded
measurable functions on X, equipped with the essential supremum norm. Set (7(z)f)(g) =
fla=t-g), 2 € G, g€ X, f € L™(X). Show that 7 is not a continuous representation of
GLy(R).

5. Intertwining operators and Schur’s Lemma

DEFINITION 5.1. Let (m, V1) and (ma, V2) be continuous representations of G.
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(1) An intertwining operator from m to my is a linear transformation A € B(Vi, V%)
such that A o m(g) = m(g) o A for all g € G. The notation Homeg (7, m) (or
Homg(Vi, V2)) will be used for the set of intertwining operators from m; to ms.

(2) We say that m and 7y are equivalent if Homg(m, o) contains a homoemorphism.
In this case, we write m >~ 7.

(3) If m; and 7y are unitary representations, we say that m; and my are unitarily equiv-

alent if Homg (7, m9) contains a homeomorphism that is an isometry.

It is easy to see that equivalence of representations is an equivalence relation. For the

rest of this section, assume that (71, V}) and (g, V) are continuous representations of G.

PROPOSITION 5.2. Suppose that A € Homg(my,m3). Let Wy be the kernel of A and let
Ws be the closure of the range of A. Then

(1) Wy and Wy are G-invariant.

(2) If m1 and my are finite-dimensional and irreducible and A is nonzero, then A is an
1somorphism.

(3) If my and my are unitary, let (wi, Wit) be the restriction of my to Wit and let (5, Ws)

be the restriction of wy to Wo. Then mi- and ) are unitarily equivalent.

More will be added later. For the third part, we use the polar decomposition of A: A = A;As,
where A; is a partial isometry of Vi onto W, with kernel Wit and A, = (A*A)Y2. We can
show that A; € Homg(7{, mh). Since the restriction of A; to Wit is an isometry of Wit onto

Ws, it and 7} are unitarily equivalent.

COROLLARY 5.3. Assume that m and my are unitary and there ezxists A € Homg(my, 7o)
such that A is one-to-one and the range of A is dense in Vs, then m and my are unitarily

equivalent.

COROLLARY b5.4. Assume that m and w are unitary and topologically irreducible. If
Homg (71, m2) is nonzero, then m and my are unitarily equivalent.

COROLLARY 5.5. Assume that w, and ms are unitary. Then Homg(m, 7o) is nonzero if

and only if some subrepresentation of my is (unitarily) equivalent to a subrepresentation of

9.

EXAMPLE 5.6. Let G = C* x C and V = C? (written as column vectors). Let (m, V)
x

t
be the representation of G such that 7(t,z) = <O )

), t € C*, x € C. The subspace
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W = Span(e;) is a unique one-dimensional G-invariant suspace of V. Let (7/,V’) be the

t 0
representation of G such that 7'(t,z) = 0 1) t € C*, ¢ € C. Then Homg(m, ')

and Homg (7', m) are both one-dimensional. A nonzero element of Homg (7', 7) intertwines a
subrepresentation of 7’ and the unique subrepresentation of 7. On the other hand, a nonzero
element of Homg (7, 7') does not interwine a subrepresentation of 7 and a subrepresentation

of /. Instead, it interwines the unique nonzero quotient of 7 and a subrepresentation of 7’

EXERCISE 5.7. Let (7, V') be a unitary representation of G. Suppose that {W; | i € I}
is a family of closed G-invariant subspaces of V' such that
(1) Wiy LWjifi#j
(2) U;erW; is total in V' (that is, the set of finite linear combinations of vectors from
UierW; is dense in V)
For g € G, let m;(g) be the restriction of m(g) to W;. Prove that (m, V) is equivalent to
(O, OW;).

PROPOSITION 5.8. (Schur’s Lemma) Let V' be a Hilbert space and let F be a collection
of operators in B(V') such that T € F if and only if T* € F. Assume that F is topologically
irreducible. (That is, {0} and V are the only closed subspaces of V' which are invariant
under all of the operators in F.) Then {S € B(V) | ST =TSV T € F.} consists of scalar
multiples of the identity operator.

Further comments will be added here. It is easy to see that if S € B(V) commutes with all
operators in F, then S + S* and (S — S*) (which are both self-adjoint) also commute with
all operators in F. The spectral theorem for self-adjoint operators can be applied to show
that S 4+ S* and i(S — S*) are both scalar multiples of the identity operator.

COROLLARY 5.9. (Schur’s Lemma for unitary representations) Let (m,V') be a unitary
representation of G. Then 7 is topologically irreducible if and only if Homeg(m, m) consists of

scalar multiples of the identity.

LEMMA 5.10. If (w, V) is a (nonunitary) finite-dimensional irreducible representation of

G, then Homg(m, ) consists of scalar multiples of the identity operator.

PROOF. Let A be a nonzero element of Homg (7, 7). Because V' is finite-dimensional, A
has an eigenvalue, say A\. Note that A — A1 € Homg(m, 7). Since the kernel of A — AT is

nonzero and G-invariant and 7 is irreducible, the kernel must equal V. Thatis, A= A1. 0O
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The next example shows that the converse of the lemma does not necessaily hold in the

nonunitary setting.

ExAMPLE 5.11. Consider the representation (7, V') from Example 5.6. We can see that,
although 7 is not irreducible, Homg (7, 7) consists of scalar multiples of the identity operator
on V.

COROLLARY 5.12. Assume that m and my are unitary and topologically irreducible (or
finite-dimensional, not necessarily unitary, and irreducible). Then
dim Homg (7, m9) = boym=m
0 otherwise.
PROOF. Suppose that Homg(m,m) # 0. Let A € Homg(m, m2) be nonzero. Because
A is nonzero, the kernel of A is a closed G-invariant subspace of Vi, and m; is topologically
irreducible, we have that A is one-to-one. In the unitary case, note that A* € Homg (s, m1).
It follows that AA* € Homg(ms, ms). Since my is topologically irreducible, AA* must be a
scalar multiple of the identity operator on V5. This can be used to see that A is onto. In the
finite-dimensional case, the range of A is a nonzero closed G-invariant subspace of V5, so, by
irreducibility of my, A is onto. We have shown that nonzero elements of Homg/(m, m) are
invertible. It follows that m; and 7 are equivalent if and only if Homg (7, 72) is nonzero.
It remains to show that the dimension of Homg (7, 75) is one whenever m ~ 7. Let Ay,
Ay € Homg(my, ) be such that Ay is nonzero. Then we know that A, is invertible. Since
A'A; € Homg(my, 1), by Schur’s Lemma, A5'A; is a scalar multiple of the identity. That

is, A; = ¢ A, for some complex number ¢. Hence dim Homg (71, m5) = 1. O

EXAMPLE 5.13. The left regular representation of G on L*(G) is not topologically irre-
ducible. When G is compact, it is easy to see that the trivial representation of G occurs
as a subrepresentation. However, if G is noncompact, it can be shown that the left regular
representation has no finite-dimensional subrepresentation. Instead, show that the opera-
tors of the right regular representation intertwine the left regular representation. Apart from
the identity element, they are not scalar multiples of the identity operator. Apply Schur’s

Lemma.



CHAPTER 3

Representations of compact groups: the general theory

Throughout this chapter, unless we explicitly say otherwise, GG is assumed to be a compact
group. Recall (Proposition 2.1) that a continuous representation of G in a Hilbert space is
unitary (with respect to some inner product on the space that defines a norm which is
equivalent to the Hilbert space norm).

The “Peter-Weyl Theorem” is a collection of results about continuous representations
of GG, which may be viewed as analogues of results from the representation theory of finite

groups.

1. The Peter-Weyl Theorem

Recall that G is unimodular and has finite measure with respect to any Haar measure
on G. We fix a Haar measure on G such that the measure of G is equal to one. Let
C(G) be the space of continuous complex-valued functions on G. With the supremum norm
| fllse = sup, el f(g)], C(G) is a Banach space.

Using continuity of integration and the fact that the measure of G is equal to one, we
can see that the L? norm of a continuous function is bounded above by the supremum norm
the function:

LeEmMMA 1.1. If f € C(G), then || fll2 < || f|loo-

According to Proposition 4.1, the left regular representation of G on L?(G) is continuous.

Unitarity follows from G-invariance of Haar measure. These properties will be used below.

DEFINITION 1.2. If f1, fo € C(G), we define the convolution f; * fo of f; with fo by:
(fr* f2)(@) = [o fiy) foly ') dy, x € G.

We can define convolution more generally, for f; and f, € L?(G). Let m denote the left
regular representation of G on LQ(G). Let f2 be the function defined by fo(y) = fo(y~b),
y € G. Note that (f1* f2)(z) = [, f1(y (z)f2)(y) dy = (z(x) fs, f1). Therefore f;* f, is the
matrix coefficient of 7 attached to the Vectors f> and fi. By continuity of 7, fi* fo € C (G).

39
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The next lemma follows from the Cauchy-Schwartz inequality and the fact that 7 is

unitary.

LEMMA 1.3. If f1, fo € L*(G), then ||(f1 * f2)|lso < || f1ll2ll f2|2-

LEMMA 14. If fo € L*(G), define a linear transformation K, : L*(G) — C(G) by

Ky, (f1) = fi x fo. This is a compact transformation.

PROOF. A compact transformation is one that maps bounded sets to relatively compact
sets (sets having compact closure). Let F = {Ky,(f1) | f1 € L*(GQ), || f1]l2 < 1}. To see that
Ky, is compact, it suffices to prove that F is a relatively compact subset of C'(G).

According to Ascoli’s Theorem (see p.7 of [R] for the general statement), F is relatively
compact if and only if F is equicontinuous and each of the sets F(z) = { K, (f1)(x) | f1 €
L3(G), |Ifill2 < 1} is relatively compact in C.

To see that F(x) is relatively compact, apply Lemma 1.3 to conclude that || Ky, (f1)(z)] <
| f2ll2 whenever ||fi||o < 1. This shows that F(z) is bounded. A bounded subset of C is
relatively compact.

To verify that F is equicontinuous, note that if x;, x5 € G and || f1]| < 1, then

Ky, (f1) (1) = Kp, (fi) ()] = (1) fo = (e (1) fo, o)
< lm(an) fo = m(@2) follall filla < [l (20) fo = m(@s) follo.
Let € > 0. By continuity of 7, there exists an open neighbourhood U of x; such that whenever
z9 € U, we have ||7(z1) fo — 7(22) folla < €. That is, | Ky, (f1)(21) — Kp,(f1)(22)] < € for all
f1 such that ||f1]| < 1. This says that F is equicontinuous. Now we may apply Ascoli’s

Theorem to conclude that Ky, is compact. 0
COROLLARY 1.5. Ky, is a compact operator on L*(G).

PROOF. A subset S of a complete normed space X is relatively compact if and only if S
is totally bounded. By definition, S is totally bounded if for each € > 0, there exist finitely
many si,...,S, € S such that

ScUL{zeX ||z—sil <e}.

Let F be as in Lemma 1.4. By Lemma 1.4, F is a totally bounded subset of C'(G). Using
Lemma 1.1, we can show that it follows that F is a totally bounded subset of L?(G). Hence
Ky, (f1) is a compact operator on L*(G). O
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THEOREM 1.6. (Peter-Weyl Theorem 1) If go € G and go # 1, then there exists an
irreducible finite-dimensional representation m of G such that m(go) is not equal to the identity
operator.

PROOF. Let V be an open neighbourhood of the identity in G such that go ¢ V? and
V =V~ Fix a function ¢ € C(G) such that (1) > 0, ¥(¢7') = 1¥(g) > 0 for all g € G,
and the support of ¢ is contained in V. Let Ky(f) =4 * f, f € L*(G). We can check that

K3(f)(g) = /G f(2) 012 de,

which, by properties of ¢, is equal to Ky (f)(g). So Ky is a compact self-adjoint operator on
L*(G). Applying the Hilbert-Schmidt Spectral Theorem, we have that L?(G) is the Hilbert
space direct sum
L*G)= P Vi,
A€o (Ky)

where o(Ky) is the spectrum of K, and for \; > 0, V; = Ker (K, — \;) is finite-dimensional.
Applying Ky to ¢, we have K,(¢) = ZAiea(Kw),ApO \iti, where ¢; € C(G) NV;. Using
properties of 1, we can verify that K, (¢)(1) is nonzero and Ky (¢)(go) = 0. Hence there
exists i such that m(go)y; # ;.

Next, observe that (Kyf)(9) = (m(9)¢, f), f € L*(G). (Here, m is the left regular
representation of G.) This can be used to see that Ky € Homg(m, 7). This implies Ky —
Al € Homg(m, 7). We conclude that V; is G-invariant. The restriction m; of 7 to the
finite-dimensional G-invariant subspace V; satisfies m;(go) # Iy;. We know that (m;, V;) is
completely reducible. Hence exists at least one irreducible subrepresentation of m; under

which gg does not act as the identity on the space of the subrepresentation. O

COROLLARY 1.7. A compact group G is abelian if and only if all of its irreducible finite-

dimensional continuous representations are one-dimensional.

PROOF. Let G’ be the derived group of G. (That is, G’ is the smallest closed subgroup
of G containing all commutators — elements of the form zyz~'y~', z, y € G.) Note that any
continuous one-dimensional representation of G is trivial on G’. Therefore, if all irreducible
finite-dimensional representations of GG are one-dimensional, we can apply Theorem 1.6 to
conclude that G’ = {1}, that is, G is abelian.

The converse follows from Schur’s Lemma. O
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Before stating the next theorem, we need a few basic facts about matrix coefficients of
finite-dimensional continuous representations of G.
The following definition is valid for noncompact groups and the representations don’t

have to be continuous.

DEFINITION 1.8. Let (7, V1) and (7, V2) be finite-dimensional representations of groups
G1 and Gy. Let V =V, ® V5. We may define a representation m; ® mo of G; x G by setting

(m1(g1) @ m2(g2))(v1 @ v2) = T1(g1)v1 @ Ta(g2)va, v; €Vi, g: € Vi,

and then extending by linearity. This is called the external tensor product of m; and ms.
When G = G; = (G5, we can restrict the external direct product representation to the
subgroup {(g,9)| g € G} of G x G. This representation of G is also written as m ® mo:
(1 @ m2)(g)(v1 ® vy) = m1(g)v1 @ ma(g)va. It is called the internal tensor product of m; and

9.

LEMMA 1.9. The product of a matriz coefficient of w1 and a matriz coefficient of w9 is a

matriz coefficient of ™ & 3.

DEFINITION 1.10. Let (7, V') be a representation of G and let V* be the space of contin-
uous linear functionals on V. The contragredient of 7, is the representation 7 of G in V*
defined by (7¥(g)\)(v) = AM#(g ), g€ G,v e V.

LEMMA 1.11. Let (w,V) be a finite-dimensional continuous representation of G. Then

(1) 7 is irreducible if and only if ™ is irreducible.

(2) A matriz coefficient of 7 is the complex conjugate of a matriz coefficient of .
Note that the last part of the next lemma is an immediate consequence of Theorem 1.6.

LEMMA 1.12. Let A(G) be the span of the set of matriz coefficients of irreducible repre-
sentations of G. Then

(1) The characteristic function of G belongs to A(G).

(2) The product of two functions in A(G) belongs to A(G).

(3) The complex conjugate of a function in A(G) belongs to A(G).

(4) If g1 # g2 € G, there exists f € A(G) such that f(g1) # f(g2)-
THEOREM 1.13. (Peter-Weyl Theorem 2) A(G) is dense in C(Q).

PROOF. Apply Lemma 1.12 and the (complex version of the) Stone-Weierstrass Theorem.
0
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COROLLARY 1.14. If U is a neighbourhood of 1 in G, there exists a finite-dimensional

representation of G whose kernel is contained in U.

2. Faithful representations

DEFINITION 2.1. A representation (7, V') of a group G is faithful if w(g) # [ for all g € G
such that g # 1.

PROPOSITION 2.2. Let G be a compact group. The following are equivalent

(1) There exists a neighbourhood U of 1 in G that does not contain a nontrivial subgroup
of G.
(2) There exists a faithful finite-dimensional representation of G.

(3) G is a real Lie group.
Proor. To be added... O

Comments about faithful and almost-faithful representations of Lie groups... to be
added...

3. Finite-dimensional representations of locally profinite groups

Locally profinite groups (for example SLy(Q,)) are not necessarily compact. However,
due to the fact that they have so many compact open subgroups, the representation theory
of locally profinite groups is heavily influenced by properties of representations of compact

groups.

PROPOSITION 3.1. Let (m, V) be a continuous finite-dimensional representation of a lo-
cally profinite group. G. Then

(1) The kernel of w is an open (normal) subgroup of G.

(2) For v € V, let Stabg(v) = {g € G | m(g)v = v}. Then Stabg(v) is an open
subgroup of G.

(3) If G is profinite, then G /Kerw is finite. (Hence w(G) is finite.)

REMARK 3.2. A representation (m, V') of a locally profinite group G having the property

that Stabg(v) is open for all vectors v € V' is called a smooth representation.

The next lemma is false for noncompact locally profinite groups. Later in the course, we
will see that the trivial representation of SLo(Q,) is the only irreducible finite-dimensional

continuous (complex) representation of SLa(Q,).
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COROLLARY 3.3. If G is a profinite group and K is an open compact normal subgroup of

G, there exists a finite-dimensional continuous representation © of G such that Kerm = K.

4. Finite-dimensional subrepresentations of the regular representation

Several of the results here are valid for finite-dimensional representations of abstract

groups.

LEMMA 4.1. Let C be the space of complez-valued functions on G. Let p be the right

reqular representation of G on C%. Suppose that V is a finite-dimensional G-invariant
subspace of CE. If f € V, there exists A € End(V) such that f(g) = tr(Ap(g)), g € G.

DEFINITION 4.2. If (7,V) is a finite-dimensional representation of G, define a represen-
tation (¢, End(V)) by £:(g)(A) = n(g) o A, A € End(V). Define T : End(V) — C¢ by
Tx(A)(g) = tr(fz(g)(A)) = tr(m(g) o A).

LEMMA 4.3. T, € Homg (4, p).

If A e V*and v € V, then we define Ayy, € End(V) by Axx,(w) = AMw)v, w € V. The
map A ® v — Ajg, extends to a linear isomorphism between V* ® V' and End (V).
The next lemma shows that the image of T} consists of linear combinations of matrix

coefficients of .
LEMMA 44. If A€ V* and v € V, then T (Axgw)(9) = AM(m(g)v), g € G.

LEMMA 4.5. Every finite-dimensional subrepresentation of (p, C%) that is equivalent to
(m, V) occurs as a subrepresentation of (p, Tr(End(V)).

PROOF. Let (p, W) be a finite-dimensional subrepresentation of (p, C%) that is equivalent
to (m, V). Then there exists a linear isomorphism C' : V — W such that Cw(g)C~! =
p(g) | W for all g € G. Let f € W. By Lemma 4.1, there exists A € End(V) such that
f(g) =tr(Ap(g)) for all g € G. To complete the proof, verify that T,(CAC~')(g) = f(g) for
g € G. It follows that W C T, (End(V)). O

THEOREM 4.6. (Burnside’s Theorem) If (m,V') is an irreducible finite-dimensional rep-
resentation of a group G, then End(V') = span{n(g) | g € G }.

As the next example shows, it is easy to see that when 7 is not irreducible, span{ 7(g) | g €

G} is a proper subspace of End(V).
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t
EXAMPLE 4.7. Let G = R* x R. Define a representation 7 of G by 7(t,z) = <0 f))

t € R*, z € R. Clearly, span{ 7(t,z) | t € R*, x € R} consists of the 2 x 2 matrices whose
(2,1) entry is equal to zero.

PROOF. More details to be added at a later time.

Step 1 Given v € V, define o, : End(V) — V by a,(4) = A(v). Show that «, €
Homg (¢, 7).
Step 2 Show that if (¢,, W) is a (nonzero) irreducible subrepresentations of (¢, End(V)),
then for each nonzero A € Wy, tr(m(g)A) # 0 for some g € G.
Step 3 Let W/ ={ A€ End(V) | tr(AB) =0V B € span{7(g) | g € G } }. Prove that W’
is a G-invariant subspace of End(V).
Let W’ be as above. Suppose that W’ is nonzero. Since W' is G-invariant, there exists
a (nonzero) irreducible subrepresentation (¢, Wy) of (¢, W'). Let A € Wy be nonzero.
According to the result of step 2, the function g — tr(m(g)A) is nonzero. This contradicts

the fact that A belongs to W’. Hence W’ = {0}. To complete the proof, use nondegeneracy
of the bilinear form (A, B) — tr(AB). O

LEMMA 4.8. The external tensor product w¥ @ 7 is equivalent to the representation
(0, End(V)) of G x G defined by 0(g1,g2)(A) = 7(g91)An(g2) 7, g1, go € G, A € End(V).

PROOF. The isomorphism between V*®V and End (V') defined above belongs to Homg (7" ®
T,0). O

The next two results are corollaries of Burnside’s Theorem.

COROLLARY 4.9. If (w,V) is a finite-dimensional irreducible unitary representation of
G, then the representation o of G X G defined in Lemma 4.8 is irreducible.

PROOF. Let T' € Homgy (o, 0). Then, for g € G and A € End(V),

T(n(9)A) = T(o(g, 1)(A)) = a(g, )(T(A)) = m(9)T(A)

Taking A = I, we have T'(w(g)) = w(g9)T'(I) for g € G.

Let A € End(V). By Burnside’s Theorem, since 7 is irreducible, there exist finitely
many elements z; € G and complex numbers ¢; such that A = ). ¢;7(z;). Since T'(7(z;)) =
7(x;)T(I) for each i, we have T(A) = AT(I).
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Similarly, T'(7(g)) = T'(I)w(g) for all g € G. It follows that w(g)T'(I) = 7(g)T'(I) for all
g € G. That is, T(I) € Homg(m,m). By irreducibility of 7, there exists A € C such that
T(I) = M. Therefore T(A) = AT(I) = AN = N A, for A € End(V).

This shows that Homgy(o, o) consists of scalar multiples of the identity operator on
End(V'). Since o is unitary and irreducible, we may apply Schur’s Lemma to conclude that

o is irreducible. O

REMARK 4.10. The corollary still holds when 7 is nonunitary, but the proof has to be

adjusted, as the last part of the argument cannot be applied in the nonunitary setting.

COROLLARY 4.11. Let 7 be an irreducible finite-dimensional representation of G. Then
T, (see Definition 4.2) is one-to-one.

PRrROOF. Let A € End(V) be such that T:(A) = 0. By definition of 75, tr(m(g)A) = 0 for
every g € G. According to Burnside’s Theorem, End(V') = span{ 7(z) | x € G }. It follows
that tr(BA) = 0 for all B € End(V). Nondegeneracy of trace forces A = 0. O

DEFINITION 4.12. The biregular representation of G’ x G on C¢ is defined by (w(g1, g2) f)(z) =
f(g7 wgs). (Of course, when G is a compact group, we may restrict the biregular represen-

tation to a continuous representation of G on C'(G) or on L*(G).)

LEMMA 4.13. Let o be as in Lemma 4.8 and T, be as in Definition 4.2. Then T, €
Homgyg(o,w). The composition of the isomorphism between V* @ V' and End(V') with T,

belongs to Homgyg(m¥ @ m,w).

COROLLARY 4.14. Let w be a finite-dimensional irreducible unitary representation of G.
Then the restriction of the bireqular representation of G x G to the subspace of C¢ spanned

by the matriz coefficients of w is equivalent to T ® .

COROLLARY 4.15. Let 7 be a finite-dimensional irreducible unitary representation of G.
Then (p, T(End(V)) is equivalent to the direct sum of dim V' copies of (w, V).

PROOF. Restrict the biregular representation to the subgroup {(1,9) | g € G } to obtain
the right regular representation p. If we examine the intertwining isomorphism between
7’ @7 and (w, Tr(End(V)) as it restricts to this subgroup of G x G, we find that it becomes
an equivalence between the representation 7 of G on V*xV defined by 7(g)(A®v) = A@7(g)v,
A e V* veV. Itis easy to see that 7 is isomorphic to the direct sum of dim V' copies of
(m, V). O
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REMARK 4.16. Once we have established the orthogonality relations for matrix coeffi-
cients of representations of compact groups, we will see that when G is compact, the direct

sum in the above corollary is an orthogonal direct sum.

Now we assume that G is compact and (7, V') is an irreducible finite-dimensional unitary

representation of G. Then T (End(V)) C C(G) C L*(G).

DEFINITION 4.17. Let L*(G,7) be the algebraic direct sum of the irreducible subrepre-

sentations of (p, L*(G)) which are equivalent to 7.

LEMMA 4.18. L*(G,7) = To(End(V)) and dim L*(G,7) = (dim V)? and L*(G,7) is the
subspace of C(G) spanned by the matriz coefficients of .

PROOF. According to Lemma 4.5, L*(G, w) C T,(End(V)). By Corollary 4.15, (p, Tr(End(V))
is equivalent to the direct sum of dim V' copies of 7. In particular, each irreducible subrep-
resentation of (p, T(End(V)) is equivalent to 7. The final statement of the lemma follows

from Lemma 4.4 and continuity of . O

DEFINITION 4.19. The unitary dual of G is the set G of equivalence classes of irreducible

unitary finite-dimensional representations of G.

REMARK 4.20. Later we will show that all irreducible unitary representations of G' are

finite-dimensional.

Our goal is to prove that L?*(G) is the Hilbert space direct sum of the subrepresenta-
tions L?(G, ) as 7 ranges over G. One part of this involves showing that if o and 7 are
inequivalent finite-dimensional irreducible representations of G, then L*(G, ) and L*(G, o)

are orthogonal in L?(G).

5. Orthogonality relations for matrix coefficients
In this section, G is a compact group. More will be added to this section soon.

LEMMA 5.1. Let (w, V) and (0,V,) be continuous representations of G. Let A € B(Vy, V).
Define A* = [, a(g)Ar(g)~" dg. Then A* € Homg(T,0).

PROPOSITION 5.2. Let (mw, V) be a finite-dimensional irreducible unitary representation
of G. Then A% = (tr A/ dim V) - I.

PROOF. By Lemma 5.1, A% € Homg(w, 7). By Schur’s Lemma, A% is a scalar multiple
of I. To complete the proof, evaluate the trace of A O
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REMARK 5.3. Let (7, V) and (o, V,) be equivalent finite-dimensional irreducible repre-
sentations of G. It is easy to show that the set of matrix coefficients of 7 coincides with the

set of matrix coefficients of .

THEOREM 5.4. (Schur orthogonality relations) Let (m, V) and (o, V,) be finite-dimensional
irreducible unitary representations of G. Let (-,-)r (-,")s be G-invariant inner products on

V. and V,, respectively. For v, v' € V; and u, v’ € V,,

0 ifmto

(v, u) (v, u' ) if T =0.

/<7r(g)v,vl>ﬂ<0(g)u,u’>adg =

G

PRrOOF. Define A € B(V,,V;) by A(w) = (w,u),v. Show that
(). = [ (wla)o. o) Toahu ) ads

According to Proposition 5.1, A* € Homg(o, ). When 7 ¢ o, we know that A% = 0.
Suppose that ¢ = 7. Show that tr A = (v, u),. Then apply Proposition 5.2. O

6. Decomposition of the regular representation
If 7 € G, let L%(G,7) be as in Definition 4.17.

THEOREM 6.1. (Peter-Weyl Theorem 3) Let G be a compact group. Then L*(G) is the
Hilbert space direct sum of the finite-dimensional subrepresentations L*(G,m) as T ranges

over (.

PROOF. Let m and ¢ be inequivalent finite-dimensional irreducible unitary representa-
tions of G. We know (see Lemma 4.18) that L*(G, ) (resp. L*(G, o)) is the space spanned
by the matrix coefficients of 7 (resp. o). By the Schur orthogonality relations, we have that
L*(G,n) and L?*(G, o) are orthogonal in L?(G).

Take the algebraic direct sum @WE@IP(G, 7). In view of the orthogonality of the spaces
L*(G, ), it suffices to show that & __sL*(G, m) is dense in L*(G) (see Exercise 5.7), Chap-
ter 2). Since L*(G, ) is the span of the matrix coefficients of 7, we have that &__sL*(G, )
is the space A(G) consisting of the span of all matrix coefficients of finite-dimensional ir-
reducible representations of G. By the Peter-Weyl Theorem 2, A(G) is dense in C(G). It
follows that it is dense in L?(G). O

EXERCISE 6.2. Let G be a compact Lie group. Let 7 be a faithful finite-dimensional

representation of G. Consider the set of irreducible subrepresentations of representations of
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the form oy ® --- ® o, where o; is equivalent to an irreducible subrepresentation of 7 or
to the contragedient of the subrepresentation. Prove that this set contains all irreducible

finite-dimensional representations of G (up to equivalence).

EXERCISE 6.3. Suppose that H is a closed subgroup of a compact abelian group G.
Let x : H — C* be a character of H (that is, a unitary one-dimensional continuous
representation). Show that x extends to a character of G. (Hint: Consider the space
V ={fe€L*GQ)| f(hg) = x(h)f(g) }. To show that V is nonzero, note that if ¢ € C(G),
then f(g) = [, ¢(hg)x(h™") dh defines an element of V. Show that there exists ¢ such that

f#0.)

7. Decomposition of unitary representations of compact groups

PROPOSITION 7.1. Let (7, V') be a unitary representation of a compact group G. Then

has a finite-dimensional 1rreducible subrepresentation.

PROOF. Let ( , ) be a G-invariant inner product on V. Let w € V. Define T, : V" —
C(G) by T,y(v) = (7m(g)v, w). Show that

[Tw(v) o = sup |Tw(@)(9)] < lofllw],  veV
geG

It follows that T,, € B(V,C(G)) C B(V,L*(G)). In particular, T,, : V — L*(G) is a

continuous linear transformation. Note that

Ty(m(x)v)(9) = (7(g)m(2)v, w) = Tw(v)(gr) = (p(2)Tw(v))(g), z,9€G veEV.
Hence T,, € Homg(m, p). If w # 0, then Ty, (w)(1) = ||w||* # 0. Hence T,,(w) is nonzero.

Since T,,(w) € C(G) € L*(G), there exists an irreducible finite-dimensional representation &
of G such that T,,(w) € L*(G, o). Let P, be the orthogonal projection of V onto L*(G, o).
Then P, € Homg((p, L*(G)), (p, L*(G, 0)).

The composition P,oT,, belongs to Homg (7, (p, L*(G, 0)). By an earlier result concerning
interwining of unitary representations, there exists a subrepresentation of 7 that is equivalent
to a subrepresentation of (p, L*(G, o)). Since L*(G, o) is finite-dimensional, this shows that

(m, V) has a finite-dimensional subrepresentation. O

COROLLARY 7.2. A topologically irreducible unitary representation of a compact group

18 finite-dimensional.
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THEOREM 7.3. (Peter-Weyl Theorem 3) Let (w,V') be a unitary representation of a com-
pact group G. Then V' is a Hilbert space direct sum of finite-dimensional irreducible repre-

sentations of G.

PrOOF. Without loss of generality V' is nonzero. By Proposition 7.1, (7,V’) has at
least one irreducible (finite-dimensional) subrepresentation. Let ¥ be the collection of sets
of pairwise orthogonal finite-dimensional irreducible subrepresentations of V. (That is, if
S € ¥ and (01, V1), (02, Vs) belong to S, then o7 and oy are irreducible subrepresentations
of m and V; L V5.) By Zorn’s Lemma, 3 has a maximal element, say S.

To prove the theorem, it suffices to show that finite linear combinations of vectors from
subspaces in the set S are dense in V' (see Exercise 5.7, Chapter 2). Let V' be the orthogonal
complement of the span of vectors from subspaces in S. Then V' is G-invariant and closed.
Assume that V' is nonzero. By Proposition 7.1, V' contains a finite-dimensional irreducible
subrepresentation, say (o, W). We can append W to S, contradicting maximality of S. It
follows that V' = {0}. O

DEFINITION 7.4. Let (m,V) be a unitary representation of G. We say that a vector
v € V is G-finite if v belongs to a finite-dimensional subrepresentation of (7, V). (The set

of G-finite vectors in V' is a subspace of V.)

COROLLARY 7.5. Let (m,V) be a unitary representation of G. The subspace of G-finite

vectors in 'V is dense in V.

In a later section, we will see how to use characters and integration to construct or-
thogonal projections onto finite-dimensional subrepresentations of unitary representations of

compact groups.

8. Characters of finite-dimensional representations

DEFINITION 8.1. Let (m,V) be a finite-dimensional representation of a group G. The
character of 7 is the function y, : G — C defined by x.(g) = tr7(g), g € G.

DEFINITION 8.2. A function f : G — C is a class function if f(gzg™') = f(x) for all ¢
and z € G.

Clearly the character of a finite-dimensional representation is a class function.

PROPOSITION 8.3. Let (7, V') and (o, W) be finite-dimensional representations of a group
G. Then
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1) If m ~ o, then xx = Xo.
2 Xnr®o = Xn + Xo -
3) Xrwo = XxXo-

5) If 7 is unitary, then x.(g~ ) =x~(9), g €G.

(1)
(2)
(3)
(4) x=v(9) = x«(g7"), g € G.
(5)
(6) x
(7)
(8)

6) xx(1) =dimV.
7) X« 1S a sum of matriz coefficients of m.
8) If m is continuous, then X, is a continuous class function.

t t
EXAMPLE 8.4. Let G = R* xR. Define 7(t,z) = 0 f and o(t,z) = (0 2) ,teR”,

x € R. Then x.(t,z) = xo(t,x) =t +1,t € R*, z € R. The characters of 7 and ¢ coincide,

but m and o are not equivalent.

THEOREM 8.5. Let (7, V,) and (0,V,) be continuous finite-dimensional unitary represe-
nations of a compact group G. Then
1) Joxx(9)dg =dim{v eV, |n(glv=vVgeqG }.
(2) {(Xr> Xo )12(c) = dim Homg(o, 7).
(3) If x and o are irreducible, then
1, of V, >~ V.,
(X Xa>L2(G) = ,
0, otherwise.
PROOF Let W = {v eV, | m(g)lv =vVg e G}. Clearly, W is a subrepresentation of
7. Let P(v) = [, 7(g)vdg, v € V;. By invariance of Haar measure on G, pi(g)P(v) = P(v)
for all v € Vﬂ. Hence P(V) c W. It follows from the definition of P that P(v) = v for all
v € W. Hence W = P(V). Moreover, P?(v) = P(P(v)) = P(v), since P(v) € W. So P is a
projection of V onto W. (Indeed, we can see that P is the orthogonal projection of V' onto
W.) Hence the trace of P is equal to dim W. Observe that the trace of P is also equal to

Jo x=(9) dg.
Define a representation 7 of G on Home(V,, Vy) by 7(9)A = m(g)Ac(g~"). Note that

Homg(o,7m) = { A € Homc(V,,V;) | T(9)A= A}

Given A € V¥ and v € V,, define Ayg, € Home(V,, Vy) by Argw(w) = AMw)v, w € V,. Note
that
A gpan(ge = T(9)Arewo(g7h),  gE€G.
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Extending this to an equivalence between ¢* ® 7 and 7, we have

Xr = Xo*or = XovXr = Xz Xo-

Applying part (1) to the representation (7, Home¢(V,, V;)), we see that (2) holds.
Part (3) is a consequence of (2). It can also be obtained as a consequence of the Schur
orthogonality relations for matrix coefficients(Theorem 5.4), since each character is a sum of

matrix coefficients. U

PROPOSITION 8.6. Let (7, V') be a finite-dimensional unitary representation of a compact

group G. Then m is determined up to equivalence by X .

ProOOF. We know that 7 is completely reducible. Let {7; } be the set of irreducible
constituents of m. Then there exist positive integers n; such that y, = > iMjXr;- By
Theorem 8.5, we have n; = (Xx,, Xr)r2()- Consequently, if (o,) is a finite-dimensional
unitary representation of G such that x, = x., we can see that, up to equivalence, the
representations 7; are the irreducible constituents of o, and the multiplicity of 7; in o is

equal to (Xx,;, Xo)12(G) = ;. Hence o ~ 7. O

COROLLARY 8.7. Let (m, V) be a finite-dimensional unitary representation of a compact
group G. Then (Xr, Xx)r2(c) = 1 if and only if m is irreducible.

THEOREM 8.8. The span of the characters of the irreducible unitary representations of a

compact group G is dense in the space of continuous class functions on G.

PROOF. Let ¢ € C(G) be a class function. Fix € > 0. By the Peter-Weyl Theorem 2,

there exists f € A(G) such that [|¢ — f|l < €. For z € G, let ¢(z) = [, f(gzg™")dg. Then
I = Plleo = sup (g) — |<sup/|90 rgr~t) — flzgr™)|dg < |l¢ — fll <€
geG geG

To complete the proof, it suffices to show that v is a linear combination of characters
of irreducible representations of G. Since f € A(G), there exist finitely many irreducible
unitary representations (m;, V;) of G, together with v; € Vj, A; € V*, such that f(g) =
Z-)\'(ﬂ']( ) i), g € G. Observe that, thinking of m;(x) as an element of End(V}), we
have m;(x)* = [, m;i(gzg™") dg € Homg(mj, 7;) (see Lemma 5.1). Since m; is irreducible, by
Proposmon 5.2, 7j(x)" = —(tr pi;(x)/ dim V;)Iy,. Therefore

- Z/GAj(Wj(gl’gl)Uj) dg = Z)\j(ﬂj(x)“fuj) = (Xm; )/ dim Vj) A (v).
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That is, ¢ is a linear combination of the characters ;. O

9. Convolution, characters and orthogonal projections

Let f € C(G) and let (7, V) be a unitary representation of G With (, ) a G-invariant
inner product on V. Define n(f) : V. — V by n(f)v = [, f( g)vdg, v € V. Recall
that if f1, fo € G, the convolution f; * fo belongs to C'(G) and is deﬁned by (f1 * f2)(x) =

Ju fu(9) f2g7 ) dg, @ € G. For f € C(G), define f € C(G) by f(g) = f(g7), g € G.

LEMMA 9.1. Let (m,V') be a unitary representation of G.
(1) If f € C(G), then n(f) € B(V).
(2) If f1, f2 € C(G), then w(f1 * f2) = 7(f1)7(f2)- B
(3) If v, w eV and f € C(G), then (n(f)v, w) = (v, 7(fw).
(4) If f € C(G) and g € G, then w(9)n(f) = w(Lyf). (Here, (Lyf)(z) = f(9 'x),
reG.)

EXERCISE 9.2. Prove Lemma 9.1.

EXERCISE 9.3. If x € G and f € C(G), define 7(z)f by (7(x)f)(9) = f(z"'gz), g € G.
Show that ()7 (f) = w(7(z)f)m(z).

LEMMA 9.4. Let (7, V) be a unitary representation of G. Let f € C(G).

(1) If f is a class function, then 7(f) € Homg(m, 7).
(2) If f = fv and fx f = f, then w(f) is an orthogonal projection.

PROOF. The first statement follows from Exercise 9.3 and Lemma 9.1(1).
For the second statement, f % f = f implies 7(f) is a projection. Then, from f = f
and Lemma 9.1(3), we have that 7(f) is self-adjoint. Self-adjoint projections are orthogonal

projections. 0

COROLLARY 9.5. If f € C(G) is a class function such that fx f = f and f=f, then
7(f) is an orthogonal projection of V' onto a subrepresentation of (w,V'). Furthermore, if fi
and fo are two such functions and fi x fo =0, then w(f1)V and w(f2)V are orthogonal.

PROPOSITION 9.6. Let (m,V) and (o, W) be irreducible unitary representations of G.

Then

(dim V) x,, if n~o
Xr ¥ Xo = )
0, otherwise.
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PROOF. Let (, ) be a G-invariant inner product on W. Let { v1,...,v,} be an orthonor-
mal basis of W. For g and x € G,
Xolg™'w) = tr(a(g™)o(x) = > (v, a(g i) o (@), v;) = Y {o(g)vi, v;) (o (x)vi, v;)
i,j=1 ,j=1

Here we have used the fact that the matrix of o(g) with respect to the orthonormal basis is

a unitary matrix.

m

mwmmzém@mmﬂwm@:XXLM@w@%w@ymww»

ij=1

Because y, is a sum of matrix coefficients of 7, if 7 is not equivalent to o, by Theorem 5.4,

the L?(G) inner product of x, and the matrix coefficient g — by(o(g)vi,v;) is equal to zero.

Suppose that @ ~ o. Then x. = x,, SO we may assume that 7 = ¢ and replace

o(g) and o(z) by 7(g) and w(z) above. We have x,(g9) = >_,_,(7(9)ve,vs). By the Schur
Orthogonality Relations (Theorem 5.4),

n

/MM(MMM—Z/ (9)or, v (@m0} = S (e, vi) oo v/,

/=1

which equals 1 if ¢ = j and 0 if ¢ # j. It follows that

(O * X ) ( Zl/n (@)vj,v5)) = (dim V)71X7T<£L‘).

EXERCISE 9.7. Let (7,V) and (o, W) be irreducible unitary representations of G.

(1) Suppose that f, and f, are matrix coefficients of 7 and o, respectively and m % o.
Prove that f x f, = 0.

(2) Let (, ) be a G-invariant inner product on the space of 7. For vectors u, v € V,
set fuu(9) = (7(9)u,v), g € G. Let u, v, v’ and v' be vectors in V. Prove that

fu,v * fu’,v’ = (<u,v’)/d1m V)fu/,v-

DEFINITION 9.8. Let (7, V) and (o, W) be unitary representations of G. Assume that
o is irreducible. (Then o is finite-dimensional.) Let V7 be the largest subrepresentation of
(7, V) having the property that every irreducible subrepresentation of (7, V) is equivalent

to 0. The space V7 is called the o-isotypic (or o-isotypical) subspace of .
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According to the Peter-Weyl Theorem 3 (Theorem 7.3), (7, V') is equivalent to the Hilbert
space direct sum (&m |V, @&V7) (described in Exercise 5.7 of Chapter 2), where o ranges

over the irreducible unitary representations of G such that V7 is nonzero.

PROPOSITION 9.9. Let (m, V') be a unitary representation of G. Let (o, W) be an irre-

ducible unitary representation of G such that V7 is nonzero. Let e, = dim(W)x,. Then

m(e,) is the orthogonal projection of V' onto V°. That is, v — (dim W) [, x»(g9)7(g)v dg is
the orthogonal projection of V onto V°.

PRrooOF. By Proposition 8.3, e, is a class function and e, = e,. According to Proposi-
tion 9.6, we have e, x e, = e,. Hence (see Corollary 9.5), m(e,) € Homg(m,m) and is an
orthogonal projection.

We need to verify that 7(e,)V = V7. Let (7, V') be an irreducible subrepresentation of

(7, V') that is equivalent to o. Let {vy,...,v, } be an orthonormal basis for V. Then

e = [ (@m Wl g dg = (@m ) Z ([ 3@t s da)

n

= @mn) 3 ([ @i o) o

n

~ i) 3 [ Tl (@) d ) o

j.4=1

= (dim W) Z ((vi,wﬂvj,—w)/ dim W) v = ;.
=1
(Above, we have used Theorem 5.4). Because m(e,) is an orthogonal projection, 7 (e, )v; = v;
is equivalent to v; € m(e,)V. Hence (7', V') C m(e,)V. That is, V7 C w(e,)V .
To complete the proof, it suffices to show that any irreducible subrepresentation of
(m,m(es)V) is equivalent to (o, W). Equivalently, it’s enough to show that an irreducible
subrepresentation (7/, V') of (m, V') that is not equivalent to o belongs to the kernel of 7(e,).

As above, let {vy,...,v, } be an orthonormal basis for V’. Then

T(eq)v; = /G (dim W) x, (9)7' (g)vi dg = (dim W) i ( /G Xo (9)(7 (9)vi, v;) dg) v;.

j=1
Since x, is a sum of matrix coefficients of o and o % 7', it follows from Theorem 5.4 that
Jo Xo(9)(7'(g)vi, v;) = 0 for all 4 and j. That is, (e, )v; = 0 for all . O
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REMARK 9.10. Let f be a matrix coefficient of . We can show that fxe, = e, x f = f
(see Exercise 9.7). It follows that w(f) = w(e, * f) = w(es)mw(f). So w(f)V C V°

ExXAMPLE 9.11. Consider the right regular representation (p, L?(G)). Let (o, W) be an
irreducible unitary representation of G. For f € L?(G) and z € G,

(f *&)(x) = (dim W)~ /G £(9) Xolg™'2) dg = (dim W)~ /G £(29) Ixo(g™) dg
— (dimW)~! / @) (0(9) () dg = / 0(9) (0(9) ) (@) dg = (plea) (@)

That is, f x €, = p(e,)f. So in this example, the orthogonal projection onto the o-isotypic

subspace is given by convolution with (dim W)™ ty,.

10. Induced representations of compact groups

DEeFINITION 10.1. Let W be a topological vector space and let C(G, W) be the space of
continuous functions from G to W. If K is a compact subset of G and U is an open subset of
W, define V(K,U) ={f e C(G,W) |f(K) C U}. The compact-open topology on C(G, W)
is the topology for which the sets V(K U) form a subbasis.

LEMMA 10.2. C(G,W) is a topological vector space and the map G x C(G,W) —
C(G,W) given by (g, f) — Ly f is continuous.

DEFINITION 10.3. Let (o, W) be a continuous representation of a closed subgroup H of
G. Let iS(W) = {f e CGW)]| flgh) =0c(h) f(g) Vg € G, h € H}. For f € i% (W)
and g € G, set (i%a(g9)f)(x) = f(g7'x). The representation (i%0,i%(W)) is called the
representation of G induced from (o, W).

LEMMA 10.4. When i%(W) is given the compact-open topology, (i%0c,i%(W)) is a con-

tinuous representation of G.

THEOREM 10.5. (Frobenius Reciprocity) Let H be a closed subgroup of G. Let (mw, V)
and (o, W) be continous representations of G and H, respectively. Then Homg(r,i%0o) ~

Homy (res$m, o). (Here, resGim is the representation of H obtained by restriction of w to H.)

PROOF. (Sketch) Let A € Homg(,i%0). Define n : i% (W) — W by n(f) = f(1). Check

that A — 1o Ais a map from Homg(7,i%0) to Hompy (resGm, o).
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Next, suppose that B € Hompg(res$m, o). Define B’ : V — C(G,W) by B'(v)(g) =
B(m(g)~'v), v eV, g € G. Then

B'(v)(gh) = B(n(gh)~'v) = B(n(h)"'x(g)"'v) = o(h)'B'(v)(9), g€G, heH.
Hence B'(v) € i%(W). Next, note that
B'(n(g)v)(z) = B(r(z~"g)v) = B'(v)(9~'2) = ((i50)(9)B'(v))(x), g, 2 €G, veEV.

Thus the map B — B’ goes from Homy (res$, o) to Homg(,i%0).
To complete the proof, check that the maps A+~ no A and B — B’ are inverses of each
other. 0

For another approach to induction of representations, assume that (o, W) is a unitary
representation of a closed subgroup H of G. Let L*(G, W) be the completion of the space
C(G,W) with respect to the norm || f|| = ([, [/ (9)|lH dg)l/Q. Then, for the induced rep-
resentation, we take the left regular representation on the space { f € L*(G,W) | f(gh) =
a(h)"'f(g) V g € G, h € H}. This is the approach taken in [R].






CHAPTER 4

Representations of compact Lie groups

Throughout this chapter, G is a compact connected Lie group. The representations
considered are finite-dimensional and continuous. Although outlines of a few proofs are
included, most of the results are stated without proof. We focus on the parametrization
of the irreducible representations in terms of dominant weights and the characters of the
irreducible representations.

The Borel-Weil Theorem (and its generalization — the Borel-Weil-Bott Theorem), which
provides concrete models for the irreducible representations of compact Lie groups, is not
discussed. The text [Se] includes a section on the Borel-Weil Theorem.

There are many references on representations of compact Lie groups, for example, [BD],
[Hal, [Se] and [Si].

The first section contains a summary of results about maximal tori in compact Lie groups
and the statement of Weyl’s Integral Formula.

In Section 2, we define weights of finite-dimensional representations and list a few of their
properties.

At the beginning of Section 3, we recall some definitions related to Lie algebras and
describe how to attach a (real) representation of the Lie algebra g of G to a finite-dimensional
(continuous) representation of G. Then we complexify to produce a complex representation
of the complexification g© of g.

A choice of maximal torus 7" in G determines a root space decomposition of the complex
Lie algebra g®, which is described in Section 4. This decomposition has the form g& =
tCop D.co 9o, Where tC is the complexification of the Lie algebra of T', ® is a finite collection
of linear functionals, called roots, and each g, is a subspace of g& determined by the root o €
®. Certain properties of the representation of g determined by a given finite-dimensional
representation of G can be used to obtain information about the weights of the representation
of G. In particular, each irreducible finite-dimensional representation has a uniquely defined

“highest weight”.

59
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In Section 5, we comment on how Weyl’s integral formula, together with information
about weights of representations, is applied to obtain a formula for the character of an
irreducible finite-dimensional representation of G. In addition, we discuss how to use the
Peter-Weyl Theorem to see that every “dominant” weight occurs as the highest weight of

some irreducible finite-dimensional representation.

1. Maximal tori and Weyl!’s Integral Formula

Proofs of results stated in this section can be found in Chapter IV of [BD] (and various

other references).

DEFINITION 1.1. A Lie group is a compact torus if it is isomorphic to R™/Z"™ for some
integer n > 0. (Here, n is the dimension of the torus.) A subgroup T of a Lie group is
a maximal torus in a compact Lie group G if T is a compact torus and there is no other
compact torus 7" with T'C T" C G.

Since compact tori are connected, if 7" and 7" are compact tori in G with T" C T”, then
the dimension of T is strictly less than the dimension of 7’. Hence maximal tori exist. A

maximal torus in G is a maximal connected abelian subgroup of G.

DEFINITION 1.2. Let T' be a maximal torus in G. Let Ng(7') be the normalizer of T" in
G. That is Ng(T)={g € G | gtgt € TVt € T} The group W = Ng(T)/T is the Weyl
group of T

THEOREM 1.3. (1) Any two maximal tori in G are conjugate.
(2) Ewvery element of G is contained in a mazimal torus.

(3) The Weyl group of a mazximal torus is finite.

EXAMPLE 1.4. For the group G = U(n) = {g € GL,(C) | 'gg = I, } (resp. G' =
SU(n) =U(n)NSL,(C)), the group of diagonal matrices in G (resp. G’) is a maximal torus.

In both cases, W is isomorphic to the symmetric group on n letters.

Because any two maximal tori in G are conjugate, we can see that if 7} and Tb are
maximal tori in GG, then the Weyl groups of 7} and 7% are isomorphic. For this reason, we
refer to the Weyl group of a maximal torus in GG as the Weyl group of G.

For the rest of the section, we fix a maximal torus 7" in G.

DEFINITION 1.5. let g and t be the Lie algebras of g and t, respectively. For ¢t € T
and X € g, define Ad(t)(X) = tXt'. Note that Ad(¢)(X) = X forall X e tand t € T.
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Hence we may view Ad(t) (and hence also Ad(t™1) — I) as an element of Endg(g/t). Let
D(t) = |det(Ad(t™') — I)gpl, t € T. (In fact, the absolute value is not needed here, as the

endomorphism Ad(¢t7!) — I of g/t has no nonzero real eigenvalues.)

If z1,...2, € C, let d(2, ..., z,) be the diagonal matrix whose (7, j) entry is equal to z;,
1<j<n.

EXAMPLE 1.6. For G = SU(3) = {g € GL3(C) | 'gg = I3}, the set T of diagonal
matrices in G, that is, the matrices of the form d(e?™, e?mitz e=2miltitt2)) where ¢, ty € R,
is a maximal torus in G. The Lie algebra of G is g ={ X € M3(C) | 'X = —X, tr(X) =0}
and t is the diagonal matrices in M3(C) with purely imaginary entries and trace zero. So

g/t can be identified with the (real) subspace of g consisting of those matrices of the form
0 21 Z9
-z 0 =z, where z1, 29, 23 € C.
—Zy, —Z3 0
The following integral formula is an important tool in the proof of Weyl’s character

formula.

THEOREM 1.7. (Weyl’s Integral Formula) Let f € C(G). Then

Wl /G f(g)dg = /T (D(t) /G f(gtg_l)dg) .

If f is a class function, then

W] /Gf(g)dQZ/TD(t)f(t)dt.

LEMMA 1.8. Let ty, to € T. Then t; and ty are conjugate in G if and only if t; and ty
are conjugate in Ng(T).

DEFINITION 1.9. The group Ng(7') acts on the space C(T') (continuous complex-valued
functions on T') as follows: Given g € Ng(T) and f € C(T), set 9f(t) = f(g~'tg), t € T.
When g € T, 9f = f, so the action of Ng(T') factors to an action of W on C(T'). Let C(T)V

be the W-invariant functions in C(T').

DEFINITION 1.10. The representation ring R(G) of G be the set of class functions of the

form ZZ n;Xi, where n; € Z and Y; is the character of a finite-dimensional representation of
G. Let R(T)" be the W-invariant functions in R(T).
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Clearly, the restriction of a continuous class function on G to T belongs to C(T)W.

LEMMA 1.11. (1) The restriction map f — f|T from C(GQ) to C(T)V is onto.
(2) For f € R(G), the restriction f|T belongs to R(T)W.
(3) The map f v+ f|T from R(G) to R(T)V is one-to-one.

REMARK 1.12. The map from R(G) to R(T)" is actually an isomorphism.

2. Weights of finite-dimensional representations

Let (II,V) be a finite-dimensional representation of a compact Lie group G. Let T be
a maximal torus in G. The restriction res$o of o to T is a direct sum of one-dimensional
representations (these are also called characters) of T'.

Let g and t be the Lie algebras of G and T, respectively. Let g© = g @ ig and t€ = t @ it
be the complexifications of g and t, respectively. Set tg = it.

The map X — e2™X from tg to T is a surjective homomorphism from R? onto 7', where
d is the dimension of T. (Here, e denotes the usual matrix exponential map.) Let K be the
kernel of this homomorphism. Then K ~ Z¢ and T ~ R¢/K.

EXAMPLE 2.1. Continuing with Example 1.6, recall that t = { d(ity, ite, —i(t1+t2)) | t1, ta €
R. So we have tg = {d(t1,t2, —t1 — t2)) | t1, o € R. For convenience, we set Xy ;, =
d(ty,te, —t1 — ta), t1, to € R. Here, K = { Xy, | t1,t2 € Z}. The complexfication
g® is equal to the Lie algebra sl3(C) of 3 x 3 matrices whose trace is zero. Note that
sl3(C) = sl3(R) @ isl3(R), so sl3(C) is also the complexification of the Lie algebra sl3(R).

That is, g = su(3) and sl3(R) are real forms of sl3(C).

DEFINITION 2.2. The weight lattice ) is defined to be {p € t | M(X) € ZV X € K }.
Given p € Y, define e,(X) = ™) X € tp.

For p € Y, since e,(X) = 1 for all X € K, we may view e, as a one-dimensional
representation of the abelian group tg/K. Since T' ~ tx/K, we also view e, as a one-

dimensional representation of 7T'.

DEFINITION 2.3. If (I1,V) is a finite-dimensional unitary representation of G and p € Y,
set V,={v eV [[I(e*X)=¢,(X)v| X €tr}.
We have V' = @, cyV,. Since V is finite-dimensional, V), is nonzero for finitely many p.

DEFINITION 2.4. The set Y(II) ={pe Y |V, # {0} } is called the set of weights of II.
If pe Y (), let m, = dim(V,). We refer to m, as the multiplicity of p in II.
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If g € G, then conjugation by g preserves g and g©. If g € Ng(T'), then conjugation by
g preserves t, t© and tg. If g belongs to T, the restriction of conjugation by ¢ to t© is the
identity map — that is g commutes with every matrix in t©. In Definition 1.9, we defined
actions of Ng(7T') and W = Ng(T')/T on C(T).

If p e Y, and g € Ng(T'), then, viewing e, as an element of C(7), we have already
defined %¢, (see Definition 1.9). It follows from the definitions that %e,(X) = e (¢ ' Xg),
X € tp.

DEFINITION 2.5. If p € Y and w = ¢gT € W, we set (wp)(X) = p(g7'Xg), X € tz.

Because g e2™X g1 = ¢2m9X0™" for X € g and g € G, it follows that if g € Ng(T'), then
gKg~t =K.

LEMMA 2.6. Let w € W and p € Y, then wp € Y and “e, = ey, forw € W.
LEMMA 2.7. Ifw € W and p € Y(II), then m, = my,.
PROOF. Choose g € G such that w = gT. For t = e*™X € T (X € tg) and v € V,,
()1 (g)v = H(g)(II(g~"tg)v = I (g)e (97 Xg)v = ewp(X) 1T (g)v.
Hence I1(g)V, C V,,. Similarly, II(g=")V,,, C V,. Thus m, = my,. O

EXAMPLE 2.8. In Example 1.6, SU(3) is realized as a closed subgroup of GL3(C). We
can define a 3-dimensional faithful representation IT of SU(3) by II(g) = g, g € SU(3). We
call this the self-representation. Define py(Xy, 4,) = t1 and pa(Xy, 1,) = to, for ¢y, t5 € R.
Since

H(GZWZth,tQ) _ 627”Xt1‘t2 _ d(627mt1, 627rzt27 627r7,(—t1—t2))’

we see that Y (IT) = { p1, p2, —p1 — p2 }

3. Relations between representations of compact Lie groups and complex Lie

algebras

If G is a matrix Lie group occurring as a closed subgroup of GL,,(C), then the Lie algebra
gof Gisgivenby g={X € M,(C) | X € GVt e R}. For X, Y € M,(C), the Lie algebra
bracket [X, Y] is defined by [X,Y] = XY —YX. If XY € g, then [X,Y] € g.

DEFINITION 3.1. Let g be a Lie algebra.
(1) g is abelian if [X,Y] =0 for all X and Y € g.
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(2) A subspace b of g is a Lie subalgebra of g if [X,Y] € b for all X and Y € b.

(3) A subspace Z of g is an ideal if [X,Y] € Z whenever X € gand Y € 7.

(4) The Lie algebra g is simple if g is nonabelian and {0} and g are the only ideals in
g.

(5) The Lie algebra g is semisimple if g does not contain any nonzero abelian ideals.
(6) The Lie algebra g is reductive if g is the direct sum of a semisimple subalgebra and
an abelian subalgebra. (Equivalently, g = [g, g] @ 3, where 3 is the centre of g.)

(7) If X € g,adX : g — g is defined by adX(Y) = [X,Y], Y € g.
(8) The Killing form is defined by K (X,Y) = tr(adXadY), X, Y € g. It is a symmetric

bilinear form on g.

LemMA 32, (1) K(X,Y],2) = K(X,[Y,Z]) for all X, Y, Z € g.
(2) K(gXgtgYg ) =K(X,Y) forall X,Y € g and g € G.

LEmMMA 3.3. (Cartan’s criterion) A Lie algebra g is semisimple if and only if the Killing

form is nondegenerate.

LEMMA 3.4. If G is a compact Lie group, then

(1) The Killing form is negative semidefinite.
(2) The Lie algebra g of G is reductive.

PROPOSITION 3.5. Let G and H be matriz Lie groups, with Lie algebras g and b, re-
spectively. Let ¢ : G — H be a homomorphism of Lie groups. Then there exists a unique
R-linear map do : g — b such that p(eX) = e®X) for all X € g. The map dy has the
following additional properties:

(1) de(9Xg™") = e(g)de(X)e(g)™, g € G, X € g.
(2) d([X,Y]) = [dp(X),dp(Y)], X, Y € g.
(3) do(X) = d/dtp(e'™) i—0, X € g.

Let G be a compact Lie group with Lie algebra g. Let (II,V) be a finite-dimensional
unitary representation of G. Then g — II(g) is a continuous homomorphism from G to

U(n).

ProroOSITION 3.6. If G and H are Lie groups and ¢ : G — H is a continuous homo-

morphism, then ¢ is a homomorphism of Lie groups (that is, ¢ is smooth).

Applying the above propositions to the homomorphism ¢ +— I1(g), we have an R-linear
map dIl : g — u(n) such that IT(eX) = e“"X) for all X € g. Furthermore, dII([X,Y]) =
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[dII(X),dII(Y)] for X, Y € g. That is, dII is a real representation of the Lie algebra g. It is
conventional to use the notation /I, rather than d/I, for the representation of g determined by
the group representation 7. Since g© = g®ig, we can extend II to a complex representation
of the complex semisimple Lie algebra g. The notation I1 will be used for this extension.

As discussed in the next section, properties of the representation IT of g* can be used to
analyze the weights Y (IT).

REMARK 3.7. If p € Y(II) and v € V,, then II(X)v = p(X)v, X € tg.

EXAMPLE 3.8. Let II be the self-representation of SU(3). Then the representation of
sl3(C) determined by IT satisfies I1(X) = X, X € sl3(C).

4. Highest weight theorem

For simplicity, we assume that G is a semisimple compact Lie group. That is, we assume
that the centre of G is finite. In this case, the Killing form (see Definition 3.1 and Lemma 3.3)
is nondegenerate.

Let I, T, Y, K, etc, be as in previous sections.

We define an inner product (, ) on g€ by (X, V) = K(X,Y), X, Y € g°. If X € tg,
adX is self-adjoint with respect to this inner product. So {adX | X € tg } is a space of
commuting self-adjoint operators on g€. Therefore the space g€ has a decomposition into

simultaneous eigenspaces.

DEFINITION 4.1. A oot is a nonzero a € t; such that there exists a nonzero Y € g©
with ad X (Y) = a(X)Y for all X € tg. Let ® be the set of roots. If a € @, the root space

corresponding « is
g ={Y egt|adX(Y)=a(X)Y VX €t }.

There exist a unique H, € tg, called a root vector for «, such that o(X) = K(H,, X) for all
X € tg.

PROPOSITION 4.2. (1) If a« € @, then dimg, = 1.
(2) If a, B and o+ B € @, then [ga, 8s] is a nonzero subset of gop-
3) Ifa+p e ® and a+ B ¢ P, then [ga, 95 = {0}.
(4) If a € ®, then —a € D.
(5) Spang(®) = tj
(6) Spang{ H, | a € @} =
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(7) There exist elements X, € o, @ € @, such that (X, X_o| =2H./K(Hy, Hy).

(8) g(C = t(c D @ae@ Yo-
(9) If X, Y € tg, then K(X,Y) =Y, a(X)a(Y).

EXAMPLE 4.3. Returning to our basic example G = SU(3), g© = sl3(C), and tz =
{ X1, | t1, t2 € R}, we can easily describe the roots, root vectors and root spaces. We can
check that K (X, 1,, X4, +,) is 6 times the sum of the squares of the diagonal entries of Xy, 4,.
This can be rewritten as K (X, 1y, Xy 15) = 12(¢3 + t1tg + t2). Let a1 (X4, 4,) = t1 — to and
as(X4, 1,) = t1 + 2t5. Then

o = {:i:O[l, :|:Oé2, :|:(0z1 + OfQ) }

The root vectors for a; and ay are as follows: H,, = d(1,—1,0)/6 and H,, = d(0,1,—1)/6.
The matrices

010 000 0 01
00 0], 00 1], 00 0],
000 000 000

belong to the root spaces ga,, ga, and ga,, respectively. Their transposes belong to g_,,.

-—a, and g_,,, respectively.

Let Xy € tg be such that a(Xy) # 0 for all @« € . Let T ={a € ® | a(Xy) >0} and
- ={acd|a(Xy) <0}

DEFINITION 4.4. A root « is said to be simple if & € &1 and o # § + ~ for roots 3,
v € ®F. Let A be the set of simple roots.

EXAMPLE 4.5. For G = SU(3), let Xy =d(1,0,—1). Then &t = { a4, as, a1 + a2 } and
A= {0617 9 }

PROPOSITION 4.6. (1) If a, 5 € A are distinct then K(H,, Hg) < 0.
(2) Spang(A) = t.
(3) A is linearly independent.

(4) If a € ®F, then v = ) . Micvi, where each n; is a nonnegative integer.
LEMMA 4.7. & C V.

DEFINITION 4.8. A weight p € Y is dominant if p(H,,) > 0Va; € A. Let Y? be the set

i

of dominant weights in ).
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EXAMPLE 4.9. For G = SU(3), we have t; = Spang{ ay, as }, Y = {kay + las | k, L €
ZY},and Y4 = { kay+/Lay | k/2 <€ <2k, k, £ € Z}. Note that a; + v is the only dominant
root. Among the weights p1, ps and —p; — po of the self-representation of SU(3), only p; is

dominant.

DEFINITION 4.10. Let p1, po € Y. We say that p; is higher than py (or ps is lower than
p1) if p1—p2 = ZaieA cia;, where ¢; > 0 for all 7. The notation p; = ps or ps < pp is used.
This defines a partial ordering on Y.

ExXAMPLE 4.11. The weights of the self-representation of SU(3) satisfy p; — p2 = o and
p2 — (=p1— p2) = p1+2p2 = 3,50 p1 = P2 = —p1 — pa.

If a € &, let Y, € go. For example, we could take Y, = X,, where X, is as in
Proposition 4.2. The next result describes the images of the weight spaces V,, p € Y (II),
under the operators I1(Y,). In particular, if V, is not a subspace of the kernel of I1(Yy,),
then p+ « € Y/(II). This is used to obtain relations between various weights in Y (I7).

PROPOSITION 4.12. If o € @, let Y, € g, and p € Y(II), then II(Y,)V, = {0} if
p+agY(I) and 1(Ya)V, C Vyra if p+a € Y(IT).

PROOF. Let p € Y(II),v € V,, X € tg, @ € ® and Y, € g,. Then ¢ := *™* belongs to
T and

O (Ya)v =) I (Y ) () I(t)v = ()T (Ya) (1) e, (X)v = e, (X) T (tY,t ).

Here, we have used the relation from Proposition 3.5(1). Next, since t = ™ we have
1Y 7t = A2 (v ) = S (ad 200 X)"(Ya) /nl,
n=0

which, since ad X (Y,) = a(X)Y,, can be rewritten as tY,t ! = e2™*X)y, = ¢,(X)Y,. Hence
II(t)II(Yo)v = ep(X)ea(X) I (Yo )v = eppa(X) (Yo )v.
That is, the vector II(Y,)v belongs to V,1,. O

THEOREM 4.13. Let (II,V) be an irreducible unitary representation of G. Then there
exists a unique dominant weight p € Y (II) that is mazximal among all weights in Y (IT).

Moreover,

(1) If ; € A, then p+ oy ¢ Y(II).
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(2) Every weight in Y (II) has the form p — . njo;, with n; > 0.
(3) Ewvery weight in Y (IT) belongs to the convex hull of the images of p under W.
(4) m, =1.

The maximal weight p is called the highest weight of I1.

5. The Weyl character formula



CHAPTER 5

Representations of reductive groups

Let G be a connected reductive linear algebraic group defined over a field I’ and let
G = G(F) be the F-rational points of G. We will consider three cases:

e [ =TRR: In this case, G is a also a Lie group.
e [ is a nonarchimedean local field of characteristic zero: F' is a finite extension of

the p-adic numbers Q,, where p is a prime. In this case, G is a locally profinite

group.
o '=T,, a finite field. We say that G is a finite group of Lie type.

1. The Iwasawa decomposition

Let F =Ror Q, and let G = SLy(F). Let

A:{<g a01> |a€FX} N:{G ‘"f) \xEF}.

The group B = A N is called a Borel subgroup of G. The subgroup A is a maximal F-split
torus in G. If F' =R, set

K:SOZ(R):{gergg:f}:{ <COSt Smt) |te]R}.

—sint cost

The subgroup K is a compact maximal torus in SLs(R), as well as a maximal compact
subgroup of G. If F' = Q,, let K = SLy(Z,) be the subgroup of G consisting of matrices
with entries in Z,. The subgroup K is a maximal compact (open) subgroup of SL(Q,).

LEMMA 1.1. (Twasawa decomposition) G = KB = BK.

b
PROOF. Let g = (“ d), with ad — be = 1.
C

69
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Suppose that F' = R. Given z € C, define g- 2z = (az+b)/(cz +d). If the imaginary part
3(2) of z is positive, then (g - z) > 0. Note that, for a € R* and z € R,

1 =z a 0 . 2.
1=x+ a1,
0 1 0 at

so B - is the full upper half plane (complex numbers having positive imaginary part).
Hence, given g € G, there exists ¢’ € B such that g-4i = ¢’ -i. Since ¢"'¢g-i = i and
K={heG|h-i=1i}, wesee that g € BK.

Suppose that F' = Q,. Let g be as above. If ¢ =0, then g € B. If |¢|, > |al,, then

(o) ()

0 1
Since Lo belongs to K and | — ¢|, > |a|,, it suffices to prove that g € KB whenever
la|, > |c|, > 0. When a # 0,

B 1 0 a b
7= ate 1 0 d—atbe)’

which, when |a|, > |¢|,, is clearly in K B. O

The Lie algebra of SLs(R) also has an Iwasawa decomposition: g = slo(R) =€ @ a @ n,

where

{4 0) rerfoa={(z 0) roer) wan{ (0 0] 12en}

are the Lie algebras of K, A and N, respectively.

If G is a matrix Lie group (closed subgroup of GL,(C)), then G is stable under the
involution g + 'g~! and the subgroup K of fixed points of the involution is a maximal
compact subgroup of GG. Every maximal compact subgroup of GG is conjugate to K. In this
setting, the Iwasawa decomposition of G takes the form G = PyK = KPF,, where F, is a
minimal parabolic subgroup of G. (Parabolic subgroups will be discussed in a later section.)

In general, a reductive p-adic group contains a finite number of conjugacy classes of
maximal compact subgroups. If G is a connected reductive p-adic group, there exists a
maximal compact (open) subgroup K of G such that G = ByK = K Py for any minimal

parabolic subgroup of G. Here, K is referred to as a good maximal compact subgroup of



2. PRINCIPAL SERIES REPRESENTATIONS OF SLy(F) 71

G. (Note: The adjective “connected” refers to the underlying algebraic group. In the p-adic
topology, as discussed earlier in the course, the topological space G is totally disconnected.)
It is worth noting that K is not itself a reductive p-adic group. That is, K is not the F-
rational points of a reductive linear algebraic group defined over F. It is simply a particular
compact open subgroup of G. (This contrasts with the Lie group setting, where K is a

compact Lie group.)

2. Principal series representations of SLy(F)

If G is a locally compact group, a quasicharacter of G is a continuous one-dimensional
representation of G. A unitary quasicharacter is referred to as a character.
Let G = SLy(F), F =R or Q,, K, A, N, and B be as in Section 1. Given a € F*,

a

let d(a) = Let x be a quasicharacter of F*, which we may also view as a

-1
a
quasicharacter of A via the isomorphism given by a + d(a). The notation | |r will be used

for the given absolute value on F'* (that is, the usual one when F' = R and the p-adic
absolute value when F' = Q,). Let

Clx) ={f e C(G) | f(d(a)nk) = [alpx(a) f(k) [Vae F*,neN, ke K}.

We can see from the Iwasawa decomposition that a function in C(x) is determined by its

restriction to K. We define a norm on C(x) by

151 = ([ 1w ae) " recw.

Here, dk denotes Haar measure on the compact group K. The completion H(x) of C(x) with
respect to this norm is a Hilbert space. Let I(x) = I§(x) be the right regular representation
of G on H(x).

Note that the function d(a) — |a|rx(a), which we will denote by | |rx, is the internal
tensor product of the quasicharacters d(a) — |a|r and d(a) — x(a) of A. Extending | |px
trivially across N, we obtain a quasicharacter of B = AN. Strictly speaking, the represen-
tation p is induced from the quasicharacter | |px of B. We will see below that the factor | |
is introduced so that I(x) will be unitary whenever y is unitary. This version of induction
is called normalized induction.

Let dg(d(a)n) = |a|%, a € F*, n € N. The following lemma is a consequence of the

Iwasawa decomposition and the fact that dg | BN K is trivial.
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LEMMA 2.1. ]fg = d(ao)ngk’o, ag € FX, ng € N, ke K, set 53((1((10)710]{3) = 5B(d(ao))
Then 0p is a well-defined continuous function from G to the positive real numbers such that
dp(d(a)ng) = dp(d(a)) for alla € F*, ne N and g € G.

Since G is unimodular and dp | B is the modular function of B, we can use the extension
dp defined in the above lemma to produce a quasi-invariant measure on the coset space B\G.
For z and g € G, set 0(Bg,x) = %{l];))‘ Then (see Theorem 5.11, Chapter 1), there exists a
quasi-invariant measure dg on B\G associated to the p-function 0z, having the property:
| e@idg-0= [ o@aelgds  2eGpeCB\G) =BG
B\G B\G
LEMMA 2.2. Let V ={f € C(G) | f(bg) = 05(b) f(9) Vbe B,ge G}. Forg € G,
reGand feV,let (Ryf)(x) = f(xg). Then
(1) Given f € V, the function g — dg(g)~" f(g) factors to a continuous function on
B\G.
(2) The map X : f +— fB\G((Sglf)(g) dg defines a G-invariant element of V*: A(R,f) =
A f) forallge G and f € V.

PROOF. The first part of the lemma is a consequence of Lemma 2.1 and the definition
of V. Let X\ be as defined in the statement of the lemma. Then
MR = [ o) Stgmdg= [ dnlar) 00
B\G B

\G

= e 65(gz ) f(g)o(g, 2" ) dg = e p(9)~" f(9) dg = A(f).

LEMMA 2.3. Let x be a character of F*. Let V' and X\ be as in Lemma 2.2. Then

(1) 1 fu. fo € C(v). the function g f(g)Falg) belongs 1o V.
(2) Set { f1, f2) = M fif2). This defines a G-invariant nondegenerate hermitian form

on C(x).

PROOF. The lemma is a consequences of the definitions of V' and C(x), unitarity of x,
and Lemma 2.2. O

After verifying that, with appropriate normalizations of measures,

| Gip@as= [ saar.  rev.
B\G K
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(we don’t include the details here), we conclude that the Hilbert space #(x) is the completion
of C(x) with respect to ( ,).

PROPOSITION 2.4. If x is a character of F*, then I(x) is a unitary representation of
SLy(F).

REMARK 2.5. For G = SLy(F,), since all representations are unitary, we can use the

usual definition of induced representation to define principal series representations of G.
1

Define subgroups A = {d(a) | a € F} }, N = { (O f) | v € F,} and B = AN. Given a

character x of F, let I(x) be the right regular representation of G' on the space of functions

f G — C such that f(d(a)ng) = x(d(a))f(g) for alla € F\, n € N and g € G.

3. Parabolic subgroups of Sp,(F)

Suppose that G is the F-rational points of a connected reductive linear algebraic F-split
F-group G. In particular, G has a maximal F-torus A, that splits over F: Ay = Ag(F) is
isomorphic to F* x --- x F*. For example, G = GL,(F), SL,(F) and Sps,(F') are split
groups. For such groups, we can define Borel subgroups and other parabolic subgroups using
the root system ® = (G, Ap) of Ay in G. We describe how this works for G = Sp,(F).

REMARK 3.1. When we refer to a parabolic subgroup of G, we mean a subgroup P of
the form P(F), where P is a parabolic subgroup of G and P is defined over the field F'.

REMARK 3.2. In general, noncompact reductive groups contain several conjugacy classes
of maximal tori. In particular, split reductive groups can contain compact maximal tori.
This is the case for SLy(R) and SLy(Q,) (see Examples 6.1 and 6.2.

Let
0 0 1
0O 0 10
J =
0 -1 00
-1 0 00

Then G = Spy(F) ={g € GLy(F) | 'gJg=J} and g = {X € My(F) | 'XJ + JX = 0}.
The group Ag := {d(a, b, b=', a™') | a, b € F*} is (the F-rational points of) a maximal

F-split torus in G. Given integers ¢ and j, set x( ) (d(a, b, b™', a™t)) = a'b?. Let a =

X(1,-1) and B = X(02). Consider the action of G on g by conjugation: Adg(X) = gXg*,

g € G, X € g. When we consider conjugation by elements of Ay, we obtain a root space
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decomposition of g relative to the eigenspaces of Ad Ay. If (4,7) € Z, x5 is a root of Ay if
there exists a nonzero X € g such that Ad¢(X) = x(,;)(t)X for all t € Ay. In that case, the

corresponding root space is
Oy ={X €0 ] AdU(X) = xuy(t) V€ Ao}
Let & = (G, Ap) be the set of roots of Ay .. Then
O ={ta, £4, £(a+ 1), £(2a+ [},

Because we often identify x(; ;) with the pair (¢,7), we write —« instead of o' and « + 3
instead of af, etcetera.
The root spaces are easy to describe. If Ej; is the matrix in M,(F) with a one in the

(i,7) entry and zeros elsewhere, then
0o = Spanp(Ei1s — Esy), g_o = Spanp(Ea — Ey3) gg = Spanyp L
Oa+p = Spangp(Eis + Eoy), 0204 = SpanpFEyy, etcetera.

For each root v € @, there exists a root subgroup U, of G. This group is of the form
U, (F) for an F-subgroup U, of G, stable under conjugation by Ay and has Lie algebra g.,.
The group G is generated by Ay and the various root subgroups U,, 7 € ®.

A base for a root system & is a subset A of ® having the property that each element of
® has the form ) 4 noo, where either the n, are all nonnegative integers, or the n, are
all nonpositive integers. The elements of A are called the simple roots. In this example,
A :={a, B} is a base of ®.

The Borel subgroup of G which corresponds to A (or equivalently to &) is the subgroup
B of upper triangular matrices in G. The subgroup N of upper triangular matrices in GG
with ones on the diagonal is called the unipotent radical of B. The group N is generated by
the root groups U,, v € ®* and the Lie algebran of N'is 341 g,. Clearly, B = Agx N. A
standard parabolic subgroup is a parabolic subgroup of GG that contains the Borel subgroup
B. A parabolic subgroup of GG is conjugate to some standard parabolic subgroup.

Each standard parabolic subgroup of GG is attached to a subset of A. Fix a subset I of
A. Let ®; be the set of v € ® such that ~ is an integral linear combination of elements of I.
Then ®; forms a root system. Let N; be the subgroup of N generated by the root groups
U, such that v € ®* and v ¢ ®;. The Lie algebra of N; has the form

=D cor\af I
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where &7 = &; N ®T. Let A; = (N,¢/Ker ’y)o, and M7 = Zg(A) (the centralizer of Ay in
G). (Here, (Ker~)? refers to the F-rational points of the identity component of the kernel
of the rational character v of the algebraic torus Ag.) The set ®; coincides with the set of
roots in ® which are trivial on A;. The group Mj is reductive and is generated by A; and
by the root groups U, v € ®;. The F-split torus A; is the identity component of the centre
of My, and ®(M;, Ag) = ;. The Lie algebra of M; is equal to

mI:aO@@ga

vePs

Here, ag is the Lie algebra of Ay. The group M; normalizes Ny and P; = M; x N;. The
group M7 is called a Levi factor of P;. It also called a Levi subgroup of G. If I and J are
subsets of A then P; is conjugate to P; if and only if I = J. However, it is possible for M;
to be conjugate to M; when I # J.

When G = Spy(F), apart from G = Py and B = P, there are two standard parabolic
subgroups, P, and Pg, attached to the subsets {a} and {5} of A, respectively.

If I = {a}, then ®; = {+a} and &7\ &} = {5, a + 3, 2a + $}. We can describe the

matrices in A,, M, and N,:

Ay =Ker a={d(a, a, a™'a?") | a€ F*},

X 0

Ma=Za(A) =5 | o (0 L)1yt (01 | X € GLy(F)
10 10

LY
Ne=3 (2 )| y=(" %) wer
0 I Y3 Y

When I = {8}, ®&; = {£6} and &+ \ &F = {a, a+ 4, 2a + 5}

Ag=Ker ={d(a,1,1,a ") |a€ F*}

0 0 0

0
MB = Zg(Ag) = ar e d S FX, C11C22 — C12C91 = 1 ~ SLQ(F) X FX

Co1 C22 0

0 0 dt

S O O
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1 vy =z
01 0 wy
Ng = x,y,z € F
o 001 —x Y
0 0 0 1

When F' = R, that is, when G is a Lie group, parabolic subgroups may be written in
a slightly different form. The Levi factor M of a standard parabolic subgroup P; may be
expressed as a direct product of two groups M; and A’. Here, A} is the subgroup of A;
of the form (R)* such that A;/A} is finite (and a product of groups of order two). For
example, for G = Sps(R), M/ is the set of elements in M, such that det X = £1 (in the
notation above) and Af, = {d(a,a,a™',a™") | a € RY }. An element of Mz belongs to Mj if
and only if d = £1, and A} = {d(a,1,1,a7") | a € R} }.

REMARK 3.3. Let G = GL,(F). The subgroup Ay of diagonal matrices in G is a maximal
split torus in G and the subgroup B of upper trangular matrices in GG is a Borel subgroup
of G with respect to a particular choice of base A of & = ®(G, Ap). The simple roots (that
is, the elements of A) are of the form d(ay,...,a,) — aja;jl, 1<j<n-—1.IfICA, the
standard parabolic subgroup Py = M; x Ny is the smallest subgroup of G that contains M,
and B. In particular, M; ~ GL,,(F) X -+ x GL, (F), where n; + --- + n, = n and each
n; is a positive integer. More generally, as we saw above for G = Sp,(F'), a Levi factor of
a parabolic subgroup of a reductive group is not necessarily a smaller rank version of the
same type of group: G'Ly(F') occurs as a Levi factor of a parabolic subgroup of Sp4(F') and
GLs(F) is not a symplectic group.

Although we have not used the Weyl group to define the standard parabolic subgroups,
we include some comments about the Weyl group of Aq for our example. The quotient group
W (Ap) = Ng(Ao)/Ap is called the Weyl group of Ay. The matrices

01 00 1 0 00

1 0 00 0 0 10
Wy = and wg =

00 01 0O -1 00

0010 0 0 01

belong to Ng(Ap). The distinct elements of the Weyl group W (A) are represented by the
matrices

{1, Wa, Ws, WaWgs, WWa, WaWaWE, WaWsWy, (wgwa)Q}
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and W (Ay) is isomorphic to the dihedral group of order 8.

REMARK 3.4. The matrix w, (resp. wg) belongs to N, (Ag) (vesp. Ny, (Ao)) and
represents the nontrivial element of the Weyl group of Ay in M, (resp. Mjz.)

4. Parabolic subgroups and induction

Let FF = R or Q, (or a finite extension of Q,). Let G be the F-rational points of a
connected reductive F-group and let P be a parabolic subgroup of G with Levi decomposition
P = M x N. The Iwawasa decomposition says that G = BK = KB for B a minimal
parabolic subgroup contained in P and some compact subgroup K of G. Since B C P, we
have G = PK = KP.

The Levi factor M of P is the F-rational points of a connected reductive F-group. That
is, it is the same kind of group as G. (For example, when G = Sp4(F’), then M is isomorphic
to one of F* x F*, GLy(F), SLy(F) x F* and Spy(F).)

Let g and n be the Lie algebras of G and N. Let g — Adg: g — g be the usual adjoint
representation of G: Adg(X) = gXg', g€ G, X €g. If pe€ P, then Adp : n — n. Set
dp(p) = |det(Adp) | n|r, p € P. As in the principal series case, we use the function 5113/2 to
normalize induction so that it takes unitary representations of M to unitary representations
of G. (The arguments are virtually identical to those used in the principal series case. We
simply replace the usual inner product on C with the appropriate inner product on the space
of the representation of M.)

Let (o, W) be a continuous representation of M in a Hilbert space W.
Clo)={feC(G)| f(mnk)=0p(mn) f(k) |[VmeNneN, ke K}.

We can see from the decomposition G = PK that a function in C(0) is determined by its

restriction to K. We define a norm on C(o) by

1= [ 1t ax) Y recw

Here, dk denotes Haar measure on the compact group K and || ||y is the norm on W. The
completion H (o) of C(o) with respect to this norm is a Hilbert space. Let I(c) = I§ (o) be
the right regular representation of G on H (o).

LEMMA 4.1. If g = monoko, mo € M, ng € N, k € K, set dp(monok) = dp(myg).
Then dp is a well-defined continuous function from G to the positive real numbers such that
dp(mng) = dp(m) for allm e M, ne€ N and g € G.
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Since G is unimodular and dp | P is the modular function of P, we can use the extension
dp defined in the above lemma to produce a quasi-invariant measure on the coset space P\G.
For z and g € G, set o(Pg,x) = %(9;)). Then (see Theorem 5.11, Chapter 1), there exists a
quasi-invariant measure dg on P\G associated to the p-function dp, having the property:

/“¢@a¢@:/<mwm@@, 1€ G, peCP\G) = C(P\G).
P\G

P\G

LEMMA 4.2. Let V = {f € C(GQ) | f(pg) = op(p) f(9) YV peE P,ge G}. Forge G,
reGand f eV, let (Ryf)(z) = f(zg). Then
(1) Given f € V, the function g — dp(g)~" f(g) factors to a continuous function on
P\G.
(2) The map A\p : f — fP\G((S;lf)(g) dg defines a G-invariant element of V*: Ap(R,f) =
Ap(f) forallg € G and f € V.

LEMMA 4.3. Let (o, W) be a unitary representation of M , with M -invariant inner product
(, )w onW. Let V and \p be as above. Then

(1) If fi, fo € C(0), the function ¢, p) = g = (f1(9), f2(9) )w belongs to V.
(2) Set ( f1, fa) = Ap(@(f1,p2))- This defines a G-invariant nondegenerate hermitian

form on C(o).
After verifying that, with appropriate normalizations of measures,
[ in@ds= [ swar e,
P\G K
we see that the Hilbert space H(o) is the completion of C(¢) with respect to ( ,).

PROPOSITION 4.4. If (o,W) is a unitary representation of M, then I(c) is a unitary

representation of G.

5. Discrete series representations—general properties

Let (m, V') be a topologically irreducible unitary representation of a locally compact group
G. If every matrix coefficient of 7 belongs to L*(G), we say that 7 is square-integrable or
belongs to the discrete series.

Let Z be the centre of G. If z € Z, then w(zg) = w(gz) for all ¢ € G. That is,
7(z) € Homg(m, 7). Since 7 is topologically irreducible and unitary, according to Schur’s

Lemma, there exists a (nonzero) scalar w(z) such that w(z) 'm(2) is the identity operator
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on V. By continuity of 7, the map z — w(z) is a quasicharacter of Z. Since 7 is unitary, w
is unitary — that is, w is a character of the locally compact abelian group Z. The character

w is called the central character of w. For v, w € V,
(n(z0)v, w) = w(){m(g)v, w), gEG, 2 €2
In particular, the function g — [(7(g)v, w)| is left (and right) Z-invariant.

LEMMA 5.1. If G is a locally compact group with noncompact centre, then a nonzero

matriz coefficient of a topologically irreducible unitary representation of G' cannot belong to

L2(G).

Suppose that G is unimodular. (This is the case when G is the F-rational points of
a reductive algebraic group over a locally compact field F, such as ' = R or F' = Q).
The centre Z of G is a locally compact abelian group, so Z is unimodular. Because G is
also unimodular, by Theorem 5.8 of Chapter 1, there exists a G-invariant measure on the
coset space GG/Z. Fix a character w of Z. We say that a function f : G — C is compactly
supported modulo Z if there exists a compact set C' in G such that the support of f is a
subset of ZC' = C Z. Let

Ce(Z\G,w) ={g € C(G) | f(z9) =w(2)f(9)Vz€ Z, g€G,
such that f is compactly supported modulo Z }.

Note that if fi, fo € C.(Z\G,w), the function f,f, belongs to the space C.(Z\G) of con-
tinuous compactly supported functions on Z\G. We define an inner product on C.(Z\G,w)
by

<f17 f2>: f1(§)f2(§)d§, fla fQEOc(Z\G7w>‘

7\G
Let L*(Z\G,w) be the completion of C.(Z\G,w) with respect to the norm associated to
this inner product. Recall that Proposition 4.1 of Chapter 2 shows that the left regular
representation of G on the space L*(G/Z) is a continuous unitary representation of G. Of
course, the right regular representation of G on L?(Z\G) is also unitary. A similar argument
can be used to see that the right regular representation p, of G on L*(Z\G,w) is continuous

and unitary.

THEOREM 5.2. Let G be a unimodular locally compact group with centre Z. Let (mw, V)
be a topologically irreducible unitary representation of G with central character w. Then the

following are equivalent
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(1) 7 is equivalent to a subrepresentation of (p,, L*(Z\G,w)).
(2) There exists a nonzero matriz coefficient of w that belongs to L*(Z\G,w).
(3) Every matriz coefficient of m belongs to L*(Z\G,w).

We say that a representation (m,V') is essentially square integrable (or square integrable
modulo Z) if the conditions of the theorem are satisfied. We may generalize our definition

of discrete series representation to the square integrable setting.

REMARK 5.3. Even though the matrix coefficients of an essentially square integrable
representation with central character w belong to L*(G,w) and are continuous functions
on G, they do not generally belong to C.(Z\G,w). As discussed below, there are certain
families of essentially square-integrable representations of reductive p-adic groups whose
matrix coefficients do belong to C.(Z\G,w).

THEOREM 5.4. Let G be a unimodular locally compact group. Let (w, V') and (o, W) be
topologically irreducible essentially square integrable representations with the same central

character w. of G.

(1) If fr and f, are matriz coefficients of m and o, respectively, then fZ\G f=(9)f-(g)dg =
0.
(2) Suppose that v, v', u, v € V and ( , ) is a G-invariant inner product on V. Then

there exists a positive real number d(), called the formal degree of w, such that

/ (m(g)v, V' ){(7m(g)u, v')dg = d(m)" (v, u) (v, u')
2\G

REMARK 5.5. The formal degree d(m) depends on the choice of normalization of the

G-invariant measure on G/Z.

6. Maximal Tori

We will see that (relative) discrete series of reductive Lie groups and certain kinds of
discrete series representations of reductive p-adic groups are associated with characters of
compact-mod-centre maximal tori. In this section, we describe examples of such tori.

A maximal torus T of G is said to be compact-mod-centre if T'/Z is compact, where Z is
the centre of G. (When F' = R, a compact-mod-centre maximal torus in G, or its identity

component, is often referred to as a relatively compact Cartan subgroup of G.)
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EXAMPLE 6.1. If G = SLy(R), the group K = SO5(R) is the fixed points of the Cartan
involution and it is also a maximal torus in G. If G = SL3(R), then the group K = SO3(R)
is the fixed points of the Cartan involution of G. The group

cost sint O
T= —sint cost 0] |[teR
0 0 1

is a maximal torus in SO3(R). But 7" is not a maximal torus in SL3(R). In fact SL3(R) has

rank two and
rcost rsint 0O

T = —rsint rcost 0 | |[reR*, teR
0 0 r!
is a (noncompact) maximal torus of SLy(R) (of dimension 2) containing 7. (Note that 7"
is a maximal torus in the proper Levi subgroup SLy(R) x R* of SL3(R).) In fact, SL3(R)

does not contain any compact maximal tori (see Remark 6.3).

Because p-adic fields have many extensions of varying degrees, there are plenty of maximal

tori in reductive p-adic groups that are compact modulo the centre of the group.

EXAMPLE 6.2. Let p be an odd prime. There exists ¢ € Z, such that the image of ¢ in
Zy,/pZ, ~ F, is a nonsquare. We can show that ¢ is a nonsquare in Q,. It is easy to see that
p is not a square in Q,. (A nonzero element x € Q,, satisfies |z|, = p’ for some integer ¢ and
Ipl, = p~'.) We have quadratic extensions £ = Q,(y/€) and L = Q,(,/p) of Q,. Let

b
TE:{ Z 8) | a, b e Q,, a2—62€:1}
a
/ a  bpe 2 2
1. = el |a, beQ,, a*—be=1 ,
/4

b
Tp:{ Z p) | a, b€ Q,, az—b2p:1}.
a

The subgroups T, T” and T), are examples of compact maximal tori in SL(Q,). No two of

these subgroups are conjugate. (Note that 7. is a closed subgroup of the maximal compact
subgroup SLy(Z,) of SLy(Q,). The group 7 s a closed subgroup of the maximal compact

0
subgroup d(p)SLs(Z,)d(p)~", where d(p) = (10) 1) € GLy(Q,). The group T, is a closed
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subgroup of the intersection of those two maximal compact subgroups.) Let o be the non-
trivial element of the Galois group Gal(E£/Q,) Then T, and 7! are isomorphic to the kernel
of the norm map Ngq, : X — Q): Ngjq,(v) = vo(x), v € E*. Similarly, T, is isomorphic
to the kernel of the norm map Ny qg,. (There exist compact maximal tori in SLy(Q,) which
are not conjugate to one of T, T, and T,,.)

Now suppose that n is an integer and n > 3. Suppose that F is an extension of @, of
degree n. There are various ways to produce such extensions. For example, we can show
that there exists a root of unity n € @p of order prime to p such that Q,(n) is an extension
of Q, of degree n. This is an example of an unramified extension of Q,. Or, we can see that
x" — p is irreducible over @Q,. A root of this polynomial in @p generates a degree n extension
of Q,. This is an example of a totally ramified extension of QQ,. Let 3 be a basis for £ over
Q, (viewing E as an n-dimensional vector space over Q,). Given z € E*, let x5 be the
matrix of the invertible F-linear transformation ¢, of E given by multiplication by x. Then
x — xg is an injection of E* into GL,(Q,). The intersection of the image of this map with
SL,(Q,) is isomorphic to the kernel of the norm map Ng/q, : £* — Q, and is a compact

maximal torus in SL,(Q,).

If T is a compact-mod-centre maximal torus in a reductive group over a local field, then
T cannot lie inside any proper Levi subgroup of G. (Note that a maximal torus of a proper
Levi subgroup of G contains the centre of the Levi subgroup and the centre of the Levi
subgroup contains an F-split torus that is not compact modulo the centre of G.) We often

refer to a maximal torus that is compact-mod-center as an elliptic maximal torus.

REMARK 6.3. Of course, the maximal torus SO2(R) of SLy(R) is obtained from the
quadratic extension C of R in the same way that the maximal tori 7., 7! and T, of SLy(Q,)
are obtained from quadratic extensions Q,(y/c) and Q,(y/p) of Q,. The lack of degree n
extensions of R for n > 3 is what prevents SL,(R) from having compact maximal tori.

We may also consider tori in reductive groups over finite fields. In this context, we say
that a maximal torus is elliptic if it does not lie an any proper Levi subgroup of . Elliptic
maximal tori always exist — for GL,(F,) and SL,(F,), this is connected with the fact that,

given any positive integer n, there exists a degree n extension of F,.

7. Discrete series representations of reductive Lie groups

Let G be a real reductive Lie group. In this case, G has (relative) discrete series repre-

sentations if and only if G has a compact-mod-centre maximal torus. subgroup). Suppose
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that such a torus 7" exists. Then 7' is unique up to conjugacy. Let T be the group of unitary

characters of T'. The “complex Weyl group” W (see below) acts on T. Let
T\’:{Xef|w-x§£wa€VV,w7él}.

The finite group W (T') := Ng(T')/T also acts on T and is a subgroup of the complex Weyl
group W. (When G is compact Wg(T) is equal to the complex Weyl group.)

Let g€, €€ and € be the complexifications of the Lie algebras g, € and t of G, K and
T, respectively. By assumption, t* is a Cartan subalgebra (Lie algebra of a maximal torus)
of g© and of €€, Let &g = ®(g%,t*) and @ = P(£C, ) be the root systems of g¢ and €©
(respectively) with respect to t©. The complex Weyl group is the Weyl group of the root
system .

EXAMPLE 7.1. Let G = Sp4(R) (realized as in Section 3). Then

cos ty 0 0 sin ¢4
0 cost sint 0
T := . 2 2 | ty,to € R
0 —sinty costy 0
—sinty 0 0 costy

is a compact maximal torus in the group K of fixed points of the Cartan involution of G,
as well as a compact maximal torus in G. Hence G has discrete series representations. In
this example, K is isomorphic to U(2) and is realized as K = {g € G | 'gg = I }. The Lie

algebra € of K is realized as follows:

0 a bl b2
¢ 1 —a 0 bg b1
t={XeMR)|'X=-Xand J ' XJ=X} = | a, b; € R
—b1 —bg 0 —a
—by —by 0
The Lie algebra t of T" has the form
0 0 0 t
0 0 t2 O
t= ? |t; €R
0 —t2 0 0
-t 0 0 O

The root system ®g = ®(sp,(C),t%) contains eight roots and the complex Weyl group

is a dihedral group of order eight (see Section 3 for information on the Weyl group of
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Sps(C)). The root system @y contains two roots and has a Weyl group of order two.
Viewing characters of 7' = SO5(R) x SO2(R) as tensor products x; ® x2 where each y; is a
character of SO5(R),

T/:{X1®X2|X]27'£1, X17#x2' )

For convenience, we will assume that G is semisimple. The discrete series representa-
tions of G are parametrized by T If X, X € T , then the corresponding discrete series
representations are equivalent if and only if there exists w € Wg(T') such that x' = wy.

There is a connection with the irreducible representations of K. If we have a unitary
representation (m,V’) of G we can restrict the representation to K. Then we can con-
sider the space of K-finite vectors in V: the vectors belonging to finite-dimensional K-
subrepresentations of V' (see Definition 7.4 of Chapter 3). The space of K-finite vectors
is dense in V (Corollary 7.5 of Chapter 3). A K-type of 7 is defined to be an irreducible
unitary representation o of K that occurs in the space of K-finite vectors. Equivalently, the
space V7 of o-isotypic vectors in V' is nonzero (see Definition 9.8 of Chapter 3). According
to the theory of finite-dimensional irreducible representations of compact Lie groups (see
Theorem 4.13, Chapter 4), each K-type of m has a highest weight. The parametrization of
discrete series representations is expressed in terms of the highest weights of the K-types of
the representations.

For convenience, we assume that G is semisimple. Take y € T'. Asin Chapter 4, via the
isomorphism X + K + e*X from tg/K +— T, where tg = it, y corresponds to an element
A of t; which is trivial on K, that is, an element of the weight lattice ) (see Definition 2.2,
Chapter 4). Perhaps A is not dominant. Since the Wg(T)-orbit of A contains exactly one
dominant weight, after replacing x by a suitable element in this orbit, we may assume that
A is dominant. In the current setting, it may be convenient to view X as an element of (t©)*
(recall that t€ = tg @ itg). Each root space g<, a € ®¢ either lies inside £© or has trivial
intersection with £°. This means that the root system ® is a subset of ®¢. In defining
dominant elements of the weight lattice Y, we fixed a choice ®}. of positive roots in ®x. As
in Definition 4.1 of Chapter 4, for each o € @, let H, € tg be such that a(X) = K(H,, X)
for all X € tg. (Here, K is the Killing form.) Since A is dominant, we have A\(H,) > 0 for
a € ®f. The fact that x € T implies that A(H,) # 0 for all & € ®5. There is a unique
choice of positive roots ®f; such that A(H,) > 0 for all a € ®f. Let dg and dx be the
half-sums of the positive roots in &/ and @}, respectively.

For i € Y4, let o, be the irreducible representation of K with highest weight .
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A proof of the following theorem can be found in [K1] (see Theorems 9.20 and 12.21).

THEOREM 7.2. (Harish-Chandra) Assume that G is semisimple and 6 € Y. Let my be

the discrete series representation corresponding to A. Let A = X+ dg — 20x. Then

(1) The isotypic subspace Vo is nonzero and the multiplicity of ox in VA equals one.
(2) If i € V¢ occurs as the highest weight of a K-type of m, then = A + Za@g NaQ
for nonnegative integers n,.

Two such representations wy are equivalent if and only if their parameters A are conjugate

under We(T).

There is an additional property of the discrete series 7, which, together with the two
properties stated above in the theorem, characterizes the representation. By a version of
Schur’s Lemma, the centre Z(g) of the universal enveloping algebra of g acts on the space
K-finite vectors in the space of 7y via scalar operators. This results in a C-algebra homomor-
phism from Z(g) to C, which is associated to a Weyl group orbit in (t©)*. This is called the
infinitesimal character of m. The additional property of 7y is that the infinitesimal character
of ) is the Weyl group orbit of A.

If (7, V) is a continuous representation of G in a Hilbert space V', for each f € C.(G), we
define a linear operator 7 (f) on V by w(f)v = [, f(g9)7(g9)vdg, v € V. Assume that 7(f) is
of trace class for all f € C.(G) (for example, this is the case if 7 is irreducible and unitary).
Then the map f — 7(f) is a distribution on G (that is, a continuous linear functional on
C.(G)). This distribution is called the (global) character of m. It is realized by a locally

integrable function ©, on G:

tr(f) = /G f(9)On(9)dg,  feCG).

Harish-Chandra parametrized the discrete series representations and constructed their
characters as locally integrable functions. On the compact Cartan subgroup 7', the character
O, of the discrete series representation 7w, has a formula that is analogous to the Weyl
character formula for compact Lie groups. (The character also has nonzero values on the

noncompact Cartan subgroups.)

8. Discrete series representations of reductive p-adic groups

Let G be a (nonabelian) connected reductive p-adic group. In this case, G has sev-

eral conjugacy classes of compact-mod-centre maximal tori and there are discrete series
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representations associated with characters of such tori. In addition, there are discrete series
representations that are not associated with characters of compact-mod-centre maximal tori.

Let (m, V') be a continuous representation of G. We say that a vector v € V' is smooth if
there exists a compact open subgroup K of G such that 7w(k)v = v for every k € K. This
is equivalent to saying that Stabg(v) :== {g € G | m(g)v = v} is open. (Note that here K
is any compact open subgroup of G — it is not the compact open subgroup in the Iwasawa
decomposition of G.) We can show that V*° is a subspace of V and V*° is dense in V. Recall
that (see Proposition 3.1 of Chapter 3) that V> =V whenever 7 is finite-dimensional.

For the next example, we need the definition of cuspidal representation of a finite group
of Lie type. Let H = H(F,) be a finite group of Lie type. An irreducible representation
(0,V) of H is cuspidal if

VW.={veV|onhv=vV¥neN}=/{0}

for any unipotent radical of a proper parabolic subgroup of H. (Recall that a parabolic
subgroup P is a semidirect product of the form P = M x N.) It can be shown that o is
cuspidal if it does not occur as an irreducible consituent of any representation of the form
Indg 7, where P = M x N is a proper parabolic subgroup of H and 7 is a finite-dimensional

representation of M.

EXAMPLE 8.1. Let K = SLy(Z,). The maximal normal pro-p-subgroup of K consists of
the set of matrices k € K such that all entries of k—1 belong to pZ,. The factor group K /K"

is isomorphic to SLy(F,). Let (0,V) be an irreducible cuspidal representation of SLy(F,).
Let

VE={f:G=V|f(kg)=0(k) fl9).VEEK, geG, suppf C U;Kyj,
for a finite subset {g;} of G }.

Let indg o be the right regular representation of G on V. Then indf( o is an irreducible

smooth representation of G. Let ¢, be a matrix coefficient of o. Define ¢/ on G by

vs(g) ifgeK

/
©,(g9) =
0, ifg¢ K

Let v € V and A € V* be such that ¢, (k) = Ao (k)v) for k € K. Define f, : G — V by

olglv ifge K

folo) = 0, ifgd K
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Then f, € VY. Define A € V¥ by A(f) = Mf(1)), f € V°. Then we can show that
A(nd%(9)f,) = ¢, (9), g € G. Thus ¢/, is a matrix coefficient of ind%. o. By definition, ¢/, is
a compactly supported continuous function. In particular, ¢/, € L*(G). The representation
indf( o is an example of a supercuspidal representation of G.

Since G and K are unimodular (G is reductive and K is compact), we have a G-invariant
measure dg on K\G. The representation ¢ is unitary. Let ( , ), be a K-invariant inner
product on V. The function g — ( fi(g), f2(g9) )s factors to a function in C.(K\G). Set

fi b)) = /K RECR I

Using G-invariance the measure, we can see that the inner product is G-invariant. Hence

the completion of V¢ with respect to this inner product is a unitary representation of G.

A smooth representation m of G is supercuspidal if every matrix coefficient of 7 is com-
pactly supported modulo the centre Z of G. It follows that a unitarizable supercuspidal
representation of G' has the property that its matrix coefficients belong to L*(G).

LEMMA 8.2. Let 7 is an wrreducible smooth representation of G, then w is supercuspidal

if and only if some nonzero matrix coefficient of w is compactly supported modulo Z.

Let f : G — C be a locally constant function such that the support of f is compact
modulo Z. Then f is a cusp form if [, f(gn)dn =0 for all g € G and all unipotent radicals

of proper parabolic subgroups of G. (Here, dn denotes a Haar measure on N.)

LEMMA 8.3. If m is an irreducible supercuspidal representation of G, then all matrix

coefficients of ™ are cusp forms.

REMARK 8.4. We may also define cusp forms on finite groups of Lie type. It is easy to
see that a matrix coefficient of a cuspidal representation of a finite group of Lie type is a
cusp form. For this reason, we may view supercuspidal representations of reductive p-adic

groups as analogues of cuspidal representations of finite groups of Lie type.

As we saw above, some supercuspidal representations are obtained via induction from
inflations of cuspidal representations of finite groups of Lie type. However, there are many
supercuspidal representation that are induced from representations of compact-mod-centre
subgroups where the inducing representations are not related to cuspidal representations of
finite groups of Lie type. There exist families of supercuspidal representations which arise

from characters of elliptic (compact-mod-centre) maximal tori.
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ExAMPLE 8.5. Let T' = T, be as in Section 6. Let y be a character ot T" such that
x| T N K" is nontrivial, where K" is as in the previous example. There is a way to de-
fine a compact open subgroup K, of SLy(Z,) that is normalized by T and an irreducible
smooth representation s, of the compact open subgroup 7K, such that the representation
indgKX Ky is an irreducible smooth representation of SL;(Q,). This induced representation

is supercuspidal.

As seen above, we may construct unitary discrete series representations from unitarizable
supercuspidal representations. Although we don’t take the time to discuss examples, there
are some discrete series representations of reductive p-adic groups which are not obtained

from supercuspidal representations (and are not associated with characters of maximal tori).

9. Maximal tori and representations of finite groups of Lie type

In this section, ¢ is a power of a prime p, G is a connected reductive F -group, and
G = G(F,). If T is a maximal F,-torus in G we will refer to 7' := T(F,). as a maximal
torus in G. The so-called “Deligne-Lusztig construction” associates class functions on G to
characters of maximal tori in GG. Certain of these class functions are, up to sign, equal to
characters of irreducible representations of G. The book of Carter ([Car]) is a good basic
reference for this (and for other information about the representation theory of reductive
groups over finite fields).

Let ¢ # p be a prime. The f(-adic cohomology groups with compact support play a
role in the Deligne-Lusztig construction. Suppose that X is an algebraic variety over the
algebraic closure F, of F,. Each automorphism of X induces a nonsingular linear map
H!(X,Q,) — H(X,Q,). This makes H!(X,Q,) a module for the group of automorphisms
of X. If g is an automorphism of X of finite order, the “Lefschetz number of g on X” L(g, X)
is defined to be >_.(—1)"trace(g, H:(X,Q,)). It is known that £(g, X) is an integer that is
independent of /.

Let T' = T(F,) be a maximal torus in G and let Let B be a Borel subgroup (minimal
parabolic subgroup) of G that contains T. Note that B is not necessarily defined over F,,.
If N is the unipotent radical of B, then B = T x N. Let Fr be the Frobenius element
of Gal(F,/F,). (That is, Fr(z) = z? for every # € F,.) The notation Fr will also be
used for the action of Fr on G, T, etc. Define L(g) = g 'Fr(g), g € G. This map is
called Lang’s map. Note that G = G = L7'(1). The set X = L™Y(N) is an affine
algebraic variety. The group G acts on X by left multiplication: if g € G and z € X , then
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L(gz) = 27 g " Fr(g)Fr(x) = 2 Fr(z) = L(z) € N, so gz € X. The group T acts on X by
right multiplication: if 2 € X and ¢ € T, then L(xt) = t 'z 'Fr(z)t € t 'Nt = N. These
actions commute with each other. Thus Hg()? , Q) is a left G-module and a right T-module
such that (gu)t = g(vt) for g € G, t € T and v € Hi(X,Q,).

Let 7 be the set of characters (one-dimensional representations) of the maximal torus
T. Let 6 € T. If n is the order of T and ¢ € T, then 6(t) is an nth root of unity, so
6(t) is an algebraic integer. Because Q, contains the algebraic numbers, we can view  as a
homomorphism from T to @Z . Let H, é(f( ,Qy)s be the T-submodule of Hg()? ,Q,) on which
T acts by the character . Define Rpg = RS, : G — Q, by

RT,G(g) = Z<_1)itrace(gaHz<)?7@ﬁ)9)7 g€ G.

i>0
We say that the character 6 is in general position if w - 6 # 6 for all nontrivial elements
w of the Weyl group Ng(T)/T of T in G.
Properties of Rrp:

(1) Rrp is a “generalized character” (an integral linear combination of characters of
irreducible representations of G).

(2) Realg) = [T Syer 07 £((9,8), X), g € G.

(3) Rryp is independent of the choice of Borel subgroup B that has T as Levi factor.

(4) If 0 is in general position, then, up to sign, Rry is the character of an irreducible
representation of G.

(5) If T is elliptic (that is, 7" does not lie in the Levi factor of a proper F,-parabolic
subgroup of ) and 6 is in general position, then, up to sign, Ry is the character

of an irreducible cuspidal representation of G.

REMARK 9.1. In general, there exist irreducible representations of G' whose characters

are not of the form £Ryy for some 7" and ¢, with 6 in general position.

10. Harish-Chandra’s Philosophy of Cusp Forms

Harish-Chandra’s “philosophy of cusp forms” describes similarities between the following

four theories:

e Representation theory of finite groups of Lie type
e Representation theory of reductive Lie groups

e Representation theory of reductive p-adic groups



90 5. REPRESENTATIONS OF REDUCTIVE GROUPS

e Theory of automorphic forms

The philosophy says that there are certain basic representations from which all other
representations are constructed. In the first three cases, the basic representations are cus-
pidal, supercuspidal, and discrete series representations, respectively, and the construction
is parabolic induction. In the fourth case, the basic representations are cuspidal automor-
phic representations and the construction is Eisenstein series. (We will not be discussing
the fourth case here.) Much of the time, though not always, the construction produces
irreducible representations. When the construction produces a representation which is not
irreducible, some work may be involved in determining the irreducible subquotients of the
representation.

An irreducible representation of a finite group G of Lie type is cuspidal or is a constituent
of a representation that is parabolically induced from a cuspidal representation of a proper
Levi subgroup of G.

When working with representations of reductive Lie groups and reductive p-adic groups,
most results are valid in the context of admissible representations.

A smooth representation (7, V) of a reductive p-adic group is admissible if the space V¥
of K-fixed vectors in V' is finite-dimensional for every compact open subgroup K of G. An
irreducible smooth representation of a reductive p-adic group is admissible. An irreducible
smooth representation of a reductive p-adic group G is supercuspidal or occurs as a sub-
quotient of a representation that is parabolically induced from an irreducible supercuspidal
representation of a proper Levi subgroup of G.

Let G be a reductive Lie group and let K be group of fixed points of the Cartan in-
volution of G. A continuous representation (m,V’) of G in a Hilbert space V is admissible
if for every irreducible continuous representation o of K, the dimension of the o-isotypic
subspace V is finite-dimensional. (That is, the representation ¢ occurs finitely many times
in the decomposition of the restriction of 7 to K.) Any irreducible unitary representation of
G is admissible. We say that a parabolic subgroup P = M x N is cuspidal if M has relative
discrete series representations. Roughly speaking, the Langlands classification of irreducible
admissible representations of G is stated as follows. An irreducible admissible representation
is a quotient of a representation obtained via parabolic induction from a representation of
the form xy ® o, where o, resp. Y, is a relative discrete series representation, resp. quasichar-

acter, of a Levi factor of a cuspidal parabolic subgroup of GG. For a precise statement, see
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Theorem 14.92 of [K1]. (In fact we also have to allow some other representations, known as

“limits of discrete series” on the Levi subgroups.)
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