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1. Introduction

Let F be a field and n a positive integer. The set G = GL,,(F') of invertible matrices
with entries in the field F' forms a group with respect to matrix multiplication. This is an
example of a reductive group. If F'is a finite field, then G is a finite group. As (complex)
representations of finite groups are discussed in earlier courses, some results concerning
representations of G in the case when F' is a finite field will be assumed. In this course,
we will be particularly interested in the case where F'is a p-adic field (p-adic fields will be
described in section 2). But we can ask what are the representations of G for any field F.
A representation of G consists of a (possibly infinite dimensional) complex vector space V'
and a homomorphism 7 from G to the set of invertible linear operators on V. Depending
on the field F', we restrict our attention to representations satisfying “extra” topological
conditions.

We make a few remarks about the connection between representations of p-adic groups
and automorphic forms. Suppose that F is a number field (a finite extension of the
rational numbers). Then F' has completions with respect to the various valuations on
F. For example, if F' is the rational numbers, the completion of F' with respect to the
standard valuation (absolute value) |- |, is the real numbers. For each prime integer p,
the completion of F' with respect to the p-adic valuation |- |, is the p-adic numbers Q, (see
section 2). The adelic ring A of Q is a certain subring of the direct product R x Hp Qp of all
of these completions. Similarly we can form the adelic ring Ay of a general number field F'.
Given a reductive group G which is defined over F', we can define the adelic group G(Ar)
(e.g. GLy(AF)). An automorphic form on G(Ap) is a complex-valued function on G(Af)
satisfying certain conditions (not discussed here). Now suppose that V' is a subspace of the
vector space of complex-valued functions on G(Af), having the property that for f € V
and g € G(Ap), the function = — f(xg) also belongs to V. Then we have a natural
representation m on V: (7w(g)f)(x) = f(xg). If V happens to consist of automorphic
forms, then 7 is said to be an automorphic representation of G(Ar). The group G(Ap)
can be expressed as a restricted direct product of the groups G(F,), as F, runs over the
various completions of F'. Also, the automorphic representation m decomposes into a tensor
product of representations m,, where m, is a representation of G(F,). The fields F, are
called local fields, and the representations 7, are called the local components of . It turns
out that for all but finitely many completions, F, is a p-adic field. So most of the local

components of automorphic representations are representations of reductive p-adic groups.
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(The other components are also important - they are representations of real or complex
reductive groups).

Now we discuss harmonic analysis on topological groups. A topological group G is a
group which is also a topological space and has the property that the map (z,y) — xy =1
from G x G to G is continuous. Assume that G is (the rational points of) a reductive
group over a p-adic field: such a group is a locally compact topological group. There exists
a measure p on G which is G-invariant: u(gS) = u(Sg) = p(S), for g € G, and S any
measurable subset of G. This measure p is unique up to positive scalar multiples and is
called Haar measure on G. Let L?(G) denote the set of complex valued functions on G
which are square integrable relative to Haar measure. The representation R of G defined
by (R(y)f)(z) = f(zy), z,y € G, f € L*(G), is called the right regular representation.
One of the main problems in harmonic analysis on G is to decompose the right regular
representation, that is, to express it in terms of irreducible representations of G. Another
major problem is to determine Plancherel measure. This involves character theory and
Fourier transforms. Associated to an irreducible representation 7 of G (satisfying certain
smoothness conditions) is a distribution ©., the character of w. This distribution is a
linear functional on some vector space V of complex valued functions on G. In the case of
finite groups O (f) = >_ o trace(r(g)) f(g). In general, 7(g) is an operator on an infinite
dimensional vector space and so does not have a trace - but if we replace the finite sum with
integration with respect to Haar measure, and move the trace outside the integral, and
make enough assumptions on 7 and V), then we are taking the trace of an operator which
has finite rank, so ©,(f) is defined. Let G be the set of irreducible unitary representations
of G. Given f € V, the Fourier transform fA of f is the complex valued function on G
defined by f(ﬂ) = O,(f). Plancherel measure is a measure v on G having the property
that

f(1) = /aj% dv(x),  fev.

This expression is called the Plancherel formula. A character ©, is an example of an
invariant distribution on G: ©,(f9) = ©,(f) for all g € G, where f9(z) = f(gxg~!). The
map f +— f(1) is also an invariant distribution. Invariant distributions play an important
role in harmonic analysis. Given an invariant distribution D, we can try to find a measure

Vp on G such that

D)= [ Fm (). fev.
Note that Plancherel measure is vp for D(f) = f(1). Harmonic analysis on locally compact
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abelian groups and compact groups is well understood. Much work has been done for Lie
groups, nilpotent, solvable, and semisimple Lie groups, etc. A fair amount is known for
nilpotent and solvable p-adic groups. However, for reductive p-adic groups, there is very
little known, and there are many open problems in harmonic analysis. For example, the
characters of the irreducible representations of reductive groups over p-adic fields are not
yet well understood.

In this course, we study some basic results in the theory of admissible representations
of reductive p-adic groups. These results play important roles in applications to auto-
morphic forms and harmonic analysis. As the structure of reductive algebraic groups is
not discussed here, many of the results will be stated and proved for p-adic general lin-
ear groups. In these cases, the main ideas of the argument for arbitrary reductive p-adic

groups is the same as that for general linear groups.



2. Valuations and local fields

The references for this part are the books by Bachman and Cassels. Let F' be a field.

Definition. A valuation on F'is a map |- | : F' = R such that, for z, y € F,

|z =0<=2=0
lzy| = [z[|y]
lz +y| <z + |y

Definition. Two valuations |- |; and |- |2 on F' are said to be equivalent if |- | = | - |§ for

some positive real number c.

Definition. A valuation | - | is discrete if there exists 6 > 0 such that 1 — ¢ < |a| <146
implies |a| = 1. That is, {log|a| | @ € F* } is a discrete subgroup of the additive group R.

Example: Let p be a fixed prime integer. Given x € Q*, there exist unique integers m, n
and r such that m and n are relatively prime, p does not divide m or n, and = = p"m/n.
Set |z|, = p~" (and |0|, = 0). This defines the p-adic valuation on Q. This valuation is
discrete. Observe that if x = p"m/n and y = p‘m’/n’, then

prmn/ + pﬂm/n
/

|x + y|p = | |p = ‘prmn/ —|—pem/n|p

nn
< maX{p_r,p_e} = max{|z|p, [ylp}-

Furthermore, if |x|, # |y|p, then |z + y|, = max{|z|,, |y|,}-

Definition. A valuation |- | is non archimedean if | -| (is equivalent to) a valuation which
satisfies the ultrametric inequality: |z + y| < max{|z|,|y|}, =,y € F. Otherwise |- | is

archimedean.

Example: If F' is a finite field, then the only valuation on F' is the trivial valuation. The
field F has cardinality p™ for some prime p and some positive integer n, and so 2P = 1
for all z € F*. Therefore |2P"| = |z|P" = [1]. But |1|*> = |1|, which, since 1 # 0, implies
that |1] = 1. Hence |z| is a root of unity which is also a positive real number. That is,
|| =1 for all x € F*.

Example: Let | - | be a non archimedean valuation on a field F. Suppose that z is
transcendental over F' and c is a positive real number. Given f € Flz], f(z) =3, ajzd,
a; € F, set ||f|| = |fllc = max;c?|a;j|. Then, if f, g € Flz] and g # 0, set || f/g] =
I£Illlgll~t. This defines a valuation on the field F(x) which coincides with |- | on F.
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Example: Let F'(x) be as in the previous example. fix a real number « such that 0 < v < 1
and a ¢ € F[z] which is irreducible over F. Given a non zero h € F(x), there exist f and
g € F[z] relatively prime to ¢ and to each other such that h = ¢" f/g. Set |h|, =~". This

valuation is non archimedean.

Lemma. The following are equivalent:

(1) | - | is non archimedean

(2) |x| <1 for all x in the subring of F' generated by 1
(3) |- | is bounded on the subring of F' generated by 1

Proof. (1 = 2) |1+ ---+ 1| <max{|1],...,|1|} = 1.
(2 = 1) By the binomial theorem, (2), and the triangle inequality, we have

n n n— n— n
ool =3 (1)) < Lol < -+ 1) max{lal [y}
K k
Take nth roots and let n — oo. O

Example: Consider the sequence {a,,} C Q defined by a; =4, ay =34, a3 =334,...,a, =
33 .- 34 (where 3 occurs n—1 times). If m > n, then |a,, —a,|s =13---30---0|5 = |10"|5 =
57", Thus {a,} is a Cauchy sequence with respect to the 5-adic valuation |-|5. Note that
|3a, — 2|5 = 57", so a, has the (5-adic) limit 2/3.

Example: Set a; = 2. Given an integer a,, such that a2 + 1 = 0(5"), choose an integer b
such that an11 = a, + b5" satisfies a2 ,; + 1 = (a, + b5")% + 1 = 0(5"*!). The sequence
{a,} is a Cauchy sequence which satisfies |a2 + 1|5 < 57". If the sequence has a limit L,
then |L? + 1|5 = 0. That is, L? = —1. Therefore this is an example of a (5-adic) Cauchy

sequence which does not have a rational limit.

Theorem. (Ostrowski) A valuation on Q is equivalent to the standard absolute value or

to a p-adic valuation.

The topology on F' induced by a valuation |- | has as a basis for the open sets all sets

of the form

U(a,e) ={b||a—b] <e}, a€F, ¢ €Ryyp.

In fact, two valuations on F' induce the same topology on F'if and only if they are equivalent

valuations.



Definition. A field K with valuation || - || is a completion of the field F' with valuation
|-|if FCK,|-|||F=]-], Kiscomplete with respect to || - ||, and K is the closure of F
with respect to || - ||

Note that the last condition is necessary. The complex numbers C are complete with
respect to |+ | and C D @Q, but C is not the completion of Q with respect to | - |oo: R is
the completion of Q.

If p is a prime integer, the notation Q, is used to denote the completion of Q with

respect to the p-adic valuation |- |,.

Definition. A local field F is a (non discrete) field F' which is locally compact and

complete with respect to a non trivial valuation.
We will see shortly that Q, is a non archimedean local field. The next result tells us that

(up to isomorphism), the real and complex numbers are the only archimedean local fields.

Theorem. If F' is complete with respect to an archimedean valuation | - |, then F is

isomorphic to R or C, and | - | is equivalent to | - |-

From this point onward, we assume that |-| is a non trivial non archimedean valuation
on F.
Definition: The ring 0o = {a € F' | |a| < 1} is called the (valuation)-integers.

The ideal p = {a € F | |a] <1} is a maximal ideal in o.
Definition: The residue class field of F' is the field o/p.

Let F be the completion of F with respect to | - |, with corresponding ring of integers
0 and maximal ideal p.
Lemma. The natural map a + p +— a + p from o/p to 0/p is an isomorphism.
Proof. Let a € 0. By definition of completion, there exists a € F such that | — a| < 1,
that is & — a € p. Note that |a| = |(a — @) + a| < max{|a — af, |a|} < 1,s0 a € 0. O
Lemma. The valuation |- | is discrete if and only if p is a principal ideal.
Proof. Suppose that p = (w). Then |a| < 1 implies that a = wb for some b € o, and so
la| < |wl|. If Ja| > 1, then |a™!| < |w], so |a| > |ww|~t. Thus |- | is discrete.

Now suppose that | - | is discrete. Then { |a| |a € p } attains its upper bound, say at

a = w. Now if b € p, we have |cw~1b| < 1. That is, @~ 'b € 0: b = wc for some c € o. d

Definition: If |- | is discrete, then an element w such that p = (w) is a prime element (or

uniformizer) for the valuation.



Example: The residue class field of Q (with respect to | - |,), hence of Q,, is isomorphic
to the finite field containing p elements. The integer p is a prime element. Note that the
ring of valuation integers in Q is much bigger than the ordinary integers Z. The ring of

(valuation) integers in Q) is called the p-adic integers and is often denoted by Z,.

Lemma. Suppose F' is complete and a,, € F, n > 0. Then the series y .., a, converges

if and only if lim,, . a, = 0.

Proof. Suppose that lim,,_,., a,, = 0. If M > N, then

(Z an) — (Z Q)

=lant1+ - +am| < max  |ay,|
N+1<n<M

implies that {Zﬁ;o an} is a Cauchy sequence. O

Lemma. Suppose that F is complete with respect to a discrete (non archimedean) valu-
ation | - |. Let w be a prime element, and A C o any set of coset representatives for o/p.

Then a € o is uniquely of the form
(e.)
a= Z anw", a, € A.
n=0

Further, any such series as above converges to an element a € o.

Proof. The final statement follows from the previous lemma.

Let a € 0. There is exactly one ag € A such that a +p = ag + p. Since |a — ag| < 1,
there exists by € o such that a = ag + byw. Suppose that we have ag,...,ay € A and
byi1 € o such that a = ag + a1 + -+ +ayw@w? +byr1w¥ L. As by € o, there exists
exactly one ayy1 € A such that byy1 — any1 € p. Thus there is a uniquely defined
sequence {ay,}, a, € A such that |a — Zg:o ap,ww"| < |w|VHL. O

In the example of the p-adic numbers, we often take A ={0,1,2,...,p— 1}, and we
then have an expression for each element of the p-adic integers Z,, in the form > 7 ; a,p",
with 0 <a, <p-—1.

Corollary. With hypotheses as in the lemma, suppose in addition that 0 € A. Then
every a € F* is uniquely of the form a =Y.\ a,w@", for some integer N, with ay # 0,

and a,, € A.

Corollary. Q, is uncountable.



Lemma. Let F' be complete with respect to a discrete valuation |- | such that the residue

class field o/p is finite. Then o is compact.

Proof. Without loss of generality, we assume that |- | satisfies the triangle inequality. Then
|-| makes o into a metric space: d(z,y) = |z—y| is a metric. For metric spaces, compactness
is equivalent to sequential compactness. Let {a;};en C 0. It suffices to prove that such a
sequence has a convergent subsequence. For each j, there exist a;, € A, n =0,1,... such
that a; = ZZO:() ajp,ww”. As A is finite, there exists by € A occurring as ajo for infinitely

many j. There exists by € A occurring as a;; for an infinite number of those a; satisfying

oo

nepo bn@™ as a limit of a

ajo = bp. Continuing in this manner, we see that we get b = )

subsequence of {a;}. O

Corollary. Let |-| be a non archimedean valuation on a field F'. Then F' is locally compact
with respect to | - | if and only if the following all hold:

(1) F is complete

(2) |- | is discrete

(3) the residue class field is finite.

Example: Let F' be a finite field. Let @ be transcendental over F'. The completion of
F(w) with respect to the valuation defined using polynomial ¢(w) = w is the local field
F((w)) of formal Laurent series (and zero). This is an example of a local field of positive
characteristic.

Definition. A p-adic field is a local non archimedean field.
Lemma. A p-adic field of characteristic zero is a finite extension of Q,, for some prime p.

Definition. Let E/F be an extension of finite degree. Given « € FE, the norm of a,
denoted Ng,p(a) is the determinant of the linear operator on the F-vector space E given

by left multiplication by «.

Theorem. Let E/F be an extension of finite degree. Assume that F is complete with
respect to a non archimedean valuation |- |. Then there exists a unique extension of | - | to

E defined by ||a| = |NE/F(a)|1/". Furthermore, E is complete with respect to || - ||.

It is clear that || - || satisfies the first two properties in the definition of valuation. If a € F,
then Ng,p(a) = o™ implies that [|a|| = |a|. Verification of the ultrametric inequality is

omitted, as is proof of uniqueness, and completeness (see Cassels, Local Fields).
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Example: Let £ = Q(v/2). Here, || - || = |NE/Q(-)|;/2 is not a valuation on E. Note that

I3+ V2| =3 - V2| = [7]y/* = 7V/?
18+ v2)+ (8 —-v2)| = 6] =1

If || - || is a valuation, then ||m|| = |m| < 1 for m € Z implies that || - || is non archimedean.
Hence [|(3 +v2) + (3 — v2)| < max{||3 + V2|, I3 — V2||} = 7Y% < 1, which is a
contradiction. If we are looking for a valuation on E extending | - |7, we can embed F in
Q7(v/2) and restrict the valuation on Q7(v/2) given by the theorem to Q(v/2). In fact, 2
is a square in Q7 (left as an exercise: it follows from 32 = 9 = 2(7)). There exists « € Zr
such that a? = 2 and |a — 3|7 < 1 (exercise). Sending v/2 to o and restricting | - |7 to the
image of Q(v/2) in Q7, results in a valuation having the property ||2 —v/3|| = |a — 3|7 < 1
and ||2 4 v/3|| = |a + 3|7 = 1. On the other hand, if we send v/2 to —a we get a valuation
|- ]|" on Q(+/2) such that ||2 — /3|’ = 1 and ||2 + /3|’ < 1. We have two inequivalent
extensions of | - |7 from Q to Q(v/2).

Let F be a p-adic field. Note that we can replace a valuation on F' by an equivalent
valuation without changing the ring of integers o, or the maximal ideal p. Let ¢ be the
cardinality of the residue class field o/p. It is standard to use the valuation |- |p on F

which has the property that |w|p = ¢~

This will be called the normalized valuation
on F. Let p be the characteristic of o/p. If F' has characteristic zero, then F' is a finite

extension of Q, and ¢ = p! for some positive integer f. The normalized valuation is equal
to |NF/QP(')|10-

10



3. Smooth representations of locally compact totally disconnected groups

Definition. A topological group G is a group which is a topological space and has the
property that the map (x,y) — zy~! from G x G to G is continuous.

A p-adic field F is a topological group with respect to field addition. Given j € Z,
define p/ = wlo = {z € F | |z|r < ¢77}. Note that p’ is an open compact subgroup of
F. The set {p’ | j € Z} is a fundamental system of open neighbourhoods of zero in F.

Furthermore, each quotient F/p’ is countable.

Lemma. (Chapter I, §1 of [S]) Let G be a topological group. The following are equivalent.

(1) G is a profinite group - that is, G is a projective limit of finite groups.

(2) G is a compact, Hausdorff group in which the family of open normal subgroups forms
a fundamental system of open neighbourhoods of the identity.

(3) G is a compact, totally disconnected, Hausdorff group.

Each of the subgroups p’ of F is a profinite group. Because F is not compact, F is
not a profinite group. However, F' is a locally compact, totally disconnected, Hausdorff
group.

Let n be a positive integer. Taking the topology on F' determined by the valuation
||, the set M,,(F) ~ F™ of nx n matrices with entries in F is given the product topology.
Our standard example will be GL,,(F) where F' is a p-adic field. Since det : M,,(F) — F
is a polynomial in the matrix entries, det is a continuous map. Because GL, (F) is the
inverse image of F'’* = F\{0} (an open subset of F') relative to det, G is an open subset
of M,,(F). We give GL, (F') the topology it inherits as an open subset of M,,(F).

Given j € Z, let M, (p’) denote the subring of M, (F) consisting of matrices all of
whose entries belong to p?. For j € Z, j > 1, let

Kj={g€GLy(F) | g—1€ Mu(p")}.
It is easy to see that K is an open compact subgroup of GL,,(F'). Set
Ko=GLy(0)={g9g€ GL,(F) | g € M,(0), |det(g)|lr =1}

Ky is also an open compact subgroup of GL,(F). It is a maximal compact subgroup of
GL,, (F). There are many other compact open subgroups of GL,,(F') - for example the set
of matrices g = (gi;) such that |g;|rp = 1,1 < i < n, g;; € 0o for i > j, and g¢;; € p for
i < j, is a compact open subgroup. Every open neighbourhood of the identity in GL,, (F")
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contains a compact open subgroup - in particular, given such a neighbourhood U, if j is
sufficiently large, then K; C U. The family of compact open subgroups K, j > 0 forms a
fundamental system of open neighbourhoods at the identity.

In general, if G is a locally compact, totally disconnected, Hausdorff group, then every
open neighbourhood of the identity in G contains a compact open subgroup of G. Such
groups are sometimes referred to as locally profinite groups. A compact open subgroup
K of a locally compact, totally disconnected, Hausdorff group is a profinite group (we
can see that K is the projective limit lim, K /K’, where K’ ranges over the set of open
normal subgroups of K). If G is a connected reductive linear algebraic group that is
defined over F', then we say that the group of F-rational points G = G(F’) is a reductive
p-adic group. Reductive p-adic groups (and their closed subgroups) are locally compact,
totally disconnected, Hausdorff groups. In addition to our family GL,(F), n > 1, of
basic examples, the special linear groups: SL,(F) ={xz € M,(F) | det(x) =1} and the
symplectic groups Spo,(F) = {z € GLa,(F) | 'zJz = J}, where J = (J;;) is given by
Jij =0if j #2n+1—idand J;on11- = (1)}, are examples of reductive p-adic groups.

Definition. A representation (7, V') of G consists of a complex vector space V and a ho-
momorphism 7 from G to the group of invertible linear operators on V. The representation

will be denoted simply by 7 or by V' where convenient.

Definition. A subrepresentation of (7, V') is an invariant subspace W (W is 7(g)-invariant
for all g € G). A quotient of (7, V') is the natural representation of G on the quotient space
V/W, where W is a subrepresentation of V. A subquotient of (7, V') is a quotient of a sub-
representation of 7: If V' C Vi C V5, where V5 is a subrepresentation of a subrepresentation

V1 of V, then the natural representation of G on V;/V5 is a subquotient of V.

Definition. We say that a representation (m,V') of G is irreducible if {0} and V are the

only subrepresentations of m. We say that 7 is reducible if 7 is not irreducible.

Remark. If (7, V) is a representation of G and v € V', the subspace Span({ 7(g)v | g € G })
of V' is a subrepresentation of 7 that is nonzero whenever v # 0. Therefore, if (7, V) is

irreducible and v € V' is nonzero, then V = Span({ 7(g)v | g € G }).

Definition. A representation (7, V') of G is said to be finitely generated if there exists a

finite subset {vy,...,v,, } of V such that

V =Span({7(g)v; [g € G, 1 <j<m.}).

12



Definition. A representation (7, V') of G is said to be semisimple if V' is a direct sum of

irreducible subrepresentations of 7.

Definition. If (71, V]) and (my, V3) are representations of G and A : Vi — V5 is a linear
transformation such that 7o (g)A = Ami(g) for all g € G, we say that A intertwines m and
o, or that A is a G-morphism. The set of all such linear transformations that intertwine
71 and e will be denoted by Homg (71, m2) or Home(Vi, V2). The notation Endg(7) or
Endg (V) will be used for Homg (7, 7) = Homg(V, V).

Definition. If (m1,V}) and (ma, V3) are representations of G, we say that m; and 7y are
equivalent (or isomorphic) if Homg (71, 7m2) contains an invertible element. In that case,
we write m; ~ ms.
Definition. If (7, V) is a representation of G, we say that 7 is smooth if Stabg(v) = {g €
G | m(g)v =v} is open for every v € V.

Let (m,V) be a representation of G. If K is a compact open subgroup of G let
VE ={v eV |nm(k)v=vVk € k}. The representation (m, V) is smooth if and only if
each v € V lies in V& for some compact open subgroup K of G (here K depends on v). It is
easy to see that subrepresentations, quotients and subquotients of smooth representations

are smooth. Define V°° = {v € V | Stabg(v) is open }.
Lemma. If (m,V) is a representation of G, then V°° is a smooth subrepresentation of V.

Proof. It is clear that V°° is invariant under scalar multiplication. Suppose that vy, vs €
Vo, There exists a compact open subgroup K of G such that K C Stabg(v1) N Stabg(ve).
Let g € Stabg(vy+v2). Then gK is an open neighbourhood of g that lies in Stabg (vy +v2).
Therefore Stabg(v1 +v2) is open. That is, v1 +ve € V. It follows that V*° is a subspace
of V.

Note that if ¢ € G and v € V, then Stabg(m(g)v) = gStabg(v)g~!. This implies
that V' is a subrepresentation of V. It is immediate from the definition of V°° that this

subrepresentation is smooth. O

Let V* = Homg(V,C). If A € V* and v € V, let (A,v) be the value of the linear
functional A on the vector v. If A\ € V*, define 7*(g)\ € V* by

<7T*(g))‘7@>:<)‘77r(9)_lv>7 veV.

Clearly (7*, V™) is a representation of V. Even if 7 is smooth, the dual representation 7*

might not be smooth.
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Definition. Let 7 be the subrepresentation V = V* of r*. This representation is called

the contragredient (or smooth dual) of (m,V).

In general the representation T is not equivalent to m. However, we will soon see that

T ~ m whenever 7 is admissible.

Example: Let y : I’ — C* be a smooth one-dimensional representation of F'*. Define
m(9) = x(detg), g € GL,(F). Then 7 is a smooth one-dimensional representation of
GL,(F). Tt is easy to see that m(g) = 7*(g) = x(detg)~! for all ¢ € GL,(F). Because
F is infinite, the derived group of GL,,(F') (the closed subgroup generated by all commu-
tators) is SL, (F'). Any one-dimensional representation of G L, (F') must be trivial on the
commutator subgroup, so must factor through the determinant. It follows that all smooth

representations of GL,,(F') have the above form (for some choice of x).

Example: Let C2°(G) be the space of functions f : G — C such that the support of f is
compact and f is locally constant. Given f € C2°(G), there exist compact open subgroups
K7 and K of G such that f(kigks) = f(g) for all k; € K1, ke € Ko and g € G. Of course,
K7 and K5 depend on f. Note that K = K; N K» is a compact open subgroup of G and f
is a finite linear combination of characteristic functions of double cosets in K\G/K. For
f€CP(G) and g € G, define

(Mg)f)(z) = flg~"'x), and (p(g)f)(x) = f(gz), 2€G.

Then (A, C°(G)) and (p, C°(G)) are equivalent smooth representations of G. The map
that takes f to the function g — f(g~!) is an invertible element of Homg (), p).

Example: Let K be a fixed compact open subgroup of G. Let V ={ f € C*(G) | f(kg) =
flg)Vk € K, g € G}. The subrepresentation (7, V') of (p, C°(G)) is a smooth represen-

tation of G and is said to be compactly induced from the trivial representation of K.

Lemma. Let (m,V) be a nonzero smooth representation of G.
(1) If 7 is finitely generated, then 7 has an irreducible quotient.

(2) 7 has an irreducible subquotient.

Proof. For the first part, consider the set of all proper subrepresentations W of V. This
set is nonempty and closed under unions of chains (this uses V finitely generated). By
Zorn’s lemma, there is a maximal such . By maximality of W, V/W is irreducible. Part

(2) follows from part (1) since if v is a nonzero vector in V, part (1) says that the finitely
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generated subrepresentation Span({ 7(g)v | g € G }) of 7 has an irreducible quotient. This

irreducible quotient is an irreducible subquotient of V. O

Lemma. The following are equivalent:

(1) (m, V) is semisimple

(2) For every invariant subspace W C V| there exists an invariant subspace W+ such that
WaeWwt=V.

Proof. (1) = (2) Consider the partially ordered set of subrepresentations U C V such
that U N W = {0}. This set is nonempty and closed under unions of chains, so Zorn’s
lemma implies existence of a maximal such U. Suppose that W @& U # V. Then since
(m, V) is semisimple, there exists some irreducible submodule U’ such that U" ¢ W @ U.
By irreducibility of U’, U’ N (W @ U) = {0}. This contradicts maximality of U.

(3) = (1) Consider the partially ordered set of direct sums of families of irreducible
subrepresentations: Za Wo = ®aW,. Zorn’s lemma applies. Let W = ®,W, be the
direct sum for a maximal family. By (2), there exists a subrepresentation U such that
V=WaeaU. If U+# {0}, by the previous lemma, there exists an irreducible subquotient:
U D Uy D Uy such that Uy /U, is irreducible. By (2), W @ Us has a complement Us:
V=W &U; ®Us. Now

Identifying Uy /Us with an irreducible subrepresentation Uy of Us, we have W & Uy con-
tradicting maximality of the family W,,.
O

Remark. As we will see later, when G is noncompact, there are finitely generated smooth

representations of G which are not semisimple.

Lemma. Let GG be as above. Assume in addition that G is compact. Then

(1) Every smooth representation of G is semisimple.

(2) Given an irreducible smooth representation (m, V') of G, there exists an open normal
subgroup N of G such that w(n) = idy for allm € N. (Note: G/N is finite since it is

discrete and compact).

Proof. Let v € V. As G/Stabg(v) is finite, the set {7m(g)v | ¢ € G }. is finite. Thus
W = Span({ 7(g)v |g € G }) is finite dimensional. Set

N = Nweg.» Stabg(w) = Ngea/ng Stabg(v)g_l.
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Note that N is an open normal subgroup of G and G/N is finite. The restriction of 7 to the
subrepresentation W factors through G/N: w(n)| W = idw,n € N. Since representations
of finite groups are semisimple, it follows that W is the direct sum of irreducible submodules
of V.

We have shown that every vector in v belongs to a finite-dimensional semisimple
subrepresentation of V. Let W’ be a maximal element among the semisimple subrepre-
sentations of V. If W' £ V let v be a vector in V that is not in W’. Let W’ be a
finite-dimensional semisimple subrepresentation of V' such that v € W”. There is at least
one irreducible subrepresentation W of W such that W N W’ = {0}. Because W” is a
proper subrepresentation of the semisimple subrepresentation W’ +W of V, this contradicts
maximality of W’. We conclude that W/ =V and V is semisimple.

Part (2) follows immediately, as whenever 7 is irreducible, Span({ 7(g)v | g € G}) =V

for any nonzero vector v. O

The above result is used as follows. Given a smooth representation (m, V') of G, the
restriction of m to a compact open subgroup K is a smooth representation of K, which by
above is semisimple - that is, V' is the direct sum of K-invariant subspaces, subspaces that

are irreducible representations of K.

If K and K’ are compact open subgroups of G and G/K is countable, then we can
show that G/K’ is countable as follows. The intersection K N K’ is a compact open
subgroup of K, so K/(K N K’) is finite. The canonical surjective map from G/(K N K’)
to G/K has a finite number of fibres. Thus G/(K N K’) is countable. This implies G/ K’
is countable.

From now on, we assume the following;:

Hypothesis. G/K is countable for some (equivalently, any) compact open subgroup K
of G.

If G = GL,,(F), we can use the Cartan decomposition to show that G/Kj is countable.
Let w be a prime element in F'. Let D,, be the set of all diagonal matrices in GL,,(F") of
the form diag(w™',w™?,...,w™") where the integers m; satisfy m; > mg > --- > m,,.
The Cartan decomposition says that G is the disjoint union of the Ky double cosets of the
form KodKy, d € D,,. Note that kigKy = kogKy if and only if k;lkl € gKog™' N K.
Thus the number of left Ky cosets of Ky in KogKj is equal to [Ko : Ko N gKog~ '], which
is finite. Because each K double coset consists of finitely many left Ky cosets and D,, is

countable, we see that G/Kj is countable.
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Proof of the Cartan decomposition for GLs(F'): Let g € G. Note that permuting the

rows or columns of g amounts to multiplying g on the right or the left by a permutation

matrix that lies in K. Therefore, there exist k; and ko € Ky such that kigks = (i 2)

with a # 0 and |a| > max{|b|, |c|, |d|}. Note that the matrix k3 = (—al_lc ?) belongs

to Ko and
a b
kakighs = (0 d—a—lbc)'

1
L —a b).Thenk4€K0,

Next, let k‘4 = (0 1

0

k3k19k2k4:(g d_a—lbc>’ and |a| > |d —a bl

Any nonzero element of F' can be expressed as the product of @’ (¢ € Z) and an element of
0*. Hence there exists a diagonal matrix dy in Ky such that dokskigkaks € Do. Let dyy 1,
di,¢ € Dy be such that the diagonal entries are @™ and w", with m > n, and w’ and w?,
respectively, with m > n and k > ¢. Suppose that d,, , and dj ¢ belong to the same Ky
double coset. From |det(dp, )| = ¢ —m +n =|det(d )|, we find that m+n =k + (. A

simple calculation shows
[KO : KO N dm,nKOd;q}n] = (q + l)qnimil,

Thusn—m—1=¢—k — 1. We conclude that n = ¢ and m = k.

Lemma. If (m,V) is an irreducible smooth representation of G, then dim V' is (at most)

countable.

Proof. Observe that smoothness of 7 implies that if v € V, then {7(g)v | g € G} ~
G/K for some open subgroup K of G. Thus the set {7(g)v | ¢ € G} is countable.
We have already remarked that irreducibility of 7 guarantees that if v # 0, then V =
Span({ 7(g)v | g € G }). It follows that dim(V), is countable. O

Schur’s Lemma. Let (7, V') be an irreducible smooth representation of G. Then Endg (V)

C. That is, every operator which intertwines w with itself is a scalar multiple of the identity.

Proof. To begin, we show that the dimension of Endg (V') is at most countable. Let v € V,
v # 0. Since 7 is irreducible, V' = Span(w(g)v | ¢ € G }). Therefore any A € Endg(V)
is determined by A(v). This implies that the map Endg (V) — V given by A — A(v) is

one-to-one. According to the previous lemma, V' is countable. Thus Endg (V) is countable.
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The null space and range of any element of Endg (V') are subrepresentations of V. If
A € Endg(V) is nonzero, then the range of A is nonzero, so irreducibility of 7 implies
that A is onto. The null space of A is then a proper subrepresentation of V', which by
irreducibility of 7, must be zero. Hence any nonzero element of Endg(V) is invertible.
That is, Endg (V) is a division ring.

Let A € Endg (V). The set C(A) is commutative and all nonzero elements are invert-
ible. Thus C(A) is a field. If A is transcendental over C, then the set {1/(A—c¢) | c€ C}is
linearly independent and uncountable. Thus dimc(C(A)) is uncountable. The contradicts
countability of dim(Endg(V')). We conclude that C(A) must be an algebraic extension of
C. Hence C(A) = C. O

Remark. If G is compact and (7, V') is smooth, then Endg(7) is one-dimensional if and
only if 7 is irreducible. However, if G is not compact, it is possible to have dim(Endg (7)) =

1 for 7 reducible.

Corollary. Let Z be the centre of G. If (m, V') is an irreducible smooth representation of
G, there exists a smooth one-dimensional representation x, of Z such that w(z) = x=(2)1Iv,

z € Z. (Here, Iy is the identity operator on V).

Proof. If z € Z, then 7©(gz) = 7w(zg) for all ¢ € G. This says that 7(z) € Endg().
By Schur’s Lemma, there exists x.(z) € C* such that 7(z) = x»(z)Iy. Because 7 is a
representation, xr(z122) = Xx(21)Xx(22) for 21, 20 € Z. Finally, let v € V be nonzero.
There exist a compact open subgroup K of G such that v € VE. From v = 7(2)v = x,(2)v,
z € ZN K, we see that x(z) = 1 for all z € Z N K. This says that x, is a smooth

representation of Z. O

Remark: If (7, V) is a smooth irreducible representation of GG, the the quasicharacter (that
is, the one-dimensional smooth representation) x, of Z is called the central quasicharacter

(or central character) of 7.

Corollary. If G is abelian, then every irreducible smooth representation of G is one-

dimensional.

Definition. A smooth representation (m, V') is admissible if for every compact open sub-
group K of G, the space VE = {v e V | m(k)v = v Vk € K } is finite dimensional.

Lemma. Let K be a compact open subgroup of G. A smooth representation (m,V') of
G is admissible if and only if every irreducible representation of K occurs finitely many

times in V.
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Proof. If an irreducible representation 7 of K occurs with infinite multiplicity in 7 | K, let
N be as in the above lemma. Then dimc (V") = co and 7 is not admissible.

Now suppose that the multiplicity of every irreducible representation of K in 7 | K is
finite. Let K’ be a compact open subgroup of G. Let K" = Nycr/(xnir) 9(K' N K)g—t.
Then K" is a compact open subgroup and VE" > VX' Thus it suffices to show VE" is
finite dimensional. Note that K" is a normal subgroup of K. An irreducible representation
7 of K has nonzero K"-fixed vectors if and only if 7(k) is the identity for all £ in K.
Thus the dimension of VX" is equal to the sum as 7 varies over irreducible representations
of K which factor through K/K" of the product of the multiplicity of 7 in 7| K times
the degree of 7. (The degree of 7 is the dimension of the space of 7). By assumption, the
multiplicities are finite. As K/K" is finite, there are finitely many 7 which factor through
K/K". Thus dim(VE") < cc. O

Example. Let (7, V') be the smooth representation of GL,, (F') compactly induced from the
trivial representation of the open compact subgroup Ky of GL,, (F') (see the third example
on page 14). If g € G, let f; be the characteristic function of the double coset KygKj.
Let S be a set of representatives for the distinct such double cosets. Then { f, | g € S'} is
linearly independent and V50 = Span({ f, | g € S }). It is easy to see that S is infinite. (Of
course, we know from the Cartan decomposition that we could take S = D,,.) Therefore
dim(V%0) is infinite and 7 is not admissible. Clearly the trivial representation of Kj is
irreducible and admissible. This example shows that a representation that is compactly
induced from an irreducible admissible representation of a compact open subgroup of G

might not be admissible.
Lemma. If (r,V) is admissible, then (7, V) is admissible. Furthermore, 7 ~ .

Proof. Let K be a compact open subgroup of GG. Let W be a K-invariant complement for
VE: V = VE @ W. Let v* € VK. Then v* lw : W — C intertwines the representation
of K on W and the trivial representation of K on C. But W is direct sum of nontrivial
representations of K. If Homg(W,C) were nonzero, then the trivial representation of
K would occur as a subrepresentation of W. Thus v* |y = 0. That is, v* € (VE)*,
which is finite dimensional, by admissibility of 7. We have shown VX c (VX )*. Hence
dime(VE) < .

Given A € (VE)*, extend )\ to an element of V* by setting A equal to zero on W.

- - ~K
This extension belongs to V. Hence VE = (VE)*. This implies that VE ~V . Let K
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vary to get V ~ V. It follows that the natural map V — 17, which is easily seen to lie in

Homg (7, 7), is invertible. That is, T O
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4. Haar measure, convolution, and characters of admissible representations

Given a complex vector space V, let C2°(G, V) denote the set of V' valued functions

on G which are compactly supported and locally constant.

Lemma. Let f € C(G,V). Then there exists a compact open subgroup K such that f

is right K-invariant.

Proof. Choose a compact subset C' of G such that f(x) =0 for all z ¢ C. As f is locally
constant, for each z € C, there exists a compact open subgroup K, such that f|zK, is

constant. Then there exist x1,...,z, € C such that C C Ujz; K,,. Let K = N;K,;. O

Corollary. C°(G,V) = UxC.(G/K,V), as K ranges over all compact open subgroups
of G.

Corollary. C*(G,V)=C>*(G)® V.

Proof. If f; € C°(G) and v; € V, 1 < i < m, the element of C°(G, V) that corresponds
to the element Y ., fi @ v; of C°(G, V) is the function g — Y"1 f(g:)vi. a

Definition. A positive Borel measure m on G which satisfies m(gS) = m(S) for every
measurable subset S of G and g € G (that is, m is invariant under left translation) is called
left Haar measure on G.

A key fact is that left Haar measure exists and is unique up to positive scalar multiples.
Basic properties of Haar measure are that nonempty open sets have positive measure and
compact sets have finite measure. For groups of the type we are considering, we can define
a left Haar measure easily. Fix a compact open subgroup Ky. Set m(Ky) = 1. Suppose K
is another compact open subgroup. Then, by left invariance of m, we have m(KoN K) =
[Ko : KoN K]t Hence m(K) = [K : KNKom(KoNK) =K : KNKy|[Ko: KNKp™!.
Setting m(gK) = m(K), for all ¢ € G and open compact subgroups K then determines

m.

Definition. Let f € C>*(G,V). Choose a compact open subgroup K such that f is
right K-invariant: f € C.(G/K,V). Then [ f(g9)dg := > vec e f(@)m(K) (this is
independent of the choice of K).

Example. For Haar measure dx on F (it is both a left and right Haar measure, as F' is
abelian), we normalize so that o has volume one. Then p = wo has volume [0 : p] = = ¢ 1.

If j € Z, then the volume of p? is ¢~7. Recall that we have normalized the valuation on F'

21



so that |w|r = ¢~!. Thus dz has the property that d(ax) = |a|r dx, a € F*. As F* is
an open subset of I, dx restricts to a measure on F'*, but is not a Haar measure on F'*.

The measure |z|'dz is a Haar measure on F'¥.

Example. For a Haar measure on the abelian group M,,(F') we take the product measure
dx = [, ; dzi; where dz;; is the Haar measure on F'. To get a Haar measure on GL,,(F),
we take |det(x)|" dx, where dz is the restriction of the measure on M, (F') to the open

subset GL,,(F). This is both a left and a right Haar measure (exercise).

B:{(“ b) ya,ceFX,beF}.
0 ¢

Find a left Haar measure and a right Haar measure.

Exercise. Let

Let dyxz be a left Haar measure on GG. Then, for a fixed y € G, d;(zy) is another
left Haar measure, so must be of the form Ag(y)dpx for some Ag(y) € Rsp. In fact,
Ag : G — R>% is a continuous homomorphism. It is a simple matter to check that
Ag(x) 1 dy(z) is a right Haar measure on G. The measure dy(z~1) is also a right Haar

measure.
Lemma. dy(z71) = Ag(z™?1) dex.

Proof. Let K be a compact open subgroup. Since the measure of Kg is equal to the
measure of K for all ¢ € K, it follows that Ag|K = 1. Because both dy(z~1) and
Ag(z71) dy(z) are right Haar measures, there exists a positive real number ¢ such that
de(x71) = ¢ Ag(z71) do(x). Comparing the integrals of the characteristic function of K

with respect to each of these measures, we find that ¢ = 1. O

Definition. The group G is said to be unimodular if Ag = 1. (That is, every left Haar

measure is also a right Haar measure.)

Reductive groups (e.g. GL,,(F'), Sp2,(F)) are always unimodular, but they have closed
that are not unimodular: for example, the group B mentioned above is a subgroup of

G Ly(F) which is not unimodular.

For the time being, we assume that GG is unimodular. Fix a choice dz of Haar measure
on G. Given fi, fo € C°(G), define a function f; x fo : G — C by

(h+h)@) = [ fila) e g)ds,  geC.
The operation x is called convolution.
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If G; and G are locally profinite groups, then an element ) f; ® f; of CX(Gh) ®

C2°(G2) gives a function on G X G4 as follows:
(91,92) = Y _ filgn) fi(g2).

This defines an isomorphism from Cg°(G1) ® C°(G2) and C° (G x G2). Here, we will
apply this remark in the case G; = G5 = G.

Lemma. If f1, fo € C°(G), then f1* fo € CX(G).

Proof. The function (z,g) — fi(x) f2(z71g) is in C°(G x G), so it is a linear combi-
nation of functions of the form (z,g9) — hi(z)ha(g), h1, ho € CX(G). Clearly, g —
Jo hi(x) ha(g) dz = ha(g) belongs to C°(G). It follows that g — [, f1(z) fo(™'g) d is

a linear combination of functions in C$°(G), hence belongs to C°(G). a
Lemma. If f; € CX(G), 1 < j <3, then (f1 * f2) * f3 = f1 % (f2 * f3).

Proof.

fr (s f3)(g) = /G fi() /G foly) faly~ e g) dy da = /G fi() /G fola1y) fa(y™g) dy dz
- / ( / fi(@) folay) dw) falytg)dy = / (fr * F2) () oy~ g) dy.
G G G

We see that C2°(G) (with the product given by convolution) is an associative C-
algebra. That is, C2°(G) is a ring and a complex vector space, such that c¢(fy x f3) =
(cfi) * fo = f1 % (cfa) for all ¢ € C, and f1, fo € C°(G). This algebra is noncommutative
when G is noncommutative and has no unit element in general.

If K is a compact open subgroup K of G, let m(K) be the measure of K relative to
the chosen Haar measure on G. Define ex to be the function vanishing off K and taking
the value m(K)~! on K. Clearly, ex € C°(G).

Lemma. Let K be a compact open subgroup of G. Then

(1) ex xex = ex. (That is, ex is an idempotent.)

(2) If f € C*°(G), then ek * f = f if and only if f(kg) = f(g) for allk € K and g € G.
(3) If f € C°(G), then fxex = f if and only if f(g) = f(gk) for allk € K and g € G.
(4) The set e * C°(QG) * e is a subalgebra of C2°(G), with unit element e .
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Proof. For part (1), note that

(eK*eK)(g):/GeK(a:)eK(x_lg)dx:m(K)_l/KeK(x_lg)dk
(0 =ik oK

Next, note that if f is left K-invariant, we have

(ex x Do) =m(k)™ [ flg)da = ml(E) flgm(K) = flg). g€ G

If g € G and k € K, then, changing variables and using the fact that ey is left K-invariant,

we see that
(exc * 1) (kg) = /G ex(z) fz k) da = /G w(kz) f(zg) da
_ /G exc() F(z~1g) dz = (ex * f)(g).

Thus ex * f is left K-invariant for all f € C2°(G). From this it follows that ex % f = f
implies that f is left K-invariant.
Part (3) is proved similarly, and part (4) then follows immediately. O

Definition. Let (7, V') be a smooth representation of G. Given f € C2°(G), the operator
w(f):V — V is defined by:

U—/f g)vdg, velV.

Here dg denotes left Haar measure on G. (Note that g — f(g)m(g)v is in C°(G,V).)
Let fi1, fo € C°(G). Then

(o= [ A ( [ #ts vdg) ah
- [ (] atore dh) r(g)v dg

= 7(f1* f2)v, velv,

Thus the map f +— 7(f) is an algebra homomorphism from CZ°(G) to Endc (V). That is,
V is a C2°(G)-module.

24



Lemma. 7(eg) is a projection of V onto VE. The kernel of w(ef) is V (K) := Span{ m(k)v—
v]ike K,veV}.

Proof. Let 7 be an irreducible representation of K. If v € V is nonzero and such
that 7(k)v = 7(k)v for all k& € K, then w(ex)v = m(K)™ ! [ 7(k)vdk. Let N be
an open normal subgroup of K such that 7(n) = Id for all n € N. Then 7w(eg)v =
m(K)'m(N) Y,k /n T(z)v, which, since 7 factors to an irreducible representation of
the finite group K/N, equals zero if 7 is nontrivial, and equals m(K) " !m(N)[K : Njv = v
if 7 is trivial (that is, if v € V). Verification that V(K) is the direct sum of all nontrivial

irreducible smooth K-subrepresentations of V' is left to the reader. O

Because 7 is smooth, each v € V satisfies (e )v = v for some compact open subgroup
K (pick K such that v € VE), so whenever V is nonzero, V is a nondegenerate C°(G)-
module. (That is, given a nonzero v € V, there exists f € C2°(G) such that =(f)v # 0.)

Lemma. Let (w,V) and (7', V') be smooth representations of G.

(1) A subspace W of V is a subrepresentation if and only if W is m(f)-invariant for all
feCx(G).

(2) A linear map A : V. — V' belongs to Homg(w, ') = Homeg(V, V') if and only if
' (f)A = An(f) for all f € C°(QG).

Proof. If v € V, there exists a compact open subgroup K of G such that v € VX. Let
fo.x = Mg~ Ve (that is, f, x is equal to m(K)~! on gK and zero elsewhere). Note that
w(f)v = m(g)v. It is also useful to note that, given v € V and f € C°(G), if a compact
open subgroup K of G is sufficiently small, then there exist ¢1,..., g, € G such that

m

(F)o =m(K) S f(g) 7(g0).

i=1
The details of the proof of the lemma are left to the reader. O

Remark. Any nondegenerate C2°(G)-module is associated to a unique smooth represen-
tation of G. The category of nondegenerate C'2°(G)-modules is the same as the category

of smooth representations of G with intertwining maps.

Lemma. A smooth representation (mw,V') of G is admissible if and only if w(f) has finite
rank for every f € C°(G).

Proof. (<) Let K be a compact open subgroup of G. By above, m(ex) is a projection

onto VE. Therefore dime(VE), being the rank of 7(ef), is finite. Hence 7 is admissible.
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(=) Let f € C(G). Choose a compact open subgroup K such that f is right K-
invariant. Then 7(f) = }_,cq/x f(x) m(K) 7(2)7m(ex) (since f is compactly supported,
f(x) = 0 for all but finitely many z € G/K). By admissibility of m, dim¢(VX), that is,
the rank of m(ex), is finite. It follows that the rank of 7(f) is finite. O

Lemma. Let (7;,V;) be smooth representations of G. Suppose that Vi — Vo — V3 is an
exact sequence of G-morphisms, then for every compact open subgroup K, the sequence

VE — Vi — VK is also exact.

Proof. Suppose v € V& has image 0 in V3. There exists v; € V; having image v in V5.

The vector 71 (ex )v; belongs to V€ and has image 72 (ex )v = v. a

Proposition. If (7}, V;) are smooth representations of G, and the sequence
0—=Vi—=Voa—=V3—=0

is exact, then mo is admissible if and only if m; and 73 are admissible.

Proof. It follows from the preceding lemma that if K is a compact open subgroup of G,
then
0=VE SV S vE =0

is exact.

Suppose that mo is admissible. Let K be a compact open subgroup of G. From
exactness of the above sequence, we see that V¥ is isomorphic to a subspace of Vi<,
so dim(VE) < dim(Vy) < oo. Using exactness again, we see that the image of Vi
in V3 is equal to V4<. That is, V€ is isomorphic to a quotient of V5. It follows that
dim (V) < dim(V5E) < co. It now follows that 7; and 73 are admissible.

Now suppose that m; and w3 are admissible. The image of Vi is VX, which is
finite-dimensional. The kernel of the map from VJ& to Vi¥ is finite-dimensional, (since it’s
isomorphic to V). Tt follows that dim(V4) = dim(V;¥%) + dim(ViE) < co. a

Let G be a finite group and let (m, V') be a finite-dimensional representation of G

Recall that the character x, of 7 is the function

Xx(g) = trace 7(g), g€G.

The character x, is a class function: x,(hgh™!) = xx(g) for all g and h € G. If 7 and 7’
are equivalent representations, then x, = x.. If m1,..., 7, are pairwise inequivalent irre-

ducible representations of G, then the functions xr,, 1 < j < m, are linearly independent.
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We may define a linear functional on the space C'(G) of complex-valued functions on G as

follows:

O(f) =D f(9) xx(g) = tracen(f),  f € C(G),

geG

where w(f)v =3 ¢ f(g)m(g9)v,vEV.

If G is a nonabelian locally profinite group many irreducible smooth representations
of G are infinite-dimensional, so we cannot evaluate the trace of the invertible operator
7(g), g € G. However, if 7 is an admissible representation, we can define a linear func-
tional on C2°(@G) that is analogous in some ways to the character of a finite-dimensional
representation of a finite group.

Given f € C°(G) and g € G, set f9(x) = f(grg™'), x € G. Clearly, f9 € C°(G).

Definition. A distribution on G is defined to be a linear functional on C°(G). A
distribution D on G is said to be G-invariant (or invariant) if D(f9) = D(f) for all g € G.

Definition. Let (m,V) be an admissible representation of G. The character of 7 is the
distribution O, on G defined by ©,(f) = trace(n(f)), f € C(G).

Even though characters of admissible representations of reductive p-adic groups are
not defined the same way as characters of representations of finite groups, they do have
some properties that are analogous to properties of characters of representations of finite
groups.

It is easy to see that ©, is an invariant distribution on G. If 7 and 7" are equivalent
(admissible) representations of G, then ©, = ©,.. As shown in Section 12 of these notes,
if m1,...,m, are pairwise inequivalent irreducible admissible representations of G, then
the distributions O, ,...,0,,  are linearly independent.

In [HC’], Harish-Chandra proved that if G is a reductive p-adic group and F has
characteristic zero, then the character ©, of an irreducible admissible representation 7 of
G is realized by integration against a function on G: there exists a function ©, : G — C
such that ©,(f) = [ f(g9) Ox(g) dg for all f € C(G). This function is a class function:
O,(grg™!) = O, (x) for all x and g € G. (We remark the function © is usually viewed
as a function on the regular set in G. Since the regular set is an open dense subset of G,
we may consider ©, as a function on G by setting ©,(g) = 0 for all elements ¢ in the
complement of the regular set - this complement is a set of measure zero.)

Part of the Langlands’ program involves parametrizing the conjectural L-packets of

admissible representations. FEach L-packet should consist of finitely many (equivalence
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classes of) irreducible admissible representations, say my,...,m, of G One of the key
properties that such an L-packet is expected to satisfy is that a specific linear combination

>t ¢i O, is a stable distribution.
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5. Induced representations - general results

The results of this section are valid for a locally compact totally disconnected, Haus-
dorff topological group G. In particular, we do not require that G is a reductive p-adic
group. We remark that if H is a closed subgroup of GG, then H is a topological group
satisfying the same conditions as G - that is, G is a locally compact, totally disconnected,
Hausdorff group.

Let (o, W) be a smooth representation of a closed subgroup H of G. The represen-
tation of G induced from o acts by right translation on the space Indfl(W) of functions
f: G — W such that f(hg) = o(h) f(g), for all h € H and g € G, and such that f is
right K-invariant for some compact open subgroup K (here, K depends on f). The rep-
resentation and will be denoted by Ind% () Note that Ind$ (o) is smooth by definition. If
we restrict to the subspace c-Ind$; (W) of functions f € Ind% (o) that have the additional
property that the support of f is compact modulo H (the image of the support of f in the
topological space H\G is compact), this subrepresentation is denoted by c¢-Ind% (o). This
is called compact induction.

Note that the map f — f(1) from Ind$ (W) to W belongs to Hompy (Ind% (o), 0):

(Ind% (o) (W) £)(1) = f(h) = a(R)f(1),  heH.

The restriction of this map to c-Ind% (o) clearly belongs to Homp (c-Ind% (o), o).
Let K be a compact open subgroup of G. If f € (Indg(W))K and g € G, then

fg) = f(gk) = f(gkg™'g) = o(gkg™") f(9), Yke KNg 'Hyg.
It follows that
(%) f(g) € WH9KI™ whenever f e (IndG W)X,

This will be used in several places below.

Proposition. Let (o, W) be a smooth representation of a closed subgroup H of G. Then
(1) If H\G is compact and o is admissible, then c-Ind% (o) = Ind$ (o) is admissible.
(2) (Frobenius reciprocity) If (w, V) is a smooth representation, then composition with

the map f — f(1) induces an isomorphism of Homg(m, Ind% () with Homp (7, o),

W(F)q

Remark: As seen in the example of C—Indif if H\G is noncompact, then c-Ind% (o)

might not be admissible when ¢ is irreducible and admissible.
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Proof. For (1), assume that o is admissible and H\G is compact. Let K be a compact
open subgroup of G. As g runs over a set of coset representatives for G/K, the images in
H\G of the double cosets HgK form an open cover. By compactness of H\G, this open
cover has a finite subcover. This means that there are finitely many disjoint H-K double
cosets in GG. Choose a finite set X such that G = HXK.

Let f € (Ind% (W))X. Let # € X. Because HNzKxz ! is a compact open subgroup of
H and o is admissible, dim(WHM K=" « oo, Let Wy = > owex WHMzKz™"  Then W, is
finite sum of finite-dimensional vector spaces, so dim(Wp) < oo. Applying (*) with g = =,
we see that f(X) C W, for all f € (IndS(W))X. The map f — f|X from (Ind$ (W)X
to the space C'(X, Wj) of functions from X to Wy is one-to-one. Because X is finite and
dim(Wp) < o0, we have dim C'(X, W) < co. Thus dim((Ind$ (W))5) < .

For (2), let A € Homg(m,Ind%(0)). Composition of f +— f(1) with A is the
map v — (Av)(1) from V to W. If h € H and v € V, then, using the fact that
A € Homg(, Ind% (0)), followed by Av € Ind% (W), we see that

(A(m(R)))(1) = (IndF (o) (h) Av)(1) = (Av)(h) = o (h)((Av)(1)).

Thus the map v — (Av)(1) belongs to Hompg (7, o).
Suppose that (Av)(1) =0 for all v € V. Then

(Av)(9) = (Indf (0)(g)Av)(1) = (A (g)v)(1) = 0

for all g € G. Thus Av is identically zero for all v € V. That is, A = 0. Hence the map
taking A to v — (Av)(1) is one to one.

To see that this map is onto, given A € Homp (7, ), define a function A® from V to
the space of functions from G to W by A% (v)(g) = A(w(g)v), v € V. Note that

AC(v)(hg) = A(m(hg)v) = A(r(h)m(g)v) = o(h)A((g)v) = o(h)(A%(v)(9)),  hE€H, g
Let v € V. Then v € VX for some compact open subgroup K of G, so
A (v)(gk) = A(m(gk)v) = A(n(g)v) = A%(v)(9), g€G, keK.

Hence A (v) is right K-invariant. We have shown that A% (v) € Ind% (W) for every v € V.
To finish, we check that A9 maps to A. Our map takes A® to the function v —
A%(v)(1). By definition of A%, if v € V, then A% (v)(1) = A(r(1)v) = A(v). d
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Remark: Suppose that H is an open (and closed) subgroup of G and (o, W) is a smooth

representation of H. Given w € W, define f,, € Ind% (W) by fu(h) = o(h)w for h € H

and f,(g) =0if g ¢ H. We can show that

(1) The map w — f,, is an H-isomorphism from W to the H-subrepresentation { f €
Ind% (W) | supp f € H} of Ind§ (o).

(2) The map from Homg(c-Ind$ (o), 7) — Homp (o, n) that takes A to the function

w — Af, is an isomorphism.

Lemma. Let (0,WW) be a smooth representation of a closed subgroup H of G. Let
dma(h) = Au(h)"'Ag(h), h € H. (Here, Ag and Ay are the modular functions of
G and H, respectively.) There exists a linear functional Iy on c—Inde(é m\¢) having the

following two properties:

(1) Ina(p(9)f) = Ima(f) for all f Gc—Indg(éH\G) and all g € G. (Here, p(g) is right
translation by g.)

(2) If g € G, K is a compact open subgroup of G, and f Ec—Indg(éH\G)K is supported
on the double coset HgK , then I\ (f) is a positive multiple of f(g).

The linear functional I\ Is unique up to positive scalar multiples.

Proof. Given f € C°(G), define

f(g) = / Ac(h™Y) f(hg) deh, g€aq.
H
If hy € H, then, because dgh = A (h1)~1ds(hh1), we have that

hlg /AG hhlg dgh /AH )Ag(hlh )f(hgg)dghg
=Ap(h) " Ac(h) f(9) = dma(l)f(9),  9€G.

Since the support of f is compact, the support of f is compact modulo H. If K is a
compact open subgroup of G such that f(gk) = f(g) for all ¢ € G and k € K, then
f(gk) = f(g) for all g € G and k € K. Therefore f €c-Ind% (g )-

Next, verify that if K is a compact open subgroup of G, ¢ € (c—Indg(5H\G))K,
and ¢ is supported in HgK for a fixed g € G, then f = ¢ for f € C2°(G) defined by
flgk) =m(H N gKg Yp(gk), k € K, and f(x) =0 for « ¢ gK. It follows that f — f is
onto at the level of K-fixed vectors. This implies that the map is onto.

In order to define I\, we show that f — [, f(g) Aq(g)~" d,g factors through the
map f — f.
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Let f € C°(G). Choose a compact open subgroup K of G such that f € (C°(G))¥.
The function f is a finite linear combination of characteristic functions of right K cosets
in G. Grouping together right K cosets that lie in the same H-K double coset, we may
write f = Y, fi, where the sum is finite, Hg; K # Hg; K if i # j and f; € (C>(Q))¥ is
supported in Hg; K. Because f; is supported in Hg; K, we see that f = 0 if and only if
f; =0 for all i.

This allows us to reduce to the case where f € (C°(G))¥ is supported in HgK for
a fixed g € G. In this case, there exist finitely many h; € H such that the support of f
lies in the (disjoint) union of the cosets hjgK. Note that if h € H, then hg € h;gK if and
only if h € hj(HNgKg~!'). Modular functions are trivial on compact subgroups, so Ag
and dp\ ¢ are trivial on H N gKg~'. It follows that

ZAG )" f(hig)mu(HNgKg™).

Next, we evaluate [ f(z)Ag(z)~" dpx for the same function f:

| f@asta de:v—Z/f 19) A (hig)~\de(high) = Z/f 1) A (hjg)~\deh
=m(K)Aq(g)” ZAG i) f(hjg)
=m(K)mu(HNgKg™") " Aclg) ™" f(9).

This shows that f = 0 implies Jo f@)Ag(z)~dex = 0 for K-fixed functions. Since
all functions in C2°(G) are smooth, we see that f =0 1mphes that fG r)Ag(x) " tdox
for all f € C(G). If f € CX(G), define Ina(f) = [ f( ~ldyx. Since we have
already observed that the map f — f is onto, thls gives a Well—deﬁned linear functional on
c-Ind% -

To finish the proof, supose that ¢ € G, K is a compact open subgroup of G, and f
satisfies f(x) = 0if z ¢ gK, f(gk) = f(g) for all k € K. Then f(g) = myg(HNgKg~ ") f(9)
and I (f) = ma(K)mg(H N gKg ")"'Aa(g)~'f(g). The second part of the lemma
follows. The verification that Iz ¢ is unique up to scalar multiples is left as an exercise.

O

Proposition. Let (o,WW) be a smooth representation of a closed subgroup H of G. Let
dma(h) =Ag(h)"'Ag(h), he H. Let w =c-Ind% (o). Then 7 ~ Ind$ (5 ® Om\a)-
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Sketch of proof. Details to be added. Take the usual pairing (-, )y on W x W. Set
A(® ® w) = (@, w)w. Now view W ® W as the space of (5 ® dm\a) ® o, and view C as
the space of 6\ . Then A € Hompy ((6 ® dp\a) ® 0,6m\a)-

Given ¢ € ¢-Ind% (o) and @ € Ind% (5 ® dm\a), define (@, ), : G — C by

(@,0)+(9) = A(®(9) @ #(9)) = (2(9),¥(9))w, g€

Verify that (®, ). € C—Indg(éH\G).
Let I\ be as in the preceding lemma. Given ® € nd% (7 ® dm\a), define A® € (c-
Indf (o)) by
(A, 0) = Ima((®,0)). v € c—Indf(0).

Check that A® is smooth and properties of Ix\ ¢ can be used to show that
A € Homg (Ind$} (5 ® 6\ ), (¢ — Ind§ (0))).

The second step is to show that A is an isomorphism at the level of K-fixed vectors.
Let K be a compact open subgroup of G.

Let S be a set of coset representatives for H\G/K. For each g € S, let 3, be a basis
of WHNIKG™" et w e B,. Define

_ Johw, ifx=hgk, hec H ke K
Pou(@) = {0, itz ¢ HK.
The support of ¢, , is HgK, which is compact modulo H. Also, ¢, ,, is invariant under
right translation by elements of K. Therefore ¢, ., € (c-Ind$0)%. We have already
observed (see equation (*) near the beginning of the section) that any ® € (Ind%o)%
satisfies ®(g) € WHK9™" for all g € G. Therefore { @y |g € S, w € By} spans (c-
Ind% o)X . Because this set is linearly independent, it is a basis of (c-Ind$ o)

If g € S, let B; be the basis of (WHN9EKg ") that is dual to the basis 3,. For g € S
and w € 57, define

B, () = dma(h)o(h)w, ifx=hgk, he H ke K
R N ifv ¢ HgK.

The function ®, 4 belongs to (c-Ind% (5 ® oma)) . Let @ € nd% (5 ® dma)) . Fix
g € S. The restriction ® | HgK is compactly supported modulo H and ®(g) € Span(S;).

Thus @ | HgK is a finite linear combination of functions of the form ®, 5, w € 3;.
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If g € S and w € By, then (®,p44)«(x) = 0 whenever z ¢ HgK, since @4, () = 0
whenever ¢ HgK. Therefore

<(I)7 @g,w>* = <(I) ’ HgK, SOg,w>*-

It follows that

(@, 09,w)m\¢ = Im\a((P, Ygw)+) = Ima((P | HGK, ©g.w)+)

is a linear combination of (@4 4, ¥y w)ma, W € By -

Let g1, 92 € S, w € By, and w € B,. If g1 = go, then
<q)g1,157 ¢g1,w>*(h’gll€) = 6H\G(h)<w7w>W7 h € H7 ke K7

and (®y, @, Pg,,w)« is supported on Hg; K. It follows that (®g 4, ¢g, w)m\¢ is equal to
c(w,w)w for some positive real number c. We have that

0, if g1 # g2

(Pgs,0s Pgow) NG = {c<w,w>w, if g1 = go.

It follows that the pairing (-, -) i\ ¢ is nondegenerate at the level of K-fixed vectors for each

compact open subgroup K of G. O

Lemma. Let (0,WW) be a smooth representation of a closed subgroup H of G. Suppose
that c-Ind% (o) is admissible. Then c¢-Ind% (o) = Ind% (o).

Proof. Let V = Ind% (W) and V, =c-Ind% (W). Let K be a compact open subgroup of G.
Let Sk € H\G/K be the set of double cosets HgK such that there exists ¢ € VE such
that ¢(g) # 0. Suppose that HgK € Sk, ¢ € VE and ¢(g) # 0. Define 99 : G — W by
e (2) = p(x) if € HgK and 9 (z) =0 if x ¢ HgK. Then ¢9) ¢ VK.

Suppose that Hg; K € Sk are distinet, 1 < j < £. Choose p; € VE such that
©;(g;) # 0. Then {gog.gj ) | 1 < j < ¢} is a linearly independent subset of V.X. Thus
dim(V.E) > ¢. If V, is admissible, then dim(V,X) is finite and ¢ < dim(V,X). This implies
that the set Sk must be finite. Hence, if ¢ € VX, the support of ¢ lies inside the union of
finitely many double cosets in H\G/K. It follows that ¢ is compactly supported modulo
H - that is, ¢ € V.X. We have shown that V& = VX for all compact open subgroups K.
Thus V = V.. O

Definition. A representation (mw,V) is unitary if there exists a G-invariant (positive

definite Hermitian) inner product on V.
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Remark. Strictly speaking, since we are not assuming that V is a Hilbert space, it
would be more accurate to refer to a representation 7w as in the definition as unitarizable.
Then, after completing V' with respect to the given inner product, we obtain a unitary

representation of G in a Hilbert space.
Lemma. If (m,V) is an admissible unitary representation of G, then 7 is semisimple.

Proof. Let W be a subrepresentation of 7. Let W+ be the orthogonal complement of W
relative to a G-invariant inner product (-,-) on V. Let v € W+. Then, if w € W and
geG,
(w, m(g)v) = (n(g)~'w,v) € (W, W) =0,
since 7(g) 1w € W. Therefore W+ is a subrepresentation of V.
Fix a compact open subgroup K of G. We can show that the inner product (-,-)

restricts to a K-invariant inner product on V5. Note that nondegeneracy of the restriction

follows from the property

(%) (v1, m(ex)ve) = (mlex)vy, m(ex)va) = (v1,v2), v eVE v eV

By definition, W& = W NV¥. Let U be the orthogonal complement of W in VX. Since
7 is admissible, the vector space V¥ is finite-dimensional and we have VX = WK ¢ U.
We can use (*) to show that U = W+ N VE. Thus we have VE = WK @ (WL nVE).
Hence, by smoothness of 7, V.= W @ W=. It now follows from an earlier lemma that 7 is

semisimple. O

The representation (7, V) conjugate to (m, V) is defined as follows. As a set V =V,
but ¢-v=¢cv, force Cand v € V. For g € G and v € V, #(g9)v = 7(g)v.

Lemma. If (7, V) is admissible and unitary, then (7, V) is equivalent to (7, V).

Proof. Let (-,-) be a G-invariant inner product on V. Define A : V — V by Av = (-,v).
Check that A is linear and intertwines 7 with 7. Earlier, we saw that for any compact
open subgroup K, VE = (VE)* | To see that A(VE) = (VE)*, use the fact that (-,-) |y

is nondegenerate. 1

Lemma. Suppose that (mw, V') is irreducible, smooth and admissible. Then a G-invariant

positive definite inner product on V' is unique up to scalar multiples.

Proof. Let (+,-);, = 1,2, be two such inner products. Define 4; : V — V by Aj(v) =
(-,v)j, veVj. It follows from (the proof of) the preceding lemma that A, is invertible.
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As A;' o A; belongs to Endg(7) and 7 is irreducible, it follows from Schur’s lemma that
A;l o A; is scalar. O
Proposition. Let (o, W) be a unitary smooth representation of a closed subgroup H of

1/2

G. Then the representation c-Ind% (o @ & NG

) is unitary.

Proof. Let (-,-)w be an H-invariant inner product on W. Given ¢4, @2 EC—IHdg(U(@&}_]/\Zg)a

define (i1, ¢2)s €c-Indf () by

(¢1,902)«(9) = (¢1(9), p2(9))w,  g€G.

Then define (o1, 92)v = Ima((¢1,92)+). To finish, verify that this defines a G-invariant

inner product on c-Ind% (o ® 5;1/\26,). O

We remark that it can happen that a representation c-Ind g (o) may be nonunitary and
have an irreducible unitary subquotient. Some discrete series representations are unitary
quotients of nonunitary induced representations.

There are two kinds of induced representations that play central roles in the theory of
admissible representations of reductive p-adic groups. One kind, which will be discussed
in Section 7, are representations induced from irreducible smooth representations of open
subgroups that are compact modulo the centre of the group GG. Here, the inducing repre-
sentation o is finite dimensional. The other kinds are representations induced from smooth

representations of parabolic subgroups. These will be discussed in Section 6.
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6. Parabolic induction and Jacquet modules

Some of the results in this section are stated and proved for G = GL,,(F'), where F is
a nonarchimedean local field. These results have analogues for other connected reductive
p-adic groups, such as SL, (F') and Spa,(F). The general ideas of the proofs for connected
reductive p-adic groups are basically the same as for GL,,(F).

We start with a description of the parabolic subgroups of G = GL,,(F"). Suppose that
a=(a1,ag,...,q,) is a partition of n: r € Z, r > 1, aj € Z, o;j > 0, 1 < j < r, such that

> j=1@j = n. Let M, be the subgroup [[;_, GLq, (F):

GL,, (F) 0 e 0
wo| D emn
0 0 GL,, (F)
Let N, be the subgroup
1o, * *
0 I, *
Na = .
0 0 - I,

The group N, is a nilpotent p-adic group and M, is a connected reductive p-adic group.
Note that M, normalizes N,. Set P, = M, X N,.
Definition. A Levi subgroup M of G is a subgroup of G that is conjugate to M, for some

partition « of n.

Definition. A parabolic subgroup P of G is a subgroup of G that is conjugate to P, for
some partition o of n. Choose = € G such that £~ ! Pz = P,. The subgroup M = z M,z =}
is called a Levi component or Levi factor of P, and the unipotent radical N of P is tN,z~!.
The decomposition P = M N = M x N is called a Levi decomposition of P. The subgroup
B = P,... 1) is called a standard Borel subgroup of G, and its conjugates are called Borel

subgroups. A parabolic subgroup of the form P, is called a standard parabolic subgroup.

Remark: If GG is an arbitrary connected reductive p-adic group and P is a parabolic
subgroup of G, then P = M x N for some connected reductive p-adic group M (a Levi
factor of P) and N is the unipotent radical of P, that is, N is the maximal normal
connected nilpotent subgroup of P. In the case G = GL,(F), M is a direct product of

general linear groups. For other reductive p-adic groups G, M is not a direct product of
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the same type of group as G. For example, GL,,(F') occurs as the Levi factor of a maximal

parabolic subgroup of Spa,, (F).
Recall that Ky = GL,(0) is the compact open subgroup of GL,(F') consisting of

matrices whose entries are in 0 and whose determinant is in 0.

Lemma. (Iwasawa decomposition) Let P be a parabolic subgroup of G = GL,,(F'). Then
G = KyP = PK,.

Proof. First, suppose that G = KoB, where B = P 1). If # € G, then x = kb for some
k€ Ky and b € B, so

Ko(zBz™!') = Kok(bBb_l)k = KokBk = KgBk = Gk = G.
If x € G and P = zP,x~"', then, because P, D B, we have that
KoP > KozBz™ ' =G.

Thus G = KyP. Inversion then gives G = PKj.

To finish, we need to show that G = KoB. Let g = (g;;) € G. At least one entry in
the first column of g is nonzero, since g is invertible. If we interchange the ith and jth
row of g we get a matrix kg, where k € K (k is obtained from the identity matrix I by
interchanging the ith and jth rows of I). It follows that there exists k& € Kj such that the
matrix h = kg has the property that h1; # 0 and |hy1|p > -+ > |hp1|p. If hpy # 0, let
k1 be the matrix obtained by adding —h,,1 h;zl times the n — 1st row of I to the nth row
of I. Then | — hnlhgzl\p <1, so k1 € Ky. The matrix y = k1kg is obtained from kg by
adding —h,1 h;21 times the n — 1st row of kg to the nth row of kg. The matrix y satisfies
yj1 = hj1 for 1 < j <n —1 and y,1 = 0. By performing analogous row operations on y,
we can produce k' € Ky such that z = k'y satisfies 211 # 0 and z;; =0 for 2 < j < n.

If n = 2, we see that z € B. Since z € Kyg, this implies that g € KyB. It follows that
g€k 'ki'k™'B = KyB.

If n >3, let 2,1 € GL,_1(F) be the matrix obtained from z by deleting the first row
and column of z. By induction, there exist k,_1 € GL,_1(0) and b,,_; in the standard
Borel subgroup of GL,,_1(F) such that z,_1 = k,,—1b,—1. It follows that

o 1 0 Z11 *
() e

Since z € Kyg, this implies g € Ky B. O
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Remark: Arbitrary connected reductive p-adic groups may have more than one conjugacy
class of maximal compact subgroups. In general, PK # G for a maximal compact subgroup
K and parabolic subgroup P. However, there exists a maximal compact subgroup K, of
G such that G = Ko P = PKj holds for all parabolic subgroups P of G.

It follows from the Iwasawa decomposition G = PKy = KygP that P\G is compact
for any parabolic subgroup P of G. Thus c—Indga = Indga for any smooth representation
o of P.

A reductive p-adic group G is unimodular. Thus if H is a closed subgroup of G,
the function 6g\g : H — R* defined in the previous section is equal to Af}l. If Pis a

parabolic subgroup of G, we will use the notation dp instead of dp\¢-

Lemma. Let P be a parabolic subgroup of G. Let Ip\g € (Ind%(6p))* be as in the

previous section. Then Haar measures on G, P and Ky can be normalized so that
Ipa(f) = [y, [(k)dk for all f € Ind%(5p).

Proof. If f € C°(G), define f € Ind%(6p) by
flg) = /Pf(pg)dep, geG.

If ¢ € C*(Ky), define ¢f € Indj? 1 by
o' (k) = / ¢(pok)dpo, k € K.
PNKy

The maps f +— f and ¢ — ©f are onto.
Recall from Section 5 that Ip\g € (Ind$(6p))* satisfies:

Ia(f) = /G f(g)dg ¥f € C(G)

Ip\a(p(9)f) =Ip\a(f) Vge G

Similarly, there exists I prx,)\x, € (Ind5e K, (1))* that satisfies:

I prko)\ Ko (¢F) :/ (k) dk Vf € C(Ko)
Ky

Ipronie (P(R)O") = Iprico)\ ko (¢) Yk € Ky

Define a map R : Ind§(6p) — Indp? . (1) by R(f)(k) = f(k), k € K. Note that
PN Ky is a compact subgroup of P, so dp(k) = Ap' (k) =1 for all k € PN Ky. It is easy
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to use the Iwahori decomposition G = PK to show that R is an isomorphism. Clearly,
R € Homg (Ind3(5p), Ind 32 . (1)).

A left Haar measure on P restricts to a Haar measure on the compact open subgroup
PN Ky. It follows from uniqueness of Haar measure that if dpy is the Haar measure on
PN Kg used in the definition of I pnx,)\ k,, the restriction of the measure dyp used in the
definition of Ip\g to PN Ky is equal to cdpg for some positive real number c.

Let p € C*°(Kjy). Viewing ¢ as an element of C°(G), we have, for p € P and k € K,

(ok) = 6p(p)3(k) = 6p(p) / o(prk)deps

P

= cdp(p) /an ©(pok) dpo = cSp(p)p(k) = c R~ (") (pk).

Thus ¢ = ¢ R~ (%) for each p € C®(K)).
Let ¢ € C*°(Kp). Then

Ima(R(H) = Ima(ed) = clmal@) = ¢ /G o(9)dg

_ / (k) dk = cb I prrcoy ses (),
Ko

where b is the positive real number such that the restriction of dg to Ky is equal to bdk.
If p € C°(K)), then

/ (k) die = / / (pok) dpo dk
Ko Ko J KgNP

= /Komp (/Ko @(pok)dk’) dpo = mi,np(KoNP) /Ko o(k) dk.

Given f € C®(G), let p € C°(Ky) be such that ¢! = R(f).
o) = I (R 6)) = b I (9) =cb [ (k) ak
Ko

= cbmp,np (Ko N P) / o (k) dk = cbmg,np(KoNP) | f(k)dk
Ko Ko

By adjusting the normalizations of Haar measures we can arrange that Ip\ g (f = Ko

for all f € C°(G).

Corollary. If Haar measures on G, Ky and P are normalized so that mg(Ko) = mg,(Ko) =
My, p(Pﬂ Ko) My p PﬂK()) =1, then

/f dg—/KO/fpkdepdk—/Ko/fkpdk’drp, o)



Proof. According to the preceding lemma, there exists a positive real number ¢ such that
| t@yds=tnatn=c [ fwyan=c [ [ fordpar  recz).
G Ko Ko JP

Evaluating both sides for f equal to the characteristic function of Ky, we find that ¢ =1
when the measures are normalized as indicated. For the second equality in the statement

of the corollary, observe that

/Gf(g)dgz/Gf(g‘l)dgz/KO/Pf(k_lp‘l)depdk
— [ [ sowd.pax
Ko J P

I = d,p when measures are normalized as indicated. O

since dyp~

Let P = M N be a parabolic subgroup of G. Let (o, W) be a smooth representation
of M. We have the exact sequence 1 - N — P — M — 1, and we can regard (o, W) as
a representation of P by extending trivially across N. Since P\G is compact, Ind% (o) is
admissible whenever (o, W) is an admissible representation of M.

Let n be the Lie algebraof N: n={u—1|ue N}. Given m € M, Ady(m):n—n
is given by Ad,(m)(X) = mXm~!, X € n. Recall that §p = Ap' Tt is left as an exercise to
show that §p(mn) = | det Ad,(m)|r for m € M and n € N. Define i%o = Ind% (o ® 61/2)

(this is called normalized induction).
Lemma. The contragredient of i%¢0 is equivalent to i%a.

Proof. Note that the contragredient of dp is (5131 (because dp is one-dimensional and

real-valued). According to a proposition from Section 5,

(iSo) = (IndS (0 @ 61/*)) ~ Ind%((0 ® 6T ® 6p) = Ind$ (5 ® 61 %) = i%5.

Let (-,-)y denote the usual pairing of with W with W.

Lemma. Let f; € i%0 and f2 € i%5. Then, assuming that Haar measures are normalized
suitably, (f1, f2) fK (f1(k), fa(k))w dk.

Proof. If f1 € iGo and fy € iga, define (f1, f2)«(9) = (f1(9), f2(9))«- Then (f1, fa)« €

Indgé p. As seen in the proof of the relevant proposition in Section 5,

(f1, f2) = (f1, o) p\a = IP\c({f1, f2)+)
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defines a pairing that gives the equivalence of the preceding lemma. Applying one of the

lemmas above, we see that, if measures are suitably normalized,

i o) = /K (o fa). dk = /K (k) fa) b

O

Lemma. Let (0,W) be a smooth unitary representation of M. Let (-,-)y be an M-

invariant inner product on W. Then iga is unitary, with G-invariant inner product given
by

(s fo)v = /K (k) foB)w dk, i, fo € IGOW).

Proof. Tf f1, fa € iG(W), let (f1, f2)«(9) = (f1(9), f2(9))w g € G. Applying a result from

Section 5, we have that (f1, f2)v = Ip\a((f1, f2)«) defines a G-invariant inner product on

i%(W). According to a lemma above, if measures are suitably normalized, then

I (s fo)s) = /K (Fr. fo)o () die = /K (k) falk))w d.

O

Because normalized induction takes unitary representations of Levi subgroups to unitary
representations of G, it is standard to use normalized induction. (Many authors use the
notation Ind$ for normalized induction.)

Let (m,V) be a smooth representation of G. Let N be the unipotent radical of a
parabolic subgroup P of G. Set

V(N) = Span({m(n)v —v |ne€ N, ve V}).

Observe that V(N) is an N-invariant subspace of V. Let Vy = V/V(N). If W is an
N-invariant subspace of V and N acts trivially on the quotient V/W, then V(N) C W.
Therefore Vi is the largest N-module quotient of V' on which N acts trivially. Because P
normalizes N, the subspace V(N) is P-invariant. Hence we have a representation of P on

Vi, with N acting trivially.

Definition. The representation (7y, V) is called the Jacquet module of V' (with respect
to P).
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Lemma. Let M be a Levi factor of P. Let (o,W) be a smooth representation of M.

Then Homg (m, Ind$ (o)) = Homy (7, 0).

Proof. As shown in the previous section, Homg (7, Ind$o) ~ Homp (7, o) (Frobenius
reciprocity). So it suffices to show that Homp (7, o) ~ Hom s (7y, o).

If A € Homp(m, o), then An(p) = o(p)A for all p € P. If n € N and v € V, then
A(m(n)v —v) = Av — Av = 0. This implies that A(V(N)) = {0}. So A factors to an
element A of Home(Vy, W). Clearly, an element of Home (Viy, W) is equal to A for a
unique A € Hompy (7, 0). Thus Homp (7, o) is isomorphic to a subspace of Home (Vy, W).

The image A of an element A € Homp (7, o) has the property
Any(m)(v+V(N)) = A(r(m)v + V(N)) = An(m)v = o(m)Av, meM,veV.
That is, A € Homps (7w, 0). O

The following theorem is a deep result - see the end of this section for the proof. The

theorem was originally proved by Jacquet for GL, (F) in [J].

Theorem. Let P be a parabolic subgroup of G with unipotent radical N. If (w,V') is an

admissible representation of G, then (my,Vy) is an admissible representation of P.

Lemma. If (7,V) is a smooth finitely generated representation of G, then (wx,Vy) is a

smooth finitely generated representation of P.

Proof. Becauase N acts trivially on Vi and a compact open subgroup K of P satisfies
K = (KN M)(KNN), it suffices to show that (7mn,Vy) is a smooth finitely generated
representation of a Levi factor M of P, For smoothness of 7y, note that if K is a compact
open subgroup of G, then v € VX implies v + V(INV) is fixed by K N M.

IfveV,let Gv={n(g)v|g e G}. Supposethat V = Span(Ui<;<¢G-v;) for vectors
v1,...,v¢ € V. Choose a compact open subgroup K such that v; € V& for 1 < j < /.
Now P\G is compact, so P\G/K = Ui<j<, Pg; K for some g1,...,g, € G. It follows that
V' = Span(U; ;P - m(g;)v;), and hence the M-orbits of the images of the vectors m(g;)v;
span V. Hence Vi is finitely generated. O

Lemma. N is the union of its compact open subgroups.

Proof. For N = N . 1), let U= NNKyp. Set a = diag(1,w,@?,...,@"1). Then

1 w_lo w_zo . e o e w_(n_l)
-1 0 1 w o w2 - w2
auv a = . .
0
0 0 0 1

43



We can easily see that N =J,,,>; a™Ua™™. If N = N,, then N =J,,>, a™(UNN)a™™.
O

If U is a compact open subgroup of N, let ey be my(U)~! times the characteristic

function of U. If (m, V) is a smooth representation of G, define w(ey) : V — V by

m(ey)v = /N ey(n)m(n)vdn, velV.

Recall that we made this kind of definition previously only for compact open subgroups of
G. Here, U is not an open subgroup of G. Note that the restriction of muy(U) tdn to U

is normalized Haar measure du on U, so we have 7(ey)v = [, m(u)vdu, v € V.
Lemma. V(N)={v eV | m(ey)v =0 for some compact open subgroup U of N }.

Proof. Let v € V, n € N. By the previous lemma, n € U for some compact open subgroup

U of N. Because n € U, we have ey(n'n~t) = ey (n’) for all n’ € N, so

m(ey)m(n)v = mN(U)_l/NeU(nl)w(nln)v dny = mN(U)_l/NeU(ngn_l)w(ng)v dng

=my(U)"! /N ey (na)m(ng)vdng = w(ey)v.

This implies m(ey)(v — w(n)v) = 0. Thus V(N) C {v €V | m(ey)v = 0 for some compact
open subgroup U of N }.

Suppose v € V and 7(ey)v = 0 for some compact open subgroup U of N. Let
U,={ueU|n(u)v=v}. Then

mleg)v = [U: U, ! Z m(k)v

keU/U,
and v=[U:U,]™" Z v
keUu/u,
—=v=v-nlep)v=[U:U)" Y wv—n(k)-veV(N)
keU/U,

O

Proposition. Let M be a Levi factor of P. Let (m,V), (n',V') and (n"", V") be smooth

representations of G such that

0=V -V V"= 0

44



is an exact sequence of G-morphisms. Then 0 — Viy — V{; — V] — 0 is an exact sequence
of M -morphisms.

Proof. If n € N, v € V, and v has image v’ in V', then m(n)v — v has image 7'(n)v’ — v’.

Thus the one-to-one G-morphism V' — V’ restricts to a one-to-one P-morphism V(N) —
V/(N).
If v/ € V" and n € N, then, because the map V' — V" is onto, there exists v’ € V'

7 —v". Thus the surjective

that maps onto v”. Tt follows that 7’(n)v’ —v' maps onto 7’ (n)v
G-morphism V' — V" restricts to a surjective P-morphism V'(N) — V”(N).

If o' € V/(N) has image 0 in V”(N), then there exists v € V whose image in V' is
equal to v’. According to the above lemma, there exists a compact open subgroup U of
N such that 7'(ey)v’ = 0. Because the map V' — V' is an N-morphism, we see that
m(ey)v maps to 7' (ey)v” = 0. Since the map V' — V” is one-to-one, this gives 7(ey)v = 0.
Applying the above lemma again, we find that v € V (V).

It follows that the sequence 0 — Vy — V§, — V{ is exact. That the maps are
M-morphisms follows from the definitions, together with the fact that the first sequence

consists of G-morphisms. O

Lemma. Assume that K is a compact totally disconnected Hausdorff topological group
(that is, K is profinite). Suppose that K and K are closed subgroups of K. Let dk; be
normalized Haar measure on K, j = 1,2, and let ey, be the characteristic function of Kj,
Jj =1,2. Let (m,V) be a smooth representation of K. Define m(eg,)v = ij 7(kj)v dk;,
j=12veV.If K=K Ky, then m(ex) = m(ex, )m(ex,).

Proof. Recall that m(ex ) is determined by the following properties. First, if v € V¥ then
m(ex)v = v. Secondly, if v € V is such that w(k)v = 7(k)v for all k£ € K, where 7 is a
nontrivial irreducible representation of K, then (e )v = 0.

If v e VE then VE c VEi j=1,2, implies m(ek, )m(ex,)v = m(ex, )v = v.

Suppose that v € V is such that n(k)v = 7(k)v for all k € K, where (r,W) is a

nontrivial irreducible representation of K. Then, because K = Ky K, implies (W%2)K1 =
WE  we have m(eg, )m(er,) - v € (WE2)Er c WE = {0}. O
Given a partition o = (aq,...,a;) of n, let
I, 0 -+ 0
* Iy, -+ 0
N; = : :
* * 1,



Then P, := M,N_] is a parabolic subgroup of GL, (F) such that P, N P, = M,. The
Lie algebra g = gl,,(F') is the vector space M,,(F), together with the Lie bracket [X,Y] =
XY -YX, X, Y € M,(F). The Lie algebra m, of M, is gl, (F)® --- ® gl, (F). The

Lie algebras n, and n of N, and N, respectively, are
ng={Xeg|1l+XeN,} and n, ={Xe€g|1+XeN_}

It is easy to see that g = n & m, @& n, (Note that this is a direct sum of Lie subalgebras
of g, but the summands are not ideals in g.)

At the group level, the set {n~mn™ | n= € N;, m € M,, nt € N, } contains an
open neighbourhood of 1, but is not equal to G.

Definition. If K is a compact open subgroup of G, and P = M N is a parabolic subgroup
of G, we say that K has an Iwahori factorization relative to P whenever K = KTK° K~ =
K- K°K*, where KT = KNN, K- =KNM,and K- =KNN".

Example: If G = GLy(F), Ky = GL,(0), and B is the standard Borel subgroup of G, we
have

KO_KSKJ ={g€ G| g1, 922 €0%, g12, g21 €0 }.

Since ((1) (1)) € Ky and this matrix does not belong to KO_K{)’KSF, we see that Ky does

not have an Iwahori factorization relative to the standard Borel subgroup B.

Recall that if j is a positive integer, we defined
Kj={g€GLu(F) | g—1€ Ma(p")}.

Lemma. Let P be a standard parabolic subgroup of GL,,(F). Then each of the compact

open subgroups Ky, £ > 1, has an Iwahori factorization relative to P.

Sketch of proof. First, let P = B. Let ¢ be a positive integer. Let g = (gi;) € K.
Note that g;; gfll € p’ for 2 < j < n. If we perform the elementary row operation that
subtracts g1 91_11 times the first row of g from the jth row of g, we are left multiplying ¢
by an elementary matrix that lies in K, and we get a matrix in K, whose j1 entry is 0.
Therefore, there exists k € K, such that the matrix h = kg satisfies hj; = 0,2 < j < n.
If 3 < j < n, subtracting hj2h2_21 times row 2 of h from row j of h, we are left multiplying

h by an elementary matrix in K, and getting a matrix whose first column is the same
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as the first column of h and whose j2 entry is 0. Continuing in this manner, we see that

there exists k= € K, such that k™ g is in BN K,. It is clear that

BNKy=(Mgu,. 1)NK)(NNKy) =K K.

.....

Hence g € (k™) 'K{ K, C K, K;K,.

Now let N = Na,..1, M = Mq,...1) and N- = N(_1,...,1)' Suppose that P = P,
and k € N~. We can use elementary row operations (like some of the ones used above)
whose matrices lie in N, N K, to show that there exists k= € N, N K, such that k™ k e

N~ N M, N K,. This gives
N-NK;= (N, NK)(N~NM,NKy).

Similarly,
NNK;=(NNM,NK)(N,NKy).
Thus ) ) )
Ko =(N"NKg)(MNKg)(NNKy)
= (N; NK)(N™ N My 0 Kp)(MNK) (NN My N Ke)(Ny N Ky

- (Noj N Kﬁ)(Ma N KZ)(Na M KZ)'
O

Remark: Suppose that GG is an arbitrary connected reductive p-adic group. Let P be a
parabolic subgroup of G. Then there exists a sequence { K ; |7 > 1} of compact open
subgroups of G such that each K has an Iwahori factorization relative to P, and { K7 }
is a neighbourhood basis of the identity in G. For example, if G = Spa,(F), and P is a
parabolic subgroup of G, then there exists a standard parabolic subgroup P, of GLs, (F")
and an element x € GLs,(F) such that P = Spy, (F) Nz P,z~1. In this case, we can take
K} = Spon(F) NaKjz™t, j > 1.

Theorem. (Jacquet) Let P = M N be a parabolic subgroup of G. Suppose that K is a
compact open subgroup of G that has an Iwahori factorization relative to P. Let (m,V)
be a smooth representation of G and let Q : V — Vi be the quotient map. Then

(1) QVE) = (V)X

(2) If (m,V) is admissible, then (wn, V) is admissible.

Proof. For convenience, we assume that P is a standard parabolic subgroup P,. It is easy
to see that Q(VE) c V.
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Let w € V", Choose v € VX such that Q(v) = w. Because
Q(m(exe)v) = n(exe)Q(v) = Qv) = w,

after replacing v by m(exo)v, we may assume that v € VE

Let a be the element of the centre of M given by:

I, 0 0
0 qum 0
a = . . .
0 0 ... w—(r—l)]%

the subgroups ¢ K~ a™, m > 0, form a neighbourhood basis of the identity in N~.
Choose £ such that a *K~a* C Stabg(v). Set v/ = m(a’)v. Note that v’ is fixed by K.
Because a belongs to the centre of M, v’ is also fixed by K°. Set v = w(eg+)v’. Then,

applying the lemma above,

1 1

m(ex)v" = m(ex—)m(exo)m(ex+ )W = w(eg-)m(exo)m(ex+)v’

m(ex+)m(ere)m(ex-)v' = mleg+)v = 0",

Thus v € VE. Tt follows that
Q") = Q(m(eg+)m(a*)v) = mn(ex+)mn(a)w = mn(a*)w,

the final equality holding since N acts trivially on Vy. We have shown that for any
w e V]\Ifo, there exists an integer £,, such that mx(a‘)w € Q(VE) for all £ > £,,.
Let wy,...,ws € V& . Let £ be the maximum of ¢,,. Then 7y(a‘)w; € Q(VK).

Since my(a’) : Viy — Vi is invertible,
dim(Span{wy,...,ws}) = dim(Span{ﬁN(ag)wj |1 <j<s}) < dim(Q(VK)).

Thus dim(VE") < dim(Q(VX)). Since we have already seen that Q(VE) c V&', this
implies Q(VX) = VE°.

For (2), assume that 7 is admissible. Let K’ be a compact open subgroup of M. Then
K'DK,NM = K73 for some j > 1, and so V]ff{/ C VNK;. According to an earlier lemma,
since P is a standard parabolic subgroup of GL, (F )o, K; has an Iwahori factorization

relative to P. Applying part (1), we have that V]\I,( 7 is finite dimensional. Therefore
dim(VE") < dim(Vy’ ) < oo. 0
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Recall that we defined normalized induction as iGo = Ind$ (0 ® 5}3/ ?).

Definition. If (7,V) is a smooth representation of G, the normalized Jacquet module
rS or 7§ (V) is the representation (7y ® 5;1/2, Vn) of P.

With this normalization, we have

Homg (7, i%0) = Home (7, Ind% (0 © 61/2)) = Homy (7y, 0 @ 6 °)

~ Hom/(mn ® 5;1/2, o) = Homy; (r$m, o).
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7. Supercuspidal representations and Jacquet’s subrepresentation theorem

Let (m, V) be a smooth representation of G.
Definition. A complex valued function on G of the form g — (v, w(g)v), for a fixed v € V

and v € 17, is called a matrix coefficient of .

Note that smoothness of 7 implies that a matrix coefficient is invariant under left and
right translation by some compact open subgroup K of G.

Definition. (m, V) is supercuspidal if every matrix coefficient of 7 is compactly supported
modulo the centre of G.

If 7 is a smooth irreducible representation of G, Z is the centre of GG, then (by Schur’s
Lemma), there exists a smooth one-dimensional representation z — y(z) such that 7(z) =
X=(2) -1, z € Z. This implies that if Z is not compact, then no nonzero matrix coefficient
can be compactly supported on G.

Set Gy ={g € GL,(F) | |detg|p = 1}. The set Gy is an open normal subgroup of
G. In some situations, it is easier to work with G because it has compact centre. Define

v:F* — Z by |a|p = ¢7¥»). Then we have an exact sequence
1—>Gy—>G—7Z—0,

where the map G — Z is g — v(det g).
Lemma. (m, V) is supercuspidal if and only if the restriction of w to G is supercuspidal.

Proof. Let Z be the centre of GG. Use the fact that G is the semi-direct product of Go and
the cyclic group generated by the matrix

o 1 o0 --- 0
0O 0 1 0
Aw: ; ; . )
0O 0 O 1
w 0 0 0

and (A5)/(Z N (Ay)) is finite. Note that Z N (A,) consists of all matrices of the form

w’ I, where j is an integer and I is the identity. O
Lemma. If 7 is supercuspidal and 7| Gq is finitely generated then 7 is admissible.

Proof. Let K be a compact open subgroup of Gy. Fix v € V. Set S, = {w(ex)m(g)v | g €
Gy} € VE. Suppose that there exist infinitely many g; € Go, j > 1 such that the set of
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vectors m(ex )m(gj)v, 7 > 1, is linearly independent. Observe that this forces the cosets
Kg; to be disjoint. As seen earlier, VE = Hom(VE,C). Choose o € VE such that
(v,m(ex)m(g;)v) = j. We have

(0,7(gj)v) = (T(ex)v,m(g5)v) = (v, m(ex)m(g;)v) = 7,

contradicting the fact that the matrix coefficient g — (v, m(g)v) is compactly supported
on Gy (and thus takes only finitely many distinct values on Gj).

Therefore S, spans a finite subspace of VX. As V is spanned by a finite number of
sets of the form Gy - vy, it follows that VE is spanned by a finite number of S,,, hence is
finite dimensional. Hence the restriction 7| Gg of 7 to Gy is admissible. To see that 7 is
admissible, note that if K is a compact open subgroup of G, then K C Gy, as |det(K)|r

is compact, so is trivial. O

In the above lemma, it is not enough to assume that 7 is finitely generated. For example,
suppose that (o, W) is an irreducible supercuspidal representation of Gy. Let V' be the
countable direct sum of W, one copy W; for each element A7 of (A, ), with a representation
mo of Gy defined by my(g) |W; = o(g), g € Go. Define a representation (m, V) of G
by |Gy = mp, and for w € Wj, set m(Ax)(w) equal to the corresponding vector w €
W,41. Then (m, V) is supercuspidal and finitely generated. However (mp, V') is not finitely

generated, and (m, V') is not admissible.

Lemma. 7 is supercuspidal if and only if for every compact open subgroup K of G and

every v € V, the function g — 7(eg)m(g)v is compactly supported modulo the centre of
G.

Proof. (<) Fix v € V and ¥ € V. Let Let K be a compact open subgroup of Stabg (7).
Then

<5,7T(g)v> = <%(6K)i777‘-(g)v> = <577T(6K)7T(9)U>7 g €aq,

and so the support of g — (v, 7(g)v) is a subset of the support of g — (e )m(g)v for any
K C Stabg(v).

(=) Let mp = 7| Gp. Assume that 7 is supercuspidal. It suffices to show that the
functions g — mg(ex )mo(g)v are compactly supported on Gg. There is no loss of generality
if V' is replaced by Span(Gy -v) (every matrix coefficient of a subrepresentation is a matrix

coefficient for V). So we can assume that 7 is finitely generated. Hence 7y is admissible
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(by the preceding lemma). Choose a basis ¥ for the (finite dimensional) vector space V.

Then the support of g — mo(ex)mo(g)v is a subset of Ugsupp(g — (Ug, mo(g)v)). O

Theorem. (Harish-Chandra) A smooth representation 7 is supercuspidal if and only if

VN = {0} for all proper parabolic subgroups P = M N of G.

Proof. We will show that 7| Gy is supercuspidal if and only if Viy = {0} for all maximal
proper parabolic subgroups P of G.

Let P and P, be parabolic subgroups such that P; C P, with unipotent radicals N
and Ny, respectively. Then Ny D N, and there exist Levi factors M; and M of P, and P,
respectively, such that M; C M. (This is easy to see for standard parabolic subgroups).
If Vy = {0}, then V. = V(N) C V(N;) C V implies V = V(N;), that is, Vn, = {0}.
Therefore Viy = {0} for all proper parabolic subgroups P = M N if and only if Viy = {0}
for all maximal proper parabolic subgroups P = M N. A standard parabolic subgroup
P, is a maximal proper parabolic subgroup of G if and only if a = (¢,n — ¢) for some /¢,
1<i<n-—1.

Suppose that Vy = {0} for all proper maximal parabolic subgroups of G. Recall
the Cartan decomposition of G: G = KgAKy, where Ky = GL,(0) and A, consists of
diagonal matrices of the form a. = diag(w®,..., @), where e = (e1,...,¢e,) € Z" is
such that e; > --- > e,. Let E be the set of e such that 2?21 e; = 0. As Ko C Gy, it is
easy to see that the double coset Kga.Kg C Gy if and only if e € E.

Let v € V and ¥ € V. Choose a compact open subgroup K C Ky such that v € V&
and ¥ € VE. Let {g;} be a set of representatives for the (finitely many) left cosets of K in
K. Then it follows from the Cartan decomposition for G that Gy = Heep, i ; ng_laegiK.
Fix k, k' € K.

(0, 7 (kg; acgik'v) = (U, 7(g; acgi)v) = (7(g;)0, m(ac)m(g:)v).
We may replace v by 7(g;)v and v by 7(g;)v. To show that g — (v, 7(g)v) is compactly
supported on G for all choices of v and v, it suffices to show that a. — (v, 7(a.)v) is zero
for all but finitely many e € E.
Let m be a positive integer. The set of e € E such that ey—ey1; <mforl </ <n—1,
is finite. We will prove that (v, 7(a.)v) = 0 whenever e belongs to the complement of the

above subset of E, for some integer m.
Fix¢,1<{¢{<n-—-1.Let P=PFy,_,and e € E. Then

Ip (i) \ -1 _ (Lo (@ %)
ae(o In—@ Ge = 0 In—E .
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Above we have 1 < i < fand £+ 1 < j < n. For such ¢ and j, e, —e; > e; — epy1.
By an earlier lemma, since V' = V(N), there exists a compact open subgroup U of N
such that eyv = 0. Assuming that e, — es41 > my, we see that if my is sufficiently large,

a.Uazt C Staby (D). From 0 = 7(a.)eyv = €a,Ua=1T(ae)v, it follows that
(U, m(ae)v) = (e, -1V, m(ae)v) = (U, €, r7,-17(ac)v) = 0.

Take m = max(mq,...,mp_1).

Now assume that 7 is supercuspidal. Fix £, 1 </ <n —1 and set P = Py ,,_4. Let

wn_éfg 0
a = )
0 w In_g

Note that a € Gog N Zj;, where Z), is the centre of M. Choose a compact open subgroup
K of G such that v € VX and K = KTK°K~ has an Iwahori decomposition relative to
P. By a previous lemma, 7 supercuspidal implies that 7(ex)m(a™)v = 0 for m sufficiently

large. Thus
0=m(K)! /K m(k)m(a™)v dk = m(K) 'n(a™) /K m(a""ka™)vdk = w(a™)w(eq—m gqm )V,

and, as 7(a™) is invertible, we have m(e,-m gqm )v = 0 for m sufficiently large. Note that

= a !

that a € Zy, and v € VX it follows that

xa contracts N, so if m is large, a™™ K ~a™ C Staby-(v). From this, the fact

0 - ea—mK+a'm,@a—mKOamea—mK—amU — 6a—mK+ameKOU = ea—mK+amU

for m large. As a=™KTa™ is a compact open subgroup of N, we have v € V(). Since v

was arbitrary, V = V(N). O

Remark. The proofs so far are valid for G equal to the direct product of finitely many

general linear groups.

Suppose that f : G — C is locally constant and compactly supported modulo the
centre Z = Zg of G. Because Z C M for every Levi subgroup M of G and M NN = {1},
for any fixed  in G, n — f(an) belongs to C°(N).

Definition. A function f : G — C which is locally constant and compactly supported
modulo Z is a cusp form if [ f(zn)dn = 0 for every « € G and every unipotent radical N
of a proper parabolic subgroup of G. (Here dn denotes Haar measure on the unimodular

group N).
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Corollary. If (m,V) is a smooth supercuspidal representation of GG, then every matrix

coefficient of w is a cusp form.

Proof. Let P = M N be a proper parabolic subgroup of G. By Harish-Chandra’s theorem,
V = V(N). Therefore, for each # € G, and matrix coefficient f of m, [ f(zn)dn is a

linear combination of integrals of the form

/N (5, 7 (@n) (7 (no)v—v)) dn = /

(v, m(xnng)v) dn—/ @, w(zn)vydn, T€V,veV, ngeN.
N

N
Use dn = d(nng) to see that the above expression equals zero. O
Some more consequences of Harish-Chandra’s theorem.

Theorem. (Jacquet) Let (m, V') be an irreducible smooth representation of G. Then there
exists a parabolic subgroup P = MN and an irreducible supercuspidal representation

(o,W) of M such that 7 is a subrepresentation of IndIGDU.

Proof. Consider the set of standard parabolic subgroups P of G such that Vx # {0}. Fix
a minimal element P of this set. Suppose that P; is a parabolic subgroup of G properly
contained in P. Then the unipotent radical N of P is a subset of the unipotent radical N; of
P;. And there exist Levi factors M and M; of P and Pi, respectively, such that M D> M;.
Note that M N P, = M;(M N Ny) is a parabolic subgroup of M, and Ny = (M N Np)N.
The map v+ V(N) — v+ V(N7) takes Viy onto Vi, . Suppose that v € V, ny = mn € Ny,
m € M N Ny, ne N. Then

m(ni)v—v+V(N) =n(ni)v —7(n)v+ V(N)
=nany(m)(m(n)v+ V(N)) — (r(n)v+ V(N)) € V(M N Ny).

Recall that V(M N Ny) is the span of the vectors of the form 7y (n')v" — o', as v’ and n’
range over Vy and M N N;. Therefore the above display shows that the kernel of the map
v+ V(N) — v+ V(Ny) is equal to V(M NNy). That is, (Vv)mnn, = Vv/VN(MNNy) ~
VN, , and the process of taking Jacquet modules is transitive. (We remark that it is also
the case that Inngnd%nplo ~ IndIGgla).

By minimality of P, Viy, = {0}. As Vi, ~ (VN)mnn,, and every proper parabolic
subgroup of M is of the form M N P; for some P, C P, P; # P, we may apply Harish-
Chandra’s theorem to conclude that 7y is supercuspidal. Now m, being irreducible, is

finitely generated. By an earlier result, 7wy is finitely generated. By a still earlier result,
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wn has an irreducible quotient o. It is a simple matter to check that o is supercuspidal.

By Frobenius reciprocity, 0 # Homy(7y, ) ~ Homg (7, Ind$o). O

Theorem. If (m,V) is an irreducible smooth representation of GL,,(F'), then 7 is admis-
sible.

Proof. Fix a parabolic subgroup P = M N and an irreducible supercuspidal representation
o of M such that Home (7, IndGo) # 0. Since o is irreducible, o is finitely generated. Also
Zn My has finite index in M. Hence o | Zp; M is finitely generated. By Schur’s lemma, as
o is irreducible, the centre Z,; of M acts by scalar multiples of the identity on the space
of 0. Thus o | My is finitely generated. As seen earlier, this implies that o is admissible.
That in turn implies that IndIGDU is admissible, and so is 7, being a subrepresentation of

an admissible representation. O

Conjecture. If 7 is irreducible and supercuspidal, there exists an open compact mod

centre subgroup H of G and a representation o of H such that 7 ~ c—Indga.

Remark. The conjecture has been proved for GL,(F) ([BK1]), SL,(F), and classical
groups ([S]). Constructions of some tame supercuspidal representations of classical groups
appear in Morris ([Mol-3]) and J.-L. Kim ([Kil]). Yu ([Y]) has constructed large families
of tame supercuspidal representations of groups that split over tamely ramified extensions
of F. J.-L. Kim ([Ki2]) has shown that under certain tameness hypotheses on G, the
supercuspidal representations in [Y] exhaust the irreducible supercuspidal representations
of G.

Lemma. Let (0, W) be a smooth representation of an open compact mod centre subgroup
H of G. Set w :c—Ind%J. Given a matrix coefficient ¢ of o, the function ¢ defined by
o(h) = p(h) for h € H, and ¢(x) =0 if x ¢ H is a matrix coefficient of .

Proof. Fix @ € W and w € W such that o(h) = (w,o(h)w)w, h € H. Define f,, € V =c-
Ind% (W) by fu(h) = o(h)w, h € H, and f,(z) = 0if 2 ¢ H. Define o € V* by
(v, f) = (w, f(1))w, f € V. Suppose that 7*(x)v = v. Let K be a compact open subgroup
of G such that K C H and o | K = 1y. Then, for every f € V,

(" (zk)o, f) = (@, f(k~ 2™ ))w = (@, f(x))w = (7"(2)7, f) = (0, f).

That is 7 (2k)o = ¥ for every k € K. Hence v € V¥, = V. For x € G,

(. 7(0) ) = @ Sl = { §0 RECH st
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O

The matrix coefficients of w :c—Inng that are of the form ¢ are compactly supported

modulo Z5. What can be said about the support of other matrix coefficients of 7?

Lemma. Suppose that (m, V') is an admissible representation of G. Then 7 is irreducible

if and only if 7 is irreducible.

Proof. First, show that if 0 - X — V — Y — 0 is an exact sequence of G-morphisms.
Then 0 — Y — V — X — 0 is also exact. It suffices to show that exactness holds for
the subspaces K-fixed vectors for every compact open subgroup K. This is clear from
VE = Home(VE, C). N

N NowsupposeO—>X—>‘7—>Y—>Oisexact. Then from 0 =Y — V — X — 0 and
Vo~ V', irreducibility of 7w forces X =0 or Y = 0. O

Corollary. Suppose that (m,V') is an irreducible smooth representation such that some
nonzero matrix coefficient of m is compactly supported modulo the centre of G. Then 7 is

supercuspidal.

Proof. Fix nonzero v € V and ¥ € V such that z (v, m(x)v) is compactly supported
modulo Zg. By an earlier theorem, 7 is admissible. By above, 7 is irreducible. Therefore
V = span(G - v) and V = span(G - 7). It follows that an arbitrary matrix coefficient of

has the form
z = () aw(g)o,m(x) Y bem(ye)v) =Y a;be(T, w(g;  wye)v)
J £ N

for a finite collection {g;, y¢} of elements of GG, and complex numbers a;, b;. The support of
this matrix coefficient is contained in U; ,g;Sy, ', where S is the support of z — (v, 7(x)v).

Hence all matrix coefficients of 7 are compactly supported modulo Zg. O

Corollary. Suppose that m :c—Indga for some smooth representation o of an open com-
pact modulo centre subgroup H. If 7 is irreducible, then 7 is supercuspidal (and admissi-
ble).

Proof. Let ¢ be a nonzero matrix coefficient of o. Let ¢ be the function on G that is equal
to ¢ on H and vanishes on points in GG that are not in H. According to an earlier lemma,
¢ is a matrix coefficient of 7. Since ¢ is nonzero and the support of ¢ lies in H, we have a
nonzero matrix coefficient of 7 that is compactly supported modulo Zg. If 7 is irreducible,

we may apply the preceding corollary to conclude that 7 is supercuspidal. O
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Remark. In the setting of the above corollary, because 7 :C-Indga is admissible, an

earlier lemma tells us that 7 = Indga.

In order to write down explicit inducing data for supercuspidal representations, we
must use basic properties of characters (smooth one dimensional representations) of p-adic
fields of characteristic zero. We can define a nontrivial character of Q, (a smooth one-
dimensional unitary representation) as follows. Given a € Q,, write a = Z;’;V(a) bjpj,
bj € {O,l,...,p—l}.

voa) = | B0 itag 7,
1, it a € Zy,.

If F' has characteristic zero, then F' is a finite extension of Q, for some prime p. Given
a € I, let trp/q, (a) € Qp be the trace of the endomorphism of the Q,-vector space F
given by left multiplication by a. Then ¢(a) = ¥ (trr/qg,(a)) defines a nontrival character
of F. The set of characters F of F forms a group. Fix a nontrivial character ¢ of F'.
For each a € F, 1, : b+ 1)(ab) defines an element of F , and a — 1), is an isomorphism
F ~ F of locally compact groups ([T]). As % is smooth, there exists an integer j such that
¥ |p? =1 and ¢ |p?~ #£ 1. Replacing 9 by i1, we see that we can choose 1 so that

Y|p=1land ¢|o # 1.

Example: Assume that the residual characteristic p is odd. Let £ = F(y/@). Then
|[E : F] =2 and /w is a uniformizer in F and E* ~ (\/w) x 0. Let 6 be a continuous
quasi-character of E* (that is, a smooth one dimensional representation). Assume that
0|0y # 1. Then, by smoothness of 6, there exists a smallest positive integer j such that
0| 1+p% = 1. For convenience, we assume that j is even. We can view the restriction of 8 to
1 —}—pfg/ ? as a character of (1 -+ pg %) /(1 —}—p%). The map x — 1+ x induces an isomorphism
of the additive group p‘g/ 2 /p’, and the multiplicative group (1 + pg /(1 + p’,). Fix a
nontrivial character ¢ : I' — C* of I' such that ¢ |pr =1 and ¢ |op # 1. Then ¢ otrg,p
is a nontrivial character of £ which is trivial on pg and nontrivial on og. A character of
p%ﬂ which is trivial on p% and nontrivial on p‘jg_l has the form = — @b(trE/F(cijJrlm))
for some ¢ € 0j. The element ¢ has the form a + by/w for some a, b € op. As c € 0, we

must have a € 0}, Let ¢ = ¢ be the ¢ which works for 6: 0(1 +2) = (trg/r(cowy’ ' 2)),
/2
z € pi.
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Set
0/2 /2

pt/2+1 /2 ) if £ is even,
041 0—1

= 441 -1
(pé pé), if ¢ is odd.
p2 p2

0% o

0 0X>. We embed E* in GLy(F) via
the basis {y/w,1}. With this choice, conjugation by E* fixes each of the sets iy, ¢ € Z.

Therefore E* normalizes Zy, ¢ > 0.

The inducing subgroup is H = E*T; 5, which is open as it contains the open compact

For ¢ > 1, set Z, = 1 + iy. LetI:Ioz<

subgroup Z; /2, and compact modulo Z (note that Z ~ F* C E*). To define o, we take
o|EX=0and o(l1+ X) = w(tr(c(gw;joX)), X €1ij/5. (Here, tr is just the usual trace).
It is clear that our choice of ¢y implies that the two definitions agree on E*NZ; /5 = 1+pg 2,

We will show below that C—Indgo is irreducible.

Other examples of irreducible supercuspidal representations of GLo(F') are defined
using characters of the multiplicative group of an unramified quadratic extension F,,,, of F’
(an extension generated by the square root of a root of unity in o3 which is a nonsquare).
In this case, the inducing subgroup will be of the form E* K[;_1)/2], where j is as above
(relative to Ey,) and Ky, £ > 1, is as defined earlier. If j is odd, then ¢ will not be one
dimensional - there is something called a Heisenberg construction which is required to get
an extension o of the one dimensional representation of E* K{(j11)/9 to H = EX K[(j_1)/2
(in order that o will induce to an irreducible representation of G).

More generally, if p > n, we can get all irreducible supercuspidal representations 7w of
GL,(F) from “admissible” quasi-characters of E*, as E varies over all degree n extensions
of F' ([H],[My1]). To each such character 6, there is a procedure for getting an H and o
such that w :C—Indfla. When n is prime, the construction is much like the one described
above for n = 2 (it is much easier than for n composite because of the fact that an element

of E which does not belong to F' must generate E over F)).

Lemma. Let (o,W) be a smooth representation of an open compact modulo centre sub-
group H of G. Set m = c—Indga. Given g € G, define a representation 09 of g~*Hg by
09(g~thg) = o(h), h € H. Then

H
™ | H = @IndHﬁgleg(ag ’Hﬁg*ng)7
g

where g ranges over a set of representatives for the H-double cosets HgH in G.
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Proof. Let V =c-Ind%(W). For convenience, let (k,, W,) = Indyrg-11g(09 |HAg-1Hg)-
Given f € V, set Af =3 g4, where ¢, € W, is defined by ¢4(h) = f(gh), h € H. Note
that because 7 is compactly induced, the sum defining Af is finite. Let hy € HNg 'Hyg,
ho € H. Then

@g(hihs) = f(ghiha) = f((ghig™')ghz) = o(ghig™") f(gh2) = 09 (h1)@g(ha),

so ¢ € Wy. As H acts by right translation on V' and on each W, it follows that A inter-
twines 7 | H and @®g4k,. Given > ¢ € ©gW,, define f € V by f(highs) = o(h1)pg(h2),
hi, he € H. Check that this is an inverse of f — Af. O

Definition: Let (o,W) be an irreducible smooth representation of an open and closed
subgroup H of G. The Hecke algebra of c-spherical functions H(G /) H,o) is the set

of functions f : G — End¢(W) which are compactly supported modulo H and satisfy
f(high2) = c(h1)f(g)o(hz), g € G, h1, ho € H.

Proposition. Let (0, W) be an irreducible smooth representation of an open and closed
subgroup H of G. Let 1 =c-Ind%o. Then Homg(w) ~ H(G ) H,5) (as complex vector

spaces).

Proof. Let A € Homg(n). Given w € W, define f,, € V =c-Ind§W by f,(h) = o(h)w
and f,(z) = 0if z ¢ H. Define ps : G — Endc(W) by pa(x)w = (Afy,)(x), x € G.
The support of ¢4 is a subset of the union of the supports of the functions Af, , as wq
ranges over a basis of W. Now o is irreducible and H/(Zs N H) is compact, so W is
finite dimensional. Therefore, as each Af,_ is compactly supported modulo Zg, ¢4 is

compactly supported modulo H. For hy, ho € H, z € G, and w € W,

pa(hizho)w = (Afw)(hizhe) = o(h1)(Afw)(xhe) = o(h1)(An(h2) fuw) ()
= 0(h1)Afo(hyyw(T) = a(h1)pa(x)o(h)w.

Thus 4 € H(G)H,0).

For fixed x € G, p € H(GJJH,5) and f € V. The function g — p(xzg=1)f(g9) € W
is constant on right H cosets in GG. It is supported on a finite union of right H cosets
(since ¢ is). Let R be a set of representatives for the right H cosets in G. Set (A, f)(x) =
dger ©o(xg~1)f(g) (this is really a finite sum). Now choose S C G such that the support
of ¢ is contained in S and the image of S in H\G is compact. There exists a finite
subset R of R (depending on f) such that f(g) = 0 for g € R — Rg. It follows that the
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support of A, f is contained in Uger,Sg. Also, it is immediate from the definition that
(A, f)(hx) = o(h)(A,f)(x), for h € H and € G. Hence A, f € V. Let , y € G. Then,

since the definition of A, is independent of the choice of R, we have

(T() A f) (@) = (Apf)(xy) = Y layg ) flg) = > elzg)f(gy)

geER geERyY 1
= > plzg )W) )9) = (Apm(y) f)(x).
geERY !
Thus A, € Homg(7).
To complete the proof check that A — ¢4 and ¢ — A, are inverses. O

Lemma. Let g € G. The subspace of H(G//H,c) consisting of functions supported on

HgH is isomorphic to Homyng-14(0,09).

Proof. Suppose that ¢ is supported on HgH. Then for h € HNg 'Hg,

p(g)o(h) = p(gh) = p(ghg™"g) = a(ghg™)p(g) = o7 (h)e(g).
The map ¢ — ¢(g) is the isomorphism. O

Corollary. Letw :c—Indga. Then w is irreducible (admissible, supercuspidal) if and only

if Hompyng-1p4(0,09) = {0} whenever g ¢ H.

Proof. Suppose that ¢ € H(G/H, o) is supported on H. Let A, € Homg(m) be defined
as in the proof of the above proposition. Let f € V :c—Indi and xz € G. There exists a
unique go € R and h € H such that x = hgp. Then

(Ao£)@) = 3 elag™)f(9) = ¢ F (g0) = (R~ a) = (1) f (o),
geER
as p(xg™!) = 0 unless xg~! € H. Now (1) € Hompg(c), so by Schur’s lemma, ¢(1)
is a scalar multiple c, of the identity on W. Thus A,f = c,f. So the subspace of
Homg () consisting of the scalar operators on V' is isomorphic to the subspace of functions
in H(GJ/H,c) which are supported on H. Thus (using Schur’s lemma for one direction),
the corollary follows. O

Let E, iy, £ € Z and Z;, £ > 0 be defined as in the example. The following results are
used in applying the above irreducibility criterion to the induced representation considered
in the example. Let E* denote the orthogonal complement to E in My (F) (relative to the

trace map).
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Lemma. i, = p% @ (E+ Niy).

Lemma. Let m be an odd integer. The map X — w@X — Xw® takes E+ N i, onto

EYNigpm.

Let Ad denote the adjoint representation of GL,(F) on M,(F): Adg(X) = gXg !,
g€ GL,(F), X € M,(F).

Proposition. Let a € o5. Let m be an odd integer. Assume that { € Z is such that
¢ > m. Then

wla +ip = AdZy_p (@wha + ph).

Proof. Take X € w'a + i;. Using one of the lemmas, write X = w@a+a +Y, a € p,
and Y € E+Ni,. Using another lemma, write Y = w4 — Zwy for some Z € E+nip,,,.
Set X' = Ad (1 — Z)(X). Check (exercise) that X’ € wla + a + ig¢—p,. Since £ > m, we
have 20 —m > ¢, so X' € wfa + p% + i9p_, is an Zy_,,-conjugate of X which is closer
to wa + p% than X. Continue inductively- using completeness to produce a sequence of

Z;—m-conjugates of X which converges to an element of wia + p%. O

Lemma. Let a € o). Assume that m is an odd integer. Suppose that (w@a + ppt!) N
Adg HwPa+pET!) #0. Then g € E.

Proof. Let o, 8 € pg and g € G be such that @@ (a + ) = g 'wP(a + B)g. After

multiplying both sides by a~! we can assume that a = 1. Taking p"th powers of both

m(p"—1)/2

sides, and multiplying by @ , which commutes with g, we get, using wr = w2,

wp(l+a) =g lop(l+ )P g.

As r tends to infinity (1 4+ «)?" and (1 + 8)P" approach 1. This forces g to commute with

wpy, which, as m is odd, generates I/ over F'. Hence g € E*. O

Example: Returning to the example, keeping the same notation. Suppose that X €

g_lij/Qg. Then
o1+ X) = o(1+ gXg™") = b(tr(cymz T gXg ")) = wltr(g comz T gX)).

As o and 09 are one dimensional, Homyn,-1p4,(0,09) # 0 if and only if o and ¢9 coincide

on HNg 'Hg. Suppose that o and o9 coincide on Zis2 N g_llj/gg. Then
Ptr((g eowy’ T g — oy THX)) =1 for all X € g~ 'ij/29 Nij/.
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It is straightforward to check that i_yy1 = {Y € Ma(F) | tr(Yiy) € p }. Recall that ¢ was

chosen to have conductor p. Therefore we must have

g —cowp? T € AdgT (i a01) + g0

g_lcgng
Now assume that g ¢ E*. Then

Adg_l(cmﬂg‘jJrl +ij/041) N (CQijJr1 +1i_j/041) # 0.

Applying the above proposition (ignoring the fact that ¢y = a + by/w, a € 0 and b € op

might be nonzero - minor adjustments can be made to deal with this), we have
Ad (higha) Heomz ™ + 2T N (comy T+ p7 2T £ 0

for some hy, ha € Z;/5. Because j > 2, —j/2+1 > —j+2 and we can apply a lemma from
above to conclude that highs € E*. Therefore g € E*Z;/5 = H. O
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8. Depth zero supercuspidal representations

General results about depth zero supercuspidal representations of reductive p-adic
groups may be found in [MP2], [Mo4] and [Mo5]. In the first part of the section, we
discuss a basic result about interwining properties of representations of compact open
subgroups of a locally profinite group which are contained in the same irreducible smooth
representation of the locally profinite group. Then we describe the standard parahoric
subgroups of general linear groups. After that, we make some comments about depth zero
K-types and depth zero supercuspidal representations.

Let G be a locally profinite group. If H is a subgroup of G, g € G, and o is a
representation of H, let H9 = g~ 'Hg. and let 09 be the representation of HY defined by
09(97thg) = o(h), h € H.

Definition. Let 7; be an irreducible smooth representation of a compact open subgroup

K; of G, j =1, 2. Let g € G. We say that g intertwines 71 with 7 if

HomKlgan(ﬁga 72) # {0}.
If K1 = Ky and 71 = 79, we say that g interwines 7, whenever g intertwines 71 with itself.

Remark. Because the restrictions of 77 and 75 to K7 N K> are semisimple, the dimensions
of

Hompsng, (77, 72) and Hompgsqg, (72, 7{) ~ Hom 5 1)

Klng_l(

1

are equal. It follows that g interwines 7, with 75 if and only if g7" intertwines 7 with 7.

Definition. Let o be a smooth irreducible representation of a closed subgroup H of G
and let (7, V) be a smooth representation of G. We say that 7 contains o, or o occurs in
7 if o is a subrepresentation of the restriction 7 | H, that is, Hompg (o, 7) # {0}. If H is a

compact open subgroup of G and 7 contains o, we say that o is a K-type of «.

Lemma 1. Let 7; be an irreducible smooth representation of a compact open subgroup
Kj of G, j =1, 2. Let (m,V) be an irreducible smooth representation of G that contains

71 and T5. Then there exists g € G which intertwines 7, with T».

Outline of proof: The restriction of m to K is semisimple. Let V7 be the sum of all of the
irreducible K ;-subrepresentations of V' that are equivalent to 7;. (Often, V™ is referred

to as the 7;-isotypic component of V'.) Define e,, € C°(G) by

er (g) = m(K;)" (dim 7;) trace7;(k~1), if g=k € Kj,
9= o, if g ¢ K.
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Check that 7(e,,;) is Kj;-projection of V' onto the subspace V7.

Because V! is nonzero and 7 is irreducible, we have
V = Span{w(g)V™ | g € G }.
This implies that
m(er,)V = V7™ = Span{n(e,,)m(g)V™ |g € G }.

Since V7 is nonzero, there exists g € G such that 7(e,,)m(g)V™ is nonzero. Check that

this ¢g intertwines m with 75. O

For the rest of this section, we assume that G is a connected reductive p-adic group.
The affine building B(G) is a polysimplicial complex on which the group G acts. (Ref-
erences: [Ti], [BT1], [BT2]). The building B(G) is obtained by pasting together copies
(called apartments) of an affine Euclidean space A. The affine root system partitions .4
into facets. The stabilizer of a facet contains a certain compact open subgroup called a
parahoric subgroup of GG. In some examples, a parahoric subgroup is the full stabilizer of
a facet.

Let g be the cardinality of o/p. Let Ko = GL,(0) and let K1 ={ge€ Ky | g—1¢€
M, (p)}. The quotient Ky/K; is isomorphic to GL,(F,;). The group K is a maximal
parahoric subgroup of GL,,(F).

Definition.

(1) fa=(aq,...,q.) is a partition of n, let P, (F,) be the associated standard parabolic
subgroup of GL,(F;). The standard parahoric subgroup K of GL, (F) associated
to the partition « is defined to be the inverse image of P, (F,) in Ky (relative to the
quotient map Ky — Ko/K1).

(2) A parahoric subgroup of GL,, (F) is a conjugate of a standard parahoric subgroup of
GL,(F).

A profinite group K is a pro-p-group if K /K’ is a finite p-group for every open normal
subgroup K’ of K. Equivalently, K is a projective limit of p-groups.

Definition. If K is a parahoric subgroup of G, the pro-unipotent radical (or pro-p-radical)

K" of K is the maximal normal pro-p-subgroup of K.

If o is a partition of n, then K** is the inverse image of the unipotent radical N, (F,)
of P,(F,) in Ky. Note that K*/K*" ~ M, (F,).
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Definition. An irreducible smooth representation (7, V') of G has depth zero if there

exists a parahoric subgroup K of G such that VX" £ {0}.

Definition. Let H be a connected reductive F,-group and let H = H(FF,). An irreducible
representation o of H is said to be cuspidal if every matrix coefficient f of o is a cusp

form:

Z f(zn) =0, vV x e P(F,),

neN (Fq)

whenever P(F,) is a proper parabolic subgroup of H, with unipotent radical N(F,).

Lemma 2. Let notation be as in the above definition. Let V be the space of o. Then

(1) o is cuspidal if and only if for every proper parabolic subgroup P(F,) of H (with
unipotent radical N(F,)) the space VNFa) = [0}. (Here VN(Fa) js the space of of
N(F,)-fixed vectors in V.)

(2) If o is not cuspidal, then there exists a proper parabolic subgroup P(F,) of H and an
irreducible cuspidal representation p of a Levi factor M (F,) of P(F,) such that o is a

subrepresentation of Indg(]Fq) p.

Lemma 3. For j =1, 2, let 7; be an irreducible representation of GL,,(F,). Let 7; be the

inflation of 7; to Ko: 7;(k) = 7;(kK;). Assume that 7, is cuspidal. Then

(1) There exists a g € G that intertwines 7 with 7o if and only if and 71 ~ 75. In that
case, g € ZKy.

(2) An element g € G interwines 7y if and only if g € Z K.
Idea of proof in case n = 2: Let g € G, ky, ko € Ky and z € Z. Note that g intertwines

71 with 75 if and only if kygzks intertwines 7 with 7o. Therefore, taking into account the

Cartan decomposition, there is no loss of generality if we assume that

(=0
I9=\Vo 1

1

for some nonnegative integer £. Assume that g7 intertwines 7, with 7. Then ¢ intertwines

To with 71 (see remark above). If £ = 0, then (1) clearly holds. Assume ¢ > 0. Check that
the group K{ N Ky contains

Noz{((l) f) lzeol.
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Note that 7 is trivial on K{ N K. Because 71 is cuspidal, 7, cannot contain the trivial

representation of Ny. Thus
{O} = HomNo (7_297 Tl) ) HongﬂKo (T297 7-1)‘

For (2), apply part (1) with 7 = 7».
This approach generalizes to n > 2 quite easily. O

Proposition 1. Let 7 be an irreducible cuspidal representation of GL,,(F,). Let T be the
inflation of 7 to Kg. Let W be the space of 7.

(1) Let ¢ € C*. There is a unique extension 7. of T to ZKy such that 7(w - I,,) = c- Idwy.
Let 7 :C—Indgf{’;(F)Tc. Then 7 is a depth zero irreducible supercuspidal representation
of GL,(F).

(2) Let ©’ be an irreducible smooth representation of GL,,(F') that contains 7. Then there

exists a ¢ € C* such that 7’ ZC—InngL(Z(F)TC.

Proof. For part (1), recall that a corollary from Section 7 (page 60) tells us that . is
irreducible if and only if g ¢ ZK, implies g does not intertwine 7.. Because any element
that intertwines 7. also intertwines 7, we may apply Lemma 3 to see that any g ¢ ZKj
does not intertwine 7.

For part (2), assume that n’ contains 7. Because the restriction of 7’ to ZKj is
semisimple, there exists an irreducible representation 7’ of Z K| that occurs in 7’ and such
that the restriction of 7/ to K contains 7. Because Z commutes with Ky, it follows from
irreducibility of 7/ (together with Schur’s lemma) that 7" = 7. for some ¢ € C*. Thus
Homy g, (7c,7') # {0}. According to the variant of Frobenius reciprocity mentioned in a

remark from Section 5 (page 31), because Z K| is open, we have
Homz g, (7e, ') o~ Homg(c—Ind5 k., 7, 7).
Since both of the representations C—IndCZ; &, Te and 7 are irreducible, this implies that they

are equivalent. O

Proposition 2. ([MP2]) Suppose that K is a maximal parahoric subgroup of connected
reductive p-adic group G, with pro-unipotent radical K“. Let o be a representation of K
that is trivial when restricted to K" and factors to an irreducible cuspidal representation

of K/K" ~ H(F,). If 7 is an irreducible representation of the normalizer N¢g(K) and
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the restriction 7| K contains o, then c—Ind%G( k)T 1s a depth zero irreducible cuspidal

representation of G.

When G = GL,(F), there is only one conjugacy class of maximal parahoric subgroups,
and Ng(K) = ZK for all such subgroups. Most reductive p-adic groups have more than
one conjugacy class of maximal parahoric subgroups. Also, if K is a maximal parahoric

subgroup, Ng(K) can be larger than ZK.

Lemma 4. Let m be a depth zero irreducible smooth representation of a reductive p-
adic group G. There exists a parahoric subgroup K of G such that 7| K contains an
irreducible representation T of K that is trivial on K" and 7 factors to an irreducible

cuspidal representation of K/K™".

Sketch of proof: By definition of depth zero representation, we know that there exist K
and 7 as above, except that 7 factors to an irreducible representation 7 of K/K" that
is not necessarily cuspidal. There exists a connected reductive Fq—group H such that
K/K" ~H(F,). There exist a parabolic subgroup P(F,) of H(F,) with Levi factor M (F,)
and an irreducible cuspidal representation & of M (F,) such that 7 is a subrepresentation

of Indg((];q))d. According to Frobenius reciprocity,
q

Homgyp, ) (7, IndE((IE,z))d) ~ Hompr ) (7,5).
Hence ¢ occurs as a quotient of 7 | P(F,). Because we are working with represntations of
a finite group, it follows that ¢ is a subrepresentation of 7 | P(F,). Let K’ be the inverse
image of P(F,) in K. Then K" is a parahoric subgroup of G and K'/K'* ~ P(F,)/N(F,) ~
M(F,), where N(F,) is the unipotent radical of P(F,). The restriction of 7 to K contains
7 and the restriction of 7 to K’ contains the inflation o of ¢ to K’. Replacing K by K’

and 7 by o, we see that the conclusion of the lemma holds. O

Definition. ([MP1]) An unrefined minimal K-type of depth zero is a pair (K, 7) where
K is a parahoric subgroup of G and 7 is a representation of K that is trivial on K* and

factors to an irreducible cuspidal representation of K/K™.

Theorem 1. ([MP1]) Let (7,V') be an irreducible smooth representation of G. Let (K, T)
and (K',7") be unrefined minimal K-types that occur in w. Then (K, 7) and (K',7') are

associates of each other. That is, there exists g € G such that the images of K N K'9 in
K/K" ~H(F,) and in K'9/K'9% are both equal to H(F,), and 7 ~ 97'.
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If K is a parahoric subgroup of GG, we may attach a Levi subgroup of G to K as
follows. Let S be a maximal F-split torus in G such that S N K is the maximal compact
subgroup of S and the image of SN K in K/K*" is a maximal F -split torus in the group
K/K" ~H(F,). Let C be the maximal F,-split torus in the centre of H(F,). Let C’ be a
subtorus of S such that the image of ¢’ N K in H(F,) is equal to C. The centralizer M of
C’ in G is a Levi subgroup of G. The intersection K N M is a maximal parahoric subgroup
of M. Moreover, C/ C Z if and only if M = G if and only if K is a maximal parahoric
subgroup of G.

Example: G = GL,(F), a = (aq,...,af) a partition of n. Let K be the standard
parahoric subgroup of G associated to a. Then K/K" ~ H§:1 GLy,(Fy), and the subgroup
of matrices of the form (aila,, ..., arla,), a; € Fy is a maximal F,-split torus in the centre
of K/K“. We can take S to be the subgroup of diagonal matrices in G and C” equal to the
group of matrices (ailqa,,...,ar1a,), a; € F*. Clearly the centralizer of C’ in GL,(F)
is the standard Levi subgroup My = [[;_; GLa,;(F), and K N M =~ [[_; GLqa,(0) is a

maximal parahoric subgroup of M.

Theorem 2. ([MP2]) Let (w, V) be an irreducible smooth representation of G. Let K be
a parahoric subgroup of G and let M be the associated Levi subgroup of G. Let P = M N
be a parabolic subgroup of P with Levi factor M. Let Q : V. — Vy = V/V(N) be the

quotient map. Then Q|VE" — VE""M is an isomorphism.

Remark. The subgroup K* has an Iwahori factorization relative to P. So we may apply

an earlier theorem (due to Jacquet) to see that Q(VE") = VE""M,

Theorem 3. Let (w,V) be a depth zero irreducible supercuspidal representation of G.
Then there exist a maximal parahoric subgroup K of GG, an irreducible representation T
of Ng(K) such that 7| K contains a representation o of K that factors to an irreducible
cuspidal representation of K/K" and w ’ZC—IHdIA{[G(K)T. Furthermore, if (K',7') is an

unrefined minimal K-type, and K’ is not conjugate to K, then 7/ does not occur in .

Proof. The first conclusion of the theorem can be proved using Theorem 2. According to
Lemma 4, there exist a parahoric subgroup K of K" and a representation o of K that
is trivial on K" and factors to an irreducible cuspidal representation of K /K", such that
Homg (o, m) # 0. Let M be the Levi subgroup of G associated to K. If M # G, let
P = MN be a parabolic subgroup of G with Levi factor M. Because VX" is nonzero by

assumption, it follows from Theorem 2 that Vi “NM £ (. Therefore Viy is nonzero. That
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is, 7 is not supercuspidal. Hence M = G, which is equivalent to K being maximal. Now
consider 7 | Ng(K). Because Homg (o, w) # 0, there exists an irreducible constituent 7 of
7 | Ng(K) such that Homg (o, 7) # 0. Because Homy,, (k) (7, 7) is nonzero, and the variant
of Frobenius reciprocity from Section 5 (page 31) tells us that Homy, k) (7,7) ~ Homg(c-
Ind%c( k)T ), we find that Homg(c—lndgc( k)T T) is nonzero. Applying Proposition 2,
we have that c-Ind§ (k)T 1s irreducible. By assumption, 7 is irreducible. Therefore 7 ~c-
Ind% o(K)T-

For the second conclusion of the theorem, suppose that Homg/ (7', 7) # 0. Then, we
may apply Theorem 1 to conclude that if o is any irreducible constituent of 7| K, then
(K,o) and (K',7’) are associate. If g € G and K'9 # K, then it is possible to show that
KN K'Y lies inside a nonmaximal parahoric subgroup of G, so cannot have image in K/K*"
equal to H(F,). This means that (K, c) and (K’,7") cannot be associate. For more details,
refer to [MP1]. O
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9. Parahoric subgroups of symplectic groups

In this section, we realize G = Spo,(F) as { g € GL)2n(F) | tgJg = J }, where

0 -1,
1=(1 ).

The subgroup A = {diag(ay,...,an,a7*,...,a;%) | a1,...,a, € F*} is an F-split max-
imal torus in G. Before discussing parahoric subgroups, we list some information about
parabolic subgroups of G. For 1 < j < n — 1, let AY) be the n by n elementary matrix
obtained from I,, by interchanging the jth and j + 1st rows. Let W = Ng(A)/A. Then W
has order 2"n! and W = (s1,..., S, ), where

AU .
sj:< 0 FONE 1<53<n—-1.

and s, is obtained from Is,, by first multiplying the 2nth row by —1 and then interchanging
the nth and 2nth rows. The matrices s;, 1 < j < n, correspond to the reflections associated

to the simple roots that determine the Borel subgroup
Pin = { (A tABil) eG | A is upper triangular } i

The standard parabolic subgroups (the ones containing P,,;,) are parametrized by subsets
S"of S={s1,...,8, }. Given S’ C S, the associated standard parabolic subgroup Pg/ is
the subgroup ( Ppuin, S’ ) of G generated by Py, and S’.

Suppose that ¢ > 2 and mq + - - - +my = n for some positive integers mq, ..., my. Let

S/ =5 \ { Sm1s Smi+mas Smi+mot-me_1 }

Then Pg: = M x N, where M is the set of matrices of the form

A’ Aq
A B : Az
‘g , where A’ = . , Aj € GLp, (F),
C D Apq

A B
and <C D)ESpgmé(F).

When ¢ = 2, Pg/ is a maximal proper parabolic subgroup.
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If S ={sy,...,8,—1}, then we obtain a maximal proper parabolic subgroup Pg =

M x N, with
M:{ (A tAl) ‘AeGLn(F)}.

The subgroup Ko = Span(0) = Span(F) N GLay,(0) is a maximal parahoric subgroup
of Spon(F'). The pro-p-radical K of Ky is the set of matrices k € G such that every
entry of k — 1 belongs to p. The quotient Ky/K{ is isomorphic to Spa,(F,) (where ¢ is
such that o/p ~ F,). Replacing F' by F, above, we obtain a parametrization of a set of
standard parabolic subgroups of Sps, (F,). If S’ C S, we use the notation Pg/ (FF;) for the
corresponding standard parabolic subgroup of Spay, (F,). Let Puin(Fy) = Py(F,). Let I be
the inverse image in K (relative to the canonical projection Ko — Ko/K{') of Pnin(Fy).
The group I is an Iwahori subgroup (a minimal parahoric subgroup) of G. Although there
is more than one conjugacy class of maximal parahoric subgroups of G, it is always the

case that any two Iwahori subgroups are conjugate in GG. Fix a prime element @ € p. Let

0 — L

S =

1

The affine Weyl group W2 of G is the group (so, s1,...,8, ). This group is isomorphic
to Ng(A)/(AN Ky). The standard parahoric subgroups correspond bijectively to proper
subsets of { sg,...,s, }. If " C {sq,...,8, }, then the corresponding standard parahoric
subgroup K- is the group (I, S’). If ' C S, then Kg is the inverse image of Ps/(F,) in
K. The other standard parahoric subgroups of GG, that is, the ones of the form Kg: where
sg € S’, do not lie inside K.

Let K = Ky,

.....

A B _
K= {(& D) eS| A Deao), Beat™). Cea® |,

and K} = gKog~! where g19, = g2on-1 = *** = Gnnt1 = L, Gniin = Gni2n-1 =
.-+ = gap,1 = w and all other entries of g equal zero. Note that g € GSp2,(F) = {g €
GL2,(F) | tgJg = cJ, ¢ € F*}. The quotient K{/K{\* is isomorphic to Spa, (F,).
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fl1<m<n—landS,,={S0, - -5 Sm—1, Sm+1,---,Sn }, then the maximal parahoric
Ks,, has the property that Kg, /K¢ is isomorphic to Spem(F1) X Span—m)(Fq).
If Kg/ is a maximal parahoric subgroup, then the parahoric subgroups contained in

Kg may be obtained as the inverse images in K¢ of parabolic subgroups of Kg/ /K¥,.
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10. Cuspidal representations and the Deligne-Lusztig construction

In this section, ¢ is a power of a prime p, G is a connected reductive F,-group, and
G = G(F,). If T is a maximal Fj-torus in G we will refer to 7" := T(F,). as a maximal
torus in GG. The so-called “Deligne-Lusztig construction” associates class functions on G to
characters of maximal tori in GG. Certain of these class functions are, up to sign, equal to
characters of irreducible representations of G. The book of Carter ([Cart]) is a good basic
reference for this (and for other information about the representation theory of reductive
groups over finite fields).

Let ¢ # p be a prime. The f-adic cohomology groups with compact support play a
role in the Deligne-Lusztig construction. Suppose that X is an algebraic variety over the
algebraic closure ﬁq of ;. Each automorphism of X induces a nonsingular linear map
H!(X,Q,) — HY(X,Q,). This makes H!(X,Q,) a module for the group of automorphisms
of X. If g is an automorphism of X of finite order, the “Lefschetz number of g on X”
L(g, X) is defined to be >, (—1)'trace(g, H:(X,Q,)). It is known that £(g, X) is an integer
that is independent of /.

Let T'= T(F,) be a maximal torus in G and let Let B be a Borel subgroup (minimal
parabolic subgroup) of G that contains T. Note that B is not necessarily defined over F,,.
If N is the unipotent radical of B, then B = T x N. Let Fr be the Frobenius element
of Gal(F,/F,). (That is, Fr(z) = z? for every z € F,.) The notation Fr will also be
used for the action of Fr on G, T, etc. Define L(g) = g 'Fr(g), ¢ € G. This map is
called Lang’s map. Note that G = G = L=1(1). The set X = L~}(N) is an affine
algebraic variety. The group G acts on X by left multiplication: if g € G and x € X , then
L(gz) = 2~ g~ Fr(g)Fr(z) = 2 Fr(z) = L(z) € N, so gz € X. The group T acts on X
by right mul tiplication: if # € X and ¢t € T, then L(xt) = t~ 'z~ 'Fr(z)t € t !Nt = N.
These actions commute with each other. Thus H é()? ,Qy) is a left G-module and a right
T-module such that (gv)t = g(vt) for g € G, t € T and v € H};()A(:,@g).

Let T be the set of characters (one-dimensional representations) of the maximal torus
T. Let § € T. If n is the order of T and ¢ € T, then A(t) is an nth root of unity, so
6(t) is an algebraic integer. Because Q, contains the algebraic numbers, we can view 6 as
a homomorphism from 7T to @Z Let Hi(X,Q,)¢ be the T-submodule of Hi(X,Q,) on
which T" acts by the character 6. Define Ry = R%e .G — Qy by

Rra(g) = 3 (~D'trace(g, HI(X,Qp)e), g€ G.

i>0
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Properties of R g:
1) Rt is a “generalized character” (an integral linear combination of characters of irre-
, g g

ducible representations of G).

(2) Rro(g) =IT| Xyer 0(t71) L((9:1), X), g € G.
(3) Rrp is independent of the choice of Borel subgroup B that has T as Levi factor.

More to be added....
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11. Maximal tori over ', and unramified tori in p-adic groups
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12. Depth zero supercuspidal L-packets
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Hecke algebras and K-types for smooth representations

Throughout this section, (o, W) denotes an irreducible smooth representation of a
compact open subgroup K of G. Recall that H(G K, o) is the set of compactly supported
EndC(W)—Valued functions ¢ on G such that (kixke) = o(k1)p(x)o(ks) for ki, ke € K

and x € G. It is an algebra with respect to convolution:

(1 * 2) () = /G or(y) oealy~ 2)dy, 1 € H(GJK, o).

The element
oy m(K)e(x), frxeK
e;(@) = {0, ifrd K.

is an identity in H(GJ K, o).

Proposition. Let 7 =c-Ind% (o). Then the algebra Homg () of operators which inter-
twine 7 is isomorphic to the Hecke algebra H(G /K, 7).

Proof. In the previous section, we produced vector space isomorphism ¢ — A, between
H(GJK,o) and Homg (7). Let ¢; € H(GJK,0), j =1,2. Choosing a set R of right coset
representatives for K, we have, for z € G and f € V =c-Ind% (o),

(Ap, A, ) (@) = Ap, (Ap, f)( 2901 rg Acpzf)( )

geER

= > eileg Dealoy VW) = | D erlg Dealgzy™) | £()

9,YER yER \gER

=> | > eilgealg ey | )

YyER \g—leR

=m(K)"" ) (/G sol(g)soz(g‘lxy_l)dg) f(y)

yeER

=m(K)™" ) (p1+p2) @y ) f(y) = m(K) " (Ap, o f)(2).

YyER
The map ¢ — m(K)'/2A,, is the desired isomorphism. d

Given « € Endc (W), define oV € EndC(W) by
(@¥(@),w) = (@, a(w)), TEW, weW.
It is easy to check the following;:
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Lemma. The map ¢ +— ¢’ from H(G)/K,5) to H(GJK,o) defined by ¢©'(g) = (g~ 1)V,

g € G, is an anti-isomorphism.

There is a one to one correspondence between smooth representations of G and non
degenerate representations of H(G) = C°(G). The correspondence takes irreducible rep-
resentations to irreducible representations. Given a smooth representation (7, V') of G, we
define 7(f) = [ f(x)m(x)dz, f € H(G). Starting with a non degenerate representation
f =o' (f) of H(G) on a complex vector space V', given a vector v € V', choose a compact
open subgroup K’ of G such that n’(ex/)v = v. Then 7(g)v = 7' (A(g)ex’)v, g € G. Here,
A(g) is left translation by g. (See [JL], pp.25-26 for a proof that 7 is well-defined.)

As we want to work with H(G /K, o), it is convenient to work with representations of
C = C®(G,Endc(W)). For the moment, we are only thinking of W as a finite dimensional
complex vector space. For a fixed e/, the algebra Hi = (ex @ 1w ) *C * (exr @ 1yy)
has an identity and its modules are equivalent to the modules of e * C°(G) x exs. (See
Jacobson, Basic Algebra II, pp.30-31.) If V is a non degenerate C-module, then V is a
direct limit of of modules Vg corresponding to the algebras Hy . Together with the
module equivalence for each K’, this results in an equivalence V — V ® W between the
category of non degenerate H(G)-modules and the category of non degenerate C-modules.

Starting with a smooth representation (m,V’) of G, we then have

' (f)(v@w) = /G(W(:L’)v@@f(x)w) dz, veV,weW, feC.

Set H(o) = H(GJK,7). The function e, defined above is an idempotent in C: that
is, e, % €, = €. Also H(o) = es xC x e,. We get a representation of K on V ® W from

the tensor product of the restriction of 7 to K with . Given v € V and w € W,

7 (e0) (0 ® w) = m(K)"! /K (r ® o) (k) (v @ w) dk,

so (e, ) projects V@ W onto (V@W)X (recall lemma in the section on Haar measure and
characters). Given f € H(0), it follows from f = e, f*e, that (VW)X is 7’( f)-invariant.
Thus f — 7' (f) | (V@ W)E is a representation of H(o) (which is finite dimensional if  is
admissible). We will denote this representation of H (o) by (7, (V ® W)¥).

Proposition.
(1) If (w,V) is an irreducible smooth representation of G, then (7', (V @ W)X) is irre-

ducible, or 0, as an H(o)-representation.
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(2) Suppose that (m;,V;) are irreducible smooth representations such that (77, (V; ®
W)E) #£ 0, j = 1,2. Then m ~ m if and only if (%, (V; @ W)E) are equivalent
H (o )-modules.

(3) For each irreducible representation (t,U) of H(o), there is an irreducible smooth
representation (w, V) of G such that («', (V @ W)&) ~ (1,U).

Proof. By remarks above, we can work with non degenerate C-modules instead of smooth
representations of G. Let (7', V) be a C-module. Suppose that U is an H(o)-submodule
of e, - V. Let V! =C-U. Then, using U = e, - U, we have

o Vi=esxC-U=¢e,xCxe,-U=H(o) U=U.

Suppose that (7’,V) is irreducible. Let U be a non zero H(co)-submodule of e, - V/
such that U # e, - V. By the argument above e, - V/ = U implies that the C-submodule
V' is not all of V' and is nonzero, contradicting irreducibility of (7, V).

Let (77, V;) be irreducible C-modules such that the corresponding #(o)-modules are

non zero. Let A :e, - Vi — e, - Vo be an ‘H(o)-intertwining operator. Set
W={(v,Av)eVia VWV, |vee, -V}

Then W is an H(o)-submodule of e, - Vi @ e, - Vo. Set V = C - W. By the argument
above, e, - V = W. This implies that the projection of V to each V; is nonzero. As Vj
is irreducible, the projection must then be onto. Let L; C V be the kernel of projection
of V onto Vj, j =1,2. If e, - L1 # 0, then there are vectors in W whose first component
is zero, but whose second component is non-zero, which is impossible, by definition of W.
Thus e, - L1 = 0. Suppose that e, - Lo # 0. Then there is a non zero vector in e, - V;
whose image under A is zero. But A intertwines irreducible H(o)-modules, so is invertible.
Thus e, - Ly = 0. Because L; C Vo, L1 =0 or V5. As e, - L1 =0, we must have L; = 0.
Similarly, Ly = 0. Thus both projections are bijective. Let v; € V;. By above, there
exists a unique vy € V4 such that (vy,v2) € V. Since V = C - W, there exist f € C and
v € e, - V4 such that (v1,v2) = (7'(f)v, 7' (f)Av). Using the above, check that the map
A Vi — V, defined by Av; = 7'(f)Av is a well-defined invertible linear transformation
which intertwines 7} and 7.

Let (7,U) be as in (3). Fix a non zero u € U. Set Z = { f € H(o) | 7'(f)u = 0}.
Then 7 is a left ideal in H(o) and U ~ H(o)/Z. Letting C act on H(o) on the left, set
M=C-H(c)and N=C-Z. Set L = M/N. Then e, -L = H(o)/Z = U. Thus L is
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generated by U. Let V' be a submodule of L. Since U is irreducible, we have e, - V' =0
ore, V' =U.1Ife, - V' =0, thene, - (L/V')=U. If e, - V' = U, then L must equal V'
(since L is generated by U). Hence, if L is not irreducible, there exists a proper irreducible
quotient L/V of L (Zorn’s lemma) and it follows that e, - (L/V) = U since V # L forces
es -V =0. O

Corollary. Fix K, o, and W as above. Then there is a bijection between equivalence
classes of irreducible smooth representations (m, V) of G such that (7', (V @ W)¥) is not

zero, and equivalence classes of irreducible H(G /K, )-modules.

Let (7, V') be a smooth representation of G. Viewing V as the space of the restriction of
m to K, we have V = @re =V, where V7 is a direct sum of copies of the space W, of
7. The subspace V7 is called the (7, K)-isotypic or T-isotypic subspace of V. If V™ £ {0},
then (7, K) is called a K-type of m. Suppose that (W, @ W)N (V@ W) is non zero. Then
T ® o contains the trivial representation of K with multiplicity at least one.

Therefore

07£/}(tr(r@a)(k)dk::/Ktrf(k)tra(k;)dk,

which, by the orthogonality relations for characters of irreducible representations of com-
pact groups, forces 7 ~ . On the other hand, W>=@ W = W ®W affords exactly one copy
of the trivial representation of K. It follows that (V @ W)& = (V; ® W) has dimension
equal to dim(V;) / dim(W), that is, the number of copies of ¢ in 7| K. Hence those 7
giving rise to nonzero H(G /K, 7)-modules are exactly the ones whose restriction to K

contains o.

Example: Hgx, = H(G)Ko,1) = H(G/J Kp). This Hecke algebra is well understood. Let
B = AN be the standard Borel subgroup of G = GL,,(F'). Here, A is the group of diagonal
matrices in GG, and N is the group of upper triangular unipotent matrices in G. Given
f € Hi,, define (Sf)(a) = 65(a)'/? [, f(an)dn. Note that Sf € H(AJ(ANKy)). As Ais
abelian, H(A(ANKy)) = C[A/(ANK))], the group algebra of A/(ANKy). The symmetric
group S, on n letters acts on A in the obvious way. As this action preserves ANK(, we have
an action of S,, on C[A/(AN Kp)]. The map f — Sf is an algebra isomorphism from H,
onto the S, fixed points C[A/(AN K()]®», called the Satake isomorphism. If time permits,
we will discuss Satake isomorphisms for reductive p-adic groups. Characters of A/(ANKj)
can be used to give integral formulas for certain functions in ‘Hg,. Such functions can then

be used to produce explicit realizations of irreducible admissible representations of G which
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have non zero Ky-invariant vectors.

Let s; € C, 1 < j <n. Then x = ®1<j<n|- \iﬁ defines a quasi-character of A which is
trivial on ANKj. Such a character is said to be unramified. The set of representations of the
form Indg X, X a a quasi-character of A is called the principal series of representations. The
set of principal series representations with y unramified is called the unramified principal
series. Such representations have non zero Kjy-fixed vectors. Unramified principal series
will be studied later in the course. A few results are stated below.

A subgroup I of GL,(F) which is conjugate to the set of matrices x = (x;;) such
that x;; € 0;3, x;; € op whenever ¢ < j, and x;; € pr whenever ¢ > j, is called an
Iwahori subgroup. The Iwahori spherical Hecke algebra H; = H(G/I) contains Hg, as
a subalgebra. The structure of H; (for general G) has been described by Iwahori and
Matsumoto ([IM]). Note that any unramified principal series representation contains a
nonzero Iwahori-fixed vector. Borel ([B]) has shown:

(1) Any subquotient of an unramified principal series representation contains a nonzero

Iwahori fixed vector.

(2) Any irreducible admissible representation which has a nonzero Iwahori fixed vector
occurs as a subquotient of an unramified principal series representation.
(3) Suppose that I is an Iwahori subgroup which has an Iwahori decomposition relative to

a parabolic subgroup P = M N. If (w, V) is an irreducible admissible representation

with a nonzero I-fixed vector, then the image of V! in the Jacquet module Vi is equal

to VI\I,QM.

Regarding part (1) above, if (o, K) is a K-type of a smooth representation (m, V'), it
not usually the case that every irreducible subquotient of 7 will contain the K-type (o, K).
See the comments on types below.

Borel’s results have been generalized by Moy and Prasad ([MP]) to depth zero minimal
K-types of reductive p-adic groups. A parahoric subgroup of GL, (F) is conjugate to a

group of the form

GLay(0)  Mayxas(0) -+ Ma,xa,(0)
Mazxa1 (p) GL&Q (0) e Maz Xar(o)
Ka = . . . .
Mo, xa(P) Mo, xa(p) -+ GLa,(0)
for some partition @ = (a1,...,qa,) of n. The pro unipotent radical K% of K, is the

subgroup of K, with the GL,,(0) blocks replaced by 1+ M, (p). The quotient K, /K
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is isomorphic to H;:1 GLq,(0/p). An irreducible representation o of the quotient can be
pulled back to K,. Suppose that o is a cuspidal representation of the quotient. That
is, the matrix coefficients of ¢ must be cusp forms on the finite group K,/K}: given a
matrix coefficient f, for any z € K, /K} and any unipotent radical N of a proper parabolic
subgroup of Ko /K, >, oy f(zn) = 0. The representation (o, K, ) is an unrefined minimal
K-type of depth zero (in the sense of [MP1]). Let P, = M,N, be the standard parabolic
subgroup of GL, (F) corresponding to the partition . The group Normy, (K, N M)
is open and compact modulo the centre of M,. Let 7 be any irreducible representation
of Normys (K, N M,) which contains ¢ upon restriction to K, N M,. Then p, = c-
Ind%; magy (KaMa)T is a supercuspidal representation of M,. In this setting, the result of
Moy and Prasad can be stated as follows:
(1) Any subqotient of i} (p,) is generated by its (o, Ko )-isotypic subspace.
(2) Suppose that (7, V) is an irreducible smooth representation of G L,,(F') whose (o, K )-
isotypic subspace is nonzero (that is, which contains ¢ upon restriction to K, ). Then

7 is a subquotient of iga pr for some 7 as above.

Howe and Moy ([HM]) have proved the following: Suppose that the characteristic
p of o/p is greater than n. To each smooth irreducible representation (w,V) of G =
GL,(F), there is associated a triple (G', K,0), where G’ is a reductive group, K is a
parahoric subgroup of G and o is an irreducible representation of K. The group G’
is a product [[, GLy,,(E;) where each E; is an extension of F, with n = >, my[Ey :
F]. The intersection I’ = G’ N K is an Iwahori subgroup of G’ and the Hecke algebra
H(GJK,o) is isomorphic to the Hecke algebra H(G’/I') in a natural way. Also, the
(o, K)-isotypic subspace of V' is nonzero. These isomorphisms can be used to reduce
the study of irreducible smooth representations of G to the study of irreducible smooth
representations of products of general linear groups over extensions of F', representations
which have nonzero Iwahori fixed vectors. Starting with (7, V'), we can get a representation
(', V") of G'. Take the representation 7 of H(GJK,5) on (V @ W)E and transfer to a
representation ' of H(G'JI') via the isomorphism: if f < f’) set n'(f') = «(f). Then
there is a unique irreducible admissible representation (7/,V’) of G’ corresponding to
e w ),

This sort of approach has been used for other groups also. But it is not necessarily
the case that the G’ Hecke algebra is an Iwahori spherical Hecke algebra. Further, G’
might not be a subgroup of G. See papers of Moy ([My2-4]) where this is done for 3 x 3

82



unramified unitary groups and for GSpy(F'). Ju-Lee Kim has constructed many K-types
and associated Hecke algebra isomorphisms for classical groups, subject to constraints
on the residual characteristic of F'. There is a paper of Lusztig ([L]) on classification
of unipotent representations of p-adic groups which is related, but more general types of
Hecke algebras appear there.

Bushnell and Kutzko have defined a notion of type. A type is a K-type having
particularly nice properties. Suppose that M is a Levi subgroup of G. Let X (M) be the
group of unramified quasi-characters of M: the quasi-characters of M which are trivial on
all compact subgroups of M. (For example, if G = GL,(F), then X(G) consists of all
quasi-characters of G which are trivial on the subgroup Go = {g € G | detg € 0* }). If
o is an irreducible supercuspidal representation of M, let R(:9) (@) be the set of smooth
representations (m, V') of G having the property that every irreducible subquotient of
appears as a compositon factor of i& (o ®y) for some parabolic subgroup P of G with Levi
factor M, and some y € X(M). It is known that |RM:9)(G) = RM7)(@) if and only
if there is a xy € X(M’) such that (M,o) and (M’,0’ ® x) are G-conjugate. Let s be the
G-orbit of all pairs (M,o ® x), x € X(M). Set R*(G) = RM:9)(G). Every irreducible
smooth representation (m, V') lies in some R*(G).

Now suppose that (k, W) is an irreducible representation of a compact open subgroup
K of G. If (m, V) is a smooth representation of G, let V, = Homg (W, V). Let A € V,; and
f e H(GJK, k). Set

(- @) = [ 7@AU) W)y weW.

G
Note that this makes V,; into an H(G /K, k)-module.

Let R, (G) be the set of smooth representations (m, V') of G such that V' is generated
(as a representation of G) by the (x, W)-isotypic subspace V* =3~ i, A(W). The map
(m, V) — Vj is a functor M,, from R, (G) to H(G K, k)-modules.

If s and k are as above, then (K, k) is said to be an s-type if R*(G) = R (G). It
is known that if the categories :R°(G) and R, (G) have the same irreducible objects, then
(K, k) is an s-type. For a more detailed discussion of this, see section 4 of [BK2]. For a
general discussion of types and covers, see pp54-55 of [BK3|.

If M is a Levi subgroup of G, Kj; is a compact open subgroup of M, and kj; is an
irreducible smooth representation of Ky, then a G-cover of (K, k) is a compact open
subgroup K of G and an irreducible smooth representation x of K satisfying the following,

for each parabolic subroup P of G with Levi factor M, and unipotent radical N,
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(i) Ky =KNMand K =(KNN")Ky(KNN) (Iwahori factorization)
(iil) KN N and K NN~ belong to the kernel of k, and x| Kpr ~ K.
(iii) There exists a (K, P)-positive element z in the centre of M and an invertible element
f. € H(G) K, k) with support KzK. (The element z is (K, P)-positive if the sequences
Z(KNN7)z7%and 27*(K N N*1)z" tend monotonically to 1 as i tends to co).

One of the main results of [BK2| relates types and covers to properties of parabolic

induction i%.

Theorem. ([BK2]) Suppose that s is as above, and suppose that M’ is a Levi subgroup
of G which contains M. Let sy, be defined relative to M', o and M as s is relative to
G, 0 and M. If (Kpp,kppv) Is an sy -type, and (K, k) is a G-cover of (K, kpr), then
(K, k) is an s-type. If P' is a parabolic subgroup of G with Levi factor M’, there exists a

unique injective algebra homomorphism
ipr: H(M///KM/, IQM/) — H(G//K, H)

such that

(jp/)*OM :Mnoig/.

Kot
Here, j}., is the map from H(M' /K, ke )-modules to H(G /K, k)-modules induced by

Jpr.

Let H=H(G)K,k) and H = H(M'JKpr',kp). Let V' be an H'-module. Then
g5 (V") = Homy/ (H, V'),

and if B € j5, (V') and f1, fo € H, (f1 - B)(f2) = B(f2 * f1) makes j5/ (V') into an
‘H-module.

In [BK1], for G = GL(F'), Bushnell and Kutzko constructed s-types for M = M,
and 0 = 0y ® - -+ ® 0g, where oy is an irreducible supercuspidal representation of GL,.(F).
The corresponding Hecke algebras are of affine type (5.4.6 [BK1]). The paper [BK3] is
concerned with construction of more general types, and covers, for G = GL,,(F).

If m is a positive integer and z € C*, the affine Hecke algebra H(m, z) is an associative
C-algebra with identity. It is generated by elements [s;], 1 < i < m—1, and [(], [(], subject

to relations:
(i) [T =[¢]=1
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([ss] +1)([s5] —2) =0, 1<i<m-—1

)
(iif) [¢]*[s1] = [sm—1][C]?
(iv) [Cl[si] = [sia]l¢], 1<i<m—2
(v) [sillsiva][si] = [si41]ls ][Sz+1] I<i<m-—2
(vi) [sills;] = [ssllse], 1 <4, <m—1,i—j| =2

The Iwahori-spherical Hecke algebra of G = GL,,(F) is isomorphic to the affine Hecke
algebra H(n, q), where ¢ is the cardinality of the residue class field o/p of F. Let A, be as
in the section on supercuspidal representations, and let D be the subgroup of G consisting
of diagonal matrices, all of whose eigenvalues are powers of w. For 1 < ¢ < n —1,
let s; be the permutation matrix which interchanges the ith and ¢ + 1st standard basis
vectors, and leaves all others fixed. Then Let W be the group generated by D and the
{si|1<i<mn-—1}. Then A, normalizes W. The group W = (Am)W is called the affine
Weyl group of GG, and

G=]] zwz.
weWw
If we /I/TV/, let f,, be the characteristic function of the double coset ZwZ. The map
€] = fa_, [si] = fs;y 1 < i < n—1, extends uniquely to an isomorphism of algebras
H(n,q) ~H(G)I,1).
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9. Discrete series representations

Lemma. Let (m;,V;) be irreducible smooth representations of G;, j = 1,2. Then (m ®

7o, V1 ® Va) is a smooth irreducible representation of G1 X G.

Proof. Smoothness of 71 ® 9 is immediate.

Let (m, V') be an irreducible smooth representation of G. Let I be some indexing set.
Then @©;Homg(V,V) ~ Homg(V,®;V). The isomorphism is given by > .; Aq +— B,
where B(v) = Y. _;Aa(v). By Schur’s lemma, Homg(V,V) ~ C. Irreducibility of =

acl “7a
guarantees that given any nonzero v € V', V = Span(G - v), which implies surjectivity.

Now suppose that W is a complex vector space. As W is a direct sum of copies of
C ~ Homg(V, V), by above, we have

(1) W ~ Homg(V,V @ W),

with the G-action on V@ W given by g- (v@w) =7w(glv@w, v eV, w e W.
Let X be a direct sum of copies of V. Then
(i7) V ® Homg(V, X) - X
v f = f(v)
is an isomorphism.
Next, we can use (i) and (ii) to show that
{ G—subspaces of V@ W } +— { C—subspaces of W }
VeoU <+— U
X —  Homg(V,X) C Homg(V, VW) =W
Now apply the above with G = Gy, (7, V) = (71, V1) and W = V5. As any (G1 X G2)-

invariant subspace X of V; ® V5 is also a G-invariant subspace, we have X = V; ® U for

some complex subspace U of V5. If X # {0}, then letting G2 act, we get
Span(Gy - X) =V ® Span(Gy - U) = V1 @ Vs
by irreducibility of 7. O

Recall that a smooth representation (m, V') of G is unitary if there exists a positive
definite G-invariant Hermitian form on V. The representation (7, V) conjugate to (m, V)
is defined as follows. As aset V=V, but ¢c-v = ¢év, for c€ C and v € V. For g € G and
veV,n(g)v=mr(g).
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Lemma. If (7, V) is admissible and unitary, then (7, V) is equivalent to (7, V).

Proof. Let (-,-) be a G-invariant inner product on V. Define A : V — V by Av = (-,v).
Check that A is linear and intertwines 7 with 7. Earlier, we saw that for any compact
open subgroup K, VX = Hom(VX,C) . To see that A(VE) = Hom(VE,C), use the fact

that (-,-) |y x is nondegenerate. O

Lemma. Suppose that (m,V) is irreducible and smooth. Then a G-invariant positive

definite inner product on V' is unique up to scalar multiples.

Proof. Let (+,-);, = 1,2, be two such inner products. Define 4; : V — V by Aj(v) =

(-,v)j, veVj. As A3' o Ay intertwines V, by Schur’s lemma, A ' o A; is scalar. O

Suppose that (mw, V) is smooth and irreducible. By Schur’s lemma, if z € Z = Zg
(the centre of G), then m(z) = xx(2)1y, for some x,(z) € C*. The map z — x(2) is a
quasi-character of Z, called the central character of 7. Let v € V and v € V. Then

('27,7T(gz)v) - XW(Z)<'U77T<9)U>7 g€G, z€ Z.

If xr is unitary, that is, |xx(2)|ec = 1 for all z € Z, then g — |(v, 7(g)v)| is constant on

cosets of Z in G, so can be viewed as a function on G/Z.

Definition. 7 is square integrable (modulo the centre) if | Z is a (unitary) character of
Z and if the (complex) absolute value of every matrix coefficient of 7 belongs to L*(G/Z).
That is,

/ (D, 7(g)v) |, dg* < oo, veV,veV.
G/z

Here dg* is a Haar measure on the group G/Z.

Definition. The discrete series of representations of GG is the set of all irreducible smooth

representations which are square integrable modulo the centre of G.

Lemma. Suppose that « is irreducible and smooth with unitary central character. Then
7 is square integrable modulo Z if and only if there is some nonzero matrix coefficient of
7 which belongs to L*(G/Z).

Proof. Fix vg € V and T € V such that gZ — [(To,7(9)v0)|eo is square integrable on
G/Z, and nonzero. Let

Vo={veV g~ (0, 7(9)v)lw € L*(G/Z)}.
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Since Vj is nonzero and G-invariant, Vy = V. To finish, argue with vy fixed and use

irreducibility of V. L]

Lemma. Suppose that 7 is an irreducible smooth representation of GL, (F'). Then there

exists a quasi character x of G such that w ® x has unitary central character.

Proof. Note that w™"(*)z € o* for all z € Z ~ F*. There exists an s € C such
that x(2) = |2|5xx (@ #)2), 2 € Z. Set x(g9) = ]detg[}s/n. Then |x(2)xx(2)|co =
IXr (@ "*2)|s = 1, and 7 ® x has unitary central character. a

Proposition. Suppose that (w, V') is irreducible, smooth, and square integrable modulo

the centre. Then (mw,V') is unitarizable and there exists a unique d(m) > 0 such that
/G/Z@,W(g_l)u}('ﬁ,ﬂ(g)v} dg* = d(m)" N, v) (T, u), wveV, u,veV.

If (-,-) is a G-invariant positive definite inner product on V', then
/G/Z(W(gl)u,u’)(w(g)v’,v) dg* = d(m) " u,v)(v', ), u,u’,v,0" € V.

Proof. Let L?(G, X.) be the set of complex valued locally constant functions on G such
that f(zg) = xx(2)f(g), for g € G and z € Z and such that fG/Z 1f(9)|% dg* < co. The

group G acts on L?(G, ¥,) via the left regular representation and the usual inner product

given by [, 17 f1(9)f2(g) dg* is G-invariant and positive definite. Fix a nonzero o € V,
Define a map V — L?(G, X») by mapping v € V to the function g — (7, 7(g71)v). To see
that the map is injective, note that if the function is zero and v # 0, then irreducibility of
7 implies V' = Span(G - v), which forces v = 0, a contradiction. We now have a G-invariant
inner product on V obtained by restriction of the inner product on L*(G, x,) to V. As
the function g — [(¥, (g~ 1)v)|%, is nonzero and locally constant (when v # 0), this inner
product is positive definite. Hence 7 is unitarizable.

Fix any G-invariant positive definite inner product (-,-) on V. Define a map from
V ® V by mapping v ® v’ to the function g — (7(g~)v,v") € L?(G,X»). By an earlier
lemma, V ® V is an irreducible G' x G-module. It follows that this map is injective. Hence
we can define an inner product on V ® V by restricting the inner product on L?(G, Xx).
The group G x G acts on L?(G, xx) by f9192)(2) = f(g97 'zg2), and the inner product is
G x G-invariant. As the above map is a G x G-map, we now have a G X G-invariant inner

product on V@ V.
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We get another G x G-invariant inner product on V ® V by using (-,-) and (-, -):

(u@u,vev) = (u,v)W,v) = (uuv), u).

As (+,) is G-invariant, this inner product on V ® V is G x G-invariant.
As V ® V is irreducible, these two inner products are related by a scalar d(w). Use

positive definiteness to see that d(mw) > 0. Thus

/ (m(g™ u,u)(m(g= v, v') dg* =/ (m(g™"u, u')(w(g)v',v) dg* = d(m) ™ (u, v) (v, ).
G/Z G/Z

Let 4, © € V. Then there exist unique ug, vo € V such that (u,w) = (w,ug)
and (v,w) = (w,vg) for all w € W (see lemma above). Substituting into the above
orthogonality relations then results in the first set of orthogonality relations given in the

statement of the proposition. O

Definition. The constant d(7) of the proposition is called the formal degree of 7. (Note

that d(m) depends on a choice of Haar measure on G/Z.)

If 7 is such that 7 ® x is square integrable modulo Z for some quasi character x of G,
then 7 is said to be quasi square integrable modulo Z. If we set d(m) = d(7 ® x), then it

follows from

(@, (m @ x) (¢~ u)(@, (r @ x)(9)v) = (@ (g~ Yu) (@ m(9)v),  @TEV, uveV,

that the first type of relation stated in the proposition holds for 7.

Lemma.

(1) If 7 is an irreducible supercuspidal representation of G, then m is quasi square inte-
grable modulo the centre.

(2) Let (o,W) be an irreducible smooth representation of an open compact modulo centre
subgroup H of G. Suppose that w :C-Indga is irreducible. Then 7 is quasi square
integrable modulo the centre and d(w) = m(H/Z) 'dego.

Proof. (1) As the matrix coefficients of 7 are compactly supported modulo Z, the same is
true of the matrix coefficients of m ® x for any quasi character x of G. Choosing x so that
7 ® x has unitary central character, we get a discrete series representation.

For part (2), first note that irreducibility of 7 implies that 7 is supercuspidal and we

may apply (1) to conclude that 7 is quasi square integrable modulo the centre.
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Let w € W and @ € W be such that (W, w) # 0. Define f, € V =c-Ind% (W) by
fw(h) = o(h)w, for h € H and f,(x) = 0 for x € G\H. Denote the linear functional
f—=(w, f(1)), f €V, by v. Then

/ @, 7(g™ ) ) (@ 7(9) fu) dg* = d(x) "1 (7, fu)?
G/z
= d(m) U@, (1)) = d(m) N, w)>.

In an earlier lemma, we saw that (v,7(g)fw) = (w,0(g)w), if ¢ € H, and zero otherwise.

Thus the above inner product is also equal to
| (@ ath )@ o) db = m(H/2)(deg o)™ (@, w)?
H/Z

by orthogonality relations for irreducible representations of compact groups. O

Let P = M N be a standard parabolic subgroup of G = GL,,(F). Let a = (aq, ..., o)

be the partition of n associated to P. Set

wjl IOtl

w1, ' _
Ay = . ‘ J1s--sJr €L
woIr I,
If P= M = G, then Ag is just the set of all matrices of the form w’I,, j € Z. Let
A& be the subset of Ap; such that j; > jo > --- > j,.. Suppose that Kj; is a compact
open subgroup of M. Let (m,V) be an irreducible smooth representation of G. Then
(Vn)En is 7 (Aps)-stable and finite dimensional, so (V)%™ decomposes into a direct
sum of generalized eigenspaces:
(V)" = & (V)g™,
x€Hom (A ,CX)

where

(VN)ffM = {ve (Vy)EM | 32> 0 such that (rx(a) — x(a)v =0V a € Ay}

As every v € Vi belongs to (V)%™ for some compact open subgroup Ky, of M, v belongs
to a sum of generalized eigenspaces. Hence Vy = @y com(A,,cx) (VN)y-

Definition. The set { x | (Vn)y # {0} } is the set of exponents of 7 with respect to P.
Square integrability modulo the centre is reflected in certain properties of the exponents
of m. The following theorem will be obtained as a consequence of results of Casselman on

asymptotics of matrix coefficients (see next section).
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Theorem. Let (7, V) be an irreducible smooth representation of G = GL,,(F') such that
X~ is unitary. Then 7 is square integrable modulo the centre if and only if for every

standard parabolic subgroup P = M N and every exponent x of m with respect to P,
(@65 %(a)]s <1,  Va € Af\Ag.

Any reductive p-adic group which is not compact modulo its centre has some discrete
series representations which are not supercuspidal. Let B be a Borel subgroup (minimal
parabolic subgroup) of G. Then ig(égl/ 2) has a unique square integrable irreducible
subquotient, called the Steinberg representation of G. This representation has a nonzero
Iwahori-fixed vector, and hence corresponds to an irreducible representation of H(G//I)
(I an Iwahori subgroup). For a description of this representation of H(G/I), see [B]. The
Steinberg representation is also discussed in [Cal.

Let o be an irreducible supercuspidal representation of GL4(F'), where d is a positive
integral divisor of n. For 1 < j < n/d, set 0; = 0 ®|det(-)]%". Let p be the representation
of the standard Levi subgroup Mg, .. 4) given by p = ®i1<j<n/q0;. Then the induced

G

representation ip (p) has a unique irreducible quotient mg4s(o), . This quotient 7y, (o)

(n/d-1)/2 5o

.....

is quasi square integrable, and is square integrable if and only if o ® | det(+)
unitary. Every quasi square integrable irreducible smooth representation of GL, (F) is
equivalent to m4s(o) for some d and o. (See [Z] and [JS], p. 109).

When d = 1, o is a quasi character of F’* and mgs(0) is a twist of the Steinberg
representation by some quasi character of G. Thus when n is prime (in which case d = 1
or n), the discrete series consists of those irreducible supercuspidal representations which
have unitary central character, together with unitary twists of the Steinberg representation.

Results on square integrable representations of classical groups appear in [Jal-2|, [MT],
and [Tal-2]. Many irreducible supercuspidal (hence quasi square integrable) representa-

tions are constructed in [Y].
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Asymptotic behaviour of matrix coefficients of admissible representations

Let P = P, be the standard parabolic subgroup of GL, (F') associated to a partition
a=(ay,...,a.) of n. Let M = M,, N =N,, and N~ = N . Define Ay, and AX/I as in

the section on discrete series representations.

Theorem. (Casselman) Let (7, V') be an admissible representation of G = GL,,(F"). Then
there exists a unique pairing ( , )y between VN— and Vy such that for allv € V and v € ‘7,

there exists a € A}, satisfying:
(%) (v, 7(ab)v) = (v, mn (ab)v) N Vbe AL,

where v, resp. v, denotes the image of U, resp. v, in Vn-, resp. Viy. The pairing { , )N
is non degenerate and M-invariant and hence induces an isomorphism Va- =~ (VNT (this

last being contragredient with respect to M ).

Let V be the vector space of complex valued functions on the set of non negative
integers. Let T' € Autc(V) be given by (T'f)(n) = f(n + 1). Each eigenspace of T is
one dimensional: f(n + 1) = af(n) = a™f(0). For each a € C, we have a generalized
eigenspace of functions such that (T"— a)" f = 0 for some r > 1. A function f € V such
that (T'—a)” f = 0 has the form f(n) = a™p(n), where p is a polynomial of degree at most
r — 1 (exercise). A function f € V is said to be T-finite if Spanc{f,Tf,T*f,...} is finite
dimensional. Viewing V as a C[T]-module, f is T-finite if and only if f has C[T]-torsion.
The subspace of V made up of the T-finite functions decomposes as the direct sum of

generalized eigenspaces:
@{fEV | (T —a)"f =0 for some r > 1}.
acC

Given a T-finite f, we let fy denote the component of f in the generalized eigenspace for
a = 0: so fo(n) = 0 for n sufficiently large. Set f© = f — fo. Then fO(n) = >, al'p;(n)
(finite sum) with each a; # 0, and f(n) = f°(n) for n sufficiently large.
Proof of uniqueness. Suppose there exists a pairing (, )y satisfying (x). Set
I,
w1,
ag = . € AL

w_(’"_l)far
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Fix v € V and ¥ € V. Set
f(n) = (@,m(af)v) and g(n) = (0,7n(af)V)n, n € L.
Note that (x) implies that f(n) = g(n) for n sufficiently large. Choose a compact open

subgroup Kj; C M such that v € (Viy)%™. Then, since a} € Zyr, nn(al)v € (Vy)EM for
alln > 0. Let T = 7 (ag) | (V)EM. Define a map (Vy)E™ — V by

w = (N gy(n) = @, m(ag)w)N).
So v — g = gg. Since

gu(n +1) = (Tgu)(n) = (v, T"(T(w))) = gr,,(n),

w — gy is a C[T]-module map, and so takes torsion elements to torsion elements. Because
Vy is admissible, (V)%™ is finite dimensional, and so ¥ is a torsion element. Hence g is
T-finite. Note also that, because 7y (ag) is an invertible operator on the finite dimensional

K

vector space (Vi )"M, mn(ap) does not have zero as an eigenvalue. This implies that

go = 0. Because f(n) = g(n) for sufficiently large n, f is also T-finite, and furthermore,
f—9=(f—9)o = fo—go = fo. Hence g = f°. We have shown that any pairing satisfying
(%) is given by (v,7)nx = f°(0).

Lemma. Let P = MN be a standard parabolic subgroup and K = Ky, { > 1. Ifa € AL,
then m(KaK) = dp(a) tm(K).

Proof. First assume that B = MyNy and AT = A]\JQ,O. Fix a € AT. Then KaK is the

union of some left K cosets of the form kaK, k € K. From
koK = kaK <= a 'k 'ka € K <=k € K'(aKa ' NK)

it follows that m(KaK) = [K : aKa™! N K]m(K). Recall that K has an Iwahori fac-
torization relative to B: K = KTK°K~, where K* = Ny N K, K° = K N Mgy, and
K~ =Nj NK. Because a € AT, aK+ta™! € K+, and aK~a~! D K~. Therefore

aKa 'NK = (aKta Y)K°(aK a ) )NKTK°K™ = (aKTa ") K°K ™,
and so [K : aKa 'NK] = [KT :aKta™1]. Tt is easy to check that if a = diag(w, ..., w/"),

then

(Kt :aKta ™) =]]lo:p" 7] = [[ ¢ 7 =|det(Ada)n,|;" = dp(a)~".

r<s r<s
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Now take P = M N standard. Note that Aj(/[ CAT. Letac AL. Also ng =nadn/,
where 1 4+ n’ = M N Ny, and since a € Zy;, Ada|n is the identity. If follows that

53(@) = |det(Ada)n0|F = |det(Ada)n|F = 5p(a), a € A_I\|—/[

O

Lemma. Let K = K, for some £ > 1. Let a, b € AL. Denote the characteristic function
of the double coset KaK by ch(KaK). Then

(1) KaK - KbK = KabK

(2) ch(KaK) | ch(KbK) _ ch(KabK)
m(KaK) =~ m(KbK) m(KabK)

(3) If m is a smooth representation of G, then mw(ex)m(a)m(ex) = (i:((fgaafg ).
Proof. Use the Iwahori factorization of K with respect to P: K = KTK°K~—, KT = KNN,

Ke=KnM, K- =KnNN~. With the obvious notation,

akTkk™b = (akTa1)(akb) (b kD) = (akTa 'k°)ab(b k™)

the second equality following from the fact that a € Z;;, so must commute with £°. The set

A7, has the property that aKta=! C KT and 'K ~a C K~ for all a € A};. Therefore

(akta 'k)ab(b"'k™b) € KTk°abK~ C KabK

Next, for (2),

(chkar * chixpr)(2) = /GchKaK(y)cthK(y_lx) dy = /

cthK(y_lx) dy
KaK

If the value is non zero, then = € yKbK for some y € KaK. By (1), z € KabK. Suppose
that © = kyabky and y = ksaky, for some k; € K, 1 < j < 4. Then

y e € KbK <= a 'k3'kia € K <=y € ki(aKa™ ' N K)aK = kjaK.

In this case, the above convolution is equal to fklaK dy = m(kijaK) = m(K). Hence

chiar * chxgpx = M(K) chgapr. Statement (2) now follows from the previous lemma
(using the fact that dp is a homomorphism).
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Fix a € Aj\'/[ and v € V. Note that k; — fK m(kiaks)v dko is constant on left cosets
of aKa ' N K in K. Therefore

m(ex)m(a)m(ex)v / / (k1aks)v dko dky

=m(K) ?*m(aKa ' NK) > / (kyraks)v dks
kieK/(aKa—1NK)

= [K:aKa 'NK] " 'm((K)! / m(x)vdz

KaK
B 1 B ch(KaK) y
=m(KaK) /GchKaK(m)ﬂ(a:)v dr =7 (—m(KaK)>

0

Proof of existence. Given v € V and ¥ € V, set f5,(n) = (v, m(ag)v). First, we show
that f*;v is T-finite. Choose ¢ > 1 such that v € VX and v € VE for K = Ky. Define a

C[T]-module structure on VX by letting T act via m(egager). Then, for w € VE,

(v, T"w) = (v, (egaper )" w) = (v, exagexw)

= (e, ajexw) = (V,afw) = ffg’w(n)

Map VE — V by w f5 .- This is a C[T]-module map, and admissibility of 7 guarantees
that V¥ is finite dimensional, so v is T-finite. Hence f~ is T-finite.

Set (v,v); = fZUO(O). (', )1 is bilinear and M-invariant (since f ~ = f~ by

muv, mv

invariance of (, )). Next we will show that (, ); is really a pairing between V- and Vy.
Let v € V. Then

T =0VTEV &= VTeV,¥n>0, 0= (a"0v); = (7,a§v); = £+ °(n)
= VTeV, f (n)=0forn>>0

% =Vl >0 K =Ky, egrallv =0 for n >> 0
0

Proof of final equivalence: (<=) Given ¥ € V, choose ¢ > ¢ such that ¥ is K’-invariant.

Then

f5,(n) = (U,a5v) = (exv, agv) = (v, exragv) = 0, for n >> 0.

(=) Given ¢’ > (. Then, as VE' is finite dimensional, the span of the functions f o

veVK ', is finite dimensional. As each such function vanishes for sufficiently large n, it
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follows from the finite dimensionality that there exists N > 0 such that for all v € VK ’
f5 ,(n) = 0 whenever n > N. That is,

Vo € VE' = Hom(VX',C), (¥, agv) = (v, exragv) =0, for n > N.
Thus exrajv = 0 for n >> 0 and we have the desired equivalence.

Suppose that ¢/ > ¢. Note that

erragv = 0 <= €qmicrap? = 0

and ay"K'af = (ag "K'V ag)(ag"K'%af)(ag "K'~ al) = (ag "K' ag) K" (ag "K'~ ay).
As ag € AL, ag"K'"afy C K'~. Since V' > {, v € VE' So
n _ —
exragv =0 < € KrtanV = 0.

For n > 0, ap"K'"af is a compact open subgroup of N. Using the equivalence (xx), we
conclude that (v,v); = 0 for all v € V if and only if eyv = 0 for some compact open
subgroup U of N, that is, if and only if v € V(N).

By a similar argument, V(N~) = {T € V | (,0); =0V v € V}. We can now set
(v, 0) N = (0, v)1.

It remains to prove that ( , )x satisfies (x). Fix K = K, £ > 1. It suffices to show
there exists n > 0 such that for all v € VE and v € ‘~/K,

(4) (v, agbv) = (U,agbv)r,  Vbe AL,
Because VE and VE are finite dimensional, there exists n > 0 such that

.0 =00, ViznveVE ve VE.

(i7) (v, agv) = (v, agv)1, voeV, veVk,
Next, observe that, for b € AL,

f;,eKbeKv(n) = (v, apexbergv) = (U, egajex - exberv)

= (v, exagberv) = (v, agbv) = fr (n).
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By definition of (, )1, this implies
(7i7) (v,bv)1 = (v, exbev)1, Vbe A},

Forbe A}, ve VK and v € VK,

(v,a5bv) = (v, afexgbexv) argue as above for (iii)

= {

= (v,apexberv)r by (i7)

= (V,exajex - exberv); by (iii)
=

v, exagbexv)r = (v, albv)1 by (iii)
Hence (i) holds. This completes the proof of the theorem. O

Theorem. Let (7, V) be an irreducible smooth representation of G = GL,,(F') such that
(the central character) x, is unitary. Then m is square integrable modulo the centre if and
only if for every standard parabolic subgroup P = M N and every exponent x of m with
respect to P,

X(@)55 (@) <1, VaeAf\Ag.

Sketch of proof. We want to work in G,q = G/Z. Given S C G, we denote the image of
S'in G/Z by Sqq. Let g1,...,g: be coset representatives for K,q < Ko 44, where K = K,,.

Then
Gad = H Ko.0a0' Ko ad (Cartan decomposition)

a€Af,
[Kad : a'Kada’_l N Kad] = [K caKa N K] = 53(&)_1

m(Kaagia' g Kaq) 1
=0
(K 2q) 5(a)

Let Z' act via right translations on functions f : Z* — C. Eigenfunctions: (y- f)(z) =
f(x+y) = x(y)f(x), where y — x(y) is a quasi character. Let z; = x(1,0,...,0),...,2 =
x(0,0,...,1). Then x(ki,...,kt) = z’fl e zft. Generalized eigenfunctions have the form
p(ky, ... ky)zM - 2F for a polynomial p(ki, ..., k).

Suppose that 7 is square integrable modulo Z. Given P = M N a standard parabolic
subgroup and x an exponent of m with respect to P, choose v € V such that v € Vy is a
non zero eigenvector for x: mx(a)v = x(a)v, for a € Ay;. Pick 0 € V such that (v, 0)y # 0.

By Casselman’s theorem, there exists a € A*M such that for all b € AL,

(v, abv) = (T, abt) xy = x(ab) (D, ) n.
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Let ¢ = (0,7)n. Then

00 >/ (@, 7(g)0) 2 dg™ > Y (B, abv)|Z m(KaaabKqq)
G/Z be(AL)ad

= [x(@)cl3dp@™ Y IxO)%0r®)~

bE(AT)aa

Thus Zbe(A}\})ad |X(b)5;1/2(b)|go < 0o. Suppose that M = M,, a = (a1,...,a,). Then

(A3 ad =~ ZTZBI is generated by (1,0,...,0), (1,1,0,...,0),...,(1,1,...,1,0). The above
sum has the form

Ji __ Ji
> wli= 11 | X w).

1<j5; <00 1<i<r—1 \j:>0

where w; = X26131(1, 1,...,1,0,...,0), with ¢ ones. Applying the convergence criterion for
geometric series, we find that ‘X51;1/2 (a)|oo < 1 for all a € Af,\Ag.

For the other direction, to prove that 7 is square integrable modulo Z, it follows from
the decomposition G4 = Ui i ae A:dKadgiangad and remarks above concerning measures,

that it suffices to show that

Z |<57, klgiagjkgvHZOéB(a)_l < o0 W ’L,j and ]{Jl,kg e K,q.

QGAL
Replacing v by g; 'k, '0 and v by gjkov, we must show that

> @ av)2dp(a) <o VTEV,vEV.

+
acA .

Suppose that G = GL3(F). Fix a = (¢1,/2,0) € A;Ld, by >4y >0. As b= (mq1,ms,0),

my > mo > 0 varies over A;’d, the set {ab | b € A:{d} has the following form:

Applying the first theorem with P = B, there exists a € Ajd such that

(%) Y (@ abo)2os(ab) ™ = Y [(0,abt)n[3,05 (ab) .

+ +
beAt, beAl,
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Expressing 0 and ¥ as sums of generalized eigenvectors for the action of A,q, we can show
that, for b € A;rd,

(v, abt) ny = pr(coord(ab))x(ab),

where the sum is over finitely many exponents X, p, is a polynomial in the coordinates
coord(ab) of the element ab. Then the assumptions on the exponents of 7 with respect to
B guarantee that the sum in (%) is convergent. The details are left as an exercise.

It remains to show that the following sum converges:

> (7, bv)[5.06(0) .

{beAT, | bgaAl }

The sum is over the points in the unshaded part of the above diagram. This sum can be
broken up into a finite sum of terms (each summand looking like the sum over lattice points
on a half line in the diagram), the convergence of each term following from an application
of the first theorem with P an intermediate parabolic subgroup: that is, P conjugate to

P(271). O
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More about Jacquet modules

Assume that G is (the F-rational points of) a split group. For example, G = GL,,(F),
SL,(F), or Spa,(F). Many of the descriptions and arguments will be given for the case
G =GL,(F).

Before discussing Jacquet modules, we make a few comments about compositions
series. Let (m, V) be a smooth representation of G. 7w (or V') has a composition series if

there exists a descending chain of G-invariant subspaces of V:
V=V03V1D"'DWDW+1={O},

such that V;/Vj4, is irreducible. The subquotients V;/V;; are called the (Jordan-Holder)
factors of the composition series, and the length of the composition series is the number of
factors. Any two composition series have the same length. We say that a representation has
finite length if it has a (finite) composition series. It is known that any finitely generated
admissible representation has finite length.

Let B = AN be a standard Borel subgroup of G. Let W = Ng(A)/A, where Ng(A)
denotes the normalizer of A in G. The group W is called the Weyl group of GG. Then we
have a disjoint union G = [, .,y BwB. If M is a standard Levi subgroup, let Wy, denote
the Weyl group of M - we can view it as a subgroup of W since A is also the Levi subgroup

of a standard Borel subgroup of M.

Lemma. Let P = MN and (Q = LU be standard parabolic subgroups of GG. Then

Sketch of proof. Since @) is standard, B C ). Hence wB C @ if and only if w € Q.
Suppose that © = fu € Ng(A) N Q. Then, because £ € L and A C L, it follows that
(uAu—'~1 = A implies that uAu~—! C L. Multiplying on the left by elements of A, we see
that a 'uau=' C L for alla € A. But A C L and v € U imply a 'ua € U. So we have
luau=t € LN U = {1}, that is, u centralizes A. Since the only elements in G which
centralize all of A liein A, and ANU = {1}, we see that u = 1. Thus Ng(A)NQ C L. It

follows that Ng(A) N Q = N (A) (and also Ng(A) N P = Nj(A)). a

a=

Define a partial ordering on Wy, \W/W by w < w' if PwQ C Pw'Q, the bar de-
noting closure. Set G, = Uyrsqy Pw'Q. Given w € W, let d(w) be the dimension of the
F-variety P\Pw(@ (it is useful to look at examples to see what this looks like - comput-
ing d(w) is counting the number of independent coordinates in matrices which are coset

representatives).
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Suppose that o is an irreducible supercuspidal representation of M. We use normalized
induction i€ (o) = Ind$ (0 ® 51/2) and normalized Jacquet modules r$(7) = 7y ® 5_1/2

The goal is to describe the Jacquet module rQ pa For each integer 5 > 0, let

I; ={f€i@(o) | supp f C Ugw | d(w)>j} Gu }-

Note that each I; is a @-module. This allows us to define (/;)y (even though I; is not a
G-module).

Theorem. (Casselman) The filtration 0 C I;, C --- C Iy = i% (o) has the property that

(Ij/1j+1)U—( )U/ j+1 ED JwU

d(w)=j

where J, o ®5—1/2 _ zL,lpme(wfla), ifw 'MwC L
w Q 0, otherwise.

In general w—'PwN L is a parabolic subgroup in L with Levi component w='MwN L
and unipotent radical w='Nw N L. When w='Mw C L, then its Levi component is all
of w™!Mw. The above theorem says something about decomposing (i%(o))y in terms
of certain (generally reducible) subquotients which are themselves parabolically induced
representations of L. There is a similar filtration of i%(o) for o irreducible admissible,
and (I;/Ij41)v decomposes according to certain parabolically induced representations,
but there are more terms in the decomposition (arising from the fact that if o is not
supercuspidal, then o will have non zero Jacquet modules).

We will not discuss the proof of the theorem. Later it will be applied in the special
case P = B = () with 0 = x a quasi character of A. In this case the theorem says that

rgzg( ) has a composition series with Jordan-Holder factors equal to x*, w € W.
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Linear independence of characters

Let (7, V) be an admissible representation of GG. Recall that the character ©, of 7 is
the distribution defined by

O,(f) =tracen(f) where =(f)= /Gf(gc)w(x) dx, feCx(G).

Theorem. Let (m;,V;), 1 < j <r, be irreducible admissible representations of G which

are pairwise inequivalent. Then the distributions ©,, 1 < j < r, are linearly independent.

Proof. Choose a compact open subgroup K of G such that VjK # {0}, 1 < j <r. The
irreducible representation of H (G K) corresponding to m; will also be denoted by m;. By

earlier results the Hecke algebra representations are pairwise inequivalent. We have a map

H(GJK) — Ende(VE) x -+ x Ende(VE)
f'—> (Wl(f)w--aﬂ'r(f))

The main part of the proof consists of showing that this map is onto. Set H = H(GJ K).

By Schur’s lemma, HomH(VjK ,VjK ) ~ C. We view VjK as a vector space over
Homy (VX, V). We have a map H — Endc(V,): f +— m;(f). In this case, the Jacob-
son density theorem (see for example Hungerford, p. 420) says that the endomorphisms
{m;(f) | f € H} are isomorphic to a dense ring of endomorphisms of the Homy, (V;*, V;5)-
vector space VjK . That is for every positive integer £ and linearly independent set {uy, ..., us} C
V< and every subset {v1,...,v/} C V/, there exists f € # such that m;(f)u; = v;. Since
V< is finite dimensional, this is equivalent to {m;(f) | f € %} = Endc(V/).

We need a more general version of the Jacobson density theorem. Set M = VX x

- x VX with the action of H as above. For each j, let p; : M — VjK be projection

onto the jth component. Then p; € Homq.[(/\/l,VjK). Let iy : VX — M be the usual
inclusion map. Then, given ¢ € Endy (M), the composition p; o p o iy : VS — VjK
belongs to Homy (V,, V). If £ # j, then Homy (V,/, V;X) = {0} since 7y and 7; are not
equivalent. This forces p(io(V,)) C ir(V,/). By irreducibility of my, if ¢(i,(V,//)) # 0,
then ¢ (i, (VX)) = (V). We have Endg (M) = Endy (V) x - -+ x Endg (V,E), this last
equaling C x - -- x C by Schur’s lemma.

We view M as an Endy (M)-module in the usual way: given v € M and ¢ € End¢(H),
@ -v = @(v). From the above description of Endy (M), we see that Endgpng,, i) (M)

consists of maps from M to M commuting with all endomorphisms of Vi x - - - x VX of the
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form ¢1Iy, x X+ x ¢, Iy x, ¢; € C. Thus Endgpq,, (vm) (M) = Ende (V) x - - x Ende (V,F).
By the Jacobson density theorem, given T’ € Endgna,, (m)(M) and z1, ..., 25 € M, there
exists f € H such that f-z; = T(z;).

Having shown that f — (m1(f),...,m(f)) maps onto [[,.,, EndC(VjK), we can
choose f; € H such that m;(f;) = 1VjK and 7(f;) = 0 if £ # j. Linear independence of

the characters is now immediate from tr m(f;) = §;, dim VX, O

To compare characters of m, 7’ and subquotients, it is enough (by the proof of the
above proposition) to compare their restrictions to function which are K bi invariant
for some compact open subgroup chosen such that the space of K fixed vectors is non
zero for all of the subquotients. Since the representations of the group are admissible,
the corresponding representations of the Hecke algebra are acting on finite dimensional
subspaces. It is straightforward to check that ©, equals the sum of the characters of the

irreducible subquotients of 7.

Corollary. Let (m,V') and (7', V') be admissible representations of finite length. Then m

and 7' have the same Jordan-Holder factors if and only if ©, = ©,..

The above corollary is a generalization of a well known result for compact groups. If
G is compact, then ©, = O, if and only if 7 ~ 7’. As the representations of compact
groups are completely reducible, 7 and 7’ have the same Jordan-Holder factors if and only
if 7 ~ 7/, For G non compact, two representations can have the same Jordan-Holder

factors without being equivalent.
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Principal series representations

Fix a standard Borel subgroup B = AN of GG. The principal series of representations

is the set of representations of the form i% (), where x is a quasi character of A.

Proposition. Let V be a nonzero subquotient of i% (). Then r$(V) # 0.

The following theorem will be used in the proof of the proposition. We will not discuss

the proof of the theorem.

Theorem. Suppose that G = GL,(F). Set Gy = {g € GL,(F) | |det(g9)|lr = 1}.
Let (m, V) be a smooth representation of Gy. Then there exists a unique decomposition
V =V, ®V,. where V. is a supercuspidal Gg-invariant subspace and V,,. is a Gy-invariant

subspace having no supercuspidal subquotients.

Lemma. Suppose that (w, V') and (7', V') are representations of G = GL,(F) having the
property that on the centre Z, m and 7' act by scalars, and 7| Z = n'| Z. Suppose also

that Homg, (7', 7) # 0. Then Homg (7', m ® 1) # 0 for some character n of G.

Proof. Recall that G¢Z is normal in G, the quotient G/GoZ cyclic of order n generated by
cosets of by a matrix a,, whose determinant equals . Consider the representation of G on
Homg (7', 7) given by g- A = gAg~!. As GyZ acts trivially, it factors to a representation
of G/GoZ, and hence is a direct sum of characters of G/GyZ. Choose a character n
and a nonzero A such that g- A = n~!(g)A. Then it is a simple matter to check that
A € Homg (', m ®@n). O

Proof of proposition. Consider the set of all standard parabolic subgroups P of GG such that
r&(V) # 0. As r&(V) # 0, there is a minimal such P (minimal with respect to inclusion).
Fix such a minimal P. By transitivity of Jacquet modules, all proper Jacquet modules of
r&(V) are zero. That is, r$(V) is a supercuspidal representation of M (P = MN). Since
V is a subquotient of i%(V), r§(V) is a subquotient of 75i%(x).

Any irreducible subquotient W of r$ (V) must therefore be a subquotient of some
M e (W X)), w € W. The group B’ = w™'Bw N M is a Borel subgroup of M with
Levi component A. The centre Zy; of M is contained in B’ and acts via x* | Zy;. Applying
the above theorem and lemma with M and M, in place of G and G, we see that some

twist of W is a subrepresentation of i (x*). By exactness of the Jacquet functor, we have

0 — 1y (W) = rgrigy (x") = 7 (i (X ) /W) = 0.
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Since ¥ (ip: (x*) # 0, it follows that r¥ (W) # 0. As W is supercuspidal, this forces

B’ = M. That is, A= M and P = B. Thus r§(V) # 0. O
Corollary. i%(x) has finite length, the length being at most |W|.

Proof. Suppose we have a chain ig(x) DO Vi DV, D -, with strict containment. Then
at the level of Jacquet modules we have r$i%(x) D r§(V1) D r8(Va) D ---. By the
proposition, r§(V;)/r&(Viz1) = r§(Vi/Vis1) # 0. By previous results, the length of
r$%i% (), which we have just seen is an upper bound for the length of i%(y), is equal to
|[W|. d

Proposition. If y is unitary and the stabilizer of x in W is trivial, then i%(x) is irre-
ducible.

Proof. Suppose that y is unitary. Then i%(y) is unitary. By the corollary, i%(x) has finite
length. Hence i% () is a finite direct sum of irreducible unitary representations, and i% (x)
is irreducible if and only if Endg(i%(x)) = C. By Frobenius reciprocity, Endg (i%(x)) =
Hom 4 (r$i%(x), x). The Jordan-Holder factors of 7§i% () are all of the form x*, w € W

(each occurring once). Thus dim(Endg(i%(x)) < |Stabw (x)|- O

Now we assume that G is a split reductive group, for example GL,(F'), SL,(F),
Spon(F). In this case, A ~ (F*)?, where d = dim(A) = rank(G). Fix an isomorphism a +
(a,...,aq) € (F*) The subgroup Ay =~ (O})% is the maximal compact subgroup of A. A
quasi character of A which is trivial on Ay is said to be unramified. If y is unramified, then
from properties of quasi characters of F'*, it follows that there exist s1, ..., ss € C such that
x(ai,...,aq) = |a1|3 ---|aql3¥. The d-tuple z = (|@w|@,...,|@w|¥) = (¢°,...,¢7%) €
(C*)4 determines y. Conversely any element z € (C*)¢ gives rise to a unique unramified
character, denoted by x.. Thus we can identify the set Hom(A/Aq, C*) of unramified
characters of A with (C*)d.

Fix a quasi character x of A. As z varies over the complex variety (C*)%, we get a
family xx. of quasi characters of A. The ring R of regular functions on (C*)9 is the group
algebra C[A/Aq] of A/Ag ~ Z®. Let Yun denote the inclusion map A/Ay — R = C[A/Ay].
Given z € (C*)¢, the evaluation map o, : C[4/Ag]* — C* is a C-algebra homomorphism.
The composition

A — AJAg XS CIA/ A 25 C
is the map a — x.(a).
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Define an R-module M by

M = iG(XXun) = { f: G = R | f(bg) = 35""*()x(D)xun (D) £ (9),

f right invariant wrt some compact open subgroup }.

Letting G act by right translation on the functions in M gives a map G — Autgr(M).
Given z € (C*)?, we define a complex representation M, of G by M, = M ®g C, using
a, : R* — C*.

Lemma. As G-modules, M, ~i%(xx.).

Proof. Composition with o, gives a natural map M, — ig(xxz). To see that this map is
an isomorphism, it suffices to show that ig (xx2)® ~ MX for every compact open subgroup
K of G.

Let f € i%(xx.)¥X. Then f is right K-invariant, so can be viewed as a function on
G/K. Given g € G, the values of f on BgK are determined by f(g). Suppose that
flg) # 0. For k € K, f(gk) = f(gkg™" - g). If gkg™' € B, then f(g) = f(gk) =
(xxz)(gkg™1) f(g) implies (xx.)(gkg™') = 1. Thus f can have nonzero values on BgK if
and only if (xx.)|BNgKg™! = 1. As gKg~! is compact and . is unramified, x. | B N
gKg™1! = 1. For such g, f(g) € C can be chosen freely. It follows that

ig(XXﬁK = @ C.

{9eB\G/K | x| BngKg—'=1}
Similarly, M = ®R, with the same index set. Now ®zrC converts M % to MX. O

We can choose n such that G is a subgroup of GL,(F'). For an integer j > 1, let
K; be the intersection of G with the subgroup {z € GL,(F) | x — 1 € M,(p?) }. We
assume that the inclusion G — GL,,(F') is chosen in such a way that K; has an Iwahori

decomposition with respect to B.

Lemma. Choose K = K; such that x| AN K = 1. Then, for every z € (C*)%, any
subquotient of i%(xx.) is generated by its K-fixed vectors.

Proof. It suffices to prove the lemma for a subrepresentation V of i%(xx.). Set Vo =
Span{G - VE} and V; = V/V,. Then 0 — Vo — V — V; — 0 implies 0 — V& — VE —
VE — 0. Thus V& = VE implies V{£ = 0.

The group K has an Iwahori decomposition with respect to B. Therefore (recall earlier

results on admissibility of Jacquet modules) the map VX — r& (V1)K is onto. Hence
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VK = 0 implies r§(V1)5™4 = 0. The Jacquet module r§(V;) is a subquotient of 7§ (V),
which is itself a subrepresentation of r%(i%(xx.)), the latter having Jordan-Holder factors
equal to (xx:)", w € W. By choice of K, (xx.)*|ANK =1 (recall that w permutes
the a;’s, so preserves AN K). As r$(V7)AMK = 0, this forces r§(V4) = 0. Since V is a
subrepresentation of i%(xx.), V1 is a subquotient of i%(xx.). By the first proposition in
this section, 7§ (V1) = 0 implies Vi = 0. That is, Vo = V. O

Set Hx = H(GJK). Smooth G-modules generated by their K-fixed vectors corre-
spond to H g-modules. This was discussed in an earlier section for irreducible smooth rep-
resentations having non zero K-invariant vectors (being irreducible, such representations
are generated by their K-invariant vectors). In the more general setting, the representation
of H is defined as in the irreducible case, with Hx acting on the space of K-invariant
vectors (see section 7). The above lemma allows us to reduce questions about subquotients
of i%(xx-) to questions about H (G K)-modules.

As M¥ is an H-module and an R-module (R = C[A/A]), so we can consider M*
as an Hx @c R-module. As an R-module, M¥ is free and of finite rank (recall our earlier

description of Mk).

Abstract Lemma. Let H be a C-algebra and R a finitely generated commutative C-
algebra. Let Z = Spec R. Suppose that M is an H ®@c¢ R-module which is free of finite

rank as an R-module. Set
Zo={z€Z| M, =M ®pg n,, Cis an irreducible H — module }.
Then Zg is Zariski dense in Z.

Outline of proof. Fix an R-module isomorphism M ~ RF. Fix j, 0 < j < k. Let G(j, k)
be the set of all j-dimensional subspaces of C*. Given h € H, we have a k x k matrix Ay,
with entries in R, and also a corresponding k£ x k complex matrix Ay .. For each z, we
can identify M, and R¥ ®g »,. C = C¥. The set {(z,W) € Z x G(j,k) | Ap.W C W}
is Zariski closed in Z x G(j, k). Taking the intersection over all h € H, we get the Zariski
closed set

{(2,W) | W is an H—submodule of C* = M, }.

Project this variety onto Z and using properties of G(j, k), show that the set of all z € Z
having the property that there exists a j-dimensional H-submodule in M, is Zariski closed.

To finish, take the union over all j. O

Applying the above lemma with H = Hg, R = C[A/Ay], etc., we obtain:
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Corollary. Fix a quasi character x : A — C*. Then {z € (C*)? | i%(xx.) is irreducible
} is Zariski open in (C*)4,

Lemma. Fix a quasi character Y : A — C* and w € W. Set B = wBw~!. Then
i%(x ow) = i (X).

Proof. We remark that whenever necessary we choose representatives for elements of w

in the compact open subgroup Ko = G(or) = GNGL, (o). Given f € i%(x o w), define
Auf:G— Chy (Auf)(g9) = f(w™lgw). Then, for ¥’ € B’ and g € G,

(Auf)(¥'g) = ((x 0 w)35 ) (w™"Hw) (A f)(9).

To see that A, f € i%, (), it necessary to verify that dg(w=tb'w) = §p: (V) for v/ € B'.
This is left as an exercise in the general case. For G = SLso(F), if w is the non trivial
element of the Weyl group, and a € A is the diagonal matrix with diagonal entries ¢
and ¢!, then w~'aw has diagonal entries t~! and ¢, that is, wlaw = a~!. If B is the
upper triangular Borel subgroup, then B’ is the lower triangular Borel subgroup. An easy

calculation shows that §p/(a) = |t|z% = dg(a™!). d

Theorem. For all y : A — C* and all w € W, i%(x) and i%(x o w) have the same

character.

Proof. Choose K as above. Fix f € Hr. Set m, = i%(xx.), and 7, = i€, (xx.), z € (C*)4.
With M as above, M¥ is a free R-module, and f acts on M¥. So tr(f, M%) € R. Thus
z — tr,(f) is a regular function on (C*)? (that is, belongs to R).
Let B’ be such that i%(yow) ~ i, (x). Set 7’ = ip/(xx.). Replacing B by B’ above,
we have z — tro,(f) is regular.
Let
S={2€(C)| On, =0x }
S; ={z¢€ (C*)?| r, and 7. are irreducible }
Sy = {z € (C*)? | Stabw (xx) = {1} }
By regularity of the characters, S is Zariski closed in (C*)¢. By the above lemma, S; is
Zariski dense in (C*)?. As the Weyl group W acts on quasi characters as permutations
on the d-tuples in (C*)9, Sy is also Zariski dense.

Suppose that z € S. The abelian group A acts on r5i%(xx.), which is finite dimen-

sional (see earlier description of the composition series of Jacquet modules), so r§i% (xx=)

decomposes as a direct sum of generalized eigenspaces. For each w € W, (xx.) o w
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occurs as a subquotient. By assumption on z, Staby (xXx.) = 1. Therefore, there are
|W| distinct one dimensional subquotients of r§i%(xx.), which itself is |W|-dimensional.
Hence each generalized eigenspace has dimension one, that is, rgig(xxz) is a direct sum
of (xxz) o w’s. Thus Homa(r$i%(xx.), (xxz) o w) # 0 for all w € W. By Frobenius
reciprocity, Homg (7., 7.) # 0 (for z € Ss).

Suppose z € SN Sy. Then, as 7, and 7, are irreducible, Homg (7., 7)) # 0 forces
and 7 to be equivalent, and hence ©, = ©,,. We can now conclude that S; NSy C S.

As S is Zariski closed and contains a Zariski dense set, S = (C*). O

Corollary. The representations i%(x) and i%(xow) have the same Jordan-Holder factors.
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Intertwining maps

As in the previous section, B denotes a standard Borel subgroup of G, with Levi
decomposition B = AN, x denotes a quasi character of A and w is an element of the Weyl
group W = Ng(A)/A. Since i%(x) and iG(x o w) have the same Jordan-Holder factors, it
is natural to try to construct intertwining maps i (x) — iG(xow). Asi%(xow) ~ i, (x)
for B’ = wBw™1!, such maps can be viewed as intertwining i%(x) and %, (x). Let N’ be
the unipotent radical of B’: N’ = wNw™!.

Given f € i%(x), set (Ip' 5f)(g) = f(NﬂN’)\N’ f(ng) dn. Here, dn is the N’ invariant
measure on the quotient coming from Haar measures on the unipotent (hence unimodular)
groups N’ and NN N'. As f € i%(x), the function n — f(ng) is left N N N’ invariant.

However, the function isn’t compactly supported on the quotient, so the integral defining

I/ g f might not converge.
Lemma. Let f € i%(x). If (Ip' gf)(g) converges for all g € G, then I/ gf € i%,(x).

Proof. Since dn is right N’ invariant, I pf is left N’ invariant. Let a € A. Then, since
A normalizes N’ and N'N N,

(I ,Bf)(ag) = X(a)5B(a)1/2/ f(a~ nag) dn = x(a)dp(a)* Ay (a) (Ip,5f)(9).

(NAN')\N/

where A, (a) relates the two N’ invariant measures dn and d(a~'na) on the quotient:
d(a=tna) = Ay(a)"tdn. We omit the calculation of A, (a) in the general case. For
G = SLy(F), assume that B is upper triangular and w is non trivial. Then B’ is lower
triangular and N N N’ = {1}. We find that A, (a) = |t|z*> = dp:(a) for a with diagonal
entries ¢t and ¢t~ ¢t € F*. In the previous section, we saw that dg(a) = |t|%. Hence
6p(a)/?Ay(a) = 6p/(a)t/?, so Ip g f €iG (x). O

If the integral (I pf)(1) converges for all f € i%(x), then, since f(ng) = (g- f)(n)
and g - f € i%(x), we have (Iz 5f)(g) converging for all f € i§(x) and all g € G. Thus
for purposes of checking convergence, we need only look at (Ip pf)(1).

Using | - | to denote the usual absolute value on the complex numbers, we observe

that, for f € i%(x),

1£(69) o0 = 61 *X(B) ool £(9) o0 = 81> (B)|X[o0 (B)] £ (9) oo

Note that, by compactness of Ay, |X|oo | Ao = 1. S0 |X|eo is unramified and real valued (as

| - |oo is real valued). We will replace x by |Xx|so. For now, assume that G = SLy(F). In
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this case, A ~ F* : diag(t,t™1) — t, and || is given by:
IX|oo (diag(t,t71)) = xs(diag(t,t™1)) = |t]5, for some s € R.

Let f € i%(xs). We have G = BK, where K = Kg = SLy(or). As f is locally constant
and K is compact, f takes finitely many values on K and therefore |f| is bounded on K.
Set fs p(bk) = 5]13/2(19))(5 (b). As 52/2)(8 | K =1, it follows that fs p € i%(xs). There exists
a constant C' such that |f|« < C|fs B|eo. Hence in order to check absolute convergence,

it suffices to consider
1 0
o nfo)V) = [ 1n () ) an
I T

Case 1: z € op. Here (31: O> € K, so fs p takes the value 1.

1
Case 2: = ¢ op. Here

1 0 0 1 0 -1 0 1
Ga)=(8 )@ @)= (8 )=
Multiplying the second column by —z~! (which belongs to or) and subtracting from the

first column, we get
0 1 | 1 0 |
(—1 :1:)_( 0 x)(—xl 1)€< 0 :U)K

Thus, when = ¢ op,
1 0\ a2 rb0\
fs,B (x 1)—(53 Xs)( 0 x)—mF :

We are assuming that the Haar measure dx is normalized in the usual way: so that o has
volume one. Therefore, with ¢ = |op/pF|,

(IB/’st,B)(l) =1 —|—/ |x|;1—s de =1+ Z/ q*j(erl) dx
j=1"1

F—op z|p=q’

=1+ g =1 (- ) Y.
=1 :

7j=1
Above we have used {x € F | |z|p = ¢’ } = w;jofp, d(w;jx) = ¢’dx, and the measure
of 05 = op —pp = oF — wrop equals 1 — ¢~ 1. It follows that, for s > 0, (Ip/ g fs.5)(1)
converges to (1 — ¢~ 1) /(1 — ¢=%).

Now let s € C and define f, p as above. As f, 5 € i%(xs)¥ is non zero and i (xs)¥ is
one dimensional any other element of ig (xs)¥ is a scalar multiple of fs p. Our calculation
above shows that 5 g fs  converges whenever Re (s) > 0. In that case, Ip p : iG(xs)% —
te] K
% (Xs)

(I’ Bfs,B)(1) explicitly, and fs p/(1) = 1, it follows that

, and so Ip gfs g must be a scalar multiple of fs; gr. As we have computed
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Lemma. Suppose that G = SLyo(F). For s € C such that Re(s) > 0, Ip/ pfsp =
1— q—l—s
g feE

Suppose now that G is a split reductive group with B = AN and B’ = AN’ standard
Borel subgroups, and x a quasi character of A. In order to study convergence of Ip: g f, the
integral is expressed as an iterated integral, each piece of which looks like the intertwining
integral for SLo(F'). We consider the example of G = GL3(F'), with B upper triangular

and B’ lower triangular. To begin we conjugate in stages, using transpositions in W, from

N to N'. Let

1 0 2 01 0 01 0
Ny = xr 1 y |x,y,z€F =1 0 OJN[1T O O
0 0 1 00 1 00 1
10 0 00 1 00 1\ "
N, = y 1 z| |zy2zeF ;=101 0N |0 1 0
2 0 1 100 100
10 0 100 10 0\ "
N’ = z 1 0] |zyzeF ;=100 1|N[0 0 1
y z 1 01 0 01 0

In the integrals defining Ip’ B,, IB,.B,, IB, B, We integrate over

1 0 0
(N'NNy)\N' = 0 1 0
0 = 1
1 0 0
(N1 N N2)\Np = 010
y 0 1
1 0 0
(Nl ﬂN)\Nl = z 1 0 5
0 0 1

respectively. Therefore Ip: g = Ip/ B, ©Ip, B, ©IB,, B, and if each of the three integrals on
the right converge, then so does Ip/ p. Fix an unramified quasicharacter x; of A ~ (F*)3:

s = (s1,52,83) € C?, xs(diag(ay, az, as)) = |a1|3 |az|3?|as|3. Using our earlier calculations
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for SLo(F), we see

:13‘71

dr =1+ / (5}3/2)(8) 0
F—OF

0
1
1 0

oK
o O O
o8 O

(IBl,Bf&B)(l):/Ffs,B

:1—|—/ 2|2t o7 T2 dr =1+ (1 — ¢ * Zq (s1—52)j
F—OF

B 1 — q—(51—52)—1

ey if Re(s1 —s2) >0

Thus (I, gfs) = (1—q 1752071 /(1 —q=*17%2) f, p,. After carrying out the same type

of calculations for Ip, g, fs.B, and Ip/ B, fs B,, We get

1— q_(si_sj)_l

(Ip',Bfs,B) = H

i<j

Ep=—r— fs.Bs if Re(s; —s;) > 0, for i < j.
It is convenient to express the above result in terms of roots and co roots. Let
X*(A) be the set of rational characters of the split torus A. As A ~ (F*)? such char-

acters correspond to elements of Z%: a = (ay,az,...,aq) — a]fl

afld corresponds to
(ki,...,kq) € Z%. The set of rational homormorphisms F* — A is denoted by X, (A).
This set can also be identified with Z%: the homomorphism t + (t,... t%) € (F*)?~ A
corresponds to ({1,...,43) € Z¢. We have a natural pairing between X,(A) and X*(A)
denoted by (-, -): it is given by composition. The composition map is a rational homomor-
phism from F* to itself, hence is of the form ¢t — t" for some integer . With the above
identifications, r = ((¢1,...,4q), (k1,...,kq)) = Z;l:l ¢jk;. Whenever convenient we ex-
tend the pairing (-, ) to X,(A) ®z C and X*(A) ®z C in the obvious way. An unramified
quasi character of A has the form x,(a) = |a1|% - - |aq|}* and so can be identified with the
element s = (s1,...,54) of X*(A) ®z C = C%. (Recall that in an earlier section we had
identified an unramified quasi character with an element of z = (z1,..., z4) € (C*)? - the
relation to the above is simply z; = ¢=%).

Consider the adjoint action of A on the Lie algebra g (for subgroups of GL,,(F") this
is just conjugation by elements of A). The Lie algebra g is a direct sum of the eigenspaces
for this action. The non zero eigenfunctions are called roots, and they belong to X*(A).
For example, if we consider G = GL3(F') we find the roots are a aia; Yfor i # j,
or +(1,—1,0), +(1,0,—1), £(0,1,—1) € Z3. Suppose « is a root. Let g, C g be the

corresponding eigenspace. Given any standard Borel subgroup B” = AN", either g, C n”
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(n” the Lie algebra of N”), in which case we say that « is positive for B”, or g, C n”~
(the Lie algebra of the opposite unipotent radical N”'~), in which case « is negative for
B”.

Corresponding to each root «, we have an co root o € X, (A) which has the property
that the image of oV in Z% is identified with a particular multiple of the image of a in
74, the multiple being determined by (o, a) = 2. For groups other than GL,, (F), it can

happen that o and v do not correspond to the same element of Z<.

Proposition. Let B and B’ be standard Borel subgroups. Let xs, s <> (81,...,84) €
X*(A) ®z C = C? be an unramified quasi character of A. Then, with the product over all
roots o which are positive for B and negative for B’, if s is such that Re (a,s) > 0 for

all such «,
1 — q7(1+<av75>)

1— g (a9 Js.B':

Ip pfs,B = H

Remarks.

(1) Ifweset z = (¢, ...,q %), we see that (1 —¢~(AH{@")) /(1 —g=(@"9)) is a rational
function of z.

(2) The formula in the above proposition will be used to study the Satake isomorphism
in a later section.

(3) For more information about interwining operators and the decomposition of unitary

principal series representations, see the papers of Winarsky [Wi| and Keys [K].
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The Satake isomorphism

We continue to assume that G is a split reductive group and B = AN is a stan-
dard Borel subgroup of G. Returning to the notation of the section on principal se-
ries representations, we index unramified quasi characters of A ~ (F*)? by elements
z € (CY% 2 = (21,...,24) is given by 2; = x.(1,...,@p,1,...,1), where wp oc-
curs in the jth component. Let K = G(or). Fix z € (C*)% The function f, 5 de-
fined by f. p(ank) = (5113/2XZ)(a) is a basis for the one dimensional space iG(y,)¥. Let
Hi = H(G//K). Let m, = i%(x.). Given f € Hx, m.(f) : i%(x.)% — i%(x.)%, so
there exists f¥(z) € C such that m.(f)(f.,8) = fY(2)f:,B. As f +— m.(f) is an algebra
homomorphism, it follows that f — fV(2) is also an algebra homomorphism. Letting z
vary over (C*)¢, we have a homomorphism f ~ fY from Hx to the algebra of complex
valued functions on (C*).

Haar measures on GG, K, A and N will be normalized so that K, AN K, and N N K

have volume one.

Lemma. Let f € HK and z € (C*)4. Then

(1) fY(2) = [, f( g9) dg, where E.(g) = [, f.B(kg)dk
(2) fY(z)= [, f(B) ( ) da, Where
B (a) 1/Q/fcm )dn = dp(a 1/2/fna a€A.
Proof. fop(l) = 1 = () = (m(D(fop)(1) = Jos Fla)fong)dg. Since f is K

invariant, and d(kg) = dg for k € K,

/f(g)fz,B(g) dg:/ f(9)f-,8(kg)dg
G G

for all k£ € K. Integrating both sides of this equality over K, we obtain (1).
Recall the integral formula coming from the Iwasawa decomposition G = BK = KB
(section 5, p. 21),

/Gh(g)dg:/K/Bh(bk;)dkzdgb:/K/Bh(k:b)dkdrb, heCe(G).

Therefore, using the fact that f and f, p are right K invariant,

:/B/Kf(bk)fz,g(bk)debdkz/Bf(b)fz,B(b)db

- /A /N F(an)6(a)/2x-(a) dn da = /A 7B (@)x2 (a) da.
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O

Recall that the ring of regular functions on (C*)¢ is the group algebra C[A/Ag] where
Ao = AN K. As the Weyl group W = Ng(A)/A permutes the entries aq,...,aq of a € A,

W preserves Ag. Hence W acts on the unramified quasi characters of A and on C[A/Ay].
Theorem. The map f + fV is an isomorphism of Hy with C[A/A]" .

The map f — fV is called the Satake isomorphism. We will prove the theorem and derive
Macdonald’s formula for fVY(z).

Let f € Hg. By definition of fV(z2), trm.(f) = fY(z). As we saw in the section on
principal series representations (section 12), z — trm,(f) is a regular function of z. By a
theorem of section 12, given any w € W, i%(x.) and i%(x, o w) have the same character.
Thus fV(z) = fV(w(2)). It remains to show that the image of f +— f is all of C[A/A]"
and the map is one to one.

Recall the Cartan decomposition G = K AT K (see the section on discrete series rep-
resentations). For G = GL,(F), A" is the subset of A ~ (F*)™ which corresponds to
elements (w%, ...,@7) such that j; > --- > j,. For general G, as A/Ay can be iden-
tified with elements of the form (w%l, . ,w%ﬁ) for arbitrary integers j;, we can identify
X«(A) (see the previous section) with A/Ag, simply by evaluating the homomorphism
t— (t91,...,t79) at t = wp. The Weyl group W acts on A/Ay ~ X,(A) by permuting the
components w% and each W-orbit in X,(A) contains a unique element of A*. That is,
AT is a set of representatives for the W-orbits in X,(A). An element y € X,(A) is said
to by dominant with respect to B if (u, ) > 0 for every root a which is positive for B.
The dominant elements in X, (A) correspond to the elements of AT. We will denote the
dominant elements by X, (A)".

Given 1 = (p1,...,1a) € Xi(A4), let a, = (wh',...,whk') be the corresponding ele-
ment of A/Ap, and let f, € Hx be the characteristic function of Ka, K. As a consequence
of the Cartan decomposition, we know that { f,, | p € X.(A)* } is a basis for Hx. Given
pe X, (A), let W-pu C X,(A) be the W-orbit of . The elements g, = )
p € X, (A)T form a C-basis of C[A/A]" = C[X.(A)]W.

Given f,, p € X.(A)*, write f as a linear combination of g,, v € X.(A)*:

/
MIGW'/J M 9 fOI'

£l = > ex.(ay+ Cuwgy. We define a partial order on X,(A) as follows: v < p if
p—v=> . simple {oaV with every £, a non negative integer. Ths sum is over the positive

simple roots (relative to B). If G = GL,,(F) and B is upper triangular, the simple roots

116



correspond to the following elements of Z"
(1,-1,0,...,0), (0,1,-1,0,...,0),...,(0,...,0,1,—1).

We will show that
(1) ¢y #0
(2) cpp =0 unless v < p.

Lemma. Let V' be a vector space with a basis I having a partial order such that for every
p € I theset {v € I | v < u} is finite. Suppose that A is a linear operator on V such
that the matrix coefficients of A with respect to the basis I are c, ., and these coefficients

satisfy (1) and (2). Then A is an isomorphism.

Thus to complete the proof of the theorem, it suffices to prove (1) and (2).
Since f, and 5]13/ ? are right Ag invariant, fP(LB) is right Ag invariant. As y, is also Ag
invariant, and Ay has volume one relative to Haar measure on A, the second formula for

[/ (2) (see earlier lemma) can be rewritten as

f;\f(z): Z f;(LB)(a)Xz(a): Z Z f;(LB)(aV/)XZ(a/V/)'

a€A/Ao veX, (AT v eWw v

Let we W and f € Hi. From
0= 1¥(2)— f¥(w(z)) = /A £ (@) (x2 ()~ (w(a))) da = /A (F® (@)~ P (™ (@))x- () da

which holds for all z € (C*)?, it follows that f(%)(a) = f(B)(w~(a)) for all a € A. That

is, f(B) is constant on W-orbits in A. Hence the above expression for f;{ (z) equals

E= ) P Y xela)

veX, (AT v'eWw v
= Y Pl DY = Y fPa)ale)
veX.(A)t+ v'eW-v veX.(A)t+
Here we are identifying z = (z1,...,24) = (¢7%,---,¢" %) with s = (s1,...,84) €

X*(A) ®z C, and writing (v, z) in place of (V' s). We have shown

Lemma. Let pu, v € X, (A)". Thenc,, = P(LB)(ay) = 0p(a,)"/? [y fu(nay)dn.

Lemma. Let pu, v € X, (A)". Then
(I’) NNKa,Ka;' CNNK.
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(2) Nay, N Ka, K #0) = v < p.

Assuming the lemma for the moment, observe that
fu(na,) # 0 < na, = kia,ks, for some ki,ky € K <= n € KauKaljl.

Thus (1’) implies condition (1): ¢, , # 0. It is immediate that (2’) implies (2). Hence to
complete the proof of the theorem it suffices to prove the lemma.

For the moment, assume that G = GL,(F) and K = GL,(or). Given X = (X;;) €
M, (F) (recall M, (F') is the set of nxn matrices with entries in F'), set || X || = max; ; | X;;|r.

Lemma. Let k;, ko € K and X € M, (F'). Then |k Xkza| = || X||.

Proof. As the entries of k1 and ko belong to op, ||k1 Xks|| < || X||. The entries of k' and
ky ' are also in op. So | X|| = [|k7 (k1 X ko) ky | < ||k Xksol|. O

Let g = (p11,-- -, tn) € Xi(A)T. Note that | X| = |wh"|p = ¢ .

If we have a representation of a split reductive F-group in a finite dimensional F-
vector space V, the eigenfunctions for the action of A on V' belong to X*(A) and are
called the weights of the representation. The weights can be related to each other through

the roots. For details, see [Bo.

Example: Let V = F3. Consider the usual (F-valued) representation of GL3(F) on V.
Let {e1,e2,e3} be the standard basis of F®. The weights of the representation are );,
1 < j <3, where \j(a1,az2,a3) = a;, as elements of X*(A), they are (1,0,0), (0,1,0) and
(0,0,1). Recall that the simple roots are a3 = (1,—1,0), ae = (0,1, —1). In X*(A), that
is, writing things additively, we have A\y — a3 = Ao, and A\ — a1 —as = Ay — as = a3. We
can define a partial order in X*(A) as we did above for X,(A). The weight A\; is maximal
and hence is called the highest weight, and A3 is minimal, so is the lowest weight. Observe

that —\3 is dominant. Further, if x is dominant, then ||a, || = ¢7#¢ = |A\3(a,)|r = ¢~ M.

For general split G, A € X*(A) is dominant if («¥,\) > 0 for every root « which
is positive for B. Given a dominant A € X*(A), there exists exactly one equivalence
class of irreducible finite dimensional G-modules having lowest weight —A (and all other

weights of the representation are of the form —\— " loa ). Let (px, Vi) belong to

« simple
the equivalence class corresponding to A. Let n) be the dimension of V. Then py : G —
GL,, (F). Itis possible to choose a basis of V) such that py(A) is a subgroup of the diagonal

matrices in GL,,, (F'), px(N) is upper triangular and unipotent, and p)(K) C GL,, (oF).
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Now suppose that Na, N Ka,K # 0. Let n € N. Assume that we have chosen
a basis of V) as above. Then, since every entry of px(a,) is also an entry of py(na,),
we have ||px(na,)|| > ||pa(av)||. Suppose that na, € Ka,K for some n € N. Then
lpx(an)ll < lloa(nan)ll = llpa(Kau Kl = [lpa(an)ll- That is, A" (au)lr < [A7H(ap)|p-
Or, ¢{—#tvA) < 1.

As X was an arbitrary dominant element of X*(A), we have (—u+ v, \) <0 for every
dominant A € X*(A). We remark that Na, N Ka,K # () implies that |det(pr(a,))|r =
| det(px(a,))|r for every dominant A. It is a simple matter to check that these conditions

on p and v imply that x> v. Hence (2’) holds. This completes the proof of the theorem.
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Spherical representations and Macdonald’s formula

We continue to use the notation from the sections on principal series representations
and the Satake isomorphism. In this section, we discuss properties of spherical representa-
tions and we outline the proof of Macdonald’s formula for f)(z), z € (C*)?, p € X, (A)*.
The main reference for this section is [Cass]. See also [Mac| and [Mac’].

A (zonal) spherical function on G with respect to K is a function £ on G which is
bi-invariant under K, such that E(1) = 1, and satisfies the equivalent properties (i) and
(ii):

(i) The map f +— fG f(g) E(g) dg from Hg to C is an algebra homomorphism.
(i) E(9) E(9') = [x E(gkg')dk, g, g' € G.

To see that (i) and (ii) are equivalent, note that

/ (1 * f2)(9) E(g) dg = / / Eg192) f1(g1) fa(g2) dgn dgs
G G JG
=//f1(g1)f2(92)/E(91k92)dkd91d92-
G JG K

Observe that the function (g1, g2) — [ E(91kg2) dk on G x G is invariant under left and

right translations by elements of K x K. Hence (i) is equivalent to

/ / f1(g1) f2(g2) (E(gl)E(gz) —/ E(glkgz)dk> dgidgs =0 f1, f2 € Hk,
cla K

which is then equivalent to (ii).

An irreducible smooth representation (m, V') is said to be spherical (or K-spherical)
or unramified if V¥ is nonzero. These representations are important in the theory of
automorphic forms. Given an automorphic representation of the adele group G(Ap), all
but finitely many of its local components are spherical.

Let E be a spherical function. Set Vg = {g — Zle ¢iE(ggi) | gi € G,c; e C}. If
feVgand g€ Glet (1e(9)f)(9) = f(d'9), 9 €G.

Lemma. Let E be a spherical function. Then (g, VE) is a spherical representation and

VX is spanned by E.

Proof. It is clear that mp is a smooth representation. Suppose that f € Vg and f # 0.
Choose ¢’ € G such that f(g') # 0. Let chiy be the characteristic function of K¢’. Using

property (ii) of spherical functions,
16 me(chicg ) (9) = 1) [ S(akg')dik = B(g).
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Hence E belongs to any nonzero G-invariant subspace of Vg. By definition of Vg, Vg =
Span(G - E). It follows that 7 is irreducible.
Let f € V. Then property (ii) of spherical functions, with ¢’ = 1, takes the form

- /K f(gk)dk = E(g)f(1),  geG.

Hence f = f(1)E. O

Recall that for z € (C*)%, E.(g) = [y f-.(kg) dk, where f. g(ank) = (55 x-(a)),
a€ A, ne N, ke K. Because f — fY(z ) is an algebra homomorphism from Hg to
C, and (as seen in the previous section) fY(z) = [. f o g)dg, it follows that E, is a

spherical function.

Theorem.

(1) If (w, V) is a spherical representation, there exists a unique spherical function E which
occurs as a matrix coefficient of w. Furthermore, ™ >~ .

(2) If E is a spherical function, there exists z € (C*)? such that E = E..

(3) The function g — E,(g) is a matrix coefficient of i%(x.).

We remark that, although the spherical function E, of (1) and (2) is unique, z is not
unique: E, = E,(,) for all w € W.
Proof of theorem: Since 7 is spherical and K contains an Iwahori subgroup Z, we have
VI # 0. It is known (though not proved in these notes) that an irreducible smooth
representation which has nonzero Iwahori fixed vectors is equivalent to a subrepresentation
of some unramified principal series representation. So there exists a z € (C*)? such that
7 is equivalent to a subrepresentation of ig(xz). Now we know that the subspace of K-
invariant vectors in the space of % () is one dimensional and is spanned by fz,B. It follows
that dim VX = 1. Because VE = (VE)*, we have dim VE = 1. Choose nonzero vectors
veVE and v € VK, Multiplying v be a nonzero scalar if necessary, we may assume that
(0,v) = 1. Note that the matrix coefficient f; ,(g) = (0,7(g)v) is K-bi-invariant. Because
VE and VX are one dimensional, it is easy to see that f;, is the unique K-bi-invariant
matrix coefficient of 7 which takes the value 1 at the identity.

Then the image of v in the space of i%(.) is a nonzero multiple of f, p. The con-
tragredient of i%(x.) is i%(x.-1), and f,-1 p € i%(x.-1). By earlier results on induced

representations,
e G0 8) = | FomsnlF) ko) di = B (o).
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the final equality holding because f,-1 p|K = 1. Hence (3) holds. Now, for each g € G,
i.,8(x2)(9)f-, B belongs to the image of V' in the space of i, g(x.). And any smooth linear
functional on the space of i%(x.) restricts to a smooth linear functional on (the image
of) the space V of m. Hence E, is also a matrix coefficient of 7. By the remarks above
concerning uniqueness of K-bi-invariant matrix coefficients, E,(g) = f5.,(g9), g € G.

Let © and v be as above. Let v' € V. By irreducibility of 7, there exist finitely many
g; € G and ¢; € C such that v' =), ¢;n(g;)v. Let E = E, be as above. We have

fow(9) =Y it m(gg:)v) =Y ciE(gg:),
i i

sO fsor € Veg. Define A : V = Vg by Av' = f5.,. Observe that f5 (500 (9) =
(me(90)f5.,/)(9), g € G. Hence A intertwines 7= and mg. Since Av = E, A is nonzero,

so by irreducibility of 7 and mg, must be an isomorphism. Therefore 7w ~ 7. O

Given p € X, (A)™, let f, be the characteristic function of Ka, K. Then
G = [ B)dg = m(KauK) Eo(a,).
Ka, K

Next, we discuss Macdonald’s formula for f/\f (z). By properties of fuv , for fixed p, E.(ay,)

is a regular function of z and E.(a,) = E.(a,) for w € W.

Lemma. Let V =iG(x.). Then if (-,-) denotes the usual pairing between V and V, and
(-, )N denotes the pairing between the (unnormalized) Jacquet modules Vy- and Vi given
in Casselman’s theorem on asymptotic behaviour of matrix coefficients. Given v € ‘7, and

v eV, let v and © be the images of U and v in IN/N_ and Vy, respectively. Then
@ av) = (0,a0)y, a€At,veV,veV.

The lemma is a stronger version of Casselman’s theorem. The proof will be omitted.

Suppose that z € (C*)? is such that Staby/(z) = {1}. As shown in an earlier section,
the composition factors of Vi are szé}g/ . w € W. When Staby (z) = {1}, these factors
are all distinct and the A-module Vi is a direct sum:

Vi = €D xu:by”
weWw

Setting v = f. p and v = f,-1 p and writing ¥ as a sum of eigenvectors, we see that
a € AT — (U,a0)n = E.(a) is a linear combination of functions of the form a € At
sz(a)éjlg/Q(a). That is,

(%) E.(a) = Z d(w, z) 5113/2(a)xwz(a), ac AT,
weW
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Example: G = SLy(F). In this case X,.(A) = A/Ag ~ Z and X,.(A)" = Z>o. Given
z € C%, x.(diag(wl, wy’)) = 27. Evaluating (%) for ag = 1 and a; = diag(wr, wp'), we

have, denoting the non trivial element of W by w,
E.(ao) = d(1,2) + d(w, z)
E.(a) = d(1,2) 2q~* + d(w,2) 2~ 'q~?

()= (0 ) (3),

From these equations, and the fact that F,(ag) and E,(a;) are regular functions of z, it

which we can rewrite as

follows that d(1,z) and d(w, z) can be expressed in terms of regular functions of z and

rational functions of z and are therefore rational functions of z.

In general, to see that the d(w, z) are rational functions of z, we work with u € X, (A)*
(1 dominant) and not on any wall. So w-pu = w' - p implies w = w’. For PGL3(F) =
GL3(F)/Z, these look like:

Evaluating (%) at a, for v € {0, u,2p,...,(|[W]| —1)u}. Solving for the functions d(w, z)
results in expressions involving the regular functions F,(a,) and the inverse of a van der
Monde determinant =+ [[(xwz(au) — Xwz(ayu))-

As d(w, z) is a rational function of z, the values of d(w, z) are determined by its values

on the open set
S={z€(C] |x.(a¥(wr)| < 1 for every positive root a }

We say that a root « is positive, resp. negative, if « is positive, resp. negative, for B. Note
that if z € S, then z is regular: w(z) = z implies w = 1. (For G = GL,(F), z € S is
equivalent to |z;]|zj41]7P < 1for 1 <j<n-—1).

Let wg be the longest element (relative to B) of the Weyl group W. It is clear from
the definition of roots that W acts on the set of roots. The length of w € W is equal to
the number of roots « such that « is positive (for B) and o™ is negative (for B). The
element wy has the property that, for any «, o' is negative if and only if « is positive.
This implies that woNw L=N-.
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We rewrite (x) as follows:
d(wo, z) = 651/2(Q)Xwoz(a)_1EZ(a) + Z Xwoz (@) Xwz(a) d(w, 2).
wFwo
For G = SLy(F), z € S if and only if |x.(a"(wr)| = |x.(diag(wr, wp'))| = |z| < 1. The

above expression for d(wyo, z) has the form, for a; = diag(wfw, w;j ),
d(wo, 2) = ¢ 72 E,(a) + d(1, 2)2%.

For z € S, limj,» 2% = 0. In the general case, 2 € S implies that for w # wy,
Xwoz(@) " xw=(a) is a decreasing exponential as a € A* approaches infinity. Thus
(%) d(wo,z) =  lim  65"%(a)xuwo:(a) 1 E.(a),
a—ocacAt

The idea is to use analyze the behaviour of E,(a) as a — oo, for z € S, and then use (xx)
to get a formula for d(wo, ).

Let I be an Iwahori subgroup contained in K. We have a projection of K = G(op)
onto G(op/pr). The Iwahori subgroup I is the inverse image in K of some Borel subgroup
B, of G(op/pr). For example, if G = GL,(F), I is conjugate to the subgroup of matrices

of the form

X
UF 05 <o 0
pF OF -e- 0p
X
br PFr - Op

We can (and do) choose I such that N NI = N N K and I has an Iwahori factorization
with respect to B=AN: I = (NNI)(ANH)(N-NI)=(N"nNnHANI)(NNI).

Lemma. Let z € S. Set Q =Y .y q(w), where q(w) is the number of cosets of I in the
double coset Iwl. Then d(wg,z) = Q! woNw-1 /z,B(n) dn.
0

Assuming the lemma for now, we state Macdonald’s formula.

Theorem. Let u € X.(A)T. Then

1 — —1+(a¥ ,w(z))
Vi o —1 —1/2 g
fU (z) =Q 5B(au) Z sz(au) H 1— q<a\/,w(z)>

weW a>0

Proof. Let B = AN~. Recall that wONwO_1 = N~ and the roots which are positive for
B are all negative for B’. By a proposition from the section on intertwining maps,

1 — q_(1+<avﬁz>) 1 — q_(1+<avfz>)

| sty = (wnfom0) = I

a>0

1—q(a"2) e =]1]

a>0 1- q_(a &
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By the above lemma, this gives a formula for d(wy, 2).

Because I,y = I, for all w € W, it follows from (*) that d(w, z) = d(1,w(z)) for
w € W. This then gives a formula for each d(w,z) and hence (by (x)) for E.(a,) and
fu(2) (recall that m(Ka,K) = dg(a,)~"! by an earlier lemma). O

Sketch of proof of lemma. We assume that representatives for elements of W have been

chosen in K. Then K =[],y Twl. Aswy € K,

K =Kuw= [ Twlwy= [] I(wwo)wy'Two = [ Iw(wy'Twe) = [ Tw(N™NK).
weWw weW weW weWw

The final equality is obtained as follows. From the Iwahori decomposition and N NI =

N N K we have
wy Twy = wy '(N™ N DHwy (AN Twy (N N DHwy
=wy (N~ N Dwy (AN Dwy ' (NN K)we =wy (NN Dwe(ANT)(N™ N K).
Next, note that N NI is a subgroup of K; (where K; is the set of x in G such that
every entry of x — 1 belongs to pp). Since K; is normal in K and K; C I, we have
Twwy ' (N N IHwy C IKyw = Tw. Note also that w normalizes ANT = ANK.
The correspondence W «— I\K/(N~ N K) is used to decompose the integral E,(a).

We write

E.( /sz (ka)dk = [K : I]~ /szZk:a

kel\K
Take a € AT. Conjugation by a~! shrinks N, so a ™} (N"NK)a C N"NK. As f. g is
right K invariant, this implies that the function k — [, f. p(ika) di is left I invariant and
right N— N K invariant. Thus, denoting the number of left I cosets in K contained in a
double coset Tw(N~ NK) (w € W) by ¢(w),

E.(a) KIlz /szzwa)dz

weW
=[K 070 ) e(w) (6 P x) (w /f,zB “Liw(a))di, ae€ At
weW

where w(a) = waw™!, the second inequality following from w € K, right K invariance of
f-.B, and the way f, g transforms under left A translation. Since a € A", conjugation by

! shrinks N~. Thus conjugation by w(a)~! shrinks wN ~w~!. We have

P(o) = [K 117 Y ew)(@ ) (wla) [ feplw(a) i) di

weWw
=K7Y ew) (0 x) (w(@) [ fop(w(a)taw(a)de,  ae AY,
weW INN
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the second equality following from the Iwahori decomposition and right K invariance of
foB. Set @) = (NNwa(INN)a 'w Nwa(INN)a w™t. As f. p is left N invariant,

the above expression for F,(a) can be rewritten as

Bua) = [K: 170 Y e(w)(6xe)(w ())/J fop(@)dz,  ac AT,

weW

w(a)

Consequently (%) becomes

dlwn2) = (K170 lim 3 cw)s(@) na(wl@) [ fonle)ds

A+
a—00 aE wew Jw(a)

Recall that if w # wp and z € S, then Yu,.(a) xw:(a) is a decreasing exponential as
a € AT tends to infinity. Note that Two(N~ N K) = Two(wolwg) = Twy (wi = 1), so
¢(wp) = 1. Therefore we have
d(wo,2) =[K :I]7'  lim / f2p(x)dx
a—oo a€At J g
wo (a)
For a € A, conjugation by wga takes N to wonO_1 = N, s0 NNwoa(INN)a"twy = {1}.
For a € AT, as a — oo the set woa(I N N)alwy ' expands to fill out woNwy' = N~.

Therefore in the limit, Jy,, () becomes woN wO . The lemma follows. O
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