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CHAPTER 1
Representation Theory of Groups - Algebraic Foundations

1.1. Basic definitions, Schur’s Lemma

We assume that the reader is familiar with the fundamental concepts of abstract group
theory and linear algebra. A representation of a group G is a homomorphism from G to
the group GL(V) of invertible linear operators on V', where V' is a nonzero complex vector
space. We refer to V' as the representation space of w. If V is finite-dimensional, we say
that 7 is finite-dimensional, and the degree of 7 is the dimension of V. Otherwise, we say
that 7 is infinite-dimensional. If 7 is one-dimensional, then V ~ C and we view 7 as a
homomorphism from G to the multiplicative group of nonzero complex numbers. In the
above definition, G is not necessarily finite. The notation (m, V') will often be used when
referring to a representation.

Examples:
(1) If G is a group, we can define a one-dimensional representation of G by mw(g) = 1,

g € GG. This representation is called the trivial representation of G.

(2) Let G =R and z € C. The function ¢ — e*' defines a one-dimensional representation

of G.

If n is a positive integer and C is the field of complex numbers, let GL,(C) denote
the group of invertible n x n matrices with entries in C. If (7, V) is a finite-dimensional
representation of G, then, via a choice of ordered basis 3 for V', the operator w(g) € GL(V)
is identified with the element [7(g)|g of GL,(C), where n is the degree of 7. Hence we
may view a finite-dimensional representation of G as a homomorphism from G to the group
GL,(C).

Examples:
(1) The self-representation of GL,(C) is the n-dimensional representation defined by

m(9) = g
(2) The function g — det g is a one-dimensional representation of GL,,(C).

(3) Let V be a space of functions from G to some complex vector space. Suppose that V'

has the property that whenever f € V', the function gy — f(gog) also belongs to V'

for all g € G. Then we may define a representation (m, V') by (7(g)f)(g90) = f(990),

f€eV,g, g0 € G. For example, if GG is a finite group, we may take V' to be the space of

all complex-valued functions on G. In this case, the resulting representation is called
the right reqular representation of G.

Let (m, V) be a representation of G. A subspace W of V is stable under the action
of G, or G-invariant, if 7(g)w € W for all ¢ € G and w € W. In this case, denoting the
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restriction of mw(g) to W by = |w(g), (7|w, W) is a representation of G, and we call it a
subrepresentation of w (or a subrepresentation of V).

If W C W are subrepresentations of m, then each 7|w(g), ¢ € G, induces an in-
vertible linear operator 7y w(g) on the quotient space W/W', and (my w., W/W') is a
representation of GG, called a subquotient of w. In the special case W = V| it is called a
quotient of .

A representation (m,V') of G is finitely-generated if there exist finitely many vectors
Vi,...,U;m € V such that V = Span{n(g)v; | 1 < j < m, g € G}. A representation
(m, V) of G is irreducible if {0} and V' are the only G-invariant subspaces of V. If 7 is not
irreducible, we say that m is reducible.

Suppose that (m;,V;), 1 < j < £, are representations of a group G. Recall that an
element of the direct sum V = V; & --- @ V, can be represented uniquely in the form
vy + v2 + -+ + vy, where v; € V. Set

m(g)(vr+---+v) =mlgo+--+mlgu, geG vjeV;, 1<j<L

This defines a representation of GG, called the direct sum of the representations mq, ..., 7y,
sometimes denoted by m @ --- @ my. We may define infinite direct sums similarly. We
say that a representation m is completely reducible (or semisimple) if 7 is (equivalent to) a
direct sum of irreducible representations.

Lemma. Suppose that (7, V') is a representation of G.
(1) If 7 is finitely-generated, then 7 has an irreducible quotient.

(2) 7 has an irreducible subquotient.

Proof. For (1), consider all proper G-invariant subspaces W of V. This set is nonempty
and closed under unions of chains (uses finitely-generated). By Zorn’s Lemma, there is a
maximal such W. By maximality of W, my/y is irreducible.

Part (2) follows from part (1) since of v is a nonzero vector in V', part (1) says that
if W = Span{ n(g)v | g € G}, then 7|y has an irreducible quotient. qed

Lemma. Let (m,V) be a finite-dimensional representation of G. Then there exists an

irreducible subrepresentation of .

Proof. If V is reducible, there exists a nonzero G-invariant proper subspace Wy of V. If
7 |w, is irreducible, the proof is complete. Otherwise, there exists a nonzero G-invariant
subspace Wy of Wi. Note that dim(W2) < dim(W;) < dim(V'). Since dim(V) < oo, this
process must eventually stop, that is there exist nonzero subspaces Wy, C Wy_1 C --- C
Wy C V, where 7 |y, is irreducible. qed

Lemma. Let (m,V) be a representation of G. Assume that there exists an irreducible
subrepresentation of w. The following are equivalent:
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(1) (w,V) is completely reducible.
(2) For every G-invariant subspace W C V', there exists a G-invariant subspace W' such
that W W' =V.

Proof. Assume that 7 is completely reducible. Without loss of generality, 7 is reducible.
Let W be a proper nonzero G-invariant subspace of V. Consider the set of G-invariant
subspaces U of V' such that UNW = {0}. This set is nonempty and closed under unions of
chains, so Zorn’s Lemma implies existence of a maximal such U. Suppose that WU # V.
Since 7 is completely reducible, there exists some irreducible subrepresentation U’ such
that U' ¢ W& U. By irreduciblity of U’, U'N(W @U) = {0}. This contradicts maximality
of U.

Suppose that (2) holds. Consider the partially ordered set of direct sums of families of
irreducible subrepresentations: ) W, = ®oW,. Zorn’s Lemma applies. Let W = &,W,
be the direct sum for a maximal family. By (2), there exists a subrepresentation U such
that V = W & U. If U # {0}, according to a lemma above, there exists an irreducible
subquotient: U D U; D Uj such that my, sy, is is irreducible. By (2), W @ U; has a
G-invariant complement Us: V =W @ Uy @ Us. Now

Us=V/WalU)=WeaU)/(WaeUsy) =U/Uy DU /Us,

Identifying 7, 7, with an irreducible subrepresentation 7 |y, of 7 |y,, we have W @ Uy
contradicting maximality of the family W,. qed

Lemma. Subrepresentations and quotient representations of completely reducible repre-
sentations are completely reducible.

Proof. Let (m, V) be a completely reducible representation of G. Suppose that W is a
proper nonzero G-invariant subspace of W. Then, according to the above lemma, there
exists a G-invariant subspace U of V such that V =W @ U. It follows that the subrep-
resentation 7 |y is equivalent to the quotient representation my ;. Therefore it suffices to
prove that any quotient representation of 7 is completely reducible.

Let my,y be an arbitrary quotient representation of m. We know that m = @acrma,
where [ is some indexing set, and each 7, is irreducible. Let pr : V. — V/U be the
canonical map. Then V/U = pr(V) = @aecrpr(Va). Because pr(V,) is isomorphic to a
quotient of V,, (pr(V,) =~ V,/ker (pr|V,)) and m, is irreducible, we have that pr(Vy) is
either 0 or irreducible. Hence 7y,¢; is completely reducible. qged
Exercises:

(1) Show that the self-representation of GL,,(C) is irreducible.

1
0 1
two-dimensional representation of R. Show that there is exactly one one-dimensional

(2) Verify that 7 : t — ( defines a representation of R, with space C?, that is a
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subrepresentation, hence 7 is not completely reducible. Prove that the restriction of
7 to the unique one-dimensional invariant subspace W is the trivial representation,
and the quotient representation 7y is the trivial representation.

If (1, V1) and (mg, Vo) are representations of a group G, a linear transformation A :
Vi — Vs intertwines mp and 7o if Amy(g)v = ma(g)Av for allv € V4 and g € G. The notation
Hom (71, m2) or Hom ¢(V;, Vo) will be used to denote the set of linear transformations
from V; to V5 that intertwine 7; and me. Two representations (71, V7) and (ma, V2) of a
group G are said to be equivalent (or isomorphic) whenever Hom (71, m2) contains an
isomorphism, that is, whenever there exists an invertible linear tranformation A : V; — V5
that intertwines m; and 7. In this case, we write m; ~ mo. It is easy to check that
the notion of equivalence of representations defines an equivalence relation on the set of
representations of G. It follows from the definitions that if m; and w5 are equivalent
representations, then 7 is irreducible if and only if 75 is irreducible. More generally, 7 is
completely reducible if and only if 75 is completely reducible.

Lemma. Suppose that (71, V1) and (ma, V) are finite-dimensional representations of G.

Then the following are equivalent:

(1) m and my are equivalent.

(2) dimV; = dim V, and there exist ordered bases (31 and (2 of Vi and V3, respectively,
such that [m1(g)]g, = [m2(g)], for all g € G.

Proof. Assume (1). Fix ordered bases ; for V; and -, for V5. Via these bases, identifying
any invertible operator in Hom (71, 72) as a matrix A in GL,(C), we have

[m1(9)]y, = A7 m2(9)]n 4, VY geQG.

Let 51 = 71. Because A € GL,(C), there exists an ordered basis 35 of V such that A is
the change of basis matrix from (33 to v2. With these choices of 51 and 2, (2) holds.
Now assume that (2) holds. Let A be the unique linear transformation from V; to V5
which maps the jth vector in ; to the jth vector in (5. qed
A representation (7, V') of G has a (finite) composition series if there exist G-invariant
subspaces V; of V such that

{oycwvigc--CV, =V
each subquotient 7y, /v, 1 < j < r —1, is irreducible. The subquotients 7y, /v, are
called the composition factors of .

Lemma. Let (m, V) be a finite-dimensional represntation of G. Then w has a composition
series. Up to reordering and equivalence, the composition factors of m are unique.

Proof left as an exercise.



Schur’s Lemma. Let (71, V1) and (72, V) be irreducible representations of G. Then any
nonzero operator in Hom ¢ (71, m2) is an isomorphism.

Proof. If Hom ¢ (71, m2) = {0} there is nothing to prove, so assume that it is nonzero.
Suppose that A € Hom (71, 72) is nonzero. Let g € G and vy € A(V}). Writing vy, =
A(vy), for some v; € Vi, we have my(g)vy = An(g)vy € A(Vy1). Hence A(V7) is a nonzero
G-invariant subspace of V5. By irreducibility of 7o, we have A(V;) = Va.

Next, let W be the kernel of A. Let v; € W. Then A(m(g)v1) = m2(g)(A(v1)) =
m1(g)0 = 0 for all ¢ € G. Hence W is a G-invariant proper subspace of V;. By irreducibility
of my, W ={0}. qed

Corollary. Let (m,V) be a finite-dimensional irreducible representation of G. Then
Hom ¢ (7, 7) consists of scalar multiples of the identity operator, that is, Hom ¢(m,m) ~ C.

Proof. Let A € Homg(m, 7). Let A € C be an eigenvalue of A (such an eigenvalue
exists, since V is finite-dimensional and C is algebraically closed). It is easy to see that
A — A € Hom g(m, 7). But A— Al is not invertible. By the previous lemma, A = AI. qed

Corollary. If G is an abelian group, then every irreducible finite-dimensional representa-

tion of G is one-dimensional.
Proof left as an exercise.

Exercise: Prove that an irreducible representation of the cyclic group of order n > 1,
with generator gg, has the form g§ — e2™*/™ for some m € {0,1,...,n —1}. (Here i is
a complex number such that 2 = —1 and 7 denotes the area of a circle of radius one).

Let (m,V') be a representation of G. A matriz coefficient of 7 is a function from G
to C of the form g — A(w(g)v), for some fixed v € V and X in the dual space VV of
linear functionals on V. Suppose that 7 is finite-dimensional. Choose an ordered basis
B =A{v,...,up} of V. Let 8¥ = {\,..., A\, } be the basis of VV which is dual to S:
Aj(vi) = 0i5, 1 < i,j < n. Define a function a;; : G — C by [7(g9)]g = (@i;(9))1<i,j<n-
Then it follows from 7(g)v; = >.,_; aie(g9)ve that a;;(g) = \j(7(g)v;), so a;; is a matrix
coefficient of 7.

If g€ Gand A € VV, define 7V (g)A € VV by (7¥(g)\)(v) = M(w(g~!)v), v € V. Then

(¥, V") is a representation of G, called the dual (or contragredient) of .

Exercises:

(1) Let (m, V) be a finite-dimensional representation of G. Choose 3 and ¥ as above.
Show that [7¥(g)]gv = [w(g_l)]tﬁ, for all ¢ € G. Here the superscript t denotes
transpose.

(2) Prove that if (7, V) is finite-dimensional then 7 is irreducible if and only if 7V is
irreducible.



(3) Determine whether the self-representation of GL, (R) (restrict the self-representation
of GL,,(C) to the subgroup GL,(R)) is equivalent to its dual.
(4) Prove that a finite-dimensional representation of a finite abelian group is the direct

sum of one-dimensional representations.

1.2. Tensor products

Let (7, V;) be a representation of a group G, j = 1,2. Recall that V; ® V5 is spanned
by elementary tensors, elements of the form vy ® v, v1 € Vi, vo € Vo. We can define a
representation m; ® mo of the direct product G7 x G5 by setting

(m1 ® m2) (91, 92) (V1 ® v2) = 1 (g1)v1 ® T2(g2)v2, gj € Gj, v; €V, g =12,

and extending by linearity to all of V; ® V5. The representation m; ® my of G; X G4 is
called the (external or outer) tensor product of w1 and mo. Of course, when 71 and o are
finite-dimensional, the degree of m; ® 75 is equal to the product of the degrees of m; and

9.

Lemma. Let (7;,V;) and G;, j = 1,2 be as above. Assume that each 7; is finite-
dimensional. Then m; ® my is an irreducible representation of G X Gs if and only if m

and o are both irreducible.

Proof. If m; or my is reducible, it is easy to see that m ® 7o is also reducible.

Assume that m; is irreducible. Let n = dim V5. Let
Hom ¢, (71, m)" = Hom ¢, (m1,m) @ - - - @ Hom ¢, (71, m1),

and 7] = m @ - -- @1, where each direct sum has n summands. Then Hom ¢, (71, 7m1)" ~
Hom ¢, (71, 7}"), where the isomorphism is given by A1®- - -®A,, — B, with B(v) = A;(v)®
-+ @ A, (v). By (the corollary to) Schur’s Lemma, Hom ¢, (71, 71) ~ C. Irreducibility of
w1 guarantees that given any nonzero v € Vi, Vi = Span{mi(g1)v | ¢1 € G1}, and this
implies surjectivity.

Because Vo ~ C" and C ~ Hom ¢, (71, 71), we have

() Vo ~ Hom ¢, (m, m ® 1),

where m; ® 1™ is the representation of G on Vi ® V5 defined by (m ® 1™)(g1)(v1 ® v2) =
71(g1)v1 ® va, v1 € Vi, vg € V. (Note that this representation can be identified with the
restriction of m; ® 7 to the subgroup Gy x {1} of G1 x G3).

If m is a positive integer, then

(i4) Vi ® Hom g, (71, 77") — V"
v®@A— Av)
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is an isomorphism.

Next, we can use (i) and (ii) to show that

{ Gy — invariant subspaces of V; ® V5 } <> { C — subspaces of V5 }
VioW «— W
X —Hom ¢, (m1,X) C Hom g, (m1,m ® 1") = V4

As any (G x Gy)-invariant subspace X of V3 ® V4 is also a G-invariant subspace, we have
X =V, ® W for some complex subspace W of V,. If X # {0} and 79 is irreducible, then

Span{ (m ® m2)(1,92)X | g2 € G2} = V1 ® Span{ ma(g2)W | g2 € G2 } = V1 @ Va.

But G1 x Go-invariance of X then forces X = V; ® V5. It follows that if m; and 7y are
irreducible, then m; ® 7y is irreducible (as a representation of G x G2). qed

Proposition. Let (m, V) be an irreducible finite-dimensional representation of G1 X Gs.
Then there exist irreducible representations m; and my of G and Go, respectively, such
that m >~ m @ To.

Proof. Note that 7(g1)v = 7((g1,1))v, 1 € G1, v € V, and 75(g2)v = 7((1, g2))v,
go € Go, v € V, define representations of GG; and Gs, respectively. Choose a nonzero
G1-invariant subspace Vi such that 7] |y, is an irreducible representation of G;. Let vy be
a nonzero vector in V;. Let

Vo = Span{ 75 (g2)vo | g2 € G2 }.

Then V; is Go-invariant and w9 := 7} |y, is a representation of Ga, which might be re-
ducible.
Define A : Vi ® Vo — V as follows. Let v; € Vi and vy € V5. Then there exist complex

numbers ¢; and elements ggj ) € Gy such that v, = > i1 €T (gij ))vo, as well as complex

numbers by and elements g\ € G such that vy = >y bems (g$?). Set

Alvy @ vg) = Z chbm(g?)ygég))vo.

j=1 =1

Now W(ggj),ggg))vo = Wl(ggj))m(ggé))vo = Wg(géz))m(ggj))vo. Check that the map A is

well-defined, extending to a linear transformation from V3 ® V5 to V. Also check that
A € Hom G1xGo (‘/1 ® Vs, V)

Because A(vg ® vg) = vg, we know that A is nonzero. Combining G7 x Ga-invariance
of A(V; ® V,) with irreducibility of 7, we have A(V; ® Vo) = V. If A also happens to be
one-to-one, then we have m ® mo >~ 7.



Suppose that A is not one-to-one. Then Ker A is a G; x Ga-invariant subspace of
V1 ® V. In particular, Ker A is a Gi-invariant subspace of V7 ® V5. Using irreducibility
of m and arguing as in the previous proof, we can conclude that Ker A = V; ® W for
some complex subspace W of V5. We have an equivalence of the representations (m; ®
T2)(VieVs)/Ker A and 7 of G x Go. To finish the proof, we must show that the quotient
representation (71 ® m2)v/(v,gw) is a tensor product. If vy € V1 and vy € V3, define

B @ (v +W))=v1 Qva + V1 @ W.

This extends by linearity to a map from Vi ® (Vo/W) to the quotient space (V1 @ V2)/(Vi ®
W) and it is a simple matter to check that B is an isomorphism and B € Hom ¢, x¢, (71 ®
(m2) vy yw, (M1 ® T2) (viova)/(view)- The details are left as an exercise. qed

If (71, V1) and (mg, Vo) are representations of a group G, then we may form the tensor
product representation m; ® o of G X G and restrict to the subgroup 6G = {(g,9) | g € G}
of G x G. This restriction is then a representation of GG, also written m ®my. It is called the
(inner) tensor product of m; and my. Using inner tensor products gives ways to generate
new representations of a group GG. However, it is important to note that even if m; and o
are both irreducible, the inner tensor product representation m ® o of G can be reducible.

Exercise: Let m; and my be finite-dimensional irreducible representations of a group G.
Prove that the trivial representation of G' occurs as a subrepresentation of the (inner)
tensor product representation m; ® 7o of G if and only if 7 is equivalent to the dual 7y

of .

1.3. Unitary representations

Suppose that (m, V) is a representation of G. If V is a finite-dimensional inner product

space and there exists an inner product (-,-) on V such that
(m(g)v1, m(g)ve) = (v1,v2), Yu,ve €V, ge€G.

then we say that 7 is a unitary representation. If V is infinite-dimensional, we say that
7 is pre-unitary if such an inner product exists, and if V' is complete with respect to the
norm induced by the inner product (that is, V' is a Hilbert space), then we say that = is
unitary.

Now assume that 7 is finite-dimensional. Recall that if T" is a linear operator on V/,
the adjoint 7% of T is defined by < T'(v),w >=< v,T*(w) > for all v, w € V. Note that
7 is unitary if and only if each operator 7(g) satisfies 7(g)* = 7(g)~, g € G.

Let n be a positive integer. Recall that if A is an n X n matrix with entries in C, the
adjoint A* of A is just A* =tA.



Lemma. If(m,V) is a finite-dimensional unitary representation of G and (3 is an orthonor-

mal basis of V, then [m(g)]; = [ﬂ(g)]/gl.

Proof. Results from linear algebra show that if T is a linear operator on V and 3 is an
orthonormal basis of V, then [T*]g = [T'];. Combining this with 7(g)* = n(g)~t, g € G,
proves the lemma. qed

Exercises:

(1) If (m, V) is a representation, form a new vector space V as follows. As a set, V =V,
and V has the same vector addition as V. If c€ C and v € V, set ¢ - v = ¢v, where ¢
is the complex conjugate of ¢ and cv is the scalar multiplication in V. If ¢ € G, and
v eV, 7(g)v =m(g)v. Show that (7, V) is a representation of V.

(2) Assume that (m, V) is a finite-dimensional unitary representation. Prove that 7 ~ 7.

Lemma. Let W be a subspace of V', where (m, V) is a unitary representation of G. Then
W is G-invariant if and only if W+ is G-invariant.

Proof. W is G-invariant if and only if 7(g)w € W for all g € G and w € W if and only if

(m(g)w,wr) =0 for all w € W, wt € W+ and g € G if and only if (w, (g~ w*) = 0 for
all we W, wt € Wt and g € G, if and only if W is G-invariant. qed

Corollary. A finite-dimensional unitary representation is completely reducible.

Lemma. Suppose that (w, V') is a finite-dimensional unitary represetantion of G. Let W
be a proper nonzero G-invariant subspace of V', and let Py, be the orthogonal projection
of V onto W. Then Py commutes with 7(g) for all g € G.

Proof. Let w € W and wt € W+. Then
Pyr(g)(w+w") = Pwr(g)w + Pwr(g)w" = n(g)w + 0 = w(g) Pw (w + w™).

qed

Lemma. Let (7,V) be a finite-dimensional unitary representation of G. Then w is irre-
ducible if and only if Hom ¢ (m, ) ~ C (every operator which commutes with all w(g)’s is
a scalar multiple of the identity operator).

Proof. One direction is simply the corollary to Schur’s Lemma (using irreducibility of ).
For the other, if 7w is reducible, and W is a proper nonzero G-invariant subspace of V,
Then Py € Hom (7, m) and Py is not a scalar multiple of the identity operator. qed

Suppose that (71, V1) and (ma, V2) are representations of G and V; and V, are complex
inner product spaces, with inner products (-,-); and (-,-)2, respectively. Then 7 and 7o
are unitarily equivalent if there exists an invertible linear operator A : Vi — V5 such that
(Av, Aw)y = (v,w); for all v and w € V; and A € Hom (71, m32).
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Lemma. Let (m,V1) and (ma,V2) be finite-dimensional unitary representations of G.
Then 7, ~ my if and only if w1 and wy are unitarily equivalent.

Proof. Assume that my ~ my. Let A : Vi — V5 be an isomorphism such that A €
Hom (71, m2). Recall that the adjoint A* : V5 — V is defined by the condition (A*v9,v1)1 =
(vg, Avy)o for all v; € V5 and vy € V. By assumption, we have

(4) mi(g) = A" ma(g)A, Vged.

Taking adjoints, we have m(g)* = A*ma(g)*(A*)~! for all g € G. Since 7; is unitary, we
have 7;(g)* = mj(9~'). Replacing g~ by g, we have

(i) mi(g) = A'ma(g) (A1), VgeG.
Expressing m2(g) in terms of 71(g) using (i), we can rewrite (ii) as
m(g) = A"Am (9)A™H(A") 7, Vg eG,

or

mi(g) T AT AT (g) = ATA, Vged.

Now A*A is positive definite (that is, self-adjoint and having positive (real) eigenvalues),
and so has a unique positive definite square root, say B. Note that m(g) " 'Bmi(g) is

—1 Hence

also a square root of A*A and it is positive definite, using m(g)* = m1(9)
m1(g)"1Bmi(g) = B for all g € G. Writing A in terms of the polar decomposition, we
have A = UB, with B as above, and with U an isomorphism from V; — V5 such that

(Uv,Uw)y = (v,w); for all v and w € V;. Next, note that
ma(g) = UBm(9)B~'U ' =Um(g)U ™", VgeG.
Hence U € Hom (71, m32), and 7; and o are unitarily equivalent. gqed

1.4. Characters of finite-dimensional representations

Let (m,V) be a finite-dimensional representation of a group G. The function g —
trm(g) from G to C is called the character of m. We use the notation x,(g) = trm(g). Note
that we can use any ordered basis of V' to compute x.(g), since the trace of an operator
depends only on the operator itself. Note that if © were infinite-dimensional, the operator
m(g) would not have a trace.
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Lemma. Let (m,V) be a finite-dimensional representation of G.

(1) If 7’ ~ 7, then X = Xx-

(2) The function x, is constant on conjugacy classes in G.

(3) Let ©V be the representation dual to w. Then x.v(g) = x»(g71), g € G.

(4) If 7 is unitary, then x,(g~ 1) = xx(g), g € G.

(5) Suppose that (w,V') has a composition series {0} C V4 C --- C V. =V, with compo-
sition factors mv, , Ty, /vy, -+ Ty, v, (see page 5). Then Xx = Xy, + Xryy vy Tt
Xy, v,

(6) The character Xn, g..ox, Of a tensor product of finite-dimensional representations
m1,...,m of Gy, ..., G,, respectively, is given by

X1 @--@mp (J15 -+ 9r) = X1 (91) X7 (92) -+ X, (91), g1 €G,...,9r € G,

Proof. By an earlier result, if 7/ ~ 7, then 7’ and 7 have the same matrix realization (for
some choice of bases). Part (1) follows immediately.
Note that

Xx(g1997 ") = tr (w(g1)m(9)m(91) ") = trw(9) = x«(9), 9. 91 €G.

Recall that if 8 is an ordered basis of V and 3V is the basis of VV dual to 3, then
(7(g)]g = t[rV (g7 1)]gv. This implies (3).

Suppose that 7 is unitary. Let 8 be an orthonormal basis of V. Then [r(¢g7')]s =
[7(9)]}3 = *[r(g)] implies part (4).

For (5), it is enough to do the case r = 2. Let 3 be an ordered basis for V;. Extend (3
to an ordered basis v for Vo = V. Let %4 be the ordered basis for V5 /V; which is the image
of v under the canonical map V' — V,/V;. Then it is easy to check that [7(g)], is equal to

( [x |v10(9)]ﬁ [7%/; (g)]*y) '

For (6), it is enough to do the case r = 2. Let = {vy,...,v,} and v = {wy,...,wy }
be ordered bases of V; and V3, respectively. Then

{v;@we|1<j<n 1<<m}

is an ordered basis of Vi ® Va. Let a;;(g1) be the ijth entry of [71(g1)]3, g1 € G1, and let
bi;j(g2) be the ijth entry of [m2(g2)]y, g2 € G2. We have

T (Ql)vj = alj(gl)vl + ag; (g1)ve + -+ Qpj (91)vn, g1 € G
ma(g2)we = bie(ge)wr + bae(g2)wa + « + - + bime(g2)Wm, g2 € Ga.
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Hence
n m

m1(g1)v; @ mag2)we = > ari(g1)bse(g2) (v © wy),
t=1 s=1

and, as the coefficient of v; ® w, on the right side equals a;;(g1)bse(g2), we have

X @ms (91, 92) ZZ% 91)bee(92) = Xy (91) X2 (92); 91 € G1, g2 € Ga.
j=1/4=1

Example: The converse to part (1) is false. Consider the Example (2) on page 4. We
have x,(t) = 2 for all t € R. Now take my @ mg, where 7 is the trivial representation of
R. This clearly has the same character as m, though 7y ® 7y is not equivalent to .

In many cases, for example, if G is finite, or compact, two irreducible finite-dimensional
representations having the same character must be equivalent.
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CHAPTER 2
Representations of Finite Groups

In this chapter we consider only finite-dimensional representations.
2.1. Unitarity, complete reducibility, orthogonality relations

Theorem 1. A representation of a finite group is unitary. ¢ Proof. Let (w, V') be a (finite-
dimensional) representation of a finite group G = { g1,92,...9n }. Let (-,-)1 be any inner
product on V. Set

n

<vvw> = Z<7T(gj)v77r(gj)w>1a v, weV.

=1

Then it is clear from the definition that
(m(g)v, m(g)w) = (v,w), v,weV,ged.

Note that if v € V, then (v,v) = 37 (m(gj)v,7(g;)v)1 and if v # 0, then 7(g;)v # 0 for
all j implies (mw(g;)v,m(g;)v)1 > 0 for all j. Hence v # 0 implies (v,v) > 0. The other
properties of inner product are easy to verify for (-,-), using the fact that (-,-); is an inner

product, and each m(g;) is linear. The details are left as an exercise. qed

The following is an immediate consequence of Theorem 1 and a result from Chapter 1

stating that a finite-dimensional unitary representation is completely reducible.
Theorem 2. A representation of a finite group is completely reducible.

Example. Let G be a finite group acting on a finite set X. Let V be a complex vector
space having a basis {vy,,...,v,,, } indexed by the elements z1,...,x,, of X. If g € G,
let 7(g) be the operator sending v, to vg..;, 1 < j < m. Then (7,V) is a representation
of GG, called the permutation representation associated with X.

Let A(G) be the set of complex-valued functions on G. Often A(G) is called the
group algebra of G - see below. Let R4 be the (right) regular representation of G
on the space A(G): Given f € A(G) and g € G, Ra(g)f is the function defined by
(Ra(9)f)(g90) = f(909), go € G. Note that R4 is equivalent to the the permutation repre-
sentation associated to the set X = GG. Let L 4 be the left regular representation of G on the
space A(G): Given f € A(G) and g € G, L a(g)f is defined by (L4(g9)f)(g0) = (g g0),
go € G. Tt is easy to check that the operator f — f, where f(g) = f(g1), is a unitary
equivalence in Homg (R4, L 4).
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If f1, fo € A(G), the convolution f1 * fy of fi with f5 is defined by
(f1* f2)(g Z f1(995 1) f2(g0), geq.
go€G

With convolution as multiplication, A(G) is an algebra. It is possible to study the repre-
sentations of G in terms of A(G)-modules.

We define an inner product on A(G) as follows:

(fi, £2) = 1GI7 Y A9 fa(9),  f, f2 € AG).

geG
Theorem 3 (Orthogonality relations for matrix coefficients). Let (71, V) and
(mo, V) be irreducible (unitary) representations of G. Let a;'- «(g) be the matrix entries of
the matrix of m;(g) relative to a fixed orthonormal basis of V;, i = 1,2 (relative to an inner
product which makes m; unitary). Then
(1) If my % 7o, then (a},az,,) = 0 for all j, k, £ and m.
(2) (a ]k,aem) 0;¢0km /n1, where ny = dim V;.
Proof. Let B be a linear transformation from V to V1. Then A := |G|~ 35, m1(g)Bm2(g) ™"
is also a linear transformation from V5 to V;. Let ¢’ € G. Then
m(g)A =G|} Z m1(g'g)Bma(g™") = |G|} Z m1(g)Bma(g~'g') = Ama(g').
geG geG
Hence A € Homg (ma, m),
Let n;, = dimV;, ¢ = 1,2. Letting bj; be the j/th matrix entry of B (relative to the
orthonormal bases of V5 and V; in the statement of the theorem). Then the j/th entry of
A (relative to the same bases) is equal to

‘G‘ ! Z Z ZCLJM NVaVZ g_l)‘

geG p=1v=1

Suppose that m; % m5. By the corollary to Schur’s Lemma, A = 0. Since this holds for
all choices of B, we may choose B such that b,, = 0,10um, 1 < <nq, 1 <v < ny. Then
G713 e ajr(9)az, (g7") = 0. Since the matrix coefficients a;,,(g) are chosen relative
to an orthonormal basis of V2 which makes 72 unitary, it follows that a,¢(g~') = a2 (g).
Hence (ajy,af,) = |GI7" 3 eq aji(9)ag,, (g) = 0. This proves (1).

Now suppose that m; = m5. In this case, Schur’s Lemma implies that A = AI for some
scalar . Hence tr A = |G| ™! > geq tr(mi(g)Bm ()Y =trB=mny\

That is, the j/th entry of the matrix A is equal to

G|~! Z ZZ&M buvase(g™h) = tr Bdjo/na.

geG p=1v=1

Taking B so that b, = §,,0,m, we have |G|~* > gec a}k(g)a1 (g71) = 8;00km/n1. qed

mi
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Corollary. Let m; and my be irreducible representations of G such that my % my. The
susbpace of A(G) spanned by all matrix coefficients of 71 is orthorgonal to the subspace
spanned by all matrix coefficients of ms.

Proof. Let ajl-k (g) be as in Theorem 3. Let v be a basis of the space V; of 71, and let bjx(g)
be the jkth entry of the matrix [m1(g)]y. Then there exists a matrix C' € GL,, (C) such
that [bjx(9)] = Clajk(9)]1<jk<n, C~! for all g € G (C is the change of basis matrix from
the 3 to 7). It follows that

bjx € Span{ay,, | 1 <m,f<ny}.

Hence the subspace spanned by all matrix coefficients of m; coincides with the subspace
spanned by the matrix coefficients ag,,, 1 < ¢, m < n;. Hence the corollary follows from
Theorem 3(1). ged

Corollary. There are finitely many equivalence classes of representations of a finite group

G.

Proof. This is an immediate consequence of the preceding corollary, together with dim A(G) =
|G|. qed

For the remainder of this chapter, let G be a finite group, and let {m,..., 7, } be a
complete set of irreducible representations of GG, that is, a set of irreducible representations
of G having the property that each irreducible representation of GG is equivalent to exactly
one 7;. Let n; be the degree of m;, 1 < j <r. Let aim(g) be the /mth entry of the matrix
of m;(g) relative to an orthonormal basis of the space of m; with respect to which each

matrix of 7; is unitary.

Theorem 4. The set {‘/njazm |1 <¥¢m <nj,1<j<r} isan orthonormal basis of
A(G).

Proof. According to Theorem 3, the set is orthormal. Hence it suffices to prove that
the set spans A(G). The regular representation R4 is completely reducible. So A(G) =
@t _, Vi, where each Vj is an irreducible G-invariant subspace. Fix k. There exists j
such that R4 |y, ~ m;. Choose an orthonormal basis 8 = { f1,..., fn, } of Vi such that

[Ra(9) lvi]g = [a),,(9)], g € G. Then
folgo) = (Ralon) (1) = S algo) fil1), 1< 0<m,

Hence f, = Y17, ciage, with ¢; = f;(1). It follows that
Vi C Span{aim |1<4,m<mn;}.

qged

16



Theorem 5. Let 1 < j < r. The representation m; occurs as a subrepresentation of R 4
with multiplicity n;.

Proof. Fixm € {1,...,n; }. Let W}, = Span{a’ , | 1 <£<n]} Then {a/ ,|1<0<n;}
is an orthogonal basis of WJ,. And W/, is orthogonal to WJ , whenever j # j' or m # m/.
Hence A(G) = &7_, @ Wi,

Let g, go € G. Then

Ra(go)al,i(9) = ale(990) Z aly(g0),  1<L<n;

It follows that the matrix of R4(go) relative to the basis {a’ ,|1 < £ < n;} of W,
coincides with the matrix of 7;. Therefore the restriction of R4 to the subspace o Wi
is equivalent to the nj-fold direct sum of 7;. qed

Corollary. n3 +---+n2 =|G|.

Corollary. A(G) equals the span of all matrix coefficients of all irreducible representations

of G.

Theorem 6 (Row orthogonality relations for irreducible characters). Let x; =
Xr;» 1 < j <. Then (xx,X;) = 0jk-

Proof.
& 0, if k# j
(Xks Xj) ZZ @ @ {szzll/njzl, ifk=j"

p=1lv=1

Lemma. A finite-dimensional representation of a finite group is determined up to equiv-
alence by its character.

Proof. If m is positive integer, let mn; = 7;®- - -®7;, where 7; occurs m times in the direct
sum. Let 7 = mym ®mo®- - - dm,m,.. Then y, = Z;:1 mix;. Let 7' =lim @@L,
We know that m ~ 7’ if and only if m; = ¢; for 1 < j <r. By linear independence of the
functions x;, this is equivalent to x» = x». qed

Lemma. Let 1 = mym @ -+ ® mym.. Then (Xx, Xr) = Z;Zl m?.

Corollary. 7 is irreducible if and only if (Xx, X=) = 1.

A complex-valued function on G is a class function if it is constant on conjugacy
classes in G. Note that the space of class functions on G is a subspace of A(G) and the
inner product on A(G) restricts to an inner product on the space of class functions.
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Theorem 7. Theset { x; | 1 <j <r} is an orthonormal basis of the space of class func-
tions on G. Consequently the number r of equivalence classes of irreducible representations
of G is equal to the number of conjugacy classes in G.

Proof. By Theorem 6, the set {x; | 1 < j <} is orthonormal. It suffices to prove that
the functions x; span the class functions.
Let f be a class function on G. Since f € A(G), we can apply Theorem 4 to conclude

that
f:Z Z \/_ame \/_amé an Z f?dvze)aiw'

j=1m¢=1 m, =1

Next,

() flo)=IGI" Y flded™ ") =IGI” 12% Z (fral,0) > al(g'99'™").

g'eqG m, =1 g'eG
Note that
n;
|G|_1 Zafne(glggl_l) = ’G’_l Z Z ainy(g/)aﬂy(g)aig(g’_l)
g'€G g’ €qG p,v=1

nj nj

=Y {1617 Y adu()al, (9) | alul9) = D (ahad)ad, ()

wu,v=1 g’ €G w,rv=1
=n; e Z al,(9) = Smens x5 (9)-

Substituting into (*) results in
=D D (a0 0mexi(9) = ) (Z fral, ) Z -x3)X5 (9
j=1m, =1 j=1 \¢=1 =1

qged
If g € G, let |cl(g)| be the number of elements in the conjugacy class of g in G.

Theorem 8 (Column orthogonality relations for characters).

Zx

|G|/|cl(g)|, if ¢’ is conjugate to g
0, otherwise.

Proof. Let g1,...,9, be representatives for the the distinct conjugacy classes in G. Let
A = [x;(9x))1<jk<r- Let ¢; = |cl(g;)], 1 < j < r. Let D be the diagonal matrix with
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diagonal entries ¢;, 1 < j <r. Then

(ADA") e = Z(AD)mj = Z > Xm(9¢)Dejxe(g;)
= " xm(gi)eixe(g;) = Y xm(9)Xe(g) = |Gdme
Jj=1 geG

Thus ADA* = |G|I. Since A(DA*) is a scalar matrix, A(DA*) = (DA*)A. So DA*A =
|G|I. That is,

r

|Gl0me =Y (DA")mjAje = cixi(gm)x;(ge)-

j=1 =1
qed

Example: Let G be a nonabelian group of order 8. Because G is nonabelian, we have
Z(G) # G, where Z(G) is the centre of G. Because G is a 2-group, Z(G) # {1}. If
|Z(G)| =4, then |G/Z(G)| =2, so G/Z(G) is cyclic. That is, G/Z(G) = (9Z(G)), g € G.
Hence G = (Z(G)U{x}). But this implies that G is abelian, which is impossible. Therefore
|Z(G)| = 2. Now |G/Z(G)| = 4 implies G/Z(G) is abelian. Combining G nonabelian and
G/Z(@G) abelian, we get Gger C Z(G). We cannot have G4, trivial, since G is nonabelian.
So we have Gg4er = Z(G). Now, we saw above that G/Z(G) cannot be cyclic. Thus

G/Z(Q) = C/Guer ~ 7,27 x 7,21

Suppose that y is a linear character of G (that is, a one-dimensional representation).
Then x | Gaer = 1, because x(g19297 95 ) = x(g1)x(92)x(91) " *x(g2) ™+ = 1. Now Ge, is
a normal subgroup of G. So we can consider x as a linear character of G/G 4. Now, in view
of results on tensor products of representations, we know that G/G4e, has 4 irreducible
(one-dimensional) representations, each one being the tensor product of two characters of
Z/27. Hence

P+124124 124024+ 402 =G| =8,

with n; > 2, j > 5. It follows that » =5 and ns = 2.

Since Gger = Z(G) has order 2, there are two conjugacy classes consisting of single
elements. There are 5 conjugacy classes altogether. Let a, b, and ¢ be the orders of
the conjugacy classes containing more than 1 element. Then 2 + a + b + ¢ = 8 implies
a=0b=c=2. Let x1, zo and x3 be representatives of the conjugacy classes containing 2
elements. Let z be the nontrivial element of Z(G). Then 1, y, x1, x2, 3 are representatives
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of the 5 conjugacy classes. The character table of G takes the form:

1 1 2 2 2

1 Y T To T3
i1 1 1 1 1
Yo 11 1 1 1
s 11 1 1 1
a1 1 1 1 1
x5 2 xs5(y) xs(zi) xs(w2) xs(zs)

Using column orthogonality relations, we see that

0= ij(y)m =4+ 2x5(y),

implying y5(y) = —2. And

5 4
0= ij(a:k)xj(l) = ZXj(ﬂUk;) + 2x5(2k) = 2x5(7k ),

Jj=1

implying ys5(zx) =0, 1 < k < 3.

Note that (up to isomorphism) there are two nonabelian groups of order 8, the dihedral
group Dg, and the quaternion group Js. We see from this example that both groups have
the same character table.

Exercises:
1. Using orthogonality relations, prove that if (7;, V}) is an irreducible representation of
a finite group G, j = 1,2, then m; ® 72 is an irreducible representation of G x G».
Then prove that every irreducible representation of G; x G5 arises in this way.

2. Let Dy be the dihedral group of order 10.
a) Describe the conjugacy classes in Dqg.
b) Compute the character table of Dyg.

3. Let B be the upper triangular Borel subgroup in GL3(F,), where [, is a finite field
containing p elements, p prime. Let N be the subgroup of B consisting of the upper
triangular matrices having ones on the diagonal.

a) Identify the set of one-dimensional representations of B.

b) Suppose that 7 is an irreducible representation of B, having the property that
m(x)v # v for some z € N and v € V. Show that 7 |y is a reducible representation
of N. (Hint: One approach is to start by considering the action of the centre of
N onV.)

4. Suppose that G is a finite group. Let n € N. Define 6,, : G — N by
On(g) ={heG[h" =g}, geG.
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10.

Let x;, 1 <i <1 be the distinct irreducible (complex) characters of G. Set

va(i) = 1GI7 D xalg™)-

geqG

Prove that 6,, = 2199 Vn(Xi)Xi-
Let (m,V) be an irreducible representation of a finite group G. Prove Burnside’s
Theorem:

Span{(g) | g € G } = Endc(V).

(Hint: Of course the theorem is equivalent to Span{ [7(g)ls | ¢ € G} = Myuxn(C),
where (3 is a basis of V. This can be proved using properties of matrix coefficients of
7 (Theorem 3)).

Let (m,V') be a finite-dimensional representation of a finite group G. Let

Wegt =Span{v®@uv |[veV}CVV
Weym = Span{ v; ® v — va ® v1 |v1,v2€V}CV®V.

a) Prove that W, and Wy, are G-invariant subspaces of V ® V' (considered as
the space of the inner tensor product representation m ® m of G).
b) Let (A2w,A2V) be the quotient representation, where A2V = (V @ V)/Weys.
Then A?7 is called the exterior square of 7. Compute the character x 2.
c¢) Let (Sym®r,Sym®V) be the quotient representation, where Sym?V = (V ®
V)/Weym. Then Sym?r is called the symmetric square of . Prove that (the
inner tensor product) 7 ® 7 is equivalent to A%7w @© Sym?r.
Let (7, V) be the permutation representation associated to an action of a finite group
G on a set X. Show that x.(g) is equal to the number of elements of X that are fixed
by g.
Let f be a function from a finite group G to the complex numbers. For each finite
dimensional representation (m, V') of G, define a linear operator 7(f) : V. — V by
T(flv = Y cq fgn(g)v, v € V. Prove that n(f) € Homg(m,m) for all finite-
dimensional representations (7, V') of G if and only if f is a class function.

A (finite-dimensional) representation (m,V’) of a finite group is called faithful if the
homomorphism 7 : G — GL(V) is injective (one-to-one). Prove that every irreducible
representation of G occurs as a subrepresentation of the set of representations

{m, 7T, TRTRAT,TRTRTRT,.... }.

Show that the character of any irreducible representation of dimension greater than 1
takes the value 0 on some conjugacy class.
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11. A finite-dimensional representation (7, V') of a finite group is multiplicity-free if each
irreducible representation occurring in the decomposition of 7 into a direct sum of
irreducibles occurs exactly once. Prove that m is multiplicity-free if and only if the

ring Homeg (7, 7) is commutative.

2.2. Character values as algebraic integers, degree of an irreducible represne-
tation divides the order of the group

A complex number z is an algebraic integer if f(z) = 0 for some monic polynomial f
having integer coefficients. The proof of the following lemma is found in many standard
references in algebra.

Lemma.
(1) Let z € C. The following are equivalent:
(a) z is an algebraic integer
(b) z is algebraic over Q and the minimal polynomial of z over Q has integer coeffi-
cients.
(c) The subring Z|z] of C generated by Z and z is a finitely generated Z-module.
(2) The algebraic integers form a ring. The only rational numbers that are algebraic
integers are the elements of Z.

Lemma. Let 7 be a finite-dimensional representation of G and let g € G. Then x.(g) is
an algebraic integer.

Proof. Because G is finite, we must have ¢* = 1 for some positive integer k. Hence
7(g)¥ = 1. Tt follows that every eigenvalue of 7(g) is a kth root of unity. Clearly a kth
root of unity is an algebraic integer. Since x(g) is the sum of the eigenvalues of 7(g), it
follows from part (2) of the above lemma that x(g), being a sum of algebraic integers, is
an algebraic integer. ged

Lemma. Let gi,...g, be representatives of the conjugacy classes in G. Let c; be the
number of elements in the conjugacy class of g;, 1 < j < r. Define f; € A(G) by
filg) = ¢jxi(9)/xi(1), if g is conjugate to g;. Then f;(g) is an algebraic integer for
1<i<randallg€@G.

Proof. Let go € G. As g ranges over the elements in the conjugacy class of g;, so does
90990 ! Therefore

Yo omlg) =Y, milgo)milg)mi(go) " =milgo) | D milg) | milgo)

g€ecl(gy) g€ecl(gy) gecl(gy)
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So T := ded(g ) mi(g) belongs to Homg (;, m;). By irreducibility of m;, T' = zI for some
z € C. Note that
6T = 3 ile) = exiley) = #xi(1).
gecl(gy)
50 2 = ¢;Xi(95)/xi(1)-
Let g be an element of cl(gs). Let a;;5 be the number of ordered pairs (¢’, §) such that
g'Gg = g. Note that a;;s is independent of the choice of g € cl(gs).

(cixe(90)/xe (D) (eixe(g) eI = | D mlg) | | Y. m(d)

g'€cl(gi) gecl(gy)
= Z Z Wt(glé)zz Z aijsmi(g)
g’€cl(g;) gecl(gy) s=1 gecl(gs)

= (Z aijsCth(gs)/Xt(1)> 1

Hence

(cixe(9:)/x¢(1)) (ejxe(g5)/xe (1 ZazjsCth (9s)/x2(1).

This implies that the subring of C generated by the scalars csx:(gs)/x:(1), 1 < s < r,
and Z is a finitely-generated Z-module. Since Z is a principal ideal domain, any submod-
ule of a finitely-generated Z-module is also a finitely-generated Z-module, the submodule
Zlcixt(g:)/x+(1)] is finitely-generated. Applying part (2) of one of the above lemmas, the
result of this lemma follows. qed

Theorem 9. n; divides |G|, 1 < j <.
Proof. Note that
|Gl/xa(1) = |G|<Xi7Xi>/Xi( )

= chxz 95)x:(9;)/x:(1 Z ¢ixi(95)/xi(1)) xi(g;)-

71=1
Because the right side above is an algebraic integer, the left side is a rational number which
is also an algebraic integer, hence it is an integer. ged
2.3. Decomposition of finite-dimensional representations

In this section we describe how to decompose a representation 7 into a direct sum of
irreducible representations, assuming that the functions a’ , are known.
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Lemma. Let (m,V) be a finite-dimensional representation of G. For 1 <k <r, 1< j ¢ <
ny, define Pfg :V —V by

Pl =ni|GI71)  aky(g)m(g).
geG
Then
(1) m(9)Pyy = 2201, ay;(9) Py, and Pim(g) = 3201 an(9)Pf,, g € G.
(2) P;}Pl’fy = P, if k = k' and £ = pi, and equals 0 otherwise.
(3) (P)" = P

Proof. For the first part of (1),

w(9) Pl = |G|\ Y ak,(9)m(9g)) = G i Y dby (g1 )m(g)
g'eqG g’'eG
ng N
=G| Y Y b (g ab(9)m(g) = al(9) Pl
g'eGr=1 v=1

The second part of (1) is proved similarly.
For (2),

PEPY, =i GI7H Y db(9)m(9) Pl = mil G171 Y by (g) Zaw

geG geG

- ”kz atu’ 50 Py = Ok 00, P,
For (3),

(Pf)" = nl G171 Y aju(g)m(9™) =melGI7H Y afy(g~Hm(g™") = Py

geG geG

Set VF = PE(V). Note that , since (PJ;)* = Pf5 = (PF)?, PJ; is the orthogonal

projection of V' on ij From property (2) of the above lemma, it follows that ij 1 Vj’?/
if k#k orj+#j.

Let W = @j_, ®}%, V. Note that P} (V) = P5,PK(V) C V) € W. Fix vy € W+
Then

0 = (vo, Pfy(v) _nk|G|1Z%e (vo, m(g)v)v = mlaly, fa),
geG

where f(g) = (vo, m(g)v), g € G. Tt follows that f € A(G)*. Hence f(g) =0 forall g € G.
Setting v = vy and g = 1, we have (vg,vg)y = 0. Thus vg = 0. That is, W = V.
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Next, note that P Vt =0if k £ k' or t # ¢, by part (2) of the above lemma.
Let v € V£ Then v = PE(v') for some v € V. Now v = PE(v') = PE(PE()) =
Pk (v), so we have

Pj ( ) P£P££< ) ijjpjkﬁ(v) - ‘/yk

Thus PF,(Vf) C V. Now
Vi = PhVE = Pl PLVE € PEVE VP
Hence we have Peg VE =V}, Let v, v € VF. Then

(Pe(v), Piy(v')) = {(Py)" Pjo(v), v') = (P Py(v),v') = (Pfy(v),v') = (v,0").

We have shown
Lemma. Pfe is an isometry of Vzk onto ij

Choose an orthonormal basis e}, €5, ..., ek | of V = Pf;(V). Then eé‘?g = P} (e?l),
1 < j < rg is an orthonormal basis of Vek. It follows that the set

{efl1<j<m,1<<m, 1<k<r}

is an orthonormal basis of V. Set Y = Span{ efe |1<¢<ny}. If g€ G, then

s

W(Q)??E = 7T( Pﬁl Zaué 1/16]1 = Zaﬁﬁ(g)€§y~

v=1

This shows that Y]k is G-invariant and has the matrix [a%,(9)](1<,r<n,} Telative to the
given orthonormal basis of Y]k This implies that 7r|yjk ~ 7, 1 < 7 < rg. Now
V = @i<k<r P1<j<r ij, so we have decomposed 7 into a direct sum of irreducible
representations. This decomposition is not unique.

Set Y* = @7, YF. Now {ef, |1 <j <rp, 1 <0< ny}is an orthonormal basis of Y,
and T |yr ~ rEmg. Because Pk 70 is the orthogonal projection of V' on VEand YF = @?lee ,
it follows that P* := vy Pze is the orthogonal projection of V on Y*. Looking at the

definitions, we see that this orthogonal projection P* is defined by
anlGl B ak,(9)m(9) = nklGITH Y xk(g)7(g)
9€@G geG

Suppose that W is a G-invariant subspace of V' such that 7 |y is equivalent to a direct
sum of 7, with itself some number of times. Let {vi,...,v,, } be an orthonormal basis of
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an irreducible G-invariant subspace of W, chosen so that the matrix of the restriction of

7(g) to this subspace is [a} (g)]. Then

Pk(v] = ni |G|~ Z Xk (g = k|G Z Za’gg(g) Zaﬁj(g)vu
p=1

geG geG (=1
Nk Nk
—1 k ko k
= nk|G| Z Z a’lgé(g)auj (g)’UM = N Z <a'uj7 CLEZ)U,U«
geG l,u=1 lu=1
= nknglvj =0
Therefore P¥ | W is the identity. Because P* is the orthogonal projection of V on Y*, we
know that P*(v) = v if and only if v € Y*. Tt follows that W C Y*. Now we may conclude

that if we have a G-invariant subspace of V' such that the restriction of 7 to that subspace
is equivalent to rym, then that subspace must equal Y*.

Lemma. The subspaces Y* are unique.

The subspace Y* is called the m-isotypic subspace of V. It is the (unique) largest
subspace of V' on which the restriction of 7 is a direct sum of representations equivalent
to m. Of course, we will have Y* = {0} if no irreducible constituent of 7 is equivalent to

Tk -

2.4. Induced representations

One method of producing representations of a finite group G is the process of induc-
tion: given a representation of a subgroup of GG, we can define a related representation of
G. Let (7, V) be a (finite-dimensional) representation of a subgroup H of G. Define

V={f:G—=V][f(hg)=n(h)f(9), he H geG}.

We define the induced representation iGm = Ind% (7) by (i$7(9)f)(90) = f(909), 9, g0 €
G. Observe that if h € H, then

(i57(9) f)(hgo) = f(hgog) = 7(h) f(g09) = m(h)(iG™(9)f)(g0)-

It follows from the definitions that the degree of i equals |G||H| ™! times the degree of

7. Let (-,-)y be any inner product on V. Set (f1, f2)y = |G|7! deG<fl(g)7f2(g)>Va I1,

fo € V. It is easy to check that this defines an inner product on V with respect to which
i%m is unitary.
Example If H = {1} and = is the trivial representation of H, then igﬂ' is the right regular
representation of G.

The Frobenius character formula expresses the character of igﬂ in terms of the char-

acter of 7.
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Theorem 10 (Frobenius character formula). Let (w,V) be a representation of a
subgroup H of G. Fix g € G. Let hq,..., h,, be representatives for the conjugacy classes
in H which lie inside the conjugacy class of g in G. Then

Xi¢(9) = |G| H[™ 1Z:IclH el ()|~ xx (hi).

Proof. Let g € G. Define T : ¥V — V by T = > ) i¢7(g'). Note that trT =

|cl(g)|xic = (9)-
Let 8 = {v1,...,v, } be an orthonormal basis of V' such that each [7(h)|g, h € H, is

a unitary matrix. For each j € {1,...,n}, define

filg) = |G|Y2H|"Y2r(h)v;, ifg=hecH

Then f](hog) = |G|1/2|H|—1/27T(h0h)1] = W(ho)fj(h,)"u, if g = h € I{7 and f](hog) —
fi(g) =01if g ¢ H. Thus f; € V. Note that

os fidv =G (fi9) frl)v = [HITH Y (w(h)vg, m(h)or)v

geG heH
= [H|7" ) (v, ok)v = (v, 06)v = G
heH
Therefore { fi1,..., fn } is an orthonormal set in V. Pick representatives g1, ..., ge of the

cosets in H\G (that is, of the right H cosets in G). Then

(i () 5, iGm(ge)) fo)v = 1GI7H Y (fi(99i), Fo(ggi))v = 1GI7H Y D (f5(R), fo(hgy "gr))v

geG heH
= 0u|G| ™! Z (m(h) f; (1), 7(h) fs(UO)vdir(fs, fs)v = dirdys
heH

Hence {iG47(g:)fj }1<i<e, 1<j<n is an orthonormal set. Since dimV = |G||H| ' dimV =
¢n, it is an orthonormal basis of V (with respect to which i is a unitary representation).
The kkth entry of T with respect to this basis is

(T'(kth basis element), kth basis element)y .

Therefore

trl' = ZZ ZHW 9i f] lf]”(gz)fﬁ

=1 j=1

As ¢’ ranges over the conjugacy class cl(g), gig'g; ' also ranges over cl(g). Hence
(™) (9)Tifm(g; ) =T,
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and the above expression for tr’T" becomes

4 n n
Z ZW%W)(%)Tfja (i5m)(g0) fi)v = gZ<Tfj7 fidv

i=1 j=1 j=1

Now we rewrite each (T'f;, f;)y using the definitions of f; and 7'

(Tfi fiyv=">_ 1GI™" > (filgod): filgo)v = D 1GIT Y (fi(hg), £5(h)v

g’Ecl(g) go€G g'ecl(g)NH heH
= Z|c1H WG (b, fi(A)v
heH
=|H|™! Z leler (h)] Y (e v, T(h)vj)v = Z el (h hs)vj, vj)v
s=1 heH

It follows that

T = |GIH|[" Y [elu(ho)] Y (w(hs)vj, v5)v = |GI[H| 1Z|CIH )X (hs).-
s=1

J=1 s=1

Thus ;o (9) = |GIH[~' 3201 [ela(g)] ™ ela () [ xx (hs). qed

Example: Applying the Frobenius character formula with 7 the trivial representation of
the trivial subgroup of GG, we see that the character of the regular representation of G
vanishes on all elements except for the identity element.

The inner product on A(G) restricts to an inner product on the space C(G) of class
functions on G. When we wish to identify the fact that we are taking the inner product on
A(G), we will sometimes write (-,-)g. Let H be a subgroup of G. We may view i% as a map
from C(H) to C(G), mapping X to i%(xx) = XiG e for 7w any irreducible representation
of H. As the characters of the irreducible representations of H form a basis of C(H), the
map extends by linearity to all of C(H). We can define a linear map & from C(G) to
C(H) by restricting a class function on G to H. The next result, Frobenius Reciprocity,
tells us that r& is the adjoint of the map % .

If (m,V) is a representation of G and 7 is an irreducible representation of G, the
multiplicity of T in 7 is defined to be the number of times that 7 occurs in the decomposition
of m as a direct sum of irreducible representations of (. This multiplicity is equal to

<X77 X7r>G - <X7T7 XT>G

Theorem 11 (Frobenius Reciprocity). Let (m,V') be an irreducible representation of
H and let (1,W) be an irreducible representation of G. Then (., XigTr)G = (r8x, Xa) 1
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Proof. Let m and 7 be as in the statement of the theorem. Let g € G be such that
cla(g)NH # (. Choose hq, ..., hy, as in the previous theorem. Then, using x-(g) = x-(h:),
1 <1< m,

m

Xigx(9)x-(9) = <IG||H| IZ|C1H(hi)|’C1G<hi)|_1Xﬂ(hi)>XT—@

= |GIIH]~ 1Z!dH lele (ha)| = X (i) xr (i)

Now when evaluating (Xiflﬂ,XTM = |G|t deG Xigﬂ(g)XT(g), we need only sum over
those g € G such that cl(g) N H # (. Then
Xigr Xr)a = [H 7' xa(B)xr(h) = (s rem ()
heH

qed

Corollary (Transitivity of induction). Suppose that K C H are subgroups of G. Let
(m,V) be a representation of K. Then i$m = i% (iflr).

Proof. Note that it follows from the definitions that r5§ = r& o rZ. Taking adjoints, we
have

i =(g) = (rg) o (ry)" = if o i
qed

Lemma. Let (m,V) be a representation of a subgroup H of G. Fix g € G. Let 7’ be the
representation of gHg~! defined by 7' (ghg~ m(h), h € H. Then i ~ Z?Hg_lﬁ

=
Proof. Let f be in the space of i%7. Set (Af)(g0) = f(97'g0), go € G. Let h € H. Then

(Af)(ghg~"90) = f(hg™ go) = m(h)(Af)(g0) = 7' (ghg™")(Af)(g0).
Therefore Af belongs to the space of igGHg,ﬂr' . It is clear that A is invertible. Note that

igrg—1(91)(Af)(g0) = (Af)(9091) = f(g " g091) = (AiG7(g1)f)(90)-
qed

Let (7, V) be a finite-dimensional representation of a subgroup H of G. Let K be a
subgroup of G, and let g € G. Then KNgHg~! is a subgroup of G. Define a representation
79 of this subgroup by 79(k) = n(g~'kg), k € K NgHg™!. Let h € H. Then K N
ghH(gh)™' = KNgHg™! and n9"(k) = n(h~1g~tkgh) = w(h)~*m9(k)n(h). Hence 79" ~
m9. This certainly implies that igmthhg,lwgh ~ illgmgHg,lwg.

Changing notation slightly, we see that the above lemma tells us that ngg Hg_lwg ~
iKﬂkgHgflkflﬂ'kg. We now know that the equivalence class of iflgmgHg_lwg is independent
of the choice of element ¢ inside its K-H-double coset (that is, we may replace g by kgh,

k € K, h € H, without changing the equivalence class).
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Theorem 12. (Mackey) K and H be subgroups of G, and let (m, V') be a representation
of H. Then
(iGmk =r&§((Gm) ~ P ikngugr (™).
geK\G/H

Proof. Let p = i%m. Let V be the space of p. Define a map A : V — V by (Av)(g) =

w(h)v, ifg=heH

0, ifgd¢ H.
if and only if p(g5 'g1)Av; = Avy for some vy € V. Now p(g; 'g1)Av; is supported in

,veV. Let vy € V, and ¢1, g2 € G. Then p(g1)Av1 € p(g2)AV

Hgy 19, and Awvs is supported in H. Hence the two functions are equal if and only if
g1H = g.H. Tt follows that deG/H p(9)AV = ©gec/up(9)AV. Now p(g) is invertible
and A is one-to-one, so dim p(g)AV = dim V. Therefore the dimension of the latter direct
sum equals |G||H|™1dimV = dim V. Thus V = @yeq/up(9)AV.

Now we want to study V as a K-space and p(g)AV is not K-stable. Given g € G,
the double coset KgH is a disjoint union of certain cosets ¢’H. So we group together
those p(g')AV such that ¢’H C KgH. Let X(9) = > ycromP(g)AV. It should be
understood that the above sum is taken over a set of representatives ¢’ of the left H-cosets
which lie in KgH. Now we have regrouped things and we have V = ©ycx\a/n X (g9). Now
p(k)X (g) = X(g) for all k € K. We will prove that

() PK |X(g) = Tg/)|X(g) = igﬂgHg*lﬁg‘

The theorem is a consequence of (**) and the above direct sum decomposition of V.
Now suppose that ¢ = kgh, k € K, h € H. Then p(¢')AV = p(kg)AV. Let
ko€ KNgHg '

p(kog ) AV = p(kog) AV = p(g(g~ " kog)) AV = p(g)AV

. This implies that X(9) = > x/(xngmg-1) P(k)p(9)AV. Now we can easily check that
if k € K, then p(k)p(g)AV = p(g)AV if and only if p(g~tkg)AV = AV if and only if
g tkge H, thatiske KNgHg . So X(g) = Ok /(kngtg-1) P(k)p(g)AV.

Let W be the space of igmgHg_lwg. Now define B : X(G) — W as follows. Let v € V
and k € K. Set ¢, (k) = m9(k)vif k € KNgHg™! and ¢, (k) = 0 otherwise. Then ¢, € W.
Given v € V and k € K, set Bp(k)p(g)Av = illgmgHg,lwg(k:)gov. It is a simple matter to
check that B is invertible. Since rg p acts by right translation on X (g) and igﬁg Hg,ﬂrg

acts by right translation on W, we see that B intertwines these representations. Hence
(**) holds. qed

Theorem 13. Let H and K be subgroups of a finite group G. Let (w, V') and (p, W) be
(finite-dimensional) representations of H and K, respectively. Then Homg (iGm,i% p) is
isomorphic to

{¢:G — Endc(V,W) |p(kgh) = p(k)op(g)om(h), ke K,ge G, he H}.
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Sketch of proof. Let A € Homg(i%m,i%p). Define o4 : G — Endc(V, W) by pa(g)v =
(Afu)(g), v € V, where f,(h) =n(h)v, h € H, and f,(g9) =0 if g ¢ H. Note that f, is in
the space of iG7m. Let k € K, g€ G, h € H, and v € V. Then

pa(kgh)v = (Afy)(kgh) = p(k)(Af,)(gh) = p(k)(p(h)Afs)(9)
= p(k)(Afzxnyo)(9) = p(k)palg)m(h)v

where the second equality holds because Af, is in the space of if(p, the fourth equality
holds because A € Homg (iG7,i%p), and the fifth because 7(h)f, = Jr(nyo for all h € H.
Hence ¢4 has the desired properties relative to left translation by elements of K and right
translation by elements of H.

Given ¢ : G — Endc(V, W) | p(kgh) = p(k)op(g)on(h), g€ G,he€ H, k € K. Let f

be in the space of i%m. Define A, f in the space of i%p by (A, f)(g) = >0 ©(995 ) f(g0),
where in the sum gg runs over a set of coset representatives for K'\G. Suppose that k € K

and g € G. Then
(Agf)(kg) = Zs@ kggy ') Zs@ 990 = p(k)(Apf)(9)-

Hence A, f belongs to the space of i p.
Next, let g, g1 € G. Then

(AgiGm(g1) f Zso 990 ) (5w (g1) f Zw 990 ") f(gog1)
= Zso 99195 ) f(90) = (A @f)(ggl) = (i%p(91)Apf)(9)

Therefore A, € Homeg (i%m,i%p).
To finish the proof, check that A — ¢4 and ¢ — A, are inverses of each other. The
details are left as an exercise. qed

Corollary. Let w be an irreducible representation of a subroup H of G. Then Homg (igﬂ, zfﬂr)

is isomorphic to
H(G,7):={p:G— Endc(V) | o(hgh’) = n(h)op(g) onm(h'), g€ G, h, € H }.

Lemma. The subspace of H(G, ) consisting of functions supported on the double coset
HgH is isomorphic to Hom s (79, 7% 7). where H9 = HNgHg™" and 79(h) = (g~ 'hg),
h e HY.

Proof. Fix g € G. Given ¢ € H(G,w) such that ¢ is supported on HgH, define a linear
operator By, : V. — V by B,(v) = ¢(g)v, v € V. Then, if h € H9, we have, using the fact
that g~'hg € H and h € H, and properties of ¢,

By (m9(h)v) = ¢(9)(m(g~ " hg)v) = p(hg)v = m(h)p(g)v = m(h)By(v).
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Hence B, € Homp (79,72 1).

Given B € Homp, (79, rH7), set wp(highe)v = m(h1)Bm(h)v, for hy, hy € H and
veV,and pp(gr)v =01if g1 ¢ HgH. Check that ¢ € H(G,7), and also that the map
B — ¢p is the inverse of the map ¢ — B,. The details are left as an exercise. qed

Corollary. Let (m,V) be a representation of a subgroup H of G. If g € G, let H9 =
HNgHg ! and set m9(h) = w(g~'hg), g € H9. Then

Homg (i$m, %) ~ @ Hom o (79, 75 7).
geH\G/H

Corollary(Mackey irreducibility criterion). Let (7, V) be an irreducible representa-
tion of a subgroup H of G. Then i§r is irreducible if and only if Homg, (79, rH" m) = 0
for all g ¢ H.

Proof. Note that if g = h € H, then H" = H and rghw = 7. Hence, by irreducibility of m,

Homp (m,7") o~ C. Therefore, since i% is irreducible if and only if Homg (i§w,i%n) ~ C,

by the above proposition, iG is irreducible if and only if Hom g (79, 72 7) = 0 whenever

g¢ H. qed

Corollary. Ifr is the trivial representation of a subgroup H of G, then dim Homg (i, %)
equals the number of H-H-double cosets in G.

Note that 79 and r£” 7 are both the trivial representation of HY (for any g € G). Acccord-
ing to the above proposition, there is a one-dimensional contribution to Homg(igﬁ, z%w)
for each double coset HgH. qed

Given 1, po € H(G, ), set

(1% 2)(9) =G Y @1(g0) © ¢2(g5 ' 9).
go€G

This product makes H(G, ) into an algebra, known as a Hecke algebra.

Proposition. The algebra Homg (i%7,iG7) is isomorphic to the Hecke algebra H(G, ).
g HT

To prove the proposition, check that the vector space A — ¢4 of the the Theorem 13 is
an algebra homomorphism: ¢4,04, = ¥4, * pa,. The details are left as an exercise.

Exercises:
1. Adapt the above arguments to prove: Let H and K be subgroups of G, let m be a
representation of H, and let 7 be a representation of K. Suppose that ifﬂr and Z'[G(T
are irreducible. Show that i§m 2 i%7 if and only if for every g € G

-1
gHg  NK -
Hom rg—1nx (79, 1% T)=0.
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2. Let A be an abelian subgroup of a group G. Show that each irreducible representation
of G has degree at most |G||A]| L.

3. Let m; be a representation of a subgroup H; of a group G, j = 1,2. Prove that

'G1XG2 ~ -G1 'Gz
ZH1><H27T1 X Ty ’LHlﬂ'l X ’I,H27T2.

4. Let m and p be representations of subgroups H and K of a finite group G. Let
g1, g2 € G. Define representations 79 and p9 of the group g; ' Hgy N g, ' Kgy by
w9 (z) = w(grzgy ') and p%(x) = p(gazgy '), x € g7 Hogr N gaKgs .

i 1 (91,92) .— ;G g1 g2
(i) Prove that the equivalence class of T e (9 ® p92) depends

only on the double coset Hg; g5 K.

(ii) Prove that the internal tensor product ifﬂr ® z% p is equivalent to the direct sum
of the representations 7(91:92) as g, gy ! ranges over a set of representatives for the
H-K-double cosets in G. (Hint: Consider the restriction of the representation
of G x G which is the outer tensor product %7 ® i%p to the subgroup G =
{(9,9) | g € G} and apply Theorem 11.)

5. Suppose that the finite group G is a the semidirect product of a subgroup H with an
abelian normal subgroup A, that is, G = H x A. Let GG act on the set A of irreducible
(that is, one-dimensional) representations of A by o +— o9, where 09(a) = o(g~tag),
a €A o€ A. Let {01,...,0.} be a set of representatives for the orbits of G on A.
Let H; = {0l =0;}.

a) Let G; = H; x A. Show that o; extends to a representation of G; via o;(ha) =
oi(a), h € H;, a € A.

b) Let m be an irreducible representation of H;. Show that we may define an ir-
reducible representation p(m,o;) of G; on the space V of 7 by: p(m,0;)(ha) =
o;(ha)n(h) = o;(a)w(h), h € H;, a € A.

c) Let 7 be an irreducible representation of H;. Set 6; » = Indgip(w, 0;). Prove that
0; = is an irreducible representation of G.

d) Let 7w and 7" be irreducible representations of H; and H;/. Prove that 0; » ~ 6,/ ./
implies ¢ = ¢ and ™ ~ 7’.

e) Prove that { 6; . } are all of the (equivalence classes of) irreducible representations
of G. (Here, i ranges over {1,...,r} and, for ¢ fixed, = ranges over all of the
(equivalence classes of) irreducible representations of H;).

6. Let H be a subgroup of a finite group G. Let H(G, 1) be the Hecke algebra associated
with the trivial representation of the subgroup H.

a) Show that if (7, V) is an irreducible representation of G, and V¥ is the subspace

of H-fixed vectors in V, then V# becomes a representation of H (G, 1), that is, a
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module over the ring H(G, 1), with the action

foo=IG7D flomlgw,  veVH

geG

b) Show that if VH # {0}, then V' is an irreducible representation of H(G, 1) (an
irreducible H (G, 1)-module). (Hint: If W is a nonzero invariant subspace of V-
and v € VH | use irreducibility of 7 to show that there exists a function f; on G
such that v = f; - w, where w € W and f; - w is defined as above even though
fi ¢ H(G,1). Next, show that if 15 is the characteristic function of H, then
f=1gxfixly, f€eH(G,1),and f-w="0.)

c¢) Show that (m,V) — V¥ is a bijection between the equivalence classes of irre-
ducible representatations of G such that VH = {0} and the equivalence classes
of irreducible representations of H(G,1).

Remarks - Representations of Hecke algebras: Suppose that (7, V) is an irreducible
finite-dimensional representation of a subgroup H of G. A representation of the Hecke
algebra H(G, ) is defined to be an algebra homomorphism from H(G,7) to Endc (V)
for some finite-dimensional complex vector space V’. (That is, V' is a finite-dimensional
H(G, 7)-module).

Let (p, W) be a finite-dimensional representation of G. Then it is easy to check that
the internal tensor product (rg p@m, W ® V) contains the trivial representation of H if
and only if 78 p contains the representation 7V of H that is dual to 7.

Assume that the dual representaion 7V is a subrepresentation of rZp. Given f €
H(G, ), define a linear operator p'(f) on W ® V' by

P (Nwev)=IGI7 Y plg)w® fg)v.

geG

The fact that f € H(G,n) can be used to prove that the subspace (W ® V) of H-
invariant vectors in W ® V is p/(f)-invariant, and the map f — p/(f)| (W @ V) defines
a representation of the Hecke algebra H(G, ).

In this way, we obtain a map p — p’ from the set of representations of G whose
restrictions to H contain ¥ and the set of nonzero representations of the Hecke algebra
H(G, 7). It can be shown that this map has the following properties:

(i) p is irreducible if and only if p’ is irreducible.
(ii) If p; and po are irreducible, then p; and ps are equivalent if and only if p} and p}, are
equivalent.
(iii) For each nonzero irreducible representation (7,U) of H(G, ), there exists an irre-
ducible representation p of G such that p’ is equivalent to 7.
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The study of representations of reductive groups over finite fields (that is, finite groups
of Lie type) is sometimes approached via the study of representations of Hecke algebras.
In certain cases, H(G,7) may be isomorphic (as an algebra) to another Hecke algebra
H(G', "), where G’ is a different group (and 7’ is an irreducible representation of a sub-
group H' of G’). In this case, the study of those irreducible representations of G' whose
restrictions to H contain 7" reduces to the study of a similar set of representations of the
group G’.

Representations of Hecke algebras also play a role in the study of admissible repre-
sentations of reductive groups over p-adic fields. An example of such a group is GL,,(Q,)
where Q,, is the field of p-adic numbers. In this setting, the representation p of G will be
infinite-dimensional (and admissible), the subgroup H will be compact, and open in G,
7 will be finite-dimensional (since H is compact) and the representation p’ of the Hecke
algebra will be finite-dimensional. In this setting, the definition of the Hecke algebras is
slightly different from that for finite groups.
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CHAPTER 3
Representations of SLy(F,)

Let IF, be a finite field of order g. Then there exists a prime p and a positive integer
¢ such that ¢ = p®. For convenience, we assume that p is odd. We also assume that ¢ # 3.
Let G = SLy(F,) be the group of 2 x 2 matrices with entries in IF, and determinant equal
to 1. In this chapter, we construct the (characters of the) irreducible representations of G.

Let B = {(8 az) laeFyX, beF, } Let A be the group of diagonal matrices

1 =z

in G, and let N = {(0 1

1Bl =q(qg—1).
Let ¢ € G. Note that g = <CCL 2

¢ !(ad—1). Because a and d may be chosen freely in F, and ¢ may be chosen freely in F,

) ]:L’EFq}. Note that B = A x N ~ FX x F,. Hence

> ¢ B if and only if ¢ # 0. In that case, b =

it follows that the number of elements in the complement of B in G is equal to ¢?(q — 1).

Hence |G| =q(¢—1) +¢*(¢ — 1) = q(¢* — 1).

Let w = _01 (1) . The double coset BwB is a disjoint union of right B cosets. Let

b1, by € B. Then Bwb; = Bwbs, if and only if byby ' € w='Bw N B. Note that

(3.1) w_l(g aél)w:(a_‘; 2)

It follows that wBw ™! N B = A, and as g ranges over a set of (right) coset representatives
for A\ B, then g ranges over a set of representatives for the right B cosets in BwB. Note
that A\B ~ N. Hence we may (and do) view N as a set of coset representatives for
A\B and for the right B cosets in BwB. Now |[N| = q. Thus BwB contains exactly
q right B cosets. Hence |BwB| = q|B| = ¢*(¢ — 1). The subset B Il BwB contains
q(g— 1)+ q¢*(q—1) = q(¢*> — 1) elements, so must equal G.

Lemma. G is generated by B and w, and there are two B-B double cosets in G, namely
B and BwB. Also

1 =z
G-HwquBw(O 1) II B.

We will begin to study the representations of G by looking at representations of G
which are induced from linear characters (one-dimensional representations) of B. Note
that the derived group (commutator subgroup) of B is equal to N. Hence there is a
bijection between the set of linear characters of A ~ B/N and the set of linear characters
of B. Now A ~Fx and F is a cyclic group of order ¢ —1. Let ¢ € C be a primitive root of
unity of order ¢ — 1, and let o be a generator of F. For each m such that 0 <m < ¢ — 2,
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the map a’ — (9™ defines a linear character of Fy. It is clear that these characters are
distinct. Since there are ¢ — 1 of them, this gives a complete list of the linear characters

of F. Note that there are two characters of Fy whose squares are trivial. One is the

X
q’

m = (¢ —1)/2, and takes the value —1 on non-squares in F;* and 1 on squares.

trivial representation of F, corresponding to m = 0, and the other one, corresponds to

Let 79 be a character of . The associated character T of B is defined by 7 ( 8 aél ) =

70(a). Looking at equation (3.1), we see that the character 7% of BY = wBw 'NB = A
(notation as in Chapter 2) is given by
(3.2)

wlfa 0 1f{a 0 _ a !l 0 _
T (0 a_l):T(’w 1<0 a1 1)w):7'( 0 a):TO(a) L aEIF;.

Hence
C, ifrg=1
0, ifrg#1

Combining this with results from Chapter 2 concerning induced representations, we

HOmb(Tw,Tng> = HomA(To_l,Tg) = {

have
Lemma. i§7 is irreducible if and only if 78 # 1. If 73 = 1, then dim Homg (i%7,i%7) = 2.
Given a € F, set s, = <8 a91 . It is easy to check that if a # £1, then A is the

centralizer of s, in G. Hence if a # £1, the order |cl(s,)| of the conjugacy class cl(s,) in
G is equal to |G|/|A] = q(q + 1). Note that if a, b € F,, then gs,g~! = s if and only
if s, and s, have the same eigenvalues. If a # +1, this is equivalent to b € { 54, Sq-1 }-
Thus, when a # £1, cl(s,) = cl(sp) if and only if b = a or b = a~!. Now the centre of G
is equal to { s1,s_1}, so there are two single-element conjugacy classes in G. According
to the above there are (¢ — 3)/2 non-central conjugacy classes which contain elements of
A, each such class containing q(q + 1) elements. If a € F,* and a # +1, then it is easy to
check that clp(s,) = {gsag™' | g € N} = s,N. We can now conclude that

clg(sq) N B =5,N1ls,-1N, acF

q

a # +1.

Note that clg(+1) = +1 = clg(+I) N B. Applying the Frobenius Character Formula, we

can compute x,c, on A.

Lemma. Let a € IF(;. Then
Xigr(sa) = |Gl B cla(sa)| ™ (Il (50)|7(sa)+lelB(5a-1)[T(sa-1)) = To(a)+T0(a™"), a # £1.

and X6 (s+1) = (¢ + 1)70(£1).

Let 1 be a nontrivial character of (the additive group) IF,. Let t € F,. It is easy to
see that the function z — ¢, (x) := (tz) also defines a character of F,, and s = 1y if
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and only if s = ¢. Hence {vy | t € F, } is the set of characters of F,. We can also view
this set as the set of characters of IV, since N ~ F,.
Let t € F,. Define a function f; : G — C by f/(b) =0 for b € B and

I (bw ((1) ‘f)) = 7(b)yr(z), beB, z€F,

Clearly f7 # 0 and f7 belongs to the space of i%7. Let V2 be the subspace of the space
V, of i%7 which consists of those functions which are supported in BwB. Then the set
{fl | teF,} is a basis of V2. Note that

(57 (6 1)) (w0 1)) = (o 77Y))
1 =z
=70yt +) = ury (0§ 7))

Therefore (for ¢ fixed) the span of f7 is N-invariant and the restriction of rY (iG7)
to this one-dimensional space equivalent to the character ¢; of N. It follows that the
restriction of rY (igT) to V.2 is equivalent to the regular representation of NV, since it is the
direct sum of all of the characters of IV, each occurring exactly once.

Let ff be the function which is zero on BwB and satisfies ff(b) = 7(b), b € B. The
space V. of V), consisting of functions supported on B is one-dimensional, and is spanned

by the function f%. It is clear that the restriction of rY (i57) to V. is equivalent to the
trivial representation of V.

Lemma.
(1) r(iGT) ~ 2o @tepqx Py

1 z\ Jqg+1, ifz=0
@ Xi%f(() 1)_{1, ife#0

Lemma. If g € G has no eigenvalues in F, then XigT(g) =0.

Proof. If XigT(g) # 0, then by the Frobenius Character Formula, clg(g) N B # . Any
element of B has eigenvalues in F. qed

Lemma. Let 79 and 1) be characters of F¢

o » with extensions T and 7’ to B. Then x;c, =
B
+1

XiG if and only if 7o = (75)
Proof. Note that 7o(—1) = 75 *(—1). Hence 79(—1) = 74(—1) if and only if (ro+75 1) (1) =
(19 + 7'671)(—1). Given the above results about XiGr and XiG ./, We see that XiGr = XiGrs
if and only if

(7‘0-1—7'0_1)(a): (7‘(/)-1-7‘(/)_1)(&), VaGIF;.
By linear independence of characters of F, this is equivalent to 7o = T(,):tl. qed
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Corollary. Let 7 and 7} be as above Assume that 7§ # 1. Then

: : C, ifrh=rit
Homg (iG7,i%7) = ’ o0
0, otherwise.

Proof. Suppose that (7})? = 1. Then i is irreducible of degree ¢+ 1 and i%7” is reducible
of degree ¢+ 1. Therefore the two representations do not have any irreducible constituents
in common.

Now suppose that (74)2 # 1 Then 47 and i§7’ are irreducible and by the previous

+1

result are equivalent if and only if 7o = 757 ". qed

From above, we can conclude that there are have (¢ — 3)/2 equivalence classes of
irreducible representations of the form i%7 (of course with 72 # 1).

The next step is to decompose igT in the two cases with 72 = 1.

Lemma. The trivial representation of G occurs as a subrepresentation of the representa-
tion i%1 induced from the trivial representation of B. The other irreducible constituent of
i%1 has degree q and its character is equal to XiG1 minus the characteristic function of G.

Proof. We already know that i1 has two irreducible constituents and has degree q + 1.
Therefore it suffices to prove that the trivial representation of G occurs as a subrepresen-
tation of i%1. The characteristic function of G belongs to the space of i1 and it is clearly
invariant under right translation by elements of G. (Although it is not needed for the proof
of the lemma, it is worth noting that the space of the other irreducible constituent of %1
consists of functions which are left B-invariant and which satisfy f(1)+>_ .y f(wu) = 0).
ged

Note that, since we have assumed that p is odd, F /(F)? has order 2. Fix a nonsquare
e € F . Then 1 and ¢ are coset representatives for F /(I )2. Let A be the unique character
of F; of order 2. Let f; = f{ (for 7 corresponding to \), t € F,, and let fp = ff. Let
p = i%7. We know that G is generated by N, A and w. Hence a subspace of the space Vy
is G-invariant if and only if it is N, A, and w-invariant. We have already described the
N-invariant subspaces. Next, we describe some B-invariant subspaces. Let

Wi = Span{ f; | t € (F;)2} and W. = Span{ f; |t € s(F;)Z }.

1 =z
Ifx ek, letu, = (0 1).

Lemma. Leta € F.

(1) Ift € [Fy, then p(sa)fr = Aa) fa-2t.
(2) p(sa)fo = Aa)fo

(3) p(sa)fB = Aa)fB.
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(4) Wi, We, Span{ fo}, and Span{ fp} are B-invariant.

Proof. Part (4) follows from parts (1)—(3). For parts (1) and (2), let a € F, t € F, and
b € B. Then
(p(50) fo) (bwuy) = fi(bwugsy) = fi(bse-1wug—2,) = Ma™)7(D) fr(wig-—2,)
= Ma)T(D)(a™22) = Ma)T(D) -2, () = M a) fo—2¢ (bwuy,).
Above we have used the fact that bs; ' € s,-1bN and 7 is trivial on N, and A = A~!. Part
(3) is left as an exercise. qed

Exercise: Prove that there are 4 inequivalent irreducible representations of B that are
not one-dimensional, and they all have degree (¢ — 1)/2.

Now we consider the action of w. It is easy to see that, as representations of B,
Wi and W, are irreducible. It follows from results above that they are inequivalent,
since as representations of N they have no constituents in common. As we see below, no
subspace of Span{ fp, fo } is w-invariant. Hence W, and W. cannot belong to the same
G-subrepresentation of igT.

We will use
(3.2) WU W = S_p—1WU_g—1, reFy

Let p = igT, where 7 corresponds to A.

Lemma. LettcF,.

(1) Then (p(w) f¢)(bwus) = fr(bwuzw) = M=) fe(bwu_y—1) = M—z)p(—x™1), © € FY,
be B,

(2) (p(w)fi)(bw) =

(3) (p(w)fe)(b) (b) bGB
Let
(p1,02) = o1(Vpa(1) + D pr(wug)pa(wug), 1, 2 € Vy.
z€clF,
Lemma.

(1) (-,-) is an inner product on V., with respect to which p is a unitary representation of
G.
(2) { fB, ft | t € Fy} is an orthogonal basis of V; (relative to the given inner product).

Proof. Part (1) is easily verified using the decomposition of G' given in the first lemma.
For part (2), note that if ¢t € F,, the support of f; does not intersect B. Hence (f;, fg) = 0.
Let s, t € F,. Then

ftafs Zwt _qésb

z€elF,
using orthogonality relations of characters of F,. ged

Let T' = er]qu Az)Y(x).
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Lemma.
(1) p(w)f5 = A1) Syer, fi
(2) p(w)fo=fe+q'T Drerx At) i

Proof. For (1), note that

A Y i) = g A1) 3 6(0) = f5(w?) = (p(w) f5)(w)

telF, telF,

and, for z € F 7,

¢ A~ Z fi(wuy) = ¢ IA(=1) Z Yie(w) = ¢ A (— Z Ve (t) = (w) fB)(wuy),

teFy, teF, teF,

since 1), is a nontrivial character of IF,, and wu,w ! ¢ Bifze ]qu.
From the previous lemma, we have p(w)fo = fe+>_, er, Ctft for some scalars ¢;. And
because { fp, fi | t € Fy } is an orthogonal basis of V;, we have ¢; = (p(w) fo, fe)/{ft, ft) =

q~Hp(w) fo, fi), t € Fyq. Because fi(1) = (p(w)fo)(w) = fo(=1) =0, we have

(p(w) fo, fo) = Y plw) folwuy) frlwug) = A= (@) = Y M—a)n(—
z€F} z€FY zEFRS
_ { Dverx AT @)U(@) = A(t) 3o, cpx AM@)¥(@) = AT, if t € FY
B Exe]FqX )\(JJ) =0, ift=0

Lemma. I'? = g\(—1).
Proof. Let ®(t) = erF; Y(tr)A(z), t € F. Then
= Y BB AY) = ADT.
y€eFys
Then, if z € F,
> @ =T ) At = T®(x) = [?\(x).
teFy teFy

But we also have

S w0un = 3 3 s A z(zw ) "

teF teF; uelFy u€F

—M—a)g-1— 3 AW =A(-2)(g—1) - (0 A(—2)) = A(~2)q

uERS  u#t—=
Therefore T?\(x) = A\(—x)q. This implies I'? = X\(—1)q. ged
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Lemma.

(1) p(w)(Tfo+qfs) =+q¢ 'T(Tfo£qfB) + A(-1) Drerx (AE) £ 1) fr.
(2) p(w)(Tfo+qfs) € Span(I'fo + qfB) + Wi.

(3) p(w)(Tfo —qfs) € Span(I'fo — qfB) + Wk.

Set VT = Span(T'fo + qf) + Wi and V~ = Span(T'fo — qfp) + W-.. We can see
that V* = (V) and V= = (V*)L. The above lemma suggests that V* and YV~ may be
G-invariant. We need to show that p(w)W; C VT and p(w)W. C V™.

Lemma.

(1) Let s, t € FX. Then (p(w)fy, fs) = 0 if s ¢ t(FX)?.
(2) Ift € (]F;)Z, then (p(w)f:,I'fo — qfp) = 0.

(3) If t € e(F)?, then (p(w)fy,Tfo+ qfs) = 0.

Proof. Let s, ¢t € F. Then

() fe, fs) = D plw) frlwug) folwuz) = > AMa)we(z™ Ds(2) = Y Ma)d(ta™ +sz).

xEF; ZEGIFX JL‘EFX

Now suppose that s = etu? for some u € ]qu. Then

Z Mz)w(t 'z + sx) = Z Yi(x7" + zeu®) — Z V(e + 2u?).
2€F ze(FX)? ze(FX)?
The map « — zu? is a bijection from {z™! 4 zew? | z € (F;)?} and {ex™" +zu® | z €
(F)?}. Tt follows that (p(w)fi, feru2) = 0 for all u € F<.

For (2), let t € (F))?. Then

(p(w)fi,Lfo — afp) = (fr, p(—w)(T'fo — afB))
= A=D{fe, -Tq " (Tfo — afs) + A(-1) > —2f)=0

s€e(F))2

The proof of part (3) is similar to that of part (2) and is left as an exercise. qed
Corollary. V' and V™~ are G-invariant.

Let 7y = ply+ and 7y = p|y-.
For the proof of the following lemma, see the discussion on conjugacy classes which
appears on pages 31.

Lemma. Let x € IF;.

(1) lelg(uz)] = (¢* —1)/2.
(2) ca(ug) = clg(uy) if z € (FX)?.
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(3) clg(ug) = clg(ue) if z € e(FX)2.
(4) cla(ur) # cla(ue).

Theorem. p = w;r D7y, Wj\' and 7 are irreducible and inequivalent. Furthermore,

(1) X (s£1) = A(=1)(g + 1) /2.

(2) Xt (sa) =Xa), a €FY, a® #1.

(3) Xt (Fur) = A(=1)(1 +T)/2.

(4) xﬂ;(ius)z A-DA -T)/2.
+(

(5) Xt g) = 0 if g has no eigenvalues in .
(6) X.— = Xp — Xt = XiGr — Xt (where T is the character of B corresponding to \).
)\ )\ A

Proof. Because the restrictions of 7T;|\— and 7, to IV are inequivalent, the representations
are inequivalent. For part (1), note that dim V* = (¢ +1)/2 and p(—1) = A(—1)I.

For part (2), recall that p(sq)fy = A(a) fo—24, t € (F)?. Therefore tr (p(sq) [w,) =0
if a2 £ 1. Also, p(sa)(T'fo +af5) = Aa)(Tfo + qf), a € FX.

Let z € F,. Set

()= Y wu(2)= D o) and ho(z)= Y @)= Y wu(t).

te(Fy)2 te(F, )2 tee(Fy)? tee(Fy)?
If z € FY, then hy(x) + he(w) = —1 because 9, is a nontrivial character of F,. Also, if
z e Fy,
hy(x) =) AOYa(t) = Y At = Az)I.
teFy seFy

Solving for hq(z) and h.(x), we get hq(z) = (—1+ X(z)I")/2 and h.(z) = (=1 — A\(x)I")/2,
r € Fy. Now tr(p(usz)|w,) = hi(x) and p(uz)(Tfo + ¢fs) = T'fo + qfp. Therefore
Xt (u1) = h1(1) +1 = (1 +T)/2. Similarly, X (ue) = h1(e) +1 = (1 —-T1)/2. Parts (3)
and (4) follow.

Let Gsp be the set of elements of G which have eigenvalues in F. Any element in

Gy is conjugate to one of s,, a € IF; or one of +u; and +u,.. Therefore

Y @) =2 +1)/2)* +alg+1)(a = 3)/2+2((1 + T + T+ IT)/4)(¢° ~ 1)/2

9€Gp1
+2(1 =T —T+TT)/4)(¢* —1)/2
=(q+1)%/24+4q(g+1)(¢—3)/2+ (1+TT)(¢* —1)/2

Now

D= 3 A@)w(—2) = A(=1) 3 A@)b(x) = A(~L)T.

xEF; xEF;
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Hence I'T = A\(—1)I'2 = \(—1)?¢q = ¢q. Substituting above results in D geGa Xt (9)? =

q(¢*> — 1) = |G|. Because 7y is irreducible, we have > gec |X7r;r (9)]> = |G|. Therefore

Xrt(9) =0if g & Gspi ged

Before moving on to finding the other irreducible characters of G, we discuss conjugacy
classes further. Let g € G be unipotent (that is, (g — 1)> = 0). Then both eigenvalues
of g equal 1. Suppose that g # 1 and ¢ is unipotent. Then, because u; is the Jordan
canonical form of g, there exists go € GL2(F,) such that gogg, 1 — ;. That is, there is
one noncentral unipotent conjugacy class in GL2(FF,). This class breaks up into several
conjugacy classes in G. The centralizer of u; in G is =N, so |clg(u1)| = (¢* — 1)/2.
From s,u;sq = Ug2., * € F, we see that u,2 € clg(ui). Let d(e) be the diagonal
matrix in GLy(F,) having diagonal entries ¢ and 1, respectively. If u. € clg(u1), then,
choosing g € G such that guig™! = i., we have d(¢)u1d(e)™ = guig~*.
a
0
Taking determinants, we have € = a2, which is impossible, since ¢ is a non-square. Hence

clg(uy) # clg(ue).
Now suppose that g € G¢;;. Then the eigenvalues of g, being roots of the characteristic

This implies

g~ td(e) centralizes u;. Therefore g~ 1d(e) = for some a € F* and some b € F,.

polynomial of g are roots of a quadratic polynomial which is irreducible over F,. Hence
the eigenvalues lie in a quadratic extension of ;. Up to isomorphism, there is exactly one
quadratic extension of F,. Since € is a non-square in ]qu, F,(v/) is a quadratic extension
of F,. Hence the eigenvalues of g lie in Fy(y/e) — F,. Now g € G, so the product of the
eigenvalues equals 1. Tt follows that the eigenvalues of g are of the form a + b/ and

a — by/e where a € Fy, b € Fy, and a® — b’ = 1. An example of such a ¢ is the matrix

(a bae), with b # 0 and a? — b%c = 1. Let

b
a be 2 2
T = b a |a, beFy, a* —bc=1;.

Then T is a subgroup of G and any element of T'—{+1} belongs to G¢;;. Note that {1,¢ } is
a basis of F(1/€), and the matrix of an elment a+ by/c with respect to this basis is equal to

(Z Z;g) The map NV : Fy(y/€)* — F is a surjective homomorphism. Hence the kernel

of N has order (¢ —1)/(q¢ —1) = ¢+ 1. The map a + b\/e — (a

b
GLy(F,) restricts to an isomorphism between A" and T'. Hence |T'| = g+1. Also, T is cyclic,

bas) from F,(y/2)* to

since it is a subgroup of the cyclic group F,(y/e)* ~ quz. It is a simple matter to check

that if v € T'—{+I}, then the centralizer of v in G is equal to T'. Hence |clg(v)| = ¢(¢—1).

Now let v = (Z Zf) € T be such that 42 # 1. Any element of T which is conjugate
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to v must have the same eigenvalues as 7, namely a + by/e and a — by/z = (a + by/e) L.

L are conjugate in G, we have clg(y) N T = {y,7~'}. There are

Checking that v and ~~
g — 1 noncentral elements in 7. Thus there are exactly (¢ — 1)/2 noncentral conjugacy

classes which intersect T, each containing q(q — 1) elements.

Proposition.

(1) The centre of G equals {£I}.

(2) Ifa € F and a # +1, then |clg(sq)| = q(g+1). There are exactly (q—3)/2 noncentral
conjugacy classes which intersect A.

(3) cl(uy) # cl(ue), cl(—u1) # cl(—ue), and |cl(Fu.)| = |cl(Fur)| = (¢ — 1) /2.

(4) If v € T and vy # +£1, then |cl(y)| = q(¢ — 1). There are exactly (¢ — 1)/2 noncentral
conjugacy classes which intersect T

(5) There are q + 4 conjugacy classes in G.

Proof. The only part which has not already been proved is part (5). First, counting the
conjugacy classes mentioned in parts (1)—(4), we have a total of

2+(q—3)/2+4+(q—-1)/2=q+4

Counting the number of elements in the unions of all of these conjugacy classes, we get

24 q(qg+1)(g—3)/24+4(¢*> = 1)/2+q(¢—1)(g—1)/2=q(¢* — 1) = |G|.

The number of distinct irreducible characters of G constructed so far (from the rep-
resentations i%7 and their irreducible constituents) is equal to (¢ — 3)/2+4 = (¢ + 5)/2,
(¢ —3)/2 of degree ¢+ 1, one of degree 1, one of degree ¢, and two of degree (¢+1)/2. We
must find another (¢ + 3)/2 irreducible characters. We have found the characters of those
irreducible representations of G whose restrictions to N contain the trivial representations
of N (equivalently whose restrictions to B contain a one-dimensional representation of
B). An irreducible representation of G is said to be cuspidal if its restriction to N does
not contain the trivial representation of N (equivalently, its restriction to B contains no
one-dimensional representations of B).

As we will see, the nontrivial characters of the group T will determine the other
irreducible characters of (G, but not in exactly the same way that the characters of A

determined the characters already constructed.

Exercise: For each x € F,, define

P (Fug) = (), P (Fug) = £P(z)
w;_(iu:c) =Ye(x), o (Fug) = TP (2).

Let of = iZ vt and oF =8 1E. Prove that
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(1) ali and ¢F are inequivalent irreducible representations of B, and any irreducible
representation of B of degree greater than 1 is equivalent to one of them.

(2) Xox(Fur) = Xoz(Fue) = £(I' = 1)/2

(3) Xo (Fue) = X,z (Fur) = (- —1)/2.

(4) All1 four of the above characters vanish on B — £N.

A class function ¢ on a finite group G’ is a virtual character of G’ if ¢ is an integral
linear combination of characters of irreducible representations of G. Because the sum and
product of the characters of representations of G’ are also characters of representations (the
product being the character of a tensor product), the set of virtual characters of G’ is a ring
(with pointwise addition and multiplication of functions). Let x1, ..., X, be the characters
of a complete set of irreducible representations of G’. Suppose that ¢ = Z;Zl ¢ix;. Then
(0, ) Ay = ZJ 03, Tt follows that if (p,¢) = 1, then ¢ = £x; for some j. If, in
addition, ¢(1) > 0, then ¢ = x;. Note that we cannot take this approach with arbitrary
class functions on G because we can find complex numbers ¢y, ..., ¢, with Z;zl lcj]? =1
without forcing 25:1 cjx; to be a multiple of one x;. One approach to determining
irreducible characters of a finite group G’ is to generate as many virtual characters ¢ as
possible, and then look for those which satisfy (¢, ) 4q) = 1.

Let m be an irreducible cuspidal representation of G. Because the restriction of 7 to
the subgroup B is the direct sum of irreducible representations of B of degree greater than
1, and every irreducible representation of B has degree (¢ — 1)/2, x(1) is divisible by
(¢ — 1)/2. By Frobenius reciprocity, m occurs as a subrepresentatation of zgali = ZE_S Nwi

or i%0F =i \yZE. The proof of the following lemma is left as an exercise.

(1) = Xig s (£1) = £(¢* — 1)/2.
( >= (I - 1)/2

(3) xziwi(iua — +(-T - 1)/2
ye(Fur) = £(-T = 1)/2
o2 (1) = +(0 - 1)/2

The irreducible characters constructed so far as all constant on G,;;. Therefore the
restrictions of the characters of the cuspidal representations of G must separate the con-
jugacy classes cl(), v € T such that 42 # 1. From the above lemma, we see that the
characters Xi§ ot and Xi§ vanish on G, so the characters of the elliptic reprsenta-
tions cannot all be expressed as linear combinations of these characters. The nontrivial
characters of T' do separate these conjugacy classes in G¢j;. So perhaps the characters of
the representations i$0 for § ranging over nontrivial characters of T will be related to the
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characters of the cuspidal representations of G. The proof of the following lemma is left

as an exercise.

Lemma. Let 6 be a character of T'. Then

(1) Xigo(£1) = 0(£1)q(q — 1)

(2) Xigo(v) =0(7) +0(y") if vy € T and v* # 1.

(3) Let a € F* be such that a® # 1. Then XiGo(Sa) = Xig (Fu1) = Xyg (Fue) = 0.

Since the functions XiG ks XiG | g and XiGe are virtual characters of G, so is any
integral linear combination of these functions. We will look for virtual characters ¢ of this
form which satisfy (g, ¢) = 1.

Suppose that 7 is an irreducible representation of G. Since —I belongs to the centre of
G, it follows from Schur’s Lemma that 7(—1I) is a scalar multiple of the identity operator.
And (—1I)? = I forces the scalar multiple to equal +1. Looking back at the irreducible
representations of the form igT, on the unipotent set, the character formula involves the
trivial character of N (appearing twice) and sum XiG ot T XiG it OF XaG - + XiG s
with + if the above scalar is —1 and — if the scalar is —1 (note that this scalar equals
7(—1)). On noncentral elements of of A, the sum 7 + 771 appears. With this in mind,
knowing that the trivial representation of N will not occur in the character of a cuspidal
representation, suppose that 6 is a character of T', and set

o = iXige + m(Xii;Ni/ﬂr + XiG g ?f 0(-1) =1
Xi¢o + m(Xiiqur + XiG oo if §(-1) = —1.
where m, ¢ € {£1}. Now if (g is the character of a cuspidal representation, we must have
wo(1) =Lg(qg—1)+m(q>—1) = (¢—1)(lg+m(q+1)) > 0, equal to a multiple of (¢ —1)/2,
and dividing ¢(¢?> — 1) = |G|. Checking the possibilities, we must have m = 1 and £ = —1,
s0 po(£1) = 6(—1)(q — 1).
The values of ¢y on +u., +uy, v € T and s,, a € F may be obtained from character

values given in the previous two lemmas.

Lemma.
(1) po(£1) =0(-1)(¢ — 1)
(2) wo(tur) = po(Fuc) = —0(£1).
(3) If y € T and v* # 1, then pg(7) = —0(7) — 0(y ).
(4) If a € F and a® # 1, then pg(sq) = 0.
Lemma.
1, if6%? #1
(o, po).aa) = {2 i i 1
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Proof. According to the above lemma, |@g(du1)|? = |pg(duc)|?> = 1. Thus

0(q® — 1){po,00) ac) = D #o(9)pa(g)

geqG
=2(q-1)*+4(* = 1)/2+qla - 1)(1/2) D (0() +0(r7)?
~eT, v#£+1
=4q(q—1)+q(g—1)/2 > (B> +2+0(v")?)

yET v2#+1

=4q(q—D+qg—1) [ O_ () —2+(¢—1)

~yeT
B B o Ja-3 if 92 £ 1
=4q(¢ = 1) +q(q 1){2@_1)7 021
_Jal@-1), if6*#1
T 2¢(¢® —1), if#?=1.

Theorem. Let 6 be a character of T

(1) If6? # 1, there exists an irreducible representation g of G such that x ., = pg. Also, If
¢’ is a character of T with nontrivial square, then mg ~ mg: if and only if @' = %', Also
Ty is not equivalent to any of the irreducible representations obtained as irreducible
constituents of representations induced from one-dimensional representations of B.

(2) Let 0 be a character of T such that 6> = 1. Then there exist irreducible representations
7T;_ and 7, of G such that pg = Xt + X

Proof. Apply the previous result, together with comments on properties of virtual charac-
ters, to obtain the proofs of the assertions regarding irreducibility of 7y when 6% # 1.
From the values of xr, = g, we can see that xr, = Xr,, if and only if the functions

0+ 6! and 6’ + (0')~! agree on T. Hence, by linear independence of characters of T,
= @*!. Clearly the character 7y is distinct from the

characters of any of the irreducible constituents of the representations i%.

we have my ~ 7y if and only if ¢’

For (2), assume that 2 = 1. We know that g is a virtual character. It follows from
(po,p0) = 2 that 2 equals the sums of squares of the integers occuring as coefficients in
the expression of ¢y as a linear combination of irreducible characters. Hence exactly 2 of
the coefficients are nonzero, each one in the set {£1}. Now ¢y(1) > 0. So it is clear that
7T;_ and 7, can be chosen so that the signs must be as stated, qed

At this point, ignoring the representations in part (2) above (whose characters we have
not yet computed), we have produced (¢ — 1)/2 irreducible characters of the form i§7, 2
irreducible characters of constitutents of 41, X and X and (¢ — 1)/2 inequivalent
irreducible characters xr,. That is, we have produced g + 2 distinct irreducible characters
of G. There are (¢ 4+ 4) — (¢ + 2) = 2 remaining to find (and both are cuspidal).
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Computing the sums of the squares of the degrees of the irreducible characters already
produced, we obtain |G|—(q—1)?/2. Therefore, if d; and ds are the degrees of the remaining
irreducible characters, we have d3 + d3 = (¢ — 1)?/2. We already know that d; and ds
are divisible by (¢ — 1)/2 (the degree of any irreducible representation of B that is not
one-dimensional). Therefore d; = ds = (¢ — 1)/2.

Suppose that 6 is a character of T such that 62 = 1. Let 7r9+ and m, be as above.
Suppose that one of them is not cuspidal (that is, one of them contains a one-dimensional
representation of B). Then, because r5 g is a combination of the characters of B of degree
(¢ — 1)/2, the other one must also be non-cuspidal, and ¢y = Xt = X Furthermore,
at least one of W; and 7, must have a character which is nonvanishing on G¢;;, because
pp is not nonzero on G¢j;;. As we have seen, there are exactly two equivalence classes of
non-cuspidal irreducible representations of G whose characters are not identically zero on
G- They are the two constitutents of igl. One is the trivial representation of GG, and the
other has degree q. Every other non-cuspidal irreducible representation has degree g + 1.
Now ¢y (1) = Xot (1) = Xrr (1) = g—1. It follows that 7'(';_ has degree ¢ and 7, is the trivial
representation of G. Looking at the values of the characters of these representations, and

of ¢y, we see that we must have 6 trivial.

Lemma. Let 6 be the trivial character of T'. Then g is the difference of the irreducible
character of degree q and the trivial representation of G.

Now let v be the unique character of T" of order 2. So v takes the value —1 on non-
squares in 7', and 1 on squares in 7. According to the comments above, we know that
both 7 and 7, are cuspidal. Now they must have degree a multiple of (¢ — 1)/2. From
the form of ¢, , we see that it may be the case that ¢, = Xt — X where ij(l) =q—1
and x - (1) = (¢—1)/2. In that case, since we know that the only cuspidal representations
which are not equivalent some my with #2 # 1 all have degree (¢ — 1)/2, it follows that
T ~ my for some 6 with §% # 1. But we can check that (¢,,ps) a(c) = 0 if 6% # 1.
Therefore it is not possible for X+ to have degree q¢ — 1.

Proposition. Let v be the character of T' which has order 2. Then there exist two
irreducible inequivalent cuspidal representations w,} and 7}, both of degree (¢—1)/2, such
that ¢, = X+ + X, - Furthermore,

(1) X (Fu1) = Xz (Fue) = v(£1) (-1 +T) /2.

(2) Xy (Fur) = Xy (ue) = v(£1)(=T = 1)/2.

(3) vaGTanva;él, then x,+(7) = X, (v) =v(7).

(4) If a € F and a® # 1, then Xyt (8a) = XW;(Sa) = 0.

Proof. We know that 78 (x,+) and r§(x,-) are irreducible characters of B having the
property that 5 (y ++x,+) equals Xot TXot if v(—1) =1 and Xoo +Xoo if v(—-1) = —1.
This is enought to obtain parts (1) and (2).
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Part (3) can be proved using orthogonality relations.
For part (4), since 7 and 7, are cuspidal, their restrictions to B don’t contain
any degree one representation of B. As we have already mentioned, the character of an

irreducible representation of B of degree (¢ — 1)/2 vanishes on elements of the form s,,
a? # 1. qed

Theorem. Let v be a nontrivial character of F'. Let A and v be the unique characters
of Ft and T of order 2, respectively. Set I' = Zmqux Y(x)A(x). Let T range over the
characters of F; whose squares are nontrivial. Let 6 range over the characters of T whose
squares are nontrivial. Then the irreducible characters of G = SLo(F,) (for ¢ odd and
q # 3) are given below. Note that m, ~ m.—1 and 7y =~ mg—1. In order, the rows give
the values of the characters x;c, the trivial character, the unique irreducible character of

degree ¢, Xt Xp=s Xmos X » A X

+1 Sq, 0% # 1 +uq tu. yeT, v*#1
7(£1)(¢g+1) 7(a)+ 7(a)"? T(£1) T(£1) 0
1 1 1 1 1
q 1 0 0 —1
AMED)(g+1)/2 Aa) MEDA4T)/2  ME1)(1-T)/2 0
A(E1)(g+1)/2 Aa) AMED(1=T)/2  ANED(1+1D)/2 0
o(1)(g — 1) 0 “(+1) Jo(xl) 09— (1)
v(xl)(¢g—1)/2 0 v(£1)(-1+4+1)/2 wv(£l)(-1-T1)/2 v(7)
v(xl)(¢g—1)/2 0 v(£1)(-1-1)/2 wv(£l)(-1+T1)/2 v(7)

In the next chapter we will describe (without proofs) how the above parametrization
of the irreducible characters of SLy(IF,) fits in with general results on the characters of
finite groups of Lie type.
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CHAPTER 4
Representations of finite groups of Lie type

Let IF, be a finite field of order g and characteristic p. Let G be a finite group of Lie
type, that is, G is the F,-rational points of a connected reductive group G defined over F,,.
For example, if n is a positive integer GL,,(F,) and SL, (F,) are finite groups of Lie type.

Let J = (_OI ]g‘), where [,, is the n x n identity matrix. Let

Span(Fy) ={g € GLay(Fy,) | tgJg = J}.

Then Spay, (F,) is a symplectic group of rank n and is a finite group of Lie type.

For G = GL,(F,) or SL,(FF;) (and some other examples), the standard Borel subgroup
B of G is the subgroup of G consisting of the upper triangular elements in G. A standard
parabolic subgroup of G is a subgroup of G which contains the standard Borel subgroup B.
If P is a standard parabolic subgroup of GL,,(F,), then there exists a partition (nq,...,n,)
of n (a set of positive integers n; such that ny +---+n, = n) such that P = P, )=
M x N, where M ~ GL,,(F,) x --- x GL,, (F,) has the form

A, 0 -+ 0
0 Ay, ---
M = : | Aj € GLy,(Fy), 1<j<r
0o --- 0 A,
and
L,, *
NS I ,

0 - 0 I,

where * denotes arbitary entries in F,. The subgroup M is called a (standard) Levi sub-
group of P, and N is called the unipotent radical of P. Note that the partition (1,1,...,1)
corresponds to B and (n) corresponds to G. A standard parabolic subgroup of SL, (F,)

is equal to Py, ... n,) NSL,(F,) for some partition (n1,...,n,) of n. A parabolic subgroup

of G is a subgroup which is conjugate to a standard parabolic subgroup. By replacing F,
by a field F' in the above definitions, we can define parabolic subgroups of GL, (F'). For
more information on parabolic subgroups of general linear groups see the book of Alperin
and Bell.

For convenience, assume that G = GL,(F,). Let P = P, ., be a proper standard

parabolic subgroup of G. Let 7; be an irreducible representation of GL,,(F,), 1 <j <r.
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Then 7 := m ®- - -®m, is an irreducible representation of M. Extend 7 to a representation
of P by letting elements of N act via the identity (on the space of 7). Let i§r = IndGn
be the representation of G induced from 7. This process of going from a representation
of a Levi subgroup of a proper parabolic subgroup to a representation of G is known as
parabolic induction (or Harish-Chandra induction). It is possible to show that if P’ is
another parabolic subgroup of G having M as a Levi subgroup, and unipotent radical N’,
then i ~ i§, 7. For this reason, the notation i§,7 is sometimes used in place of iGr.

Now we can define a standard parabolic subgroup P,; of M to be a group of the
form Pp; = P x --- X P, where P; is a standard parabolic subgroup of GL,, (F,). Write
P; = M; x N;, where M; is the standard Levi subgroup of P; and NN; is the unipotent
radical of P;. Let Nyy = Ny x ---N,. Then PN is a standard parabolic subgroup of
GLy,(Fy), with standard Levi factor M; x --- x M, and unipotent radical Np;N. Let
0 =01®---®o0, where 0 is an irreducible representation of M. Then we can check that
i%  no ~ i3 (¥ o), where on the left side, o is extended to Py N by letting elements of
Ny N act trivially, and on the right side, o is extended to Py, by letting Njys act trivially.
This property is called transitivity of parabolic induction.

Let N be the unipotent radical of a proper parabolic subgroup of G and let m be a
representation of G. Then the restriction rg m =y of w to N is a direct sum of irreducible
representations of V. Via Frobenius reciprocity type arguments, we can prove that if an
irreducible representation 7 of G contains the trivial representation of the unipotent radical
of proper parabolic subgroup of G, then 7 occurs as a subrepresentation of a parabolically
induced representation of G. An irreducible representation 7 of G is cuspidal if r& T does
not contain the trivial representation of N for all choices of unipotent radicals of proper
parabolic subgroups of G. If 7 is cuspidal, then by Frobenius reciprocity, Homg (7, igﬂ’ ) =
0 if P is a proper parabolic subgroup of G and 7’ is an irreducible representation of a Levi
factor of P. The following theorem is valid for irreducible representations of finite groups

of Lie type, not just for general linear groups.

Theorem. (Proposition 9.13 of Carter’s book) Let m be an irreducible representation of

G. Then one of the following holds:

(1) m is cuspidal

(2) There exists a proper parabolic subgroup P = M x N of G and a cuspidal represen-
tation ' of M such that Homg (7, i%7’) # 0.

As a consequence of the above theorem, one approach to finding the irreducible rep-
resentations of G involves two steps:
Step 1 : Find all cuspidal representations of those groups occurring as Levi factors of parabolic
subgroups of G (including G itself).

Step 2 : Find all of the irreducible constituents of the representations igﬂ’ where P is a

52



proper parabolic subgroup of G and 7’ is a cuspidal representation of a Levi factor of

P.

In SLy(F,), there is one conjugacy class of proper parabolic subgroups, namely the
conjugacy class of the standard Borel subgroup. And the subgroup A ~ F of B is a
standard Levi factor. Every irreducible representation (one-dimensional representation) of
A is cuspidal, since A has no proper parabolic subgroups. The above theorem tells us that
the non-cuspidal representations of GLy(F,) are exactly the irreducible subrepresentations
of the representations igT as T ranges over the set of one-dimensional representations of A.
As we saw in Chapter 3, letting € be a fixed nonsquare in F, the cuspidal representations

of SL,(FF,) are associated to the nontrivial characters of the group

T:{(Z bae) | a,bel,, a2—b25:1}.

In the case of SLy(F,) the groups A and T' are representatives for the conjugacy classes of
maximal tori in SLy(F,).

In 1976, for G a finite group of Lie type, Deligne and Lusztig published a paper
showing that it is possible to associate a virtual character of G to each character of a
maximal torus (see references).

Next we describe the maximal tori in GL,(F,;) and SL,(F,;). Let k be a positive
integer. The F « is a vector space over F, of dimension k. Choose a basis § = { z1,...,z¢ }
of Fx over Fy. Given y € Fx, let g, € GLi(F,) be the matrix relative to 3 of the linear
transformation on F » given by left multiplication by y. Then { g, | y € F;k } is a subgroup
of GL(F,) which is isomorphic, via y — g, to F qﬁ. This subgroup depends on the choice
of basis 5. Any two such subgroups of GLy(F,) are conjugate, via the relevant change of
basis matrix.

Suppose that nq,...,n, are integers such that ny >ng >--->n, >0and ny +---+
n, = n. Fix a basis of Fgn; over Fy, 1 < j < 7. Then the group Fpn, x --- x Fr.,, is
isomorphic to a subgroup T(,, .. n,) of GLy, (Fg) X -+ xGLy, (Fy) C GLn(Fy). A mazimal
torus T in GL,(F,) is a subgroup which is conjugate to T(,,, . n,) for some (ny,...,n,)
as above. A maximal torus in SL,(F,) is conjugate to some T(,, . n,) N SL,(F,). For
SLy(IF,) there are 2 conjugacy classes of maximal tori, represented by T(; 1)NSLa(F,) = A,
and T{2y N SLy(F,), the group T mentioned above.

Let T' be a maximal torus in G and let 6 be a character of T'. Let Ry be the virtual
character of G associated to the pair (7, 0) by Deligne and Lusztig. The value of Rr g on
an element g of G is given by an alternating sum of the trace of the action of g on certain
l-adic cohomology groups. For more information on this, see the paper of Deligne and
Lusztig, or the book of Carter.

A matrix u € GL,(F,) is unipotent if uw — 1 is nilpotent. A matrix v € GL,(F,;) is
semisimple if v is diagonalizable over some finite extension of F,. Let g € GL,(F,). The

53



characteristic polynomial of g, being a polynomial of degree n, splits over a finite extension
[, of IFy, for some k& < n. Results from linear algebra tell us that there exist matrices ~y
and u € GL,(F ) such that v is diagonalizable and w is unipotent, with yu = uy = g. It
can be shown that v, u € GL,(F,). Hence any element in GL, (F,) can be expressed in
a unique way in the form g = yu, with v € GL,,(F,) semisimple, u € GL,,(F,) unipotent,
and yu = wy. This is called the (multiplicative) Jordan decomposition of g. If G is a
finite group of Lie type, then G is a subgroup of GL,,(F,) for some n, and if g = yu is the
Jordan decomposition of g in GL, (F,), the elements v and u lie in G. So there is a Jordan
decomposition for elements of a finite group of Lie type.

Attached to any a maximal torus T in G, there exists a particular class function Q%
on G, called the Green function corresponding to T. The Green function Q% is supported
on the unipotent set. If G = GL,,(F,), the values of the Green functions are known. In
fact, if u is unipotent the value Q% (u) is obtained as the value of a certain polynomial
(depending on T" and clg(u)) in the variable q.

Theorem (Character formula for Rry). Let T be a maximal torus in G = GL,(F,)
or SL,(F,) and let § be a character of T. Let g € GL,,(F,;) have Jordan decomposition
g = yu, with semisimple part v and unipotent part u. Let H be the centralizer of v in G.
Then
Rro(g) =[HI™" ) 0@ "y2)Q, - (w).
z€@, z—1yzeT

Exercises: Let v € GL,,(F,) be semisimple.
(1) Prove that some conjugate of v lies in T{,, . ,,) for some (not necessarily unique)

(n1,...,np).
(2) Prove that the centralizer H of v in G is isomorphic to a direct product of the form

GL,, (Fys1) x -+ X GL,,(Fgs¢ ), where 1151 + - - - + 148 = n.

The character formula for R7 g resembles the Frobenius character formula in certain
ways. If the conjugacy class of the semisimple part v of g does not intersect 7', then
Rro(9) = 0. And when the conjugacy class of v does intersect T', the expression for
Rr(g) involves values of § on certain conjugates of « in 7. In the special case where
T =T, 1) or T, 1) N SLy(Fy), then it can be shown that Ry g = iXigO'

If T and T” are maximal tori in G, let

N(T.T)={geG|gTg™' =T"}

W(T,T)={Tg | g€ N(T,T") }
Theorem (Orthogonality relations for Rprg’s). Let 6 and 6’ be characters of T' and
T’, respectively. Then

(Rrg, Ry 9) ={w e W(T,T') | “0' =6},
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where “0'(v) := 0'(gyg™?!), fory € T and w = Tg.
Corollary. IfT and T’ are not G-conjugate, then (Ry g, Rrs ¢) = 0.

Note that this corollary does not tell us that the set of irreducible characters appear-
ing in Ry g is disjoint from those appearing in Ry o when 7" and 7" are not conjugate.
Consider the example of G = SLy(F,). Let 7 be a character of the maximal torus A in
G = SLy(F,). According to comments above, R4, = i%7. Let T be as in Chapter 3.
Then it is possible to show that if 8 is a character of T" and ¢y is as in Chapter 3, then
Rro = £pp. Now suppose that 7 = 7y is the trivial character of A and 6 = 6, is the
trivial character of 7. Let x, be the character of the irreducible representation of SLy(IF,)
of degree q. Let x¢ be the character of the trivial representation. As we saw in Chapter 3,
XiGr, = Bamy = Xo + Xq and @9 = —xo + Xq-

Let Ng(T) = {g € G | gTg~! = T} be the normalizer of T in G. Then W(T) :=
N¢(T)/T is a finite group. A character 6 of T is said to be in general position if 6% # 0
for all nontrivial elements of W (T').

Theorem (corollary of above theorem). If§ is in general position, then =Ry ¢ is an
irreducible character of G.

Theorem. If 7 is an irreducible representation of G, then there exists a maximal torus T

of G and a character 0 of T such that (x~, Rr,s) # 0.

Suppose that (ni,...,n,) # (n). Then T{,, . . is a subgroup of the Levi factor
M =GL,, (F;) x---xGL,, (F,) of a proper parabolic subgroup P of G. Any class function
f on M can be extended to a class function on P = M x N by setting f(mu) = f(m),
m € M, u € N. Hence we can view i% as a map from class functions on M to class
functions on G. Deligne and Lusztig proved that if T'=T{,, . ,, ) and 0 is a character of
T, then Rrg = ig(Ré‘fﬁ), where R%g is the virtual character of M corresponding to the
pair (7', 6). (Note that T" is a maximal torus in M ). It follows that Ry g is in the span of the
irreducible characters of G which occur as constituents of representations iGo, for various

representations o of M. Thus (x, Rr¢) = 0 for all irreducible cuspidal representations 7.

Proposition. Suppose that 7 is an (irreducible) cuspidal representation of GL,,(F,), n >

2. Then

(1) {Xr,Br,,0) # 0 for some character 0 of T\y).

(2) Xr = £Rr,, 0 for some character § of T(,,) that is in general position.

(3) If T is a maximal torus which is not conjugate to 1{,;y and 0 is a character of T', then
(Xr,Rr,0) =0.

Parts (1) and (3) have analogues for cuspidal representations for other finite groups of
Lie type. In those cases, the maximal torus T{,) must be replaced by a set of representatives
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for the conjugacy classes of maximal tori in G that do no intersect the Levi factor of any
proper parabolic subgroup of G. The analogue of Part (2) does not hold for all cuspidal
representations of other finite groups of Lie type. The two irreducible characters of of
SLy(F,) of degree (¢ — 1)/2 which were produced in Chapter 3 correspond to cuspidal
representations whose characters are not of the form +Rpy (for any choice of T' and
g). All of the irreducible characters of SLs(IF,) of degree ¢ — 1 correspond to cuspidal
representations whose characters equal £ Ry (with 62 # 1, and T as in Chapter 3).

Hecke algebras are often used in the study of the representations of finite groups of
Lie type. Suppose that P and P’ are parabolic subgroups of G and (7, V) and (x’, V")
are irreducible representations of the Levi factors M and M’ of standard parabolic sub-
groups P and P’, respectively. Then, according to results from Chapter 2, the space
Homg (i%,i%,7') is isomorphic to the space of functions ¢ : G — Ende(V, V') such that
p(xgx') = m(z)op(g)on’(a’) forall g € G, z € P, and 2’ € P’. In view of results discussed
above, the case where m and 7’ are cuspidal is of particular interest. The following theorem
is proved by studying properties of the above isomorphism - in particular, by analyzing
the properties of the functions supported on each double coset PgP’ and satisfying the
above conditions.

Theorem. Let m and 7’ be cuspidal representations of Levi factors M and M’ of standard
parabolic subgroups P and P' of GL,(F,), respectively. Then

(1) If M and M’ are not conjugate, then Homg (i4,i%,7') = 0.

(2) If M and M’ are conjugate, then either Homg (i%7,i% ') = 0 or i%m ~ iG,«'.

Suppose that P = P and 7’ = w. Then H(G, ) is a Hecke algebra which is iso-

morphic (as an algebra) to Homg (1%, i%m). It is possible to prove that decomposition

of representations of the form iIGpﬂ' into direct sums of irreducible representations can be
reduced to cases where P = P, . ) and m # n is a divisor of n (with m occurring n/m
times). In those cases, m = 0 ® --- ® o for some cuspidal representation o of GL,,(F,)
(where o occurs n/m times in the tensor product). Let G' = GL,,/p,(Fgm ). Let B’ be the
standard Borel subgroup of G’. Then, letting 7’ be the trivial representation of G’, we

know that the Hecke algebra H(G’,n') is isomorphic to Homg (i§, 7, i&, 7).

Theorem. (Notation as above). The algebra H(G, ) is isomorphic (in a canonical way)
to the Hecke algebra H(G', 7).

Corollary. There is a canonical bijection T < 7’ between the set of irreducible con-

stituents T of i%m and the set of irreducible constituents of 7' of i$,x’. The bijection

satisifes:

(1) The multiplicity of 7 in rE7 equals the multiplicity of the trivial representation ' of
B inrZr.
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(2) The degree of T divided by the degree of 7" equals the degree of 7 times |G||P|~1|G'| 1| B’|.
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CHAPTER 5
Topological Groups, Representations, and Haar Measure

5.1. Topological spaces

If X is a set, a family U of subsets of X defines a topology on X if
(i) 0eld, X el.
(ii) The union of any family of sets in U belongs to U.
(iii) THe intersection of a finite number of sets in U belongs to U.

If U defines a topology on X, we say that X is a topological space. The sets in U are
called open sets. The sets of the form X \ U, U € U, are called closed sets. If Y is a subset
of X the closure of Y is the smallest closet set in X that contains Y.

Let Y be a subset of a topological space X. Then we may define a topology Uy on
Y, called the subspace or relative topology, or the topology on Y induced by the topology
on X, by takingUy ={Y NU |U €U }.

A system B of subsets of X is called a basis (or base) for the topology U if every open
set is the union of certain sets in B. Equivalently, for each open set U, given any point
x € U, there exists B € B such that x € B C U.

Example: The set of all bounded open intervals in the real line R forms a basis for the
usual topology on R.

Let x € X. A neighbourhood of x is an open set containing x. Let U, be the set of all
neighbourhoods of z. A subfamily B, of U, is a basis or base at x, a neighbourhood basis at
x, or a fundamental system of neighbourhoods of x, if for each U € U,,, there exists B € B,
such that B C U. A topology on X may be specified by giving a neighbourhood basis at
every x € X.

If X and Y are topological spaces, there is a natural topology on the Cartesian product
X x Y that is defined in terms of the topologies on X and Y, called the product topology.
Let x € X and y € Y. The sets U, x V,, as U, ranges over all neighbourhoods of z,
and V, ranges over all neighbourhoods of y forms a neighbourhood basis at the point
(r,y) € X x Y (for the product topology).

If X and Y are topological spaces, a function f : X — Y is continuous if whenever
U is an open set in Y, the set f~1(U) = {x € X | f(z) € U} is an open set in X. A
function f : X — Y is a homeomorphism (of X onto Y) if f is bijective and both f and
f~1 are continuous functions.

An open covering of a topological space X is a family of open sets having the property
that every x € X is contained in at least one set in the family. A subcover of an open
covering is a an open covering of X which consists of sets belonging to the open covering.
A topological space X is compact if every open covering of X contains a finite subcover.
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A subset Y of a topological space X is compact if it is compact if Y is compact in the
subspace topology. A topological space X is locally compact if for each x € X there exists
a neighbourhood of  whose closure is compact.

A topological space X is Hausdorff (or T%) if given distinct points x and y € X, there
exist neighbourhoods U of & and V of y such that U NV = (). A closed subset of a locally
compact Hausdorff space is locally compact.

5.2. Topological groups

A topological group G is a group that is also a topological space, having the property
the maps (g1, g2) — g1g2 from G x G — G and g — g~ from G to G are continuous maps.
In this definition, G x G has the product topology.

Lemma. Let G be a topological group. Then

! js a homeomorphism of G onto itself.

(1) The map g+— g~
(2) Fix go € G. The maps g — gog, g — g9go, and g — goggo_1 are homeomorphisms of G

onto itself.

A subgroup H of a topological group G is a topological group in the subspace topology.
Let H be a subgroup of a topological group G, and let p : G — G/H be the canonical
mapping of G onto G/H. We define a topology U, on G/ H, called the quotient topology,
by Ug/u = {p(U) | U € Ug }. (Here, Ug is the topology on G). The canonical map p is
open (by definition) and continuous. If H is a closed subgroup of G, then the topological
space G/ H is Hausdorff. If H is a normal subgroup of G, then G/H is a topological group.

If G and G’ are topological groups, a map f : G — G’ is a continuous homomorphism
of G into G’ if f is a homomorphism of groups and f is a continuous function. If H is a
closed normal subgroup of a topological group G, then the canonical mapping of G onto
G/H is an open continuous homomorphism of G onto G/H.

A topological group G is a locally compact group if G is locally compact as a topological
space.

Proposition. Let G be a locally compact group and let H be a closed subgroup of G.
Then

(1) H is a locally compact group (in the subspace topology).

(2) If H is normal in G, then G/H is a locally compact group.

(3) If G' is a locally compact group, then G x G’ is a locally compact group (in the product

topology).

5.3. General linear groups and matrix groups

Let F be a field that is a topological group (relative to addition). Assume that
points in F' are closed sets in the topology on F. For example, we could take F' = R,
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C or the p-adic numbers Q,,, p prime. Let n be a positive integer. The space M,y (F)
of n X n matrices with entries in F' is a topological group relative to addition, when
My sn(F) ~ F"° s given the product topology. The multiplicative group G L, (F'), being
a subset (though not a subgroup) of M, «,(F'), is a topological space in the subspace
topology. The determinant map det from M, ., (F) to F, being a polynomial in matrix
entries, is a continuous function. Now F'* = F'\ {0} is an open subset of F' (since points are
closed in F). Therefore, by continuity of det, GL, (F) = det™'(F*) is an open subset of
My« (F). Tt is easy to show that matrix multiplication, as a map (not a homomorphism)
from M, wn(F) X Mpxn(F) to My, «n(F) is continuous. It follows that the restriction to
GL,(F) x GL,(F) is also continuous. Let g € GL,,(F'). Recall that Cramer’s rule gives a

1 as the determinant of the matrix given by deleting the

1

formula for the 7j5th entry of g~
ith row and jth column of ¢, divided by det g. Using this, we can prove that g — g~ is a
continuous map from GL,(F) to GL,(F). Therefore GL,(F') is a topological group. We
can also see that if F' is a locally compact group (for example if F' = R, C or QQ,), then
GL,(F) is a locally compact group.

The group SL, (F'), being the kernel of the continuous homomorphism det : GL,,(F') —

F* is a closed subgroup of SL,(F), so is a locally compact group whenever F is a lo-

0 I,
—I, O
Span(F) ={g € GLyy,(F) | tgJg = J } is a closed subgroup of GLy,(F). If S € GL,(F)
is a symmetric matrix, that is S = S, the group O,(S) = {g € GL,(F) | 'gSg = S}
is an orthogonal group, and is a closed subgroup of GL,(F). Depending on the field

cally compact group. If I, is the n x n identity matrix and J = , then

F, different choices of S can give rise to non-isomorphic orthogonal groups. If E is a
quadratic extension of F' and X € M, «,(F), let X be the matrix obtained from X by
letting the nontrivial element of the Galois group Gal(E/F) act on each the entries of X.
Suppose that h € GL,,(E) is a matrix such that 'h = h (h is hermitian). Then the group
Uh) = {g € GL2,(E) | tghg = h} is called a unitary group and is a closed subgroup
of GL,(E). If (ny,...,n,) is a partition of n then the corresponding standard parabolic

subgroup P = P, . ,.) of GL,(F) is a closed subgroup of GL, (F), as are any Levi factor

.....

of P, and the unipotent radical of P.

5.4. Matrix Lie groups

A Lie group is a topological group that is a differentiable manifold with a group
structure in which the multiplication and inversion maps from G x G to G and from G to G
are smooth maps. Without referring to the differentiable manifolds, we may define a matriz
Lie group, or a closed Lie subgroup of GL,(C) to be a closed subgroup of the topological
group GL,(C). (This latter definition is reasonable because GL,(C) is a Lie group, and
it can be shown that a closed subgroup of a Lie group is also a Lie group). A connected
matrix Lie group is reductive if it is stable under conjugate transpose, and semisimple
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if it is reductive and has finite centre. The book of Hall [Hall] gives an introduction to
matrix Lie groups, their structure, and their finite-dimensional representations. For other
references on Lie groups and their representations, see [B], [K1] and [K2].

5.5. Finite-dimensional representations of topological groups and matrix Lie
groups

Let G be a topological group. A (complex) finite-dimensional continuous representa-
tion of G is a finite-dimensional (complex) representation (m, V') of G having the property
that the map g — [7(g)]s from G to GL,(C) is a continuous homomorphism for some
(hence any) basis 3 of V. The continuity property is equivalent to saying that every ma-
trix coefficient of 7 is a continuous function from G to C. Hence to prove the following
lemma, we need only observe that the character of 7 is a finite sum of matrix coefficients

of 7.

Lemma. Letw be a continuous finite-dimensional representation of G. Then the character
Xx Of w is a continuous function on G.

Example: Let m be a continuous one-dimensional representation of the locally compact
group R. Then 7 is a continuous function from R to C such that 7(0) = 1 and 7(t1 +t3) =
m(t1)m(te) for all 1, to € R. If f: R — C is continuously differentiable and the support
of f is contained in a compact subset of R, then ffooo f(t)m(t) dt converges. Choose f so
that ¢ = ffooo f(&)m(t)dt # 0. Multiplying 7(¢; + t2) by f(t2) and integrating, we have

/OO f(tg)ﬂ'(tl + tg) dte = 7T<t1) /OO f(tg)ﬂ'(tg) dto = Cﬂ'(tl), t1 € R.

Then

o

m(t) =c ! /_OO ft)m(ty +to) dty = c—1/ 7(t)f(t —t1)dt, t; € R.

— o0

Because t; — [*-_7(t)f(t — t1)dt is a differentiable function of ¢1, we see that 7 is a
differentiable function. Differentiating both sides of m(t1 4 t2) = mw(t1)7(t2) with respect
to t1 and then setting t; = 0 and t = t3, we obtain 7/(t) = 7/(0)7(¢t). Setting k = 7’(0),
we have 7/(t) = km(t), t € R. Solving this differential equation yields m(t) = aek! for some
a € C. And 7(0) = 1 forces a = 1. Hence 7(t) = e**. Now if we take a z € C, it is clear

that t — e*! is a one-dimensional continuous representation of R.

Lemma. Letz € C. Then,(t) = e*! defines a one-dimensional continuous representation
of R. The representation 7, is unitary if and only if the real part of z equals 0. FEach
one-dimensional continuous representation of R is of the form =, for some z € C, and
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any one-dimensional continuous representation of R is a smooth (infinitely differentiable)
function of t.

Theorem. A continuous homomorphism from a Lie group G to a Lie group G’ is smooth.

Let G be a Lie group (for example, a matrix Lie group). Then, because GL,(C) is
a Lie group, via a choice of basis for the space of the representation, a finite-dimensional
representation of G is a continuous homomorphism from G to GL,,(C). According to the
theorem, the representation must be a smooth map from G to GL,(C).

Corollary. A continuous finite-dimensional representation of a Lie group is smooth.

Definition. A Lie algebra over a field F' is a vector space g over F' endowed with a bilinear
map, the Lie bracket, denoted (X,Y) — [X,Y] € g satisfying [X,Y] = —[Y, X]| and the
Jacobi identity

(X, [V, Z]|+ Y, [Z, X]|+ [Z,[X, Y]] =0 VXY Zcg.

If G is a Lie group, the Lie algebra g of GG is defined to be the set of left-G-invariant
smooth vector fields on G. A vector field is a smoothly varying family of tangent vectors,
one for each g € G, and it can be shown that if X is identified with the corresponding
tangent vector at the identity element, then the Lie algebra g is identified with the tangent
space at the identity.

If we work with matrix Lie groups, we can take a different approach. If X € M,, ., (C),
then the matrix exponential eX = Y77 X*/k! is an element of GL,,(C).

Proposition. Let G be a matrix Lie group. Then the Lie algebra g is equal to
g={X €M, (C) | €eGVteR}.

and the bracket [ X, Y] of two elements of g is equal to the element XY —Y X of M,,«,(C).

Using the fact that det(eX) = €% % we can see that the Lie algebra sl,(C), resp.
sl,(R), of SL,(C), resp. SL,(R), is just the set of matrices in M,,«,(C), resp. M, xn(R),
that have trace equal to 0. Now suppose that G = Spo, (F') with F' =R or C. Note that
eX € G if and only if Je!X J1 = ¢~tX . From

_dox (X
X = 4(6%) g = lim(et — 1)1
we can see that Je!™ J=1 = e~ tX for all t € R implies JX'J~! = —X. The converse is

easy to see. Therefore the Lie algebra spa, (F') of Spa,(F') is given by
spon(F) = {X € My (F) | JX' T = XY ={X € Mpun(F) | JX' +XJ=0}.
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The same type of approach can be used to find the Lie algebras of orthogonal and unitary
matrix Lie groups.

If V is a finite-dimensional complex vector space, Endc (V') is a Lie algebra relative to
the bracket [X,Y] = X oY — Y o X. This Lie algebra is denoted by gl(V). A linear map
¢ :g— gl(V) is a Lie algebra homomorphism if

(X, Y]) = o(X) oY) —p(Y) o (X), X, Y ey

A finite-dimensional representation of g is a Lie algebra homomorphism from g to gl(V)
for some finite-dimensional complex vector space V.

Proposition. Let G be a matrix Lie group, and let (7, V') be a continuous finite-dimensional
representation of G. Then there is a unique representation dm of of the Lie algebra g of G
(acting on the space V') such that

=e , Xeg.

Furthermore dr(X) = 4m(e!X)|,—0, X € g, and 7 is irreducible if and only if dr is

irreducible.

If the matrix Lie group G is simply connected, that is, the topological space G is sim-
ply connected, then any finite-dimensional representation of g lifts to a finite-dimensional
representation of G, and the representations of G and g are related as in the above propo-

sition.

5.6. Groups of t.d. type

A Hausdorff topological group is a t.d. group if G has a countable neighbourhood
basis at the identity consisting of compact open subgroups, and G/K is a countable set
for every open subgroup K of G. Some t.d. groups are matrix groups over p-adic fields.

Let p be a prime. Let z € Q*. Then there exist unique integers m, n and r such that
m and n are nonzero and relatively prime, p does not divide m or n, and = p"m/n. Set
|z|, = p~". This defines a function on Q*, which we extend to a function from Q to the
set of nonnegative real numbers by setting |0|, = 0. The function | - |, is called the p-adic
absolute value on Q. It is a valuation on Q - that is, it has the properties

(i) |z|, =0if and only if z =0
(i) [ayly = llplyly
(it) |a+ ylp < [2], + 9],

The usual absolute value on the real numbers is another example of a valuation
on Q. The p-adic abolute value satisfies the wltrametric inequality, that is, |z + y|, <
max{|z|p, |y|,}. Note that the ultrametric inequality implies property (iii) above. A valu-
ation that satisfies the ultrametric inequality is called a nonarchimedean valuation.
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Note that the set {|z|, | x € Q* } is a discrete subgroup of R*. Hence we say that
|-|p is a discrete valuation. The usual absolute value on Q is an example of an archimedean
valuation. Clearly it is not a discrete valuation. Two valuations on a field F' are said to
be equivalent is one is a positive power of the other.

Theorem. (Ostrowski) A nontrivial valuation on Q is equivalent to the usual absolute

value or to | - |, for some prime p.

If Fis a field and | - | is a valuation on F', the topology on F induced by | - | has as a
basis the sets of the form U(z,¢) = {y € F' | |x —y| < €}, as x varies over F, and € varies
over all positive real numbers. A field F’ with valuation |- |" is a completion of the field F
with valuation | - | if F¥ C F’, |z|' = |z| for all x € F, F’ is complete with respect to | - |’
(every Cauchy sequence with respect to |- |" has a limit in F’) and F” is the closure of F
with respect to | -|. So F” is the smallest field containing F' such that F’ is complete with
respect to | - |

The real numbers is the completion of Q with respect to the usual absolute value on
Q.

The p-adic numbers Q, is the completion of Q with respect to | - |,. (We denote the
extension of | - |, to Q, by |- |, also). The p-adic integers Z,, is the set {x € Q, | |z|, < 1}.
Note that Z, is a subring of Q, (this follows from the ultrametric inequality and the
mulitiplicative property of |-|,), and Z, contains Z. The set pZ, (the ideal of Q,, generated
by the element p) is a maximal ideal of Z,, and Z, /pZ, is therefore a field.

Let z € Q*. Write x = p"m/n with r € Z and m and n nonzero integers such that m
and n are relatively prime and not divisible by p. Because m and n are relatively prime and
not divisible by p, the equation nX = m(mod p) has a unique solution a, € {1,...,p—1}.
That is, there is a unique integer a, € {1,...,p — 1} such that p divides m — na,. Since
In|, = 1, p divides m — na, is equivalent to |(m/n) — a,|, < 1, and also to |x — a,p"|, <
|z|, = p~". Expressing  — a,p" in the form p*m’/n’ with s > r and m’ and n’ relatively
prime integers, we repeat the above argument to produce an integer as € {1,...,p — 1}
such that

|1' - arpr - Clsps|p < |='1: - arpr|p = pis

Ifs>r+1,set ary1 =ary2 =---as—1 =0, to get
S
o= " anpl, <p*.

Continuing in this manner, we see that there exists a sequence {a, | n > r} such that
an, €{0,1,...,p— 1} and, given any integer M > r,

M
|z — Z anp™l, < p~ M.

n=r
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It follows that > >~ a,p™ converges in the p-adic topology to the rational number z.
On the other hand, it is quite easy to show that if a,, € {0,1,...,p — 1} and r is
an integer, then Y ~° a,p" converges to an element of Q, (though not necessarily to a

rational number).

Lemma. A nonzero element x of Q, is uniquely of the form Y ° a,p™, with a, €
{0,1,2,...,p — 1}, for some integer r with a, # 0. Furthermore, |z|, = p~". (Hence
x € Zy if and only if r > 0).

Lemma. Z,/pZ, ~7/pZ.

Proof. Let a € Z,. According to the above lemma, a = > > a,p"™ for some sequence

n=r
{an|n > r}, where |a], = p~" < 1 implies that » > 0. If » > 0, then a € pZ,. For
convenience, set ag = 0 when |a|, < 1. If r =0, then ag € {1,...,p — 1}. Define a map
from Z, to Z/pZ by a — ag. This is a surjective ring homomorphism whose kernel is equal

to pZy,. qed

A local field F' is a (nondiscrete) field F' which is locally compact and complete with
respect to a nontrivial valuation. The fields R, C, and Q,, p prime, are local fields. If | - |
is a nontrivial nonarchimedean valuation on a field F', then {x € F' | |z| < 1} is a maximal
ideal in the ring {x € F' | |z| < 1}, so the quotient is a field, called the residue class field
of F'. The following lemma can be used to check that Q, is a local field.

Lemma. Let |-| be a nonarchimedean valuation on a field F. Then F is locally compact
with respect to | - | if and only if

(1) F is complete (with respect to |- |)

(2) |- | is discrete

(3) The residue class field of F' is finite.

For every integer N, pVZ, is a compact open (and closed) subgroup of Q,. It is not
hard to see that { pNZ, | N > 0} forms a countable neighbourhood basis at the identity
element 0. From the above lemma, we have that QX ~ (p) x Z,'. Hence Q,/Z,, is discrete.
It can be shown that any open subgroup of Q, is of the form pN Z,, for some integer
N. Thus Q,/K is discrete for every open subgroup K of Q,. So the group Q, is a t.d.
group. For more information on valuations, the p-adic numbers, and p-adic fields, see the
beginning of [M] (course notes for Mat 1197).

As discussed in the section 5.3, because Q, is locally compact, the topological group
GL,(Q,) is also locally compact. In fact GL,,(Q,) is a t.d. group. If j is a positive integer,
let K; be the set of g € GL,(Q,) such that every entry of g — 1 belongs to p’Z,. Then K
is a compact open subgroup, and { K; | j > 1} forms a countable neighbourhood basis at
the identity element 1.

65



Let K be an open subgroup of GL,(Qp,). Then K; C K for some j > 1. Hence to
prove that G/K is countable, it suffices to prove that G/K; is countable for every j. For
a discussion of the proof that G/K is countable, see [M].

Closed subgroups (and open subgroups) of t.d. groups are t.d. So any closed subgroup
of GL,(Q,) is a t.d. group. These groups are often called p-adic groups. We remark that
groups like GL,,(Qp), SL,(Qp), Sp2n(Q)), etc., are the groups of Q,-rational points of
reductive linear algebraic groups that are defined over QQ,. Such groups have another
topology, the Zariski topology (coming from the variety that is the algebraic group). The
structure of these groups is often studied via algebraic geometry, in contrast with the
structure of Lie groups, which is studied via differential geometry.

As with Lie groups, there is a notion of smoothness for representations. A (complex)
representation (m, V') is smooth if for each v € G, the subgroup {g € G | 7(g)v = v } is an
open subgroup of G. This definition is also valid if V' is infinite-dimensional. This notion of
smoothness is very different from that for Lie groups - in fact, connected Lie groups don’t
have any proper open subgroups. Because of the abundance of compact open subgroups
in t.d. groups, and the fact that the general theory of representations of compact groups
is well understood (see Chapter 6), properties of representations of t.d. groups are often
studied via their restrictions to compact open subgroups.

Lemma. Suppose that (m,V') is a smooth finite-dimensional representation of a compact
t.d. group G. Then there exists an open compact normal subgroup K of G and a repre-
sentation p of the finite group G /K such that p(¢K)v = w(g)v for all g € G and v € K.

Proof. By smoothness of m and finite-dimensionality of 7, there exists an open compact
subgroup K’ of G such that w(k')v = v for all ¥’ € K’ and v € V. Choose aset { g1,...,9r }
of coset representatives for G/K’. The subgroup K := N ki K ! k;l is an open compact
normal subgroup of G and 7(k)v = v for all k € K and v € V. It follows that there exists
a representation (p, V') of the finite group G/K such that p(gK)v = n(g)v, v € V, and
g € G. qed

We remark that the subgroup K’ (hence the representation p) in the above lemma
are not unique. Now suppose that (7, V') is a smooth (not necessarily finite-dimensional)
representation of a (not necessarily compact) t.d. group G. Let K be a compact open
subgroup of G. The restriction 7x = r& 7 of 7 to K is a (possibly infinite) direct sum of
irreducible smooth representations of K. As we will see in Chapter 6, irreducible unitary
representations of compact groups are finite-dimensional. Applying the above lemma, we
can see that each of the irreducible representations of K which occurs in mg is attached
to a representation of some finite group. One difficulty in studying the representations
of non-compact t.d. groups involves determining which compact open subgroups K and
which irreducible constituents of mx can be used to effectively study properties of 7. For

66



more information on representations of p-adic groups, see the notes [C] or the course notes
for Mat 1197 ([M])

5.7. Haar measure on locally compact groups

If X is a topological space, a o-ring in X is a nonempty family of subsets of X having
the property that arbitrary unions of elements in the family belong to the family, and if
A and B belong to the family, then so does {x € A | x ¢ B}. If X is a locally compact
topological space, the Borel ring in X is the smallest o-ring in X that contains the open
sets. The elements of the Borel ring are called Borel sets. A function f: X — R is (Borel)
measurable if for every t > 0, the set {z € X | |f(z)| <t} is a Borel set.

Let G be a locally compact topological group. A left Haar measure on G is a nonzero
regular measure py on the Borel o-ring in G that is left G-invariant: u,(gS) = we(S) for
measurable set .S and g € G. Regularity means that

pe(S) =inf{ e (U) |U DS, Uopen} and pe(S)=sup{u(C)|C CS, C compact }.

Such a measure has the properties that any compact set has finite measure and any
nonempty open set has positive measure. Left invariance of py amounts to the property

/fgog dpe(g /f )Ydpe(g Vg0 €G,

for any Haar integrable function f on G.

Theorem. ([Halmos], [HR], [L]) If G is a locally compact group, there is a left Haar
measure on (G, and it is unique up to positive real multiples.

There is also a right Haar measure pu,., unique up to positive constant multiples, on
G. Right and left Haar measures do not usually coincide.

Gz{(ﬁ ‘?) | xERX,yER}.

Show that |z|~2dx dy is a left Haar measure on G and |z|~'dz dy is a right Haar measure

on G.
The (locally compact topological) group G is called unimodular if each left Haar

Exercise. Let

measure is also a right Haar measure. Clearly, GG is unimodular if GG is abelian. Conjugation
by a fixed go € G is a homemomorphism of G onto itself, so the measure S +— p,(goSgy ) =
we(Sgg ') (S measurable) is also a left Haar measure. By uniqueness of left Haar measure,
there exists a constant d(gg) > 0

/fgoggo ) dpe(g d(g0) /f ) dpe(g f integrable

A quasicharacter of G is a continuous homomorphism from G to C*.
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Proposition.
(1) The function 6 : G — R} is a quasicharacter
(2) 6(g)due(g) is a right Haar measure.

Proof. The fact that conjugation is an action of G on itself implies that 6 : G — R is a
homomorphism. The proof of continuity is omitted. Note that

5(90)/Gf(g) duz(g)=/Gf(go-go_lggo)due(g)=/Gf(ggo)due(g)-

Replacing f by fd and dividing both sides by d(go), we obtain

/ f(9)6(g) due(g / f(990)0(g) dpe(g)-

This shows that 6(g)due(g) is right invariant. qed

In view of the above, we may write du,-(9) = d(g)due(g). The function ¢ is called
the modular quasicharacter of G. Clearly G is unimodular if and only if the modular
quasicharacter is trivial. If G is unimodular, we simply refer to Haar measure on G.

Exercises:

(1) Let dX denote Lebesgue measure on M,,«,(R). This is a Haar measure on M,y (R).
Show that |det(g)|~"dg is both a left and a right Haar measure on GL,(R). Hence
GL,(R) is unimodular.

(2) Let n; and ng be positive integers such that ny +ny = n. P = Py, ,,) be the
standard parabolic subgroup of GL,,(R) corresponding to the partition (ni,ns2) (see
Chapter 4 for the definition of standard parabolic subgroup of a general linear group).

Let g = (901 ;i) € P, with g; € GL,;(R) and X € M, xn,(R). Let dg; be

Haar measure on G L, (R), and let dX be Haar measure on My, xn,(R). SHow that
deg = | det g1|7"2dg1 dgo dX and d,.g = | det go| " dgy dga dX are left and right Haar
measures on P (respectively). Hence the modular quasicharacter of P is equal to
6(g) = | det g1["| det go|7"2.

(3) Show that the homeomorphism g — g_1 turns ,ug into a right Haar measure. Conclude
that if G is unimodular, then [, f(g) due(g) = [, f(g~")dpe(g) for all measurable
functions f.

Proposition. If G is compact, then G is unimodular and p,(G) < oc.

Proof. Since ¢ is a continuous homomorphism and G is compact, 6(G) is a compact
subgroup of RY. But {1} is the only compact subgroup of R}. Haar measure on any
locally compact group has the property that any compact subset has finite measure. Hence
1e(G) < oo whenever G is compact. qged
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If G is compact, normalized Haar meaure on G is the unique Haar measure p on G
such that p(G) = 1. When working with compact groups, we will always work relative to
normalized Haar measure and we will write write [ f(g)dg for [ f(g)du(g).

5.8. Discrete series representations

Let G be a locally compact unimodular topological group. A unitary representation 7
of G on a Hilbert space V' (with inner product (-,-)) is continuous if for every v, w € V, the
function g — (m(g)v,w) is a continuous function on G. That is, matrix coefficients of 7 are
continuous functions on G. Note that such a representation may be infinite-dimensional.
(In particular, if G is a noncompact semisimple Lie group, then all nontrivial irreducible
continuous unitary representations of GG are infinite-dimensional.)

Suppose that (7, V) is an irreducible continuous unitary representation of G. Let Z
be the centre of G. A generalization of Schur’s Lemma to this setting shows that if z € Z,
then there exists w(z) € C* such that m(z) = w(z)I. Because 7 is a continuous unitary
representation, the function z — w(z) is a continuous linear character of the group Z. In
particular, |w(z)| = 1 for all z € Z. The representation = is said to be square-integrable
mod Z, or to be a discrete series representation, if there exist nonzero vectors v and w € V'
such that

/ (v, 7(g)w)|? dg* < oo,
G/z

where dg* is Haar measure on the locally compact group G/Z. Thus 7 is a discrete series
representation if some nonzero matrix coefficient of 7 is square-integrable modulo Z.

Fix an w as above. Let C.(G,w) be the space of continuous functions from f G to
C that satisfy f(zg) = w(z)f(g) for all g € G and z € Z, and are compactly supported
modulo Z (there exists a compact subset Cy of G such that the support of f lies inside
the set CyZ). Define an inner product on C.(G,w) by (f1, f2) = fG/Z f1(9)f2(g) dg*. Let
L?(G,w) be the completion of C..(G,w) relative to the norm || f|| = (f, f)'/2, f € C.(G,w).
The group G acts by right translation on L?(G,w), and this defines a continuous unitary
representation of G on the Hilbert space L?(G,w).

Theorem. (Schur orthogonality relations). Let (w, V') and (7', V') be irreducible contin-
uous unitary representations of G such that w = w’.
(1) The following are equivalent:
(i) 7 is square-integrable mod Z.
(ii) fG/Z (v, m(g)w)|?> dg* < oo for all v, w € V.
(iii) 7 is equivalent to a subrepresentation of the right regular representation of G on
L?(G,w).
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(2) If the conditions of (1) hold, then there exists a number d(mw) > 0, called the formal
degree of m (depending only on the normalization of Haar measure on G/Z ), such that

/ (v, m(g)w1){ve, T(g)ws) dg™ = d(ﬂ')71<’[}1,’02><w1, wa), YV v1, 09, w1, we € V.
G/z
(3) If w is not equivalent to «’, then

/ (v, m(g)w) (v, 7' (g)w’) dg™ =0 Vo,weV, v, w eV
G/z

5.9. Parabolic subgroups and representations of reductive groups

The description of the parabolic subgroups of general linear groups and special linear
groups over finite fields given in Chapter 4 is valid for general linear and special linear
groups over any field F' - simply replace the matrix entries in the finite field by matrix
entries in the field F'. General linear and special linear groups are examples of reductive
groups. We do not give the definition of parabolic subgroup for arbitrary reductive groups.

Suppose that G is the F-rational points of a connected reductive linear algebraic
group, where F' = R, F' = C, F' is a p-adic field (for example, F' = Q,), or F' is a finite
field.

The “Philosophy of Cusp Forms” says that the collection of representations of a re-
ductive group G should be partitioned into disjoint subsets in such a way that each subset
is attached to an associativity class of parabolic subgroups of G. Two parabolic subgroups
P =Mwx N and PP = M’ x N' of G are associate if and only if the Levi factors M
and M’ are conjugate in G. The representations attached to the group G itself are called
cuspidal representations, and their matrix coefficients are called cusp forms. If P is a
proper parabolic subgroup of G, the representations attached to P are associated to (Weyl
group orbits of) cuspidal representations of a Levi factor M of P. (Note that M is itself
a reductive group). Furthermore, the representations of G associated to a given cuspidal
representation o of M occur as subquotients of the induced representation Indg(a ® (5113/ 2),
where dp is the modular quasicharacter of P (see § 5.7) and o is extended to a represen-
tation of P = M x N by letting it be trivial on .

The problem of understanding the representations of the group G can be approached
via the Philosophy of Cusp Forms, and is therefore divided into two parts. The first part
is to determine the cuspidal representations of the Levi subgroups M of G, and the second
part is to analyze representations parabolically induced from such cuspidal representations.

In certain contexts, a cuspidal representation is simply a discrete series representation
(see § 5.8 for the definition of discrete series representation). If G is a connected reductive
Lie group (for example G = SL,,(R) or G = Spa,(R), then there are two cases to consider.
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An element of a matrix Lie group is semisimple if it is semsimple as a matrix, that is, it
can be diagonalized over the field of complex numbers. A Cartan subgroup of G is a closed
subgroup that is a maximal abelian subgroup consisting of semisimple elements. In the
first case, G contains no Cartan subgroups that are compact modulo the centre of G (for
example, this is the case if G is semisimple and F' = C, of if SL,(R) and n > 3), and hence
G has no discrete series representations. In the second case, up to conjugacy G contains
one Cartan subgroup 7' that is compact modulo the centre of G, and the discrete series of
G are parametrized in a natural way by the so-called regular characters of T'.

An irreducible unitary representation of G is tempered if it occurs in the decomposition
of the regular representation of G on the Hilbert space L?(G) of square-integrable functions
on G. If w is a tempered representation of G, then there exists a parabolic subgroup
P = M x N and a discrete series representation of M such that 7 occurs as a constituent
of the induced representation Ind% (o @ 6113/ %).

If G is a reductive p-adic group (that is, F' is a p-adic field), a continuous complex-
valued function f on G is a supercusp form if the support of f is compact modulo the centre
of G and [ ~ f(gn)dn = 0 for all g € G' and all unipotent radicals N of proper parabolic
subgroups of G. An irreducible smooth representation (where a smooth representation
is as defined in §5.6) of G is supercuspidal if the matrix coefficients of the representation
are supercusp forms. Given an irreducible smooth representation m of GG, there exists a
parabolic subgroup P = M x N of G and a supercuspidal representation o of M such
that 7 is a subquotient of Ind% (o ® 5113/ 2). Hence in this context, it is suitable to interpret
“cuspidal representation” as supercuspidal representation. (Recall that a similar result
was described in Chapter 4 in the case that F' is a finite field).

If 7 is a supercuspidal representation of GG, then there exists a quasicharacter w of the
centre Z of G such that 7(z) = w(2)I, z € Z. It is easy to see that if w is unitary (that is,
lw(z)| = 1forall z € Z), then 7 is a discrete series representation. A reductive p-adic group
has many supercuspidal representations and hence many discrete series representations.
However, there exist discrete series representations that are not supercuspidal.
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