APMA E3102 2007 Lectures Summary

Lecture 1.

Recalls on ODEs. An ordinary differential equation is an equation of the form
X =f(tX), t>0  X(0)=X,.

Here X(¢) may be a vector depending on the one dimensional variable ¢ (say time); X is the initial condition;
f(t,X) is a precribed well-behaved vector-valued function.
The solution of & + ax = 0 with initial condition x(0) = ¢ is given by

x(t) = zoe ™.

The solution of the harmonic oscillator equation #+w?z = 0 with initial conditions z(0) = g and 4(0) = v
is given by
x(t) = g cos(wt) + % sin(wt).
w

Note that this equation may be written in the general framework written above with X = (x, z).

Partial differential equation. Definition: constraint on a function of several variables involving its
partial derivatives. Example of partial differential equation

af of _
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For the above PDE, we verify that
f(t,l‘) = g(t - .I),
for an arbitrary differentiable function g(y), solves the equation. Most PDEs do not admit such a simple

solution.

Derivation of PDEs in one space dimension. Let p(t,x) be a density of particles and wu(t,z) the
particle speed. Let

b
N(t,a,b):/ p(t,x)Adz,
a

the number of particles inside a rod (a,b) of cross section A. We also assume that Q(z,t) particles are
created at position x and time ¢ per unit time per unit volume.
The conservation of particles states that

d b
SN (a.b) = Apu)(t.a) = AGu)(t.D) + | Qt.a)dda.

Conservation of number of particles on arbitrary domains allows us to differentiate the above expression
with respect to b and obtain that

dp | O(up)

—— + =Q(t,x).
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Brief mention of boundary conditions and initial conditions for the above equation.




Lecture 2. Extension of the above result to the heat equation. Let e(t,z) be the heat energy and ¢(t, x)

the energy flux. Then we find that
de  0¢
— 4 =L =
ot Oz
Let e(t,x) = cpu(t, z), where u is temperature. On physical grounds (experience), we posit that (Fourier’s
law)

0.

ou
t,x)=—Ko—.
Olt,2) = Ko
This models that heat energy flows from high to low temperatures. Note that this relation does not come
from any conservation law. We then find that temperature solves the following heat equation

Ou 0%u Ko

=k k

o Mo o 0

The heat equation requires initial conditions
u(0, ) = ug(x),
and boundary conditions. For instance:
u(a,t) and u(b,t) prescribed :  Dirichlet conditions

or
0 0
—u(a,t) and —u(b, t) prescribed :  Neumann conditions.

ox or

The above results are then extended to two and three dimensional geometries. Let A be a domain with
boundary 0A. Let ¢(x) defined for x € A. The divergence theorem states that

/ dive(x)dx = ¢(x) - n(x)dX(x),
A OA

where div is the divergence operator, dx is the volume measure in A, d¥ is the surface measure on 0A, and
n(x) is the outward unit normal to A at x € JA.
Conservation of the heat energy on A is written as

% /A e(t,x)dx = — | B(t,x) - n(x)dS(x).

0A

Here e(t,x) is the energy density and ¢(t,x) is the heat flux (per unit surface per unit time). Using the
divergence theorem and the arbitrariness of the volume A, we find the local expression of the conservation
law:

Oe . B
a(t,x) +divep(t,x) = 0.

Now using Fourier’s law
¢(t,x) = —KoVu,

where e = cpu and V is the gradient operator, we find that u solves the following heat equation

B K,
X V2u=kAu,  k=2=0>0.
ot cp

Here V2 = A is the Laplace operator.
The heat equation needs to be augmented by initial conditions u(0,x) and boundary conditions. For
ou
instance u(t,x) is prescribed at x € A (Dirichlet conditions) or —(¢,x) = n - Vu(t,x) is prescribed at

on

x € JA (Neumann conditions).



Lecture 3. Linearity and superposition principle. Consider an equation of the form
Lu=f with boundary conditions Bu =g,

and define the operator

The operator L is linear if
L(au+ Bv) = alu + SLo,

where u and v are functions and « and [ are real (or more generally complex) numbers.

Linearity allows us to derive the principle of superposition: the solution of a problem with two sources is
the sum of the two solutions obtained with one source each. More specifically, if Lu; = F; and Lus = Fo,
then u; + uo is a solution of the equation Lu = F; + Fo.

Method of separation of variables. Consider the following heat equation with Dirichlet boundary
conditions

%: %, xe€(0,L),t>0
u(0,z) = f(x) z€(0,L) (1)

u(t,0) =wu(t,L) =0 t>0,

defined on the rod (0, L) for times ¢ > 0.
The general methodology for the method of separation of variables is the following.

1. We neglect non-vanishing source terms at first (here the initial conditions) and look for non-trivial (i.e.,
non uniformly vanishing) solutions that separate variables, i.e., here, functions of the form G(¢)¢(x),
that solve all of the constraints in (1) but the initial condition constraint (here the first and third
constraints). We find equations for G(t) and ¢(x).

2. We solve these equations. Typically, we’ll find an infinite number of such elementary solutions, which
we'll call u, (¢, 2) = Gp(t)pn(x) for n > 1 (or n > 0 if the notation is more convenient).

3. We use the linearity of the equation and the principle of superposition to realize that any linear
combination of the form -
u(t,z) =Y Bun(t, ) (2)
n=1
solves the PDE provided that the sum makes sense (i.e., converges). Note that the constants B,, are
arbitrary (i.e., undetermined yet).

4. Finally (and only now) we come back to the source term, here f(z) and see whether among the
solutions of the form (2), one verifies the initial conditions. Namely, can we choose the coeflicients B,
such that the following holds?

f(z) =u(0,2) = Z Bruy (0, ). (3)

Typically, we’ll involve a general theory that answers yes to the above question and gives us a means
to calculate the coefficients B,, from knowledge of f(x). With these specific values of the coefficients
B, the expression in (2) will then be the required solution to (1).



Let us apply the methodology to (1). Step 1 says that u(t,z) = G(t)¢(x) solves constraints 1 and 3 in
(1), ie.,
G'(¢(x) = kG(t)¢" (), G(t)u(0) = G(t)u(L) = 0.

Since G(t) is non-trivial, u(0) = u(L) = 0. The first constraint states that

G't) _ 9"(x) _

KG(t) o)

where —\ is a constant since it is independent of both ¢ and x. We thus have transformed the PDE into
two ODEs

G'(t) + \kG(t) = 0
¢"(w) + Ap(x) =0, #(0) =¢(L) =0.

Note that the equations are eigenvalue problems, in the sense that the solutions are defined up to a multi-
plicative constant. Now Step 2. We verify that

G(t) = G(0)e .

For the boundary value problem on ¢, we verify that \ needs to be positive in order for ¢ to be non-trivial
(since non-trivial sinh, cosh, and affine functions (of the form ax+b) cannot satisfy the boundary conditions).
Thus ¢ satisfies:

$(x) = Acos V Az + BsinVaz, ¢(0) = ¢(L) = 0.

We obtain that A = 0 and that
VAL =0. (4)

The latter constraint on the eigenvalues of the eigenvalue problem for ¢ impose that A takes one of the

following values
nm 2
M= (M)
v 6
Associated to A, we thus find a solution of the PDE (1) (except for the source terms) given by

un(t,x) = BpGy, (O)e_’\"kt sin v/ Anpz.

Since the solutions are defined up to a multiplicative constant, we might as well choose the constant simple
and define the elementary solutions as:

Up (t,z) = e M sin /N, z = e~ (L) Rt gin ? (6)

Step 3 is one line: we use superposition to obtain that

u(t,r) = Z B, e~ CE) kt gin ?7 (7)
n=1

solves constraints 1 and 3 in (1) provided the series converges. Step 4 consists in identifying the coefficients
B,, from the constraint on the source term:

f(z) =u(0,z) = Z B, sin ? (8)

We're almost there. The question now is: can an arbitrary (sufficiently nice) function f(x) be decomposed
into a superposition of sine functions, and how does one get the coeflicients B,, from f?
The theory of Fourier series provides the answer.



Lecture 4. Statement of Fourier series theory (we’ll come back to a more comprehensive study of Fourier
series later in the class).

Consider an interval [—L, L] and a piecewise smooth function f(z) defined on that interval and extended
to the whole real line R by periodicity; i.e., f(z + 2L) = f(z) for all x € R. Let us define the Fourier
coefficients of f:

1 [F 1 [F nwT 1 [F nmwT
_— = —  —— = — 1 —_— > 1
T /_L f(x)dz, an = 7 /_L f(z)cos T dx, by, 7 /_L f(z)sin T dx, n > (9)

Define the truncated series

N

fn(x) :ao+z (ancos?ernsin?). (10)

n=1

Then we have the following Theorem:
(i) If f(z) is continuous in the vicinity of a point x, then

Jimf(e) = fz).
(ii) If f(z) is discontinuous at z, then
Jim (@) = (@)~ f)).

Here f(zT) = oiigof(x +¢e)and f(z7) = oiisn—lw)f(x —e).

We then write the Fourier decomposition as

Nao—i-z (ancos + by, sm%) (11)

The symbol ~ accounts for the fact that we do not have equality at points of discontinuity of f unless the
function f is redefined in such a way that when it jumps we have f(z) = 1(f(z*) — f(z7)).

Note that we then recover the definition of the coefficients (9) from (11). For instance, for a,, n > 1, we
use the orthogonality conditions

nwT mmT
/ Cos—cos 7 dx = 6pp for n > 1 and m > 0,

/ cos—sianwd:r—O for n,m > 0.
where d,,, = 1 when m = n and 6,,, = 0 when m # n (Kronecker symbol).

Back to (1). Let us now apply the above theory to (8). We have a function f(x) defined on (0, L), which
according to (8), should be a superposition of only sine functions.

To use the theory of Fourier series, we use the following trick: we first extend the function f(x) by
oddness on (—L, L). This is done by positing that f(z) = —f(—x) on (0,L). Then we extend the function
by periodicity on R by ensuring that f(z + 2L) = f(z) for all z € R.

Now we can use the decomposition (11). Moreover, we verify that because f(z) is an odd function,
an = 0 for n > 0 in (9). We have thus represented the function f(z) as a superposition of sine functions
as requested in (8). Moreover the coefficients B,, are given by b, in (11). Because the function is odd, we
actually verify that b, are equivalently defined by

2 L
:Z/o f(x)sinn—zxdx



Finally, the full solution to (1), satisfying all constraints including the initial conditions, is given by

NP
u(t,z) = Z <Z/0 f(y)sin %dy) sin %e_(T)Zkt. (12)
n=1

Note that in the above integration, the dummy variable y is used: we can no longer use x, which now means
something else on the left hand side of the above equation (the position at which temperature is evaluated).

Lecture 5. Uniqueness of the solution to (1). Assume that u and v solve (1) and define w = v — v. By
linearity, it satisfies the equation

ow 0%w
Eik@’ x € (0,L),t>0
w(0,z) = 0(x) z € (0,L) (13)

w(t,0) =w(t,L) =0 t>0.

Multiply the first constraint by w and integrate over (0, L). This yields

L 2 L L
ow 0“w d1 Oow\ 2
0= [ (Grw—kSguyde = 2o [ widrrk [ (50) do
/O(atw gz V) dtQ/O wrdr /0 o)
To obtain the latter term we have performed an integration by parts and have use the boundary conditions

w(t,0) = w(t,L) = 0. Since both k and (g—w)2 are non-negative we deduce that
x

d [t L L
—/ w?dr <0  whence / w?(t, x)dr < / w?(0,2)dz.
dt Jo 0 0

This shows that energy is non-increasing. Since at time ¢t = 0, w?(0, z) by hypothesis (these are the initial
conditions), we deduce that w(t,z) = 0 at all times since fOL w?(t,z)dx = 0. But this implies that u = v so
that the solution to (1) is unique.

In order words, the three constraints imposed on u in (1) define it uniquely. We have seen by using the
method of separation of variables that it admitted a solution given by (12). The problem (1) is then now
completely solved.

Separation of variables for the heat equation with Neumann boundary conditions:

2
%: %, ze(0,L),t>0
u(0,2) = f(z) z e (0,L) (14)
ou ou
—o (E0)= oo (L) =0 t>0,

defined on the rod (0, L) for times ¢ > 0.

Lecture 6. Separation of variables for the Laplace equation with mixed boundary conditions

0? 0?

GT;HL(‘)T;;:O O<z<L 0<y<H

u(0,y) =0, wu(L,y) = f(y) 0<y<H (15)
ou ou

%(x,O) =0, 8—n(x,H) = g(x) 0<z<L.

(i) First realize that the solution can be written as the superposition of two solutions, one with f(y) as
the only source term, the other one with g(x) as the only source term.



(i) Consider the solution with g(z) = 0 and f(y) as the only source term. Use the method of separation
of variables.
The final solution turns out to have the form

1 H > 1 i nmy’ nmwx nmy
wen) =g [ 1@ 430 e ([ ) cos "Ry sk " cos T (16)
LH Jo ;QHsmh 7 0 H L L

Exercise: (i) solve the problem with f(y) = 0 and g(x) as the unique source term. (ii) show that the
solution to (15) is unique using the method presented in Lecture 5.

Lecture 7. Fourier series Theorem. Let us consider periodic functions of period 2L that are square
integrable on (—L, L):

L
/ F2(2)dz < +oo, (17)
-L

which in addition we assume are piecewise continuous (with a finite number of pieces) to simplify. Then
the Fourier theory says that such functions can be decomposed over an orthogonal basis of sine and cosine
functions. The basis is composed of the functions:

nmTx nmx
1,...,cos =% i 7} . 18
{ cos ——,sin — - (18)

Note that “1” above is the function 1(x) equal to 1 uniformly. The above basis elements are orthogonal
with respect to the following scalar product:

L
(f.9) = /  fa)gla)da. (19)

As usual, a scalar product (a.k.a. inner product) maps two functions to a real number, here an integral.
The proof that the basis elements are orthogonal for the above scalar product can be found in the book.
Note that the basis is not orthonormal for:

nmwx nwx . nTT ., nux
(1,1) = 2L, (cos — o cos T) =1L, (sin —sin T) = L. (20)
So in order to normalize the basis (and make it orthonormal) the basis function 1 should be divided by v2L
and the other basis elements by /L.
Now consider an arbitrary function satisfying the hypotheses described above, and assume further that
at points of discontinuity of f(x), we have

1 _
f@) = (@) + f(27). (21)
Then the Fourier theory says that such a function can be decomposed over the basis we have introduced:
= nmwx . nmx
f(f):ao[f]+Zan[f]COST+bn[f]SmT- (22)

n=1

Moreover the above coefficients are uniquely defined by f(z) and are given by:

L L L
wlfl =57 [ f@de alf =7 [ @™ e b= [ f@sn e @)

These relations stem directly from the orthogonality relations. For instance, assuming that (22) holds, we

obtain that mrx mnz mnx
) = am|[f](cos 7 s T) = Lan[f],

(f,cos



from which we deduce the expression for a,, in (145).
The Fourier theorem states the following more accurate result. Define

In( +Zan cos——i—b [f]sm%, (24)

where the coefficients are given by (145). Then fn(z) converges pointwise (i.e., for all z) to f(z):
Jimf(s) = fo). (25)

When (21) does not hold, the above series still converges to 3(f(z") + f(z7)). It is good to consider
this issue as follows. As far as integrals are concerned (and specifically the integrals in (145) defining the
coefficients), changing the function f(z) at a finite number of points does not change anything. So for a
given function, we can change it at the finite number of discontinuity points so that (21) holds: this changes
nothing physically. Then (25) holds and there is no point to introduce the notation ~ in the book. I have
nothing against the notation. But you should really think that f(x) ~ g(z) means that the two functions f
and g are equal for all practical purposes.

Even and Oddness. We say that a function is odd when f(—xz) = —f(z) and that it is even when
f(z) = f(—=z) for all z € R. An odd 2L-periodic function f(z) satisfies that a,[f] = 0, n > 0. An even
2L-periodic function f(z) satisfies that b,[f] = 0, n > 1. This comes from the fact that cos is an even
function, sin is an odd function, and that the integral over (—L, L) of product of an even with an odd
function vanishes.

Lecture 8. Once the Fourier decomposition of a function f(z) is known, the decomposition of the deriva-
tive f’(z) is easily obtained: we differentiate (22) term by term. There is however one main restriction: the
function f(x) needs to be differentiable before one does so.

So let us assume that f(z) is piecewise differentiable and continuous (as a function defined on R, not as
a function defined on (—L, L)) and that f’(z) is piecewise continuous. Then we have that

alf1=0,  aulfT="Fblfl.  balf1=—"Faulf). (26)

Note that the function f(z) = z on (=L, L) and 2L—periodic does not satisfy the above hypotheses. So
(26) does not hold for that function.
Iterating (26) one more time yields

nm nm

itV ="Vt i = (") in) (27)

This obviously assumes that f(z) is twice differentiable and that f”(z) is piecewise continuous.
Application to the solution of PDEs. Let us consider again problem (1). Let us look for a solution
u(t, z) whose second-order partial derivative in x is piecewise continuous on (0, L). Let us extend u(t, z) by
oddness on (—L, L) and then by periodicity. Because u(t,0) = u(t, L) = 0, we observe that this extension
creates a function u(¢, x) whose second-order partial derivative in x is piecewise continuous on R (and not
only on (0, L)). The function f(x) is similarly extended by oddness and periodicity.
Since u(t, z) is now an odd 2L-periodic function in the x variable, it may be decomposed as

Z by, (t) sin @ (28)

The unknown coefficients are now the functions b, (t). It remains to find an equation for the b, (¢) and solve
that equation to fully characterize u(t,z). The equation for the b, (t) is obtained by transforming the first
constraint in (1) as a constraint on the Fourier coefficients. Note that the boundary conditions in (1) are
automatically satisfied by the decomposition (28).



Because u(t, x) is twice differentiable in x, we obtain that

0%u > nr 2 . nmrx

The time derivative may be decomposed as
ou 0 — . nmx =, . nmx
E = a 7; bn(t) S11 T = Z bn(t) S111 T

Recall that f(x) = g(x) if and only if the Fourier coefficients of these functions agree. This is the definition
of (18) being a basis. So the first line in (1) is equivalent to the following equation in the Fourier domain:

2
b (t) + k(?) bo(t) = 0. (29)
Similarly the initial conditions in (1) are equivalent to the following relation in the Fourier domain:

So for each n > 1, we have a first order ODE (29) and an initial condition (30). This can be solved:

bu(t) = by (0) exp ( - k(T)iﬁ) (31)

Now b, (t) is fully characterized and so is u(t, z) via (28). We recover the same expression as in (12).
Let us consider the second application: solving

—d"(@) = f(&)  xe€(0,D), (32)

with u(0) = u(L) = 0. By extending u and f by oddness and then by periodicity, we verify that u” (x) exists
and is a piecewise continuous function on R (and not only on (0, L)). Using the Fourier decomposition and
(27) again yields that

(%) bl = i 53

This thus gives an explicit expression for b, [u] and w(z) is given by

ww) =Y (nL7T>2bn[f] sin "7 (34)

n=1

Lecture 9. Integration term by term. Let f(z) be decomposed as in (22). Then the Fourier coefficients
of an anti-derivative of f(z), provided they exist, are easy to calculate. Let us define

nmzlﬁ@@. (35)

Since f(z) is piecewise continuous, then F'(x) is continuous. Any other anti-derivative of f(z), equal to
F(x) up to an additive constant, is continuous as well. Moreover we can integrate (22) term by term to get

L Lb,
F(z) = apx + Z (:;[f] sin nzx + nif] (1 — cos ?)
n=1

This may be recast as

G(z) = F(x) — agr = ao[G] + Z a, |G| cos % + b, [G] sin ?, (36)
n=1



where

ale) =S Bl g = ey gy = Ll (37)

nm nm nm
n=1

Note that the function F(z) is not 2L-periodic unless ag[f] = 0. As a consequence, it does not admit
an expansion in Fourier coefficients on R. Once ag[f]x is subtracted, then G(x) is indeed a 2L-periodic
function, and the above formula shows how its coefficients are related to those of f(x).

Complex form of Fourier series. Recall that

0 —if 0 _ —if
, e’ —e
e = cosf + isinb, cosf = &, sin = ————, (38)
2 21
where i = /—1. Define
Ay + an Ay — 'Lbn _
=00, n=—"(%  Cm= 5 =0l

Here z = x — iy for 2 = x + iy means complex conjugate. We verify that (22) may be recast as

') 1 L

f(l') = _Z: CneiiT, Cn = ﬁ . €ZTf($)dJ? (39)

This is a more compact expression than the one involving the sines and cosines. Note that the above
expression is a decomposition over an orthogonal basis, where the basis is

_;nmx

{e™" 1 o socn<oos (40)

and the orthogonality is with respect to the (Hermitian) inner product

L
M@ZAJ@W@M- (41)

Note the following. If f(x) is piecewise differentiable and continuous, then we can differentiate term by term
and obtain that )
—inm
enlf'] = Tcn[f]~ (42)
This is again more compact than the equivalent expression involving sines and cosines. When the formula

is applicable, we also have that
nm

2
eal = =(5F) ealf) (43)

Changes of coordinates: Laplacian in curvilinear coordinates. We have seen that the separation
of variables ¢(x)g(y) allowed us to solve the Laplace equation on a domain which is a rectangle Q) =
(0,L) x (0, H). When the domain does not satisfy this decomposition the method of separation of Cartesian
variables ¢(x)g(y) will not work. In certain situations, other separation of variables will work. For instance
if Q is the disc of radius R, it may be decomposed as Q = (0, R) x (0, 27) in polar coordinates (r,6). So a
separation of variables of the form ¢(6)G(r) will succeed.

The problem is that the Laplacian V2 first needs to be expressed in the proper system of coordinates.
Since V? = V - V, where V- is the divergence operator and V is the gradient operator, we first need to
express these operators in curvilinear coordinates. This is what we now do.

We do this in two space dimensions. The generalization to 3D is easy. Let us assume that we want to
change coordinates from Cartesian coordinates (x,y) to curvilinear coordinates (u,v). Assume that z(u,v)
and y(u,v) is given. Let us denote a point r in the plane as

r=2xe; +yey.

Then 0 0 0 0
r T Y . r o
= 7 €y = ‘T’)u |eu = hueu,

or _ Ox or Ox Jy
u ou" " Bu

or b
e, = ’—‘e = h,e,.
Yy v v v€oy

v —%ew ov

10



The first equalities are just calculus. The = signs denote definitions. The above vectors have a norm, the
scaling factors h,, and h, by definition, and an orientation e, and e, also by definition. We assume that
(e, €y,) is an orthonormal basis, i.e., that e, -e, = 0. This will be the cases in the examples we are interested
in. The above expressions tell us how to change position in the new system of coordinates:

dr = h,due,, + h,dve, ( because dr = édu + @dfz)). (44)
ou v
Now the definition of the gradient is as follows:
dg=Vg-dr. (45)
The gradient, as any other vector, may be decomposed as

(V9)u
Vg = (Vg)uey + (Vg)ve,, or equivalently Vg= ) (46)

(Vg)u

Since the chain rule gives us that

dg = 2940+ 994y g dr = (Vg)uhudu + (Vg)uhudo,
Ju Ov
we deduce that
1 dg
. hy Ou
h, Ov

Lecture 10. Now for the (V-) operator, we use the divergence theorem

/V-pdx:/ p - ndX. (48)
Q 19}

Let us denote in curvilinear coordinates
P = Pu€uy + Pv€y-
Choosing the volume = (u,u + du) x (v,v + dv), we find that

/V pdx =~ (V- p)(u,v)hyh,dudv.

Note that the area of the volume  is “distance in direction e,”, equal to h,du thanks to (44), multiplied
by “distance in direction e,”, equal to h,dv thanks to (44). It remains to estimate the right hand side in
(48), and we find that

13} 0
-ndY ~ — — .
/(mp nd 5u (puhy)dudv + 50 (pohy)dudv
This shows that
1 /0 0
(V- P)0) = g (G (ul) + 5 (o)) (49)

Note that h, and h, depend on w and v in general. So the above expression does not simplify.
Remember that we were interested in the Laplacian in curvilinear coordinates. Using the above expres-
sions for the divergence and gradient operators, it is given by

e ) AR

11



Polar Coordinates. Let us apply the above to polar coordinates. They are defined by
x =rcosb, y =rsinb. (51)

So
dr = (cos fe, + sinfbey)dr + (—rsinfe, + r cos e, )dd = e, dr + reqgdd.

Thus h, =1 and hg =r, and e, = (cosfe, +sinfe,) and ey = (—sinfe, + cosfe,). We indeed verify that
e, - eg = 0 so that we can apply the formulas obtained above. In polar coordinates, we thus obtain that

dg
or 1/0(rp,)  Ope
= . 0 = — an /- 2
Vg 10g | (V-p)(r,0) 7,( or +39) (52)
r 00
The Laplacian thus takes the form
10/ 0 1 02
2_1t9/ 9 —
V= ror (T ar) r2 902" (53)
Let us now use the above formula and consider the problem
Viu =0, Q,
(54)
u=f, o0

where  is the disc of radius R. Note that © can be written as @ = (0, R) x (0,27) in polar coordinates
and that the boundary can be written as 00 = {R} x (0, 2).

Let us look for elementary solutions of the form u(r,8) = ¢(r)g(#). Then, using (54) and (53), we find
that

Y'Y (r)g(6) + ()" (0) =

This yields
" ) L) = (55)

where A is a constant. We now need additional boundary conditions for g and ¢. They are obtained as
follows. There is nothing special about the points § = 0 and § = 27 in the definition of polar coordinates.
Nothing special happens there physically. So physically, we really want u(r, 8) to be a 27w-periodic function
in the variable #. This implies that g(6) is a 2m-periodic function as well. So the equation for ¢g(6) ought to
be

g9"(0) + Ag(0) = 0
9(0) = g(2m), ¢'(0) = g'(27).

Let us solve this problem. For A < 0 the solutions of the above ODE are sinh and cosh functions that are
not periodic. So A < 0 leads to trivial solutions. When A = 0, we obtain that g(f) = a + bf. Since 6 — 6 is
not periodic, b has to vanish and we find that

(56)

Ao =0, go(0)=1, (57)

is a non-trivial solution to (56). For A > 0, the solutions are of the form cos vAf and sin V0. We verify
that they are periodic (or verify the boundary conditions in (56)) if and only if A = n? for n > 1. So we
have the new solutions to (56):

Ap = n?, gn1(0) = cosnb, g, 2(0) = sinnd; n > 1. (58)

Note that the eigenvalue A, is associated with two (linearly independent) eigenvectors cosnf and sinnf.
Let us now focus on ¢(r), which becomes ¢,(r) with A\ = n? It turns out that polar coordinates

introduce a singularity at r = 0, since the point (z,y) = (0,0) does not have a unique expression in polar
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coordinates. Physically however, there is no reason for the solution to (56) to behave differently at 0, and
it should certainly be bounded. This translates into the following equation for ¢,,:

r(rgb;L)/ - n2¢n =0
|, (0)] is bounded.

(59)

For n > 1, let us try the solution r®. We verify that o = £n provides two linearly independent solutions
to the first line in (59). Since r~" is not bounded at r = 0, this is not an admissible solution for the above

equation, so we deduce that
On(r) =1", n > 1.

It remains to solve the equation for n = 0 and find that Inr and 1 provide two linearly independent solutions.
Since Inr is not bounded at 0 however, only ¢o(r) = 1 is admissible.
To summarize, we have found that

In other words, this means that the elementary solutions of (54) are of the form
uo(r,0) =1, un(r,0) = (A cosnb + By, sinnf)r™, n > 1. (61)
By the principle of superposition, we deduce that
o0
u(r,0) = Ag + Z(An cosnf + B, sinnf)r", (62)
n=1

is a solution of the first line in (54). It remains to see how the coefficients A, and B,, should be chosen so
that u(R,0) = f(0), i.e., so that the boundary conditions holds. This is done by using the Fourier theory
once more.

By the method of superposition, we obtain the following general solution to (54):

u(r,0) = Ao + i r" (A, cosnd + By, sinnd). (63)
n=1
We now choose the coefficients A,, and B,, such that the boundary condition is satisfied. The latter reads
g(0) = Ag + i R"(A,, cosnb + By, sinnb). (64)
n=1
Now g(0) is a 2m-periodic function, and thus can be decomposed as a Fourier series. This yields

Ao = aglg], R"A, =aylg], R"B, =by[g],

whence ] bald]
an n
Ao =aolgl, An="EE, B, =Y (65)
We have thus solved (54) and found that
o0 T"n )
u(r,0) = aplg] + Z B (an [g] cosnf + by, [g] sin n@). (66)
n=1

13



Lecture 11. Application: the Mean Value Theorem. Consider the Laplace equation V?u = 0 on
an arbitrary two dimensional open domain ). Take a point x inside ) and use polar coordinates so that x
becomes the origin. Now the above solution (66) evaluated at u(x) = u(0) in polar coordinates gives that

1 T
u(0) = —/ u(R,0)dd, forall R >0 sufficiently small. (67)
Here, sufficiently small means that the disc of center x and radius R is inside the domain (2. Indeed, apply
(66) on the disc of radius R, with g(8) = u(R,0) and observe that all the terms in (66) converge to 0 at
r = 0 except for the first one. Changing back to Cartesian coordinates, and using the notation x = (z,y),
the above formula is equivalent to

1 s
u(x) = > / u(x + Rcosf,y + Rsinf)df, forall R >0 sufficiently small. (68)

—T

Please verify the above in detail. What this means is that harmonic functions, i.e., solutions of the Laplace
equation, have the mean value property: they are equal at a point x to their average over any circle within
the domain  centered at x and of radius R.

Application: Maximum Principle. The maximum principle theorem says that a harmonic function
(solution of VZu = 0) cannot attain its maximum (nor its minimum) inside the domain 2. As a consequence
it has to attain its maximum at the domain boundary. The proof uses the mean value theorem. Assume a
strict maximum is attained at x. Then u(x) > u(x + Rcosf,y + Rsind) for all R small enough and all 6.
But this contradicts (68) as can easily be verified.

Application: Uniqueness of solution to the Laplace equation. We have seen uniqueness results
already using energy methods (integrations by parts). Here is another method based on the maximum
principle. Assume that u and v are solutions of the following Dirichlet problem:

V?u =0 on Q, u = g on Of).

Then uw — v solves the above equation as well, by linearity, with g replaced by 0. But then, v — v attains
its maximum at the domain boundary thanks to the maximum principle. Since © — v = 0 there, we deduce
that v < v. Now revert the roles of u and v and obtain that v < u for the same reason. This shows that
u = v, whence that the solution is unique. Note that for € the disc of radius R, we now know existence and
uniqueness of a solutions since we have constructed on in (66).

Solvability condition. We have now covered all the material in Haberman’s chapters 1 to 3. Let me
stress one last point. Consider u a solution of the following Neumann problem:

V2u =0 on Q, %:fon&(l.

Use of the divergence theorem, independently of any equation, shows that

/ Vudx = / V- (Vu)dx :/ n-VudX = 8—ud2.
Q Q o a0 On

For the above Neumann problem, this implies that

o:/v2udx:/ %dZ: fdx.
Q a0 On 9

The source term f(x) thus needs to satisfy the compatibility condition

/6 gz (69)

Otherwise the above Neumann problem cannot admit any solution. The reason is that we are looking for a
steady state solution of a problem where heat energy is constantly sent into or extracted from the domain
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Q. There is no such solution. Note that once (69) is satisfied, the solution to the above Neumann problem is
given up to the addition of an arbitrary constant. There is therefore no uniqueness of the Laplace equation
with Neumann boundary conditions.

Integrations by parts and non-homogeneous equations. Let us come back to the one-dimensional
heat equation with non-zero boundary conditions

ou 0%u
E_kﬁ_o’ xe(0,L), t>0
w(0,t) = A(t),  u(L,t)=B({), t>0 (70)

u(z,0) =0, xz € (0,L).

The method of separation of variables does not work directly because of the non-homogeneous boundary
conditions. We have also seen (in homeworks) that differentiation term-by-term does not apply directly
either because u(z,t) is not differentiable at + = 0 and « = L.

Here is the (best) way to solve this problem: use integration term by term, which is always allowed.
Before doing so, we remark that u(t,z) will be as usual a superposition of sine functions (thus an odd

U
function) because of the Dirichlet boundary conditions. Consequently, B will be a superposition of cosines
x
2
(because it is an even function) will be again a superposition of sines (because it is odd).
. 0%u . . : o
Since ﬁ(x, t) is a superposition of sine functions, it takes the form
x

u
as —
0x2

0%u . nTT L 92y . nmrx
@(%t) = Z%(t) sin ——, Tn(t) = Z/o @(%t) sin de.

n>1

2

a—Z(t, x) by u(t,z). This will allow us to obtain an ODE
x

We can now integrate v, (t) by parts to replace

for by, [u] as usual. More precisely, we have:

2 L82u( D nrT 2 (Founn nwxd+28u, nnx |L
— —(z,t)sin —dr = —— —— oS —dx + — = sin —| .
LJ, 0227 L LJ, Oz L L L ox L lo
Since the boundary terms vanish, we get that
2 (Founn nmwIT
n(t) = —= —— ——dz.
W == | G s T

Another integration by parts shows that
9 L 2 9 L
Yn(t) = T /0 [— (%r) }u(t,x) sin szdx — zn%u(t,x) cos sz o
Using the boundary conditions for u, this is

10t) =~ (%2) balul(1) + 2 [ A1) — B(t)(~1)"].
However, the equation stipulates that
by [u](t) = Ky (2).

Therefore,
2nmw

#,0u)(6) + k() alul () = 2 [BO(-1)" — A(1)] = S (1)

It remains to integrate this ODE to get that

where we have used that «(0,z) = 0.
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Lecture 12. The Wave Equation. I shall not derive the wave equation in class. Please refer to
Haberman’s textbook. The wave equation in one dimension of space reads

Pu 0%

W:C @, t>0, .TGO,L (72)
where ¢ is speed of propagation (sound speed for instance). Since it is second-order in time, it needs
two initial conditions, for instance u(0,z) and 5 (O x). Tt still needs two boundary conditions since it is

second-order in space. For instance u(t,0) and u(¢, L) given.
Consider the problem

0%y 5 9%y

7 =5 t>0, =ze€(0,L),
u(t,0) = u(t, L) =0, t>0 (73)
w0.0) = f@), 0.5 =gl@).  ze (L)

Here, f and g are given initial conditions and our objective now is to solve the above problem by the method
of separation of variables.
Assuming that u(t,x) = ¢(x)h(t), we find as usual the following equations

R'() + Ah(t) =0, ¢"(2) + Ag(x) =0, ¢(0) = ¢(L) =0.

2
We have solved the problem for ¢ already: ¢, (x) = sin ?, associated to the eigenvalue A\, = (n%) .

Since we know that A,, > 0, the equation for h,(t) gives us the solutions:

t
hn(t) = A, cosnL + B, smm;c

Note that the equation for h, is a second-order ordinary differential equation, whence has two linearly
independent solutions. By superposition, the most general solution to the wave equation may be written as

nmct
sin 2% A, cos 2% B,, sin )
Z 7 (Aneos "7 4 Busin ]
The first initial condition written in the Fourier domain provides
A, = bulf].

Note that -

ou (t,2) . nwx ( nmc . nwct 4B nmwe mrct)

—(t,x sin —( — A,——sin —— cos

ot = L "L L "L L
The second initial condition written in the Fourier domain thus yields

L
B, = —byg]-
nmwe
This concludes the derivation.
Note that we can introduce the following notation
nmwe A
n == = 27 f, 6,, = arctan B—:

Here w, is frequency (physicists would call f,, frequency) and 6,, is a phase. Using these variables, the
solution to the wave equation may be written (in polar-type coordinates if you wish, with A,, = p, siné,
and B,, = p, cosb,,) as

T) = Z sin nLﬂ\/A,QZ + B2 sin(wnt + 6,).
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Sturm Liouville Theory. The motivation for the theory is to look at equations of the form

ou 0 ou

cp(:r)a = %(Ko(x)%) + a(x)u(x) t>0,0<z<L,
u(t,0) = u(t,L) =0 t>0, (74)
u(0,z) = f(x) 0<z<L.

The method of separation of variables u(t,z) = G(t)¢(x) provides the usual equation
G'(t)+ \G(t) =0,

and the less-usual equation

d d
(Ko@) +ad(a) + Aep(x)ofa) =0, 6(0) = H(L) = 0.
The Sturm Liouville theory is the following. Consider the problem
d d
. (p(x)£> +q(x)p + Ao(z)p =0, a<z<b
Pig(a) + B2¢'(a) =0 (75)

Bs¢(b) + B¢’ (b) = 0,

with the conditions that p, ¢, o are real functions with p(z) > 0 and o(z) > 0 for all « € [a,b]. Then we
have the following properties:

1. All the eigenvalues A € R.

2. M <X <...< A, <...with \,, = 00 asn — oo.

3. Ay is simple. ¢,(x) has exactly n — 1 zeros on [a, b].

4

. The ¢,, form a complete set (a basis). In practice, this means that any function f(z) (say piecewise
continuous and equal to the half sum of its limiting points where it jumps), satisfies

o0

F@) =" anlflon(2), (76)

n=1
for some set of coefficients A,,.

5. Eigenfunctions are orthogonal in the following sense

b
/ bn(@)m(@)o(@)dr =0, A £ Ay (77)
6. We have , , 5
do O\2 2
—pp——| + pl =) —q9°)dx
T, /ab( (5:) —a9")a= .
d2odx

a

We’'ll come back to the derivation of some of these properties, but let us conclude here by the main
application of the orthogonality condition stated above, namely the calculation of the coefficients a,[f].
Multiplying both sides in (76) by ¢,,(x)o(x)dx and integrating over (a,b) yields

/ f@)om(@)o@)dz = S anlf] / () b (2)0 () .
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However using property (5) above, we conclude that

/f¢m (2)da

an] (79)
/ 6.

Similarly to the theory of Fourier series, we can expand any (sufficiently regular) function f(x) over the
basis of the ¢, (z), and thanks to the above orthogonality property, we have the rule (79) to calculate the
coefficients of the expansion. Note that the above theory also states that f(z) = g(x) for all e < x < b
is equivalent to the fact that a,[f] = a,[g] for all n > 1. So a constraint in the physical domain can be
replaced by a constraint in the domain of coefficient, which will be also referred to as the domain of Fourier
coefficients.

Lecture 13. Sturm Liouville Theory; some details on the derivation. Let us define the operator

L(6) = - [p() 2] + a()o(a), (30)

so that the Sturm Liouville problem takes the form L¢ = —Ao(x)¢ on (a, b) with proper boundary conditions
at a and b. It has the form of a generalized eigenvalue problem. It is a “classical” eigenvalue problem when
o(z) =1 and is “generalized” otherwise.

We first obtain the Lagrange identity:

L(u)v — L(v)u = % [p(x) (U% - uj—i)} . (81)

This is easily verified. The advantage of the formula is that it is in divergence form, i.e., the right hand side
is the divergence (derivative in 1D) of something. It is then advantageous to integrate such a relationship,
and this is called Green’s formula:

b

b
/ (L(u)v - L(v)u)dw = —p(z)(uw’ —v)(x) . (82)
= —p(b) (u(b)v’(b) — u'(b)v(b)) + p(a) (u(a)v’(a) — u’(a)v(a)).

Let us assume moreover that v and v, which are arbitrary functions in the above expression, satisfy the
boundary conditions in (75). Let us also assume that 82 # 0 and 84 # 0. Then the Green’s formula takes
the form

/ab (L(u)v - L(v)u) dz

—fs
fa

o) ~ (b)) + pla) (ule) -

—b
B2

—p(b) (u(b) v(a) -
= 0.

We can verify that the above still holds when g5 = 0 or 54 = 0 since then u and v satisfy Dirichlet conditions
at such boundary points. So for any arbitrary functions u and v satisfying the boundary conditions in (75),
we find that

/ab (L(u)v - L(v)u) dx = 0. (83)

Application to orthogonality. Let us assume that (A, ¢m) and (A, ¢,,) are solutions of the Sturm-
Liouville problem (75). Then from L(¢.,) + Amo(2)¢m = 0 and L(¢y,) + Apo(z)d, = 0, we deduce that

[ (0m160— 100160) = On =) [ 0@ @6 0
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However, with u = ¢,,, and b = ¢,, in (83), which holds since both ¢,, and ¢,, satisfy the boundary conditions
in (75), we deduce that

b
O =) [ 0(@)60 (@) () 0.
This implies that \
A % A :.V/UQWM@@Amzo. (84)

This is the orthogonality property (5), with the proper inner product (integral) involving the weight o(z).
Application to realness of \,. Let us now choose u = ¢,, and v = ¢, its complex conjugate. Then
the above Green formula (83) shows that

b

0= (A —A3) / o (2) | ()i

Since ¢,, is not uniformly 0, the latter integral is positive. This implies that A, — A} = 0, whence A, is real.
Application to the fact that ), is simple. Let us assume that (), ¢1) and (), ¢2) are solutions of
(75) and let us apply (191) on the interval (a,y). Since p(x) > 0, we deduce that

61 )0(y) — o204 w) =0 = )+ (2) ).
T\
This is because the above equality holds at ¥y = a thanks to the boundary conditions. If we assume that
the above equality implies that %(y) = 0 (which is not completely correct, but this gives the flavor of the
derivation), then we deduce that ¢o = c¢; for some constant ¢. This implies that the eigenvector associated
to A is unique up to multiplication by a constant, whence that A is simple.

Self-Adjoint operator. An operator L that satisfies (83) is called a self-adjoint operator. Note that
the boundary conditions are important to derive (83). So what is self adjoint is really the operator L as in
(80) defined on functions that satisfy the boundary conditions in (75). (Defined on more general functions
that do not satisfy these boundary conditions, the operator L may not be self-adjoint.)

Why is this notion important? Self-adjoint operators to a large extent extend the notion of symmetric
matrices to the infinite dimensional case. And they share many of their properties, for instance that they
can be diagonalized. The Sturm Liouville theory is nothing but a diagonalization (over an orthogonal basis)
of the Sturm-Liouville operator L.

Rayleigh quotient. Let us come back to the problem (75). We multiply the PDE by ¢(z) and integrate
by parts. This yields

b b b b
[ @ pee] + [0+ [ oot =o
This is clearly equivalent to (78). Now assuming that 2 # 0 and (4 # 0, we obtain that
b Bs B
—¢'p| = Z24%(b) — == ¢*(a).
¥9], = 50*0) - FLoa)
So if s 5
3 1
== >0, and — <0, 85
Bs B2 (85)

b b
then we find that —¢’ gb’ >0 and —p¢’¢| > 0 since p > 0. The same result holds obviously if B3 = 0 or

B4 = 0. Note that (85) is equivalent to saying that

(B3 and (4 have the same sign and (1 and (3 have different signs. (86)
The latter expression includes the cases where 8; = 0 or 83 = 0. In such cases, we deduce from (78) that

A>0. (87)
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This will be the main application of the formula (78) in this course.
Note that the Rayleigh quotient is also used as the minimization principle

de (b b O\ 2
N [0 - 00 dr )

) b
/ d*odx

Here A; is the smallest eigenvalue of (75). This is a very important property in many practical applications;
see Haberman’s textbook for more on this.
Application to the non-uniform wave equation. Consider the equation

2 2
%102@)%, t>0, 0<z<lL,
p(t,0) =p(t,L) =0, t>0, (89)
p0.2) = f2), D(0.2)=gl), 0<z<L

The method of separation of variables p(t,z) = h(t)¢(z) provides the equations h” + Ah = 0 and

1

¢//(m) + )\cz(x)

¢(x) =0, ¢(0) =¢(L) = 0. (90)

This is a Sturm Liouville problem with p = 1 > 0, ¢ = 0, o(z) = ¢ ?(z) > 0. Moreover the boundary
conditions are of the right form so that the Sturm Liouville theory applies. We thus know the existence of
(An, ¢n) for n > 1 solutions of the above eigenvalue problem. Moreover the Rayleigh quotient tells us that
An > 0 as in (87) since

/ (@)

A=t
9 1
/0 62(e) e

> 0. (91)

2
We can actually say more: A\, > 0. Indeed let us assume that A\, = 0. Then the Rayleigh quotient formula
implies that (¢,,)" = 0 since fab u?(x)dxr = 0 implies that u = 0 on (a,b). This in turn implies that ¢, = Cte.
The boundary condition finally yields ¢(0) = Cte = 0 so that ¢ = 0 is a trivial solution. As a conclusion
An = 0 is impossible. Since it is non-negative, it has to be positive.
Let us come back to the temporal behavior of the modes:

R (t) + Ay, = 0.
Since A, > 0, we deduce that the most general solution to the above ODE is

hn(t) = Ay, cos v/ At + By siny/Apt.

By superposition, we thus have

p(t,x) = Z (An cos \/Ant + By sin \/Et) On (). (92)

Evaluating the above at ¢t = 0 yields

f@)=>" Anon(x).
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From the completeness of the set of functions ¢, (z), we deduce that such an expansion is possible, and from
the orthogonality of the eigenvectors, we obtain that

L 1
— anlg] = I T Stz

20 1
0 nl )02(l‘>dx

Ay (93)

It remains to consider the second initial condition. A differentiation of (92) in time yields

S(t:) = 3 (= Auy/Aasin VAt + B/ 05 /At 0 0).
n=1

Evaluated at ¢t = 0, this is
1

L
/Og(f)éf’n(l’)m
L 5 1 :

Using the method of separation of variables, the principle of superposition, and the Sturm Liouville
theory, we have thus obtained that

p(t,x) = nz::l (an[f] cos \/Et + Ci;/[%] sin \/Et) On (). (94)

By, = an[g] =

Lecture 14. A little bit of approximation theory. Let us come back to the Sturm Liouville theory.
We know that arbitrary (square integrable) functions f(z) admit the decomposition

f@) =" andn(x). (95)

We now want to address the question of the accuracy of the following finite summation:

N
@) =" anda(@). (96)

n=1
Let us define -
en(@) = f(x) = fn(@) = Y andn(x). (97)
n=N-+1

We will estimate ¢ in the following norm

lewll = ( | " @otaar) (98)

Note that ||en|| = 0 implies that e = 0. The orthogonality properties of the ¢,,’s allows us to deduce that

/ab ey (@)o(z)de = i aZ /b o5 (x)o (z)dx.

n=N+1 a

So if we normalize the eigenvectors ¢, such that
b
/ 2 (z)o(2)dr = 1,
a
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then we find that

HEG (99)

n=N+1

So the error can be obtained by summing the coefficients a,, that are not accounted for in fx(z). Note that
the coefficients a,, decay faster when the solution f(z) is smoother. So, for smooth functions, the error term
(99) can be very small very quickly as N — oo. For f(z) less smooth, more terms need to be incorporated
into (96) to obtain the same accuracy. Note that for N = 0, we deduce that

/ fA(z)o(z)dr = Z a’. (100)

This is the celebrated Parseval relation. The left hand side may be interpreted as an energy. The Parseval
relation shows that the energy can be estimated in the physical domain (left hand side) as well as in the
Fourier domain (right hand side).

PDEs on arbitrary multi-dimensional bounded domains. Let us consider the heat equation

— —VZu=0, t>0,x€e

ot ou

a(x)u(t, x) + b(x) = (t,x) = 0 t>0,x € 60 (101)
u(0,x) = f(x) r € 0.

Here a(x) and b(x) are both non-negative and do not vanish at the same time.
If we try separation of variables on such an equation, u(¢,x) = G(t)¢(x), we obtain that G' + A\G = 0 as
usual and that

VZip+ Ao =0, x €

96 (102)
ap+b— =0, x € oS

on

This equation is sometimes referred to as the Helmholtz equation. It is an eigenvalue problem and the
question is: what are its solutions? The answer is very similar to what we obtained in the Sturm Liouville
theory. Here is an abstract result.

1. All the eigenvalues A € R.
2.0 < <. . <A\, <...with A\, D 00asn — co.

3. A, is not necessarily simple for n > 2 but the number of linearly independent eigenvectors associated
to A, is finite.

4. The ¢,, form a complete set (a basis). In practice, this means that any function f(x) (say continuous
to simplify), satisfies

Fx) =) anlflén(x), (103)
n=1

for some set of coefficients A,,.

5. Eigenfunctions are orthogonal in the following sense

/Q(;Sn(x)qﬁm (x)dx =0, Am Z An (104)

The linearly independent eigenvectors associated to a same eigenvalue can also be chosen orthogonal to
each other by the Gram-Schmidt orthogonalization procedure. In the sequel we assume the eigenvectors
¢m(x) form an orthogonal basis of functions.
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6. We have the Rayleigh quotient:

¢> 2
- Vo|“d
N ks [ vl x

(105)
| e
Q
By orthogonality of the ¢,,’s, the coefficients a,[f] are given by
/ e
anlf (106)

/ #(x
This is verified as in the Sturm Liouville theory.
Rayleigh quotient. The Rayleigh quotient formula is obtained as follows. We multiply the equation
V2¢ 4+ Ad = 0 by ¢ and integrate over Q. Using that

V- (6Ve) = ¢V2¢ + V¢ - Vo,

AL&@zLWW@+AVﬁW@@

It remains to use the divergence theorem:

we obtain that

/ V- (¢V)dx = / n- ¢pVodo = gb%do,
Q a0

o0

to obtain (105). Note that when either @ = 0 or b = 0, we have

/|V¢| =
/¢

Moreover A = 0 implies that V¢ = 0 on . This implies that ¢ = Cte is a constant. When a = 0, then
¢ = 1 is indeed a non-trivial eigenvector associated to A = 0. However, when b = 0 so that ¢ = 0 on 02, we
deduce that ¢ = Cte = 0 is a trivial solution so that A = 0 cannot be an eigenvalue.

More generally assuming that b # 0, we deduce that

4 5 do(x / Vo |2dx

A= BQ

>0,

Q

since we have assumed that a and b had the same sign. Here however, A\ = 0 implies that V¢ =0 and ¢ =0
on 0F) when a > 0. Thus ¢ = 0 is a trivial solution and A = 0 cannot be a solution when a > 0.
Lagrange identity and Green’s formula. The Lagrange identity states that

vV —uV?v =V - (vVu — uVo). (107)

It is based on the calculation
V- (uVv) = Vau - Vo + uV3v,

which you are encouraged to verify carefully using the representation of V and V- in Cartesian coordinates.
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Upon integrating the Lagrange identity on 2 and using the divergence theorem, we obtain Green’s

formula: 5 5
2 2 _ ouw oV
/Q (UV u—uV v)dx —/ (Uan uan)da(x). (108)

When v and v satisfy the boundary conditions in (102), we verify that

As before, separate the cases b = 0 and b # 0. Thus for functions u and v satisfying the boundary conditions
n (102), we deduce that

/Q (uv% - UV2U> dx = 0. (109)

Application to orthogonality. Assume that (A, ¢n,) and (A,, ¢,) are solutions to (102). Then with
u = ¢, and v = ¢,, in (109) we deduce that

0= [ (u720m = 6,900 )dx = (An = M) [ St
Q
When A, # A\, we thus deduce that ¢,, and ¢, are orthogonal to each-other. When A\, = \,, for n # m

(which can happen here unlike in the Sturm Liouville theory), the eigenvectors ¢,, and ¢,, can be chosen
to be orthogonal by the Gram-Schmidt procedure of orthogonalization.

Lecture 15. Let us briefly come back to the multidimensional heat equation (101). By separation of
variables, we find that the elementary solutions u,(t,x) are given by

U (t,%x) = e, (x), n>1. (110)

It remains to verify the initial condition u(0,x) = f(x). This is done by superposition as usual and the
constraint we need to satisfy is
o0
X) = Z UnPn (X)
n=1

The above abstract theory says that f(x) can indeed be decomposed as was just written since the family
¢n(x) for n > 1 is complete. Moreover by orthogonality, we deduce that

/ e
/ &
as we have seen in (106). The solution to (101) is thus given by

/asn

e (%)
n=1 / ¢2

Note that the dummy variable y in the above integrals is not x, which means position on the left hand side.

_a,,n

u(t,x) = (111)

Heat equation in Cartesian geometry. Let us now consider the equation (101) for Q = (0, L) x (0, H)
and with Dirichlet boundary conditions. Then the geometry is sufficiently simple so that more can be said
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about the modes ¢, (x); namely, they can be written explicitly as products of sine functions. In Cartesian
geometry, the Laplace operator V? takes a familiar form and we recast (101) as

ou Pu 0%
(G2 2=

A A L H

at 8%2 + ayQ t > 07 (x7y) 6 (07 ) X (07 )

u(t,0,y) = u(t,L,y) =0 t>0,0<y<H (112)

u(t,xz,0) =u(t,z, H) =0 t>0,0<z<L

w(0,z,y) = f(z,y) (z,y) € (0,L) x (0, H).

Writing u(t, z,y) = G(t)¢(x,y), we still obtain that G’ + AG = 0 as before and that ¢ solves the equation

»Po ¢
@"_87342—‘7)@5:0’ (x,y)E(O,L)X(O,H)
#(0,y) = ¢(L,y) =0 0<y<H (113)
d(x,0) =o¢(x,H) =0 0<z<L.

Not surprisingly, this partial differential equation (eigenvalue problem) can be solved by the method of
separation of variables ¢(z,y) = f(x)g(y). We find that

"9+ fg" +Xfg=0.

This may be recast as

Lw=2-Lw)=-n

Here a new constant p is rendered necessary to separate the variables z and y. The first constant A\ was
here to separate the time variable ¢ from the spatial variables (z,y).
We thus have the two equations

[T+ Af=0, 9"+ A=p)g=0,
f(0)=f(L) =0, 9(0) = g(H) = 0.
The equation for f is solved as usual and has for solutions
o, = (%)2, fn(z) =sin 7 n>1.
The equation for g now becomes
gn + (A= pin)gn =0,
gn(0) = gn(H) = 0.

This is because p is no longer arbitrary. Note here that the above equation also admits an infinite number
of solutions, which we will need to label, and thus denote by g, (y) and A,,,. They are given by

m\ 2 . mmy
()\mn - Mn) - (F) ) gmn(y) = sin H

To summarize, we have thus obtained that the solutions to (113) were given by

2 2
bmn(@,y) =sin T sin T A= (BE) +(55) mnz1 (114)

By superposition, the solution to (112) is thus of the form
u(t,z,y) = ;;Amne_Am”tsin$ sin m;y. (115)
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It remains to find the coefficients A,,, using the initial conditions:
Fla,y) = ;;Amn sin?sm%. (116)

Here however, we use the theory of Fourier series in each variable to deduce that the above expansion is
indeed possible since the sine functions form a complete family, and moreover that

22 (L rH nmT mny
= = — — 1 — g . 1 1

Note that the solutions (Amn, @mn(x,y)) for m,n > 1 should be the same as the (\,, ¢p(x)) for p > 1
obtained in the abstract theory. The abstract theory clearly applies to Cartesian geometries. The reason
why the single index p in the abstract theory is replaced by a double index (m, n) in Cartesian geometry is
only a matter of convenience. It is convenient to label the solutions ¢, (x,y) with two indices, one for each
Cartesian variable. However, they could be relabeled as ¢,(x), and the same thing for A,. Even though that
may look counter-intuitive at first, there is the “same” number of elements in the set {m,n > 1} as in the
set {p > 1}. This can be verified by introducing

(m+n—1)(m+n-—2)

p(m,n) = 5 +n, (118)

which, as one can verify, maps {m,n > 1} onto {p > 1} and is one-to-one. This means that for each p > 1,
there is a unique m > 1 and n > 1 such that (118) holds.

The sets {m,n > 1} and {p > 1} are then the same (isomorphic is the mathematical term). With the
above map, we can identify ¢mn,(z,y) with ¢,(x) with x = (z,y). Note that (116) and (103) can also be
identified, as well as (117) and (106). The former are always the application of the latter to the specific
choice of a Cartesian geometry.

Lecture 16. Let us now consider the problem (101) with Dirichlet conditions in the case where 2 is a
disc of radius R, and thus may be written in polar coordinates as Q = (0, R) x (0, 27). Recalling that

o 10 0y 10
v _rar(rar)+r2302’

the heat equation (101) with Dirichlet conditions may be recast as

ou 10uys 0 1 0%u

gu tou/ O _ L1O0U 9

En ”%(rar) 2 902 0, t>0,0<r<R0<0<2m,

u(t, R,0) =0 t>0,0<6 <2, (119)
|u(t,0,0)] < oo t>0,0<6<2m,

u(0,7,0) = f(r,0), 0<r<R0<6<2m.

Writing u(t, z,y) = G(t)¢(x, y), we still obtain that G’ + AG = 0 as before and that ¢ solves the equation

10 0 1 02
?Ff(r§)+r787£+)\¢:0’ 0<r<R,0<6<2m,
¢(R,0) =0 0<6<2m, (120)

|$(0,0)] < 0o 0<0<2m.

This is an eigenvalue problem that we solve by the method of separation of variables ¢(r,0) = f(r)g(6).
This yields first
1 1
—(rf")g+ =5f9" +XAfg=0,
r r
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so that after multiplication by r%/(fg),

) A g

f f g

Along with the boundary conditions we thus have to solve the following ordinary differential equations

9" +pg =0, r(rf) + (r* A= p)f=0 (121)
g(0) 21 — periodic f(R)=0, |f(0)] < oo.
We have solved the equation for g already. The solutions are
i = 12, gn(0) = Acosn + Bsinnd, n > 0. (122)
The equation for (A, f) thus becomes an equation for (A, f,) for n > 0 of the form
P + (P = n2) = 0 .

fn(R):Ov |fn(0)| < 00.

This is a second-order ordinary differential equation, for which no explicit solutions can be obtained. More-
over, these solutions have different behaviors depending on the sign of \,. However, we know from the
abstract theory (using the Rayleigh quotient) that the problem (102) with @ =1 and b = 0 admits positive
eigenvalues A, > 0. We are thus allowed to introduce the following change of variables

r—z=yAs  from (0,R) to (0,\/A.R).
Define fn(z) = fn(r) = fn(\/ﬁﬂ Then

%(z) — f’r/l(z) — %fé(r) = \/Ynfé(r)a

so that

One more time shows that ~
2(2f3) (2) = r(rf,) (r).

The equation (123) may thus be recast equivalently as

(=R + (=) fu = 0 o)

FoWAIR) =0,  |£4(0)] < 0.

What have we gained with this trick? The eigenvalue ), no longer appears in the ODE in (124). It only
appears in the boundary conditions. Now let us consider the first line in (124). This is a second-order
ordinary differential equation with non-constant coefficients. It turns out that it cannot be written in terms
of “explicit” solutions such as sines, cosines, logs, exps, and the likes. Yet these two linearly independent
solutions exist and they have names:

Jn(2) is the Bessel function of the first kind of order n; and

Y. (z) is the Bessel function of the second kind of order n.

Moreover these two solutions have the following asymptotic behavior at z = 0:

2
1 n=20 —Inz n=20
~ § ~ ™ n
In(2) 1 o ons0 Ya(z) 2 (n—1)!
2nn! T

z7™" n>0.
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Note that Y,,(z) is unbounded as z — 0. So it does not satisfy the boundary conditions in (124). We have

thus obtained that R
Fa(r) = Fa(2) = Ju(V/Aar).

However, it remains one boundary condition to satisfy: f,(R) = 0, or equivalently J,,(v/A,R) = 0. This is
a constraint on \,, very similar to the constraint sin v/AL = 0 in Cartesian geometry.

It turns out that the Bessel function J,, is an oscillatory function, like the sine function, and that it
admits an infinite number of zeros. We denote by z,,, for m > 1 the zeros of the Bessel function J,,. Note
again that we need two indices to represent them. n is the index of the Bessel function, and m is for the
mth zero of that specific Bessel function. The constraint J,,(v/A,R) = 0 implies that \/A,,R has to be one
of these zeros z,,. So for each n, there is an infinite number of solutions A, of J,,(v/ A, R) = 0, and they
are given by

Apn = (Z”é")27 m>1. (125)

Associate to these eigenvalues are eigenvectors f,,,(r) (again for each fixed n, there is an infinite number
of eigenvectors solution so they need to be labeled by (m,n)), given by

ZmnT

Frn(r) = Jn (225 (126)

To come back to the problem (120), we have thus found the following solutions

2
Apn = (Z’]’é") . mm = Jn(z"g”) cosnl,  Guns = Jn(z”gr)sinna, n>0m>1 (127)

The physical modes ¢mni (7, 0) are thus parameterized by n > 0, m > 1, and k = 1,2 (with the small abuse
of notation that £ = 1 only when n = 0). The elementary solutions of (119) are thus given by

Upn (t,7,0) = e—Amnt,]n(ZTgr) (Amn cosnbf + By, sin 9), n>0,m>1, (128)
so that by superposition we have
— ZmnT .
u(t,r,0) = Z e Amnt I ( iz )(Amn cosnf + B, 81n9). (129)

m=1,n=0

The initial conditions are thus satisfied if

f(r,0) = Z Jn(z"gr)(Amn cosnb + B, sin 9) = Z Arn®mn1 (7,0) + Brn@mn2(r,0).  (130)

m=1,n=0 m,n=1

Note that the above sum is nothing but a sum over the ¢,k (r,0), and we know from the abstract theory
that the latter form a complete set. It remains to figure out how the coefficients A,,, and B,,, can be
obtained. Here we have to be a bit careful. The abstract theory also tells us that the eigenvectors ¢mnk
are orthogonal in the sense that (104) holds. Note that orthogonality holds for an integral over . This
integral, in polar coordinates, is given by

R 2
/ / Grane (1, )i (r, O)rdrdd = 0, (mym, k) # (!, K). (131)
0 0

This is the orthogonality condition verified by the spatial modes on a disc. The coefficients A,,,, and B,
are thus given, using the above orthogonality conditions, by

R 27
/ Gmna (1, 0) f(r,0)rdrdd
0 (I):i 27
|| Gt opraras
o Jo

28

Apn = , m>1,n>0, (132)



and a similar expression for B, with ¢,,,1 above replaced by ¢,,n,2. The denominator can be simplified
somewhat since the ¢,k (r,0) are explicit in the 6 variable so that the integration can be performed.

Let us conclude by a remark on the Bessel functions. Let n > 0 fixed. For a function f(r,8) = g(r) cos nf,
where g(r) is independent of 6, we find that (130) simplifies to

gry=>" AmJn(Z"g’“). (133)

ZmnT
Since ¢(r) is arbitrary, this shows that the set of functions {Jn( n}; )} is complete. Each function
m2>1
ZmnT N
of r defined on (0, R) can be decomposed over the functions .J,,(~=—), as for sine functions for instance.

Moreover, we observe that (131) for n = n’ and k = k’ provides that

R
/0 Jn(zygbr)t]n(z”i%r)rdr:(), m#m'. (134)

Consequently, the coefficients A,, in (133) are given by

/ T2 0 g (ryrdr
A 0 R

" "o ZmaT
/OJz( 7 Yrdr

The orthogonality conditions (134) can directly be obtained from the analysis of the Bessel functions.
However, as we have seen, they can easily be derived from the abstract theory for the Helmholtz equation
(102) on © the disc of radius R.

A final word on the weight 7 in the above integrals (do not forget that the integrals involve rdr and not
dr). The equation (123) can be recast as

(135)

n2

It is in Sturm Liouville form with p = 0 = r and ¢ = n?/r. The Sturm Liouville theory for (75) does not
quite apply because the boundary condition, f(0) bounded, is not of the type given in (75), and because
p(r) = o(r) = r vanishes at r (and also ¢(r) is not bounded at r = 0). But nonetheless, the above equation
can be seen as a limiting case of the Sturm Liouville theory, and in any event, this helps explain why the
weight o(r) = r is used in the scalar product as it is in e.g. (77).

Let us conclude this lecture by an asymptotic expression for the Bessel functions. As z — oo, we find

that
2 s s 2 T s
Im(2) ~ \/Ecos(z— Z—mi), Yo (z) ~ ”ESIH(Z_Z_mi)'

This gives a fairly good idea of the location of the zeros of the Bessel functions as z becomes large.

Lecture 17. This lecture is on modified Bessel functions and cylindrical geometry. Let us consider the
Laplace equation V2u = 0 on a cylinder 2. In cylindrical coordinates (r, 6, z), this is Q = (0, R) x (0,27) x
(0, H). We consider the Laplace equation with Dirichlet boundary conditions: u(R,6,z) = (6, z) known
on (0,27) x (0, H) and u(r,0,0) = u(r,0, H) = 0 for (r,0) € (0,R) x (0,27) on top and at the bottom of
the cylinder.

We can now use separation of variables: u(r,8,z) = f(r)g(8)h(z) = ¢(r,0)h(z). The equation for h is

W' +Ah=0,  h(0)=h(H)=0.

‘We know the solutions:



The equation for ¢ = ¢, is
v2¢n = /\nﬁbn

And we do not have any additional boundary conditions. Note that this is NOT the equation (V2 + )¢ = 0
with A > 0. The sign of A is different, and thus so will be the solutions.
Upon separating the variables r and 6, we find

gn + pgn =0, gn: 27 — periodic.
The constant y is here to separate r from 6. We thus find as usual that
Imn(0) = Ay cosmb + By, sinmé, o = M2, m > 0.
The equation for f(r) = fin(r) is now
o T = (1P A0 +mP) frn = 0, | frmn (0)] < 00

with no additignal boundary condition. We introduce the change of variables w = v/ A,7 (because A,, > 0)
and find that fn(w) = fimn (7") solves

mn + wfnm, (w2 + mZ)f'mn = 07 |fmn(0)‘ < 0.

The solutions to the above ODE are called modified Bessel functions:
1 K (w) + calpp(w).

It turns out that I,,, is bounded at 0, blows up at co, and is positive in between, while K, is bounded at
oo but blows up at 0. So ¢; = 0 above. By superposition, we thus obtain that

u(r, 0, z) Z Z ApnIm (mrr) sin % cosmb + Bynlm (%) sin n—;f sin m#é.

m=0n=1
It remains to estimate the coefficients A,,, and By, from u(R,0,z) = (0, z). This yields equations

nITr_IR) = ama], Bonlm (n;__TIR) = byn[7]-

27
/ / 0,2) sm — cos mbdzdf
27
/ / cos 2 modzde.

Lecture 18. We now consider non-homogeneous problems (Chapter 8 in Haberman’s book). The first
problem, which was already treated in a preceding lecture, is:

Amn ITﬂ (

Here for instance,

Amn ’Y

This concludes the derivation.

ou  O%u

8t—82+Q(tx) 0<x<m, t>0
w(0,t) = A(t),  u(m,t)=0 t>0 (136)
u(z,0) =0 0<z<m.

0
The function u(x,t) is extended by oddness on (—m, 7). We recall that a—u(x, t) is an even function in x and
x

0? 2 [T0?
that axu (z,t) is again odd in z, so that Z Y (t) sinnz, with v, (t) = = 8—;(% t) sin nydy.
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0? 0
We integrate by parts with f/(y) = 8—2(%15) and ¢(y) = sinny so that f(y) = Fu(y,t) and ¢'(y) = ncosny
x x
to get
2 [T 2 w
()= 2 [ =G omcosnydy -+ 2 5 (. 0)sinm |} = =0 (0)+ 00

0
Integrating by parts in the expression for 3, (z) with f'(y) = a—u(y, t) and g(y) = cosny so that f(y) = u(y,t)
x
and ¢'(y) = —nsinny, we get

2

g 2
5ut) =2 [ uly. ymsinngdy + Zuty, ) cosny
0 ™

Tf 2
0 U

= nb, (t
S0 (t) +

[(=1)"u(m, t) — u(0,t)].

Note that b,(t) are the sine Fourier coefficients of u(z, ). Upon calculating the Fourier coefficients of both
sides in the first equation of (136), we obtain that

b (t) = Y (t) + an(t),

0
since b/ (t) are the Fourier coefficients of the odd function a—?(m, t) and -, (t) are the Fourier coefficients of
2
the odd function a—g(x, t). From the results of questions 1 and 2 we get
x

bl (t) — an(t) = —nB,(t) = —n2b,(t) — nz[(—l)"u(ﬂ,t) —u(0,t)]

2n T
= —n?b,(t) + —A(t).
™

Note that b,(0) are the Fourier coefficients of u(x,0) = 0. So b,(0) = 0. This implies that
t
2
bn(t) = /0 e (t=9) (%A(s) + an(s))ds.

The solution to the PDE is given by

o0

u(z,t) = Z (/Ot e (t=s) (%A(s) + an(s)>ds) sin nz.

n=1

Let us consider the second problem:

@—czvzu—I—Q(tx) t>0, xe

o2 T ’

u(t,x) = g(t,x) t>0, x€onN (137)
w0, =a@), 240%)=px) xeq

ot

This is a wave equation with source terms; here c is a constant. The method of separation of variables does
not work. However, in the absence of source terms, we know that the following eigenvalue problem is useful:

V2¢n + )\nd)n =0 Q

(138)
én =0 Q.

We have seen this problem and know that the solutions ¢, (x), n > 1, form an orthogonal basis, and that
the associated \,, > 0 because of the Dirichlet conditions and the use of the Rayleigh quotient. We thus
adopt a slightly different from yet very similar strategy to the previous example: we decompose

/ u(t, x)dp (x)dx
An(t) = =
92531 (x)dx
Q

u(t,x) =Y An(t)én(x), = ay[u(t,x)]. (139)
n=1
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There is no problem in differentiating in time, so we get

82'“ > " 2v72
7 = DALt (x) = VU + Q. (140)

n=1

Because of the non-homogeneous conditions u = g, we are not allowed to differentiate (139) term by term.
Rather, we use the only secure technique available to us: integrations by parts. From the orthogonality of
the ¢,,’s, we obtain that

/Q (*V?u + Q)¢ dx / 2(v? )(bndx / Qobndx

/Q¢fldx et /¢> dx /¢ ix

By integrations by parts (use of the divergence theorem in dimensions higher than one), we can now hope
to get an equation for A,,.

As we have seen several times (and this is based on V - (uVv) = Vu - Vv + uV?v and the use of the
divergence theorem), we obtain that

AL (t) =

(141)

/ Viug,dx = —/ Vu - Vo,dx + (;Sna—udo(x) = —/ Vu - Vo¢,dx,
Q Q a0 On Q

since ¢, (x) = 0 on 0. Turning the crank once more, we deduce that

—/ Vu - Vopdx = / V2pnudx — % o(x) = —)\n/ (bnudx—rn(t)/ P2 dx,
Q Q an on Q Q
where we have defined 96
0 ()1, %) dor(x)
ra(t) = =2 (142)
¢idx
Q

Note that since g and the ¢,,’s are supposed to be known, then so is r,(¢). Wrapping up what we have and
using (139), we deduce that

AZ (t) = Qn(t) - Cz)‘nAn(t) - CZTn(t) = 7(*)721,An(t) + 5n (t)a Wn = C\/ An,s 571,(t) = dn (t) - CQTn (t)
We thus have to solve the ordinary differential equation
AZ (t) + wZAn (t) = Sn(t)' (143)

Some calculations involving the method of variation of parameter, tells us that

t
Ap(t) = Cp cos(wnt) + Dy sin(wnt) + / sul7)

0 Wn

sin(w, (t — 7))dr. (144)

Finally we use the initial conditions in (137), which we had left out so far. We verify that A,,(0) = C,, and
Al (0) = wpD,. At the same time A,,(0) = a,[a] and A/ (0) = a,[0] so that, details spelled out,

/Q ()b (x)dx [ B0 i

- [ reoax /¢

Thus, u(t, x) is given by (139), and the A, (t) are given by (144), where C,, and D,, are given by (145), and
5p(t) = qn(t) — 2r,(t) with g, (t) given in (141) and r,(t) in (142).

As we see, the method of eigenfunction expansion is quite powerful. It allows us to handle arbitrary
source terms: volume source ), boundary source ¢ and initial source («, 3). Of course, it works because the
expansion over the ¢,’s is adapted to the geometry. We have seen in the course of the development that
V2¢, is replaced by —\,#,. This step is obviously crucial in ensuring that a simple ODE is available for
A, (t). No other expansion than that based on the ¢,’s will work!

Cn (145)
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Lecture 19. MIDTERM.

Lecture 20. Spherical harmonics.
Let us consider the wave equation

2

%—CZV%L:O, t>0, xe

u(0.%) = 709, 240,%) = gx), x€Q (146)
u(tx) =0 x €0, t>0,

when 2 is a ball of radius R in three space dimensions. The usual theory of separation of variables tells us
that

u(t,x) = Z (Ap coswpt + By sin wpt) ©p(x), (147)
p=1

where the frequencies are given by
wp = ¢/ Ap, (148)

and the coefficients A, and B, are given by
/Qf(x)gop(x)dx

/Q o7 (x)dx

The couples (A, ¢,) solve the usual eigenvalue problem

A, = , By=—292_ (149)

V20,(x) + Appp(x) =0, x€Q,  ,(x)=0, x€ . (150)

The general theory for such problems gives us existence of an infinite number of solutions and tells us that
the ¢, form a complete family of functions. When €2 is a ball, we can however be a little more explicit about
the structure of these eigenfunctions. This is what we do now.

Since the domain 2 is a ball, it can be written as Q = (0, R) x (0,27) x (0,7) in spherical coordinates
(r,0,¢), which are given by

x =rcosfsing, y=rsinfsing, z=1rcosq. (151)

We verify that h, = 1, hg = rsin¢, and hg = 7 so that the Laplacian V2 can be represented as

U W P S N N N "
Viu(r, ¢,0) = r2 Or (T 8r> + r2sin ¢ O¢ (bln¢8¢> T r2sin2 ¢ 062 (152)

(see also exercise 1.5.21 in Haberman). As a consequence, the couples (A, ¢(r, 6, ¢)) solve the equation (after
multiplication through by 72 sin? ¢)

209
or

9 9
09 o
Here ¢ can be decomposed over modes of the form f(r)q(0)g(¢). Separation of variables thus yields that

82
)—i——(p—l—)\rQSinQ(bap:O.

sin? (b% (r ) + sin ¢ (sin ¢ 202

q" +vqg=0, q(0) : 27 — periodic,
whose solutions are g,, = A, cosm + B,, sinm#@ with v,, = m? for m > 0.
We thus find that

sin2 Qﬁﬁ (T28(f9) a(fg)

or 7) sin %%(Sin T¢) —m*(fg) + Mr’sin® ¢ (fg) = 0.
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Thus, separating ¢ and r, we get
2

fdr( df)Jr/\r :7gsiln¢%(. ¢Zi)817:2¢u

Both ordinary differential equations are “difficult” to solve in the sense that no explicit solutions are
available. We concentrate on the equation for g(6), given by

2 (0020) - ino -~ 2 -

The only “boundary” conditions we can impose here is that g be bounded on the whole interval [0, 7], since
there is no reason for singularities to arise at the poles (the north pole ¢ = 0 and the south pole ¢ = ).
The first step is actually a (one-to-one and onto) change of variables

z: [0,7] — [-1,1], x +— x(d) = cos ¢.
With an abuse of notation (done in Haberman) we still call g(z) = ¢g(#) the function after the change of
variables. The chain rule shows that the new g(z) solves the ODE
2

Z(0-7) + (- 2o =

It goes beyond the scope of this course to show how one can solve the above equation. Note that it is almost
in Sturm Liouville form except that the weights p and ¢ either vanish or blow up at x = 1. In any event,
the above ODE admits a bounded solution on the whole interval [—1, 1] if and only if

= tmn =n(n+ 1), n > m. (153)

The associated eigenvectors are called the spherical harmonics (or associated Legendre functions) and
are denoted by

9(x) = gmn(z) = P} (2).

Because of their importance in practice, there is an infinite number of formulas for the spherical harmonics
in the literature. Let us just mention the Rodrigues formula

1 d"

Pu(w) = PO( )= 2np! dgn

— (22— 1)
We behavior for g(6) is thus, in the original variables

gmn(0) = P (cosO),  pumn =n(n+1), n=>m=>0. (154)

It now remains to address the equation for f(r). So far, we have two indices, m and n, and one series
eigenvalues left to be found, \. Taking into account boundary conditions, the equation for f(r) is

dr( ;lf> + (A2 —n(n+1))f =0,
f(R)=0,  [f(0)] <oo.

(155)

Now that v and p are known explicitly, f(r) is in fact a function f,,(r). Since m does not appear explicitly,
we’re somewhat “lucky” that f(r) is in fact f,(r) (ie depends on n). We drop the reference to the index n
to simplify notation. Yet another change of variables shows that it is useful to introduce

F)=r"2Z, (V).
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Indeed, we know that A > 0 from the general theory and the use of the Rayleigh quotient (since we have
Dirichlet boundary conditions). Moreover the function Z, .,/ then satisfies the equation

d ( 5dZny1)2 2 Lo _
7 (P + = s =0

(156)

The only solution bounded at the origin is .J,, ;1,2 the Bessel function of the first kind of order n +1/2 (a
new kind of Bessel functions we had not encountered before). The eigenvalues \ are thus defined such that

Jns1/2(VAR) =0,

or in other words
a = (20) ? (157)
nl — R )
where 2, is the [th zero of the Bessel function J,, 1.
When we look carefully at what we have done, we have constructed the eigenvectors ¢, (x) = ©mni k(7. 6, @)
which are defined explicitly as

Znl T
Cmni (1,0, 0) = T_l/an+1/2< ]é ) cos mlP" (cos @),
Znl T\ .
Gmn2(r,0,0) = 1721 o " ) sinmo Py (cos ), (158)

[>1, m>0, n>m.

These eigenvectors are associated to the eigenvalues A\, = A1 given by

2
Amnz=(%), 1>1, m>0, n>m. (159)

Note that these eigenvalues do not depend on m and on the index k introduced to define the ¢,y 5. Since
m < n, we deduce that the redundancy of each eigenvalue is at least of order 2m (ie there are at least 2m
eigenvectors associated to the eigenvalue Ay,p,;). This comes from the fact that the unit ball has quite a lot
of symmetries (by rotation of course).

Let us come back to the decomposition

/Q F(x)pp(x)dx

fx) = ZAPSDP(X), Ap =
p=1 /ngi(x)dx

This comes from the orthogonality condition
| g iix=0.  p2s.

In spherical coordinates, dx = 2 sin ¢drdfd¢ since this is hyhohgdrddde. We thus have that

R 2 ™
/ / / QOmnl,k‘)Om’n’l’,k”’ﬁ2 Sln¢d7’d0d¢ = 07 (manvlak) 7& (mlvn/»llvk/)'
0 0 0

Let S={m >0,1>1,n>mk = 1,2} be the bag of indices useful in spherical harmonics decompositions.
Note that there are as many points in S as in the set {p > 1} as N is isomorphic to N2, hence to N3, hence
to § with a little bit of imagination. Then the above decomposition may be recast as

F0,0,8) = > Apntsmnii(r, 0, ), (160)

(mnlk)eS
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where the coefficients are given explicitly by

R p27 pm
/ / f(r,0,0)omnik(r, 0, ®)r? sin ¢drdfde
o Jo Jo

R p2mw pm
/ / / Sognnl,k (7,0, ¢)r? sin pdrdfde
o Jo Jo

As ugly as they are, these decompositions are very useful in practice to solve partial differential equations
in spherical geometries.

, (mnlk) € S. (161)

mnl,k =

Lecture 21. One-dimensional Green’s functions Consider the problem

—Lu(z) = f(x), x € (a,b), Lu= i(10(317)

dx
u(a) = u(b) = 0.

du
%> —q(z)u (162)

By the Sturm Liouville theory, assuming that p(x) > 0, we know the existence of the complete family ¢y,
n > 1, solution of

Using the decomposition

b
oo u(x) oy, (x)dx
= Zan[ukﬁn(x)v an[u] = A,

/a ' 62 ()

0= /:[(Lu)d) — (Lén)u / ¢2 dx nan[ ] — an[f])

we deduce from the Green formula that

This implies that a,[u] = A, a,[f], in other words

oo

utw) = Y- 22, @),

n

n=1

which may be recast as

/f ZA]¢2d /ny . (163)

We have defined the Green’s function

Z (164)
1 A\n f (/52 d
Note that we easily verify the reciprocity principle

Gz, y) = Gy, x). (165)

We have thus replaced the differential equation (162) by an integral equation (163). This is the advantage
of using Green’s functions. However, calculating the Green’s function is quite difficult, except in very simple
cases. The formula (164) is by no means easy to evaluate.
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Delta (0) function. Before we can get an equation for G, we need to introduce the notion of a delta
function. The delta function is not a function but rather a generalized function. Its definition is as follows.
Take an arbitrary interval (—a,b) with a,b > 0 so that 0 is inside the interval. Then for each continuous
function f(x) on (a,b) we define the delta function as the object that satisfies:

b

6(x) f(z)dz = f(0). (166)

It is useful to see the delta function as the limit of bona fide functions §, () defined as

0 || >

On(z) = (167)

—_

—- 2l <
U

It does not matter how the function is defined at |x| = 1/2. Note that the function is increasingly pinched

in the vicinity of 0 as n goes to 0 and that the area of the function ffa On(x)dr = 1 for all n sufficiently
small. For f sufficiently smooth, we verify that

b b
| s i@ = [ 5@ 50)ds+00) = 10) + 0
where O(7) means a term of order 7, ie small as n — 0. In the limit n = 0, we get (166). The J§ function
should thus be seen as a mass one concentrated at the point 0.

Let now H,(z) be the antiderivative of 6, (x) such that H,(—a) = 0. We easily verify that

0 T < —g
1 n 1 n
n
1 > =,
70
In the limit » = 0, we find that the above function converges to the Heaviside function
0 <0
H(z) = (169)
1 x> 0.

This shows that H(z) is the “anti derivative” of the ¢ function, which I repeat is not a function. We

thus have the important formula for us
H'(z) = §(x). (170)

This is an equality of generalized functions. The way we use it is as follows. If we have an equation of the
form f’ =4, then we know that f(x) = H(x) + a, where « is a constant.
Finally, let us define the shifted § function

2+
| rwsts =2y = 1o (1)

This may be obtained easily from (166) by the change of variables y — x = y — z. We now verify that the
antiderivative of the shifted delta function is the shifted Heaviside function:

H'(x —2)=6(x — 2), (172)
where, spelling out the details, the shifted delta function is given by

0 <z
H(x—2)= (173)
1 T > z.
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The latter two equalities are important to us, so I've spelled them out.

Green’s function: an equation. Let us come back to (163). If we choose f(y) = d(y — z) for some
a < z < b, then we deduce from (171) that u(z) = G(z,z). This implies that the Green’s function satisfies
the equation

—LG(z,2) =6(x — 2), x € (a,b),
G(a,z) =G(b,z) =0.

(174)

Note that the differential operator L acts on the x variable here. This means that the Green’s function
G(z,y) gives the solution as a function of x for a source term located at y. Then (163) may be seen as a
superposition principle. Once we know the solution for all possible local sources, we sum over sources that
are present in the system, and obtain that the solution is the appropriate superposition of Green’s functions,
solutions corresponding to elementary (localized) sources.

We now can verify the reciprocity principle

G(z,y) = Gy, x). (175)

Indeed consider G(z, z) and G(z,y) and the Green’s formula

0= /ab(LG(x, y)G(x, z)— LG(x, Z)G(:L',y))d:z: /ab(é(:cy)G(z, z)—é(xfz)G(x,y))dm =Gy, 2)—G(z,y).

The influence at y of a source at x is thus the same as the influence at x of a source at y. This is a non-trivial
result.
1D Green’s function. Let us consider the simplest of equations for the Green’s function

-G (x,2) =6(x — 2), x € (a,b),
G(0,z) =G(L,z) =0.

(176)

We want to solve the above equation in two ways. The first method realizes that the derivative of —G’ is a
shifted delta function. As a consequence, we have that

~G'(z,2) =H(z — 2) + a. (177)

Note that G’ now is a function, whereas G” was a generalized function. The antiderivative of the function
G’ is therefore a continuous function. The Green’s function is therefore continuous. Integrating once more,
we get

—G(z,2) z/ H(y — 2)dy + ax + (. (178)
0
We find that
—G(0,2) =6 =0.
It remains to use G(L, z) = 0 to find a. Note that

z 0 r <z
/H(y—z)dy=
a

xr—z x> z.

Make sure you see where the above comes from. Also draw a graph of the Heaviside function and look at
the above integral graphically. As a consequence we have that

0=L—z4+alL =0, Whencea:%.
This provides the formula
L—z
r x<z
G(z,2)=4 ;L (179)
7 z x> z.



The function is thus piecewise linear, continuous, and looks like a tent. Note that the tent is negative in
Haberman’s book because his source is — with the above notation, while I prefer to stick to a source of
+4. All of Haberman’s Green’s functions are negative valued. Mine are positive valued. Needless to say, I
prefer mine, but watch out for the signs.

Let us now look at the second method, which can be applied to more general settings that the preceding
method. We realize that the delta function is concentrated at # = z. So there are no sources in (220) for
z < z and for x > z. As a consequence, the equation G = 0 holds on these intervals. This means that

Gz,z) =ax+b, =<z, and G(z,z)=cx+d, x>z,

for some constants a,b,z,d to be determined. Since G = 0 at 0 and L, we find that G(z,2) = azx for
0<z<zand G(x,z) =c(z— L) for z < x < L.

We now need two equations for a and ¢. They have to come from the source term. Let us integrate (220)
on a small interval (z — e,z 4+ ¢). We get

z+e
—(G'(z+¢e) - G'(z—¢2)) :/ §(x, z)dx = 1.
Passing to the limit € — 0, we get that
—(G'z"-G'(z7)) =1 (180)

Here G'(z7) is the derivative of G(z) on the right of z and G’(z7) is the derivative of G(z) on the left of
z. Note that the function G’ is discontinuous, as the Heaviside function is. The above translates, for our
problem, into

—(c—a)=1.

Note that (180) generalizes to more complicated problems than (220) and is very useful in many situations.
It remains to find another equation for @ and c¢. This is done by remembering that x — G(z,z2) is a
continuous function, since it is differentiable (as G’ is a function, not a generalized function).
Continuity implies thus that
az=c(z — L).

Solving for a and ¢ yields ¢ = —z/L and a = (L — z)/L so that (179) holds.

Lecture 22. Multidimensional Green’s functions.
Let us come back to Green’s functions and consider the problem

—V2u = f(x) x €
u=0 x € 0Q.

(181)

Here 2 is an arbitrary domain. We want to find an integral representation of the solution to the above
equation. We know the existence of solutions to

V2 + A =0, in Q  ¢,=0 on Q. (182)

Using the Green’s formula as in 1D, we obtain using the boundary conditions for u and ¢,, that

_ 2. o2 _ [
0—/9(V upy, — V2ppu)dx /Q( [bn + Anonu)dx.

Therefore,

o | [(¥)on(y)dy
Q

u(x) =

o~ D (¥)Pn (%)
Pn(x) = ———— | f(y)dy. (183)
= [ dway /ﬂ <n—1 A, /Q qs;i(z)dz)
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We may recast this as

u(x) = / Gxy)f(y)dy,  Gxy)= (Z %(ym(x)> = G(y,x). (184)
@ n=1 An/Qqs,%(z)dz

To find an equation for the Green’s function G(x,y), we need to generalize the notion of delta functions
to dimensions higher than one. For instance for x = (x,y), we defined

(%) = 6(x)d(y),

with a straightforward generalization to higher dimensions. An equivalent (more useful) generalization is
that for each function f(x) continuous on a domain €2 such that 0 € 2, we have that

| 56 1x)ax = f10). (185)
More generally, for each domain €2 such that y € 2, we have that
| s =y sxax = 1(x) (156)

If f(x) is chosen as §(x —y) in (181) and (184), we find that u(x) = G(x,y) so that G(x,y) has to
satisfy the following equation

—V2G(x,y) = 6(x — xe
(x,y) =d(x—y) (187)
G(x,y)=0 x € 5.
We already know that the solution is given by (184).
We can now consider a more general problem
—V?u = f(x x € ()
f(x) ss)
u = g(x) x € 09,
with non-homogeneous boundary conditions. Using the Green’s formula, we get
/ (uV3G — GV?u)dx = / ua—Gda(x),
Q oa On
since G(x,y) = 0 for x € 9Q. Thus,
oG
uly) = | f¥)Gxy)dx— [ g(x)5-(x,y)do(x). (189)
Q o0 n
The same Green’s function shows us how to handle volume as well as boundary source terms.
Green’s functions in infinite space.
Let us consider the two dimensional problem first:
~V2G(xy) = d(x—y), x€R (190)

for some y € R%. We first observe that by invariance of R? by translation, nothing changes if x is translated
by —y, so that G(x,y) = G(x—1y,0), a function of x —y, which to simplify we will still denote by G(x —y).
Note that this invariance by translation does not necessarily hold when the problem is defined on an domain
QC R
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So we have a problem for G(x) to solve. The domain R? is also invariant by rotation. It is therefore
useful to recast the problem using polar coordinates, and solve for G(r, ), which solves the problem

10/ 0G 1 9°G

o) g =000

for r > 0 and @ € (0,27). Note that we have not transformed the § function into polar coordinates. Because
0 is a generalized function, this needs to be done very carefully and we will actually avoid the problem
altogether.

Now the d(x) function is concentrated at the point x = 0, ie at the point 7 = 0 in polar coordinates.
This is a point, which is clearly invariant by rotation. As a consequence, since the domain R? and the source
0(x) are invariant by rotation, we should look for a solution of the above problem that is also invariant by
rotation; namely G = G(r) only. We we're after a solution that solves

o (5) =000

Now one more piece of information. For r > 0 there is no source since the delta function is concentrated at

r =0, so we have
1d/ dG
;a(?"ﬂ) —O, r > 0.
This is an ODE, and we can solve it:
G(r)=alnr+ 4. (191)

0 will be an unspecified constant. Note that solutions of (192) are clearly defined up to additive constants.
However « is not arbitrary. And to obtain it, we finally remember that there is a source term at x = 0
and that this source term is a delta function. The best way to obtain « is to use the divergence theorem
(yes, once more). Let us go back to G(x) = G(|x|) and remember that it solves (192) with y = 0 on any
ball B = B(0, R) centered at 0 and of radius R > 0. Integrating the equation over the ball and using the

divergence theorem gives
f/éﬁwwzf/v%@:/M@@:L
ap On B B

However n above is e, so that g—G = G'(R) at the boundary of B, of perimeter 2 R. This yields
n
, o -1
1=-G'(R)2nrR = ——=27R = —27q, whence a=—.
R 2m
This provides the result
-1
Gx,y)=Gx-y) =5 -Inx—y[+7. (192)
How about in 3D? The same symmetries by translation and rotation provide now the equation
1 d /s ,dG
aa (g =0 >0 (193)

using the proper expression for the Laplacian in spherical coordinates recalled in the preceding lecture. The
solutions are

G(r) == +5.

Note that the first term converges to 0. Here S is still undetermined by 3 = 0 is the only choice that makes
the Green function converge to 0 as r — co. (Note that this was not possible in 2D.) Is remains to find «
and we use the same divergence theorem as before:

- 8Gw@y:jév%mx=éf@mx:L

OB 8n
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oG

We still have that = G'(R) at the boundary of B, which now has a surface equal to 47R?. As a
consequence we have
1=—-G'(R)4nR* = 324:7TRQ = 2ra, whence a= i
R a7
This provides the result
Gx,y)=Gx—-y) = ﬁﬁ (194)

Needless to say, these two explicit expressions for the Green’s functions in two and three space dimensions
are very useful in applications. I would like to stress one more time that there are very few geometries in
which explicit expressions for the Green’s function are feasible. Not even in a square (or a cube) can one
get a nice expression for the Green’s functions.

One such example of a nice geometry is the half space Rf_ where y > 0 with Dirichlet boundary conditions.
Let y = (y1,y2) be a source term in R? and let us denote its image y* = (y1, —y2) in the lower half space.
Let us then construct the function

_ -1 * _ -1 |X7Y‘2
G(x,y)—ﬁ(ln|x—y|—ln|x—y \)-Elnm. (195)
We verify that
VG (x,y) = d(x—y), R2
() =iy, B -

Here 8]1%3 are the points x = (x1,0). So we have found the Green’s function of the half space with Dirichlet
boundary conditions by using the method of images.

We verify that
oG 1 Yo

0xalza=0 7 (21 —y1)2 + 43

Using (189), we find that the solution to the problem

—V2u(x) =0, R% (197)
uw(z1) = h(z1) ORZ,
is given by
PYe h(x1)y2
) = a 703 h‘ d = d ' 198
ulgn2) /R@JCQ (21,0, y)h(w1)dm /RW((M —y1)* +y3) o o)

This is a non-trivial result that can be obtained relatively painlessly using Green’s functions.

Lecture 23. Time dependent Green’s functions.
We will not dwell on time dependent Green’s functions and refer to Chapter 11 in Haberman’s textbook.
Still, let us consider the one-dimensional problem

o 02
S ks = Q@b we(0L), t>0
w(0,t) = A(t), w(L,t)=B(t), t>0 (199)

u(z,0) = g(x), x € (0,L).

Assume first that A, B, and @ vanish. Then the usual method of separation of variables yields

L o L
2 . nmy . AT _pn3x2
u(xvt):/o g(y)(E ESlnTSIHTe = t)dy:/o g(y)G($7t7yaO)dy7
n=1
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where we have defined the Green’s function
i 2 k’7l27\'2t
G(z,t;9,0) = Gy, t;2,0) = G(a, t;y) = Gy, t;x) = Z T sin < sin T67 Tzl (200)

The Green’s function thus gives the influence of a delta source at y and at time 0 on the solution at position
x and later time ¢. By invariance of the equation with respect to time shifts (because the coefficients in the
equation are independent of time), we realize that G(z,t;y,t0) = G(x,t —to;y,0), where G(x, t;y, to) is the
influence of a delta source at y and at time ¢y on the solution at position z and later time ¢. So with a slight
abuse of notation, we write the latter function as G(x,t — to;y).

Using the usual properties of the ¢ function, we thus obtain that G solves the following equation:

oG 0%G
— —k—=0 0,L t>0
o o =0 welD), i> (201)
G(z,0;y) =6(x—y), e (0,L)
Note that an equivalent way of writing the above equation is:

0G 0%q

— —k—— =46(z —y)i(t 0,L t>0

5 " Fgmz =0-w)), 2e(0L) t> (202)

G(z,t;y) =0 fort <O.

To convince yourself of this, find the corresponding differential equations for the Heaviside function H(t).
A final useful property of the Green’s function is that G(z, T — t;y) solves the following equation

0 0?
—ﬁ[G(%T —t;y)] — k@[

Gz, T —T;y) =6(z —y), x € (0,L).

Gz, T —t;y)] =0, c(0,L), t>0
(2,7 = t;y) v € (0.L) 03)

This is just because [u(—t)] = —u/(—t).

We are now ready to go back to (199). Get ready for a somewhat lengthy calculation. We want to show
that the solution of (199) is completely determined by knowledge of G. The tools we use are appropriate
integrations by parts. However, one has to be careful with the integration in the time domain.

Let T > 0 and y € (0, L) be fixed and let us find u(y,T). We use G(T — t) instead of G(z,T — t;y) to
simplify notation. We first need to realize that the following Lagrange-type identity holds:

(5 - 452) T = 0= (= 5~ kg6 - Ol = Qe.2)aT - (209

This comes from the volume equations for u and G(T — t). The differentiations in time provide

O — ) + %[G(T — Bu = %

5 [u(t)G(T —t)], (205)

so that

T ou
/0 (a—G(Tft)Jr%[G(Tft)]u)dt =u(z, T)G(z,0;y)—u(z,0)G(z, T;y) = u(z, T)0(x—y)—g(x)G(x, T;y).

ot
(206)
The Green’s identity tells us that

L 2 2U _f. 4.
/0 (%[G(T - %G(T ~1))de = Wu(w) - wu(oﬂs), (207)

thanks to the boundary conditions for G.
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We are now ready to integrate (204) in time and in space. The contributions from the differentiations
in time yield, thanks to (206), that

L T L
/O /0 (%G(T )+ %[G(T — 1))u)dtdz = u(y.T) - /0 o(2)G (@, T: y)da. (208)

The contributions from the spatial differentiations are given by

[ [ (oo Zer - [ (POT =)y, 000ty

thanks to the boundary conditions satisfied by (¢, x).
Now, integrating (204) over (0,7') x (0, L) and using the above results, we get the formula

L L T
u(T,y) = /g(x)G(az,T;y)der/O /0 Q(z,)G(z, T — t;y)dxdt

0 (210)
T
0G0, T — t;y) OG(L, T — t;y)
7 At - ——— 2Bt )dt.
+ /0 ( oz ®) Ox ®)
This justifies that claim that u(t, ) is completely determined by knowledge of the Green’s function G(z, t;y),
even for non-homogeneous PDEs and non-homogeneous boundary conditions.

Lecture 24. Fourier transform.

In many applications, boundaries may be far away from the location of the quantity we are interested
in. In such situations, it may be preferable to replace the domain, say (0, L) in one space dimension, by the
real line. For instance let us consider the heat equation

ou 0%u

v _ v v R

ot " 0a2 >0, @€ (211)
u(00) = f(z)  z€R,

and assume that f(x) goes to 0 as || — co. We are interested in solutions such that u(t,z) — 0 as well as
Since the domain for ¢ and 2 can be written as RT x R, there is no reason for not using the method of
separation of variables: u(t,x) = ¢(x)h(t) and obtain

W4+ Meh=0, ¢ +\p=0.

However we no longer have boundary conditions for ¢. We now only impose that ¢(z) be bounded uniformly
on R. For A fixed, we have

b(x) = ae™V 4 bem VA XS0, @) =ceV M4 de VN A<0;  d(z)=e+ fr, A=0.

Boundedness of the solution (for both positive and negative x) implies that ¢ = d = f = 0. The admissible
solutions are thus constant and oscillatory functions. Note however that A > 0 is arbitrary, and no longer
quantized as in the case of bounded domains. The spectrum of the eigenvalue problem ¢” + A¢ = 0 is thus
continuous and no longer discrete.

The principle of superposition still holds. We can sum elementary solutions of the form hy ()¢ () and
obtain that

ult, ) = / (Al(/\)eiﬁ””+Bl(/\)e*iﬁm)e*k’\td>\,
0

at least provided that the above integral makes sense. We recast the above integral as follows. For the first
term involving A, we change variables A — w()\) = —v/A and define ¢(w) = 2|w|A;1()\), and for the second
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term involving B; we change variables A — w(\) = VA and introduce ¢(w) = 2|w|B;(A). In both cases, we
have that w? = X so that 2|w|dw = d\. We then find that

u(t,x) = / c(w)efi“mefkw%dw. (212)

— 00

It thus remains to figure out what the function ¢(w) is. We now use the initial condition and realize that
the following relation has to hold:

o]
u(0,z) = f(z) = / c(w)e ™ dw.
—00
So there are two questions as usual. Can f(z) be decomposed as a superposition of oscillatory functions?
And if yes, how does one calculate ¢(w)?
The answer is the theory of Fourier transforms. When f(z) is 2L-periodic, we have seen that

s ]. L 7;7”\'?/ _jnrx L > 1 i"T"(.U—-T)
0= 3 gp [ fweFa = [ 3 e

Now using Ax = i and sending L to infinity, we obtain, using the approximation

o0 oo

/ g(z)dz = Z Azg(nAx),

o0 n=-—o0

and the change of variables 27z = w that
L , » 1 4
f(z) = lim f(y)/ 2Tz dy = / e_“‘””(— / f(y)e“”ydy) dw.
L—oo L R R 2w R

This shows the following result. Let f(y) be a sufficiently smooth function decaying sufficiently fast as
|z| — oo. Then we define F(w) the Fourier transform of f(x) as:

Flw) = FIF@)(w) = 3= [ ¢ fla)da. (213)
We define f(x) the inverse Fourier transform of F(w) as:
f(2) = FUFW))(x) = /R ¢ P (w)do. (214)

Note that the factor % appears in the definition of the Fourier transform as well as term e’“*. We could
have chosen to put % and €™ in the definition of the inverse Fourier transform. The Fourier transform
would then have no factor % and a phase e*?* instead. The reason I mention this is that all possible
conventions appear in the literature. I have followed Haberman’s convention, which is far from being the
most natural in fact.

To come back to the solution of the 1D heat equation, we obtain that

u(t, x) =/R(%/Rei“’yf(y)dy>eii“’zefk”%dw. (215)

This may be recast as
ut.a) = [ Glt.o =)y, (216)

where we have defined the Green’s function

1 . 2
G(t,z;0,y) =G(t,x —y) = / —emwEmy) kTt g, (217)
R 2
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We thus observe that the Green’s function is the inverse Fourier transform of the function F'(w) = e"““zt,

which is a Gaussian function. It turns out, and we will admit this important result (see appendix to 10.3
p.453 in Haberman), that the inverse Fourier transform of a Gaussian is a Gaussian (so that the Fourier
transform of a Gaussian is also a Gaussian), and more precisely that:

2 1 w? 2 a2
Fle™w) = e @0 Fle ™) = e (218)

As a consequence, we find the very important result:

G(t,z) = e~ 4kt 219
(t2) = 77— (219)
Thus,
ult.o) = [ e T f(y)d
' R VAmkt v

We can show that
lim G(t,z) = d(x),

t—0+

so that the Green’s function G(t,z — y) = G(t,z;y) satisfies the following equation

oG 0?°G

=k R
o~ Vo £>0, ze (220)
G(0,z;y) = d(x — y) z eR.

The same result can be found by choosing f(x) = d(x — y) in the equation for u(¢, ). As usual the Green’s
function indicates the influence at time ¢ and position = of a delta source term at position y and time 0.
The influence of a source at time s and position y would be given more generally by G(t, z;s,y) for t > s.
By invariance by translation (in time), we obtain that G(¢,z;s,y) = G(t — s,z — y).

Lecture 25. Fourier transform II.
We now look at fundamental properties of the Fourier transform. Let us first consider the shift

fle—p) = / e—iw(w—ﬁ)F(w)dw = / e_i“’wewa(w)dw.
R R

As a consequence, we have ‘
Flf (@ = B)lw) = e F[f (2)](w)-
This allows us to evaluate the Fourier transform of a derivative. By the above derivation, we have

f(z) = flx—B)
B

1— eiﬁw

f[ }(w)_ 3

[f (@))(w).

In the limit of 8 — 0, we get
Flf' (@) (w) = —iwF[f (z))(w). (221)

The above relation is probably the most important feature of the Fourier transform: it transforms differen-
tiation into a multiplication by —iw. Obviously, iterating one more time yields

FUf"(@)(w) = —w*FLf ()] (w). (222)

So the Fourier transform “diagonalizes” any differential operator with constant coefficients. For non constant
coefficients, as in the Sturm Liouville theory, Fourier transforms no longer diagonalize the operator.
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Consider an application to the usual PDE

ou 0%u

— =k = R.

T P2 u(0,2) = f(z), t>0, x¢€
We verify that

Ju 0
]:[a] ot [u],
since the Fourier transform involves an integration in space. However,
0%u 9
As a consequence,
gt]-"[ | = —kw®Flu),  sothat  Flul(t,w) = Flu](0,w)e ™" = F[f](w)e ¥ = F(w)e "
We have thus shown that
u(t,z) = / =% Puw)eF 4oy — F1F(w)e ") (z). (223)
R

In order to obtain a more explicit expression, we need to understand the inverse Fourier transform of a
product. The result is a convolution of two functions. More precisely, we have

[ e rc@is = [ Py [ érgwin=5- [ fe-nata

thanks to the formula for the inverse Fourier transform. Let us define the convolution of f and g as

1
(Fr9)le) = 5= [ fla- = o [ ol =)Wy = (g )z, (224)
R
The middle equality is obtained by using the change of variables y — (z — y). We have thus shown that
FHE(W)G(W)(x) = (f * g) (=), where  F =F[f], G=Flg]. (225)

As a consequence, the solution u(t,z) to the PDE is given by

1

u(t,) = (F7eM @) « (FF@) (@) = 5- / F e )@ — y)f(y)dy.

2w

We know the explicit inverse Fourier transform of a Gaussian function, so that:

Chp [7 _22
F e et J(z) = He ikt

(I y)

dy.
\/ Akt / fw)dy
Notice that for f(x) = §(z) and F(w) its Fourier transform, (223) and (226) provide that

‘We thus recover that

ult, z) (226)

1

5= F e N(),

FP@)e ™)) = =

from which we deduce that F'(w) better be (27)~!. This can be easily deduced from the definition of the
Fourier transform:

Flo(x)](w) = 70 F1)(z) = 2m6(x). (227)
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Note however that we have

FHo ) =1,  FA](w) = d(w). (228)
Parseval relation. If g*(z) denotes the complex conjugate of g(z) and G = Flg|, then we find that

g"(z) = /Re”“G*(w)dw so that G*(w) = Flg" (—z)](w).
Thus (225) shows that
> [ 1w — ()" (-a))(a) = FHF@E @) = [ PG @)

If we evaluate the above relation at = 0, we find the Parseval relation

/ f(x)g* (x)dx = /RF(w)G*(w)dw, F = F[f], G = Flg]. (229)

—/|f 2dxf/|F )P dw. (230)

This means that the energy of a function f(z) can be expressed in terms of the Fourier transform F(w). Up
to the factor 27, the energies in the Fourier domain and in the physical domain agree. This is a remarkable

property.

With f = g, we find

Lecture 26. Fourier transform III.
We consider further applications of the theory of Fourier transforms to partial differential equations. Let
us first consider the non-homogeneous heat equation

ou  O0%u

o ~ oz =dtw),  t>0, wER, (231)

with initial conditions w(0,z) = 0. Let us define U(t,w) and Q(t,w) the Fourier transforms of u and g,
respectively. Then we obtain, as we have before, the equation in the Fourier domain:

%—(Z + WU = Q(t,w), t>0, weR, (232)

with the initial condition U(0,w) = 0. We can solve this non-homogeneous ordinary differential equation:

¢
U(t,w)z/ Q(s,w)e“"2(t_s)ds.
0

The solution in the physical domain is thus given by

t t
u(t, ) :/e’i‘”/ Q(s,w)e"”%*s)dsdw:/ (/e*i“’we’ﬁ(“s)@(s,w)dw)ds.
R 0 0 R

Using the inverse Fourier transform of a product, we get

uta) = [ 5o [ F I — pats. s

Using the same Green’s function as in the preceding lecture, we obtain

t 1 lz—y|2
u(t,z) = e =9 q(s dds-//Gt—scc— s,y)dyds. 233
”/o/wm o(s.)duds = [ v)als.)dy (233)
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Laplace equation in a half space. Let us now consider the following half space problem

0?u  J*u

S ) zE€R, y>0

922 " By? Y (234)
u(z,0) = f(x) z €R.

We assume that u(z,y) converges to 0 as y — +o0o. Since the domain is invariant in the x variable, we can
define U(w, y) as the Fourier transform of u(z,y) in the x variable and obtain the equation

—wQU(wy)—ky—U—O weR, y>0
’ oyr ’ (235)
U(w,0) = F(w) weR,

where F' = F,_,[f]. The only solution bounded at infinity (as y — oo0) of the above ODE is
Ulw,y) = F(w)e 1«

So we have

u(®,y) :/Re_imU(wyy)dwZ/Re_i”F(w)e_Wwdw.

Using the inverse Fourier transform of a product we find the following convolution

u(z,y) = % /R]-'_l[e_|“|y](a: — 2)f(2)dz.

Now we have that

1w 2y
F e ly](x)zixuyz.

Indeed, since y > 0,

e} 0
/ e~ wremlwlygy, = / e~ WTTWY +/ e~ WTtWy g, = L — + ! — = 22y 3
R 0 o y+ix y—i1x T4y

Consequently, the solution to the Laplace equation (234) in a half space is given by

1 yf(2) ;
u(z,y) = - /IR G2t yzd . (236)

Note that for f(z) = d(x), we find the Green’s function

Iy
Glr,y) = ————.
(z,9) T2 4 y?
We verify that G(x,y) converges to d(x) as y — 0 so that, as usual, the above Green’s function provides the
solution at (z,y) for y > 0 corresponding to a source located on the boundary at (0,0).
Two dimensional Fourier transform. Let us consider the following heat equation

ou k<82u BQu),

k(7 + = y) ERZ, >0
o2 (z,9)

a =
u(O,x,y) :f(x7y)a (l‘,y) € R2.

(237)

Since the domain R? is invariant by translation both in z and in y, it seems reasonable to assume that the
Fourier transform in both of these variables will be useful. Let us first define

V(t7ww7y) = ]:z—w.)l- [u(t,x, y)](wx)
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We find that the latter quantity satisfies the following PDE:

21/
aa—‘t/——k 2V+k%—2, (we,y) ERZ >0

V(07 Wz, y) = fwﬂwz [f(xa y)](wl’)

The derivatives in & have been replaced by multiplications but we still have to solve a PDE (in the variables
(t,y)). Let us now define
U(tawwawy) = fy—wy [V (t, wa, y)](wu)
Now we find that
aﬂ—!—k(w +w)U =0 (Weywy) ERZ, >0
ot ’ o ’ (238)
U(0, wg, wy) = Fymsw, [Frow, [f (@, )| (wa, wy) = Fwz, wy), (wz, wy) € R

Define x = (z,y) and w = (wy,w,). We can define the two dimensional Fourier transform

Frowlf(x)](w) = Fy—w, [Fomw, [f (2, )] (e, wy). (239)
We verify that this is also equal to

FrowlfX(w) = Foow, [—nyHwy [f($7y)]](w$ku)
More explicitly, the Fourier transform is thus given by
1 iX W —
Faral {00)() = g [ € x)dx = Flw) (240)

We recall that dx = dxdy. We verify, using the 1D formulas, that the two dimensional inverse Fourier

transform is given by
ol F@I(0) = [ e Fw)do = f(x). (241)

Thus, we have defined U (¢,w) = Flu(t,x)](w), where we drop the subscript x — w. We have seen that it
verify the equation

O kU =0, U0w) = Fw),
whose solution is given by
U(t,w) = F(w)e *el” (242)
Using the inverse Fourier transform of a product:
_ 1
FF(w)GW)] = f( y)9(y)dy, (243)
(2m)?
we obtain (as usual) that
_ 1 —1y,—kt|w|?1 (5 _
u(tx) = s [P = y) (). (244)

Now using the 1D result, we find that

’ 2 ™ 2 T 2 T 2
emiwxe kol gy o ST g [T ot = T
R2 kt kt kt

Finally, we have the (very important) result

1 Ix—y|?

t = ARt dy. 245

u(t, x) okt fy)dy (245)
Obviously, we can define the two dimensional Green’s function
1 x|2

G(t,x) = ——e 37, (246)

Akt
solution of the two dimensional heat equation with a §(x) source term at x = (0,0).
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Lecture 27. Method of characteristics.
Consider the wave equation

2 2
% - ‘32%’ u(0,z) = f(z), -u(0,z) = g(x), (247)

for t >0 and z € R.

We verify that
G- e (§oe)(elems

so that
aﬂ + ca—w = 0 w = % - c%
ot ox ot ox (248)
o ov _ou o
ot “ox R T
The first-order partial differential equation
ow ow
e + o = 0, w(0,z) = h(x), (249)

is therefore of interest. Let us now concentrate on this equation; we will come back to the above wave
equation later.
We want to solve (249) by the method of characteristics. The main idea is to look for solutions of
the form
wit, x(t)), (250)

where x(t) is a characteristic, solving an ordinary differential equation, and where the rate of change of
w(t) = w(t,z(t)) is prescribed along the characteristic x(t).
Using the chain rule for the expression (250), we obtain:

d ow dxdw
i () = Fo+ ot

We see that (249) is verified if
dx dw dw
e X ="""_0). 251
A T T (251)
These equations are solved as

x(t) =zo +ct, w(t,z(t)) =w(0,x0). (252)

This means that the characteristic (t) is a straight line with speed ¢ and that w remains constant along
the characteristic. If we now have an initial condition w(0,x) = h(x), then we deduce that

w(t, zo + ct) = h(xo).

Since this holds for any xg, we check that for any x € R and ¢ > 0, there exists a unique zo(¢, ) = = — ct.
As a consequence,

| w(t,z) = h(z —ct). | (253)

Note that the above equation is well defined, and that it clearly satisfies (249) (check it).
Let us generalize the above procedure to the equation

ov ov
% on +av =0, v(0,z) = P(x), (254)
still for ¢ > 0 and z € R. We observe that
d _Ov | dx v

a(v(t,m(t))) =% + T or’
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so that the characteristic equations for (255) are

dx dv
- _— = . 2
o ¢, o +av=_p (255)
The solutions are found to be
z(t) = xo — ct, v(t,z(t)) = e *v(0,z0) + g(l —e ), (256)

As above, for each (¢,x) we can find a unique zo(¢,2) = = + ¢t so that

v(t,z) = e “P(x +ct) + g(l —e o). (257)

The above method generalizes to more complicated equations, including for instance o and 3 functions

of t and x. However, it is important to verify that xo(t, ) is defined uniquely; which is the case when the

PDE is linear, but not necessarily the case when the PDE is nonlinear. The reason is the following. We

replace the solution of the PDE by the evolution of a characteristic plus the evolution of the field of interest

(w or v above) along the characteristic. For each point (¢, ), we need to ensure that only one characteristic

maps the initial conditions to that point. If two different characteristics join the same point (¢, x), then the

method provides possibly multiple solutions to the PDE. The method of characteristics then ceases to be
valid and a more refined theory is necessary.
Let us consider the quasilinear equation

D veltain) L = Q) p0.2) = pola). (258)

Here the speed c(t, z; p) and the source term Q(t, z, p) are allowed to depend on p so that the above equation
is monlinear. Nonetheless the method of characteristics works and provides

B apt @), % = QU al):plt, (1), (259)

When the above equations can be solved, they provide solutions to (258). However the solution may no
longer be unique. Consider the example with @ = 0 and ¢ = ¢(p) and initial condition p(0,z) = po(x).
Then,

dp dx

oy o

7 =0 g =<,
so that x = x¢ + c¢(p)t and as a consequence

p(t,z(t)) = p(0,z0) = p(t,z0 + c(p)t) = p(t, zo + c(po(x0))t).

If there is a unique xo(t, z) such that

x = w0 + c(po(wo))t, (260)
then the solution to the nonlinear PDE is given by
p(t, z) = po(zo(t,x)). (261)

We can verify that (260) admits a unique solution when c(pg(z)) is a smooth, positive, strictly increasing
function of x. Indeed ¢ + ¢(po(x0))t is then a smooth strictly increasing function of zy and there cannot
be z¢ # x1 such that zg + ¢(po (o))t = 21 + c(po(x1))t.
However, when ¢(p(xg)) > ¢(p(x1)) for some xy < z71, then there is a time
r1 — o
t= >0,
c(p(zo)) — c(p(e1))
such that xg + ¢(po(x0))t = z1 + c(po(x1))t. This means that the characteristics emanating from zg and
x1 cross (and meet at time ¢). Then the method of characteristics states that p(¢,z) = po(xo) = po(z1).
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However, the latter two terms may well be different and the method of characteristics then provides a
multivalued solution, i.e., not a bona fine solution to the PDE (258). The method of characteristics fails
to provide a unique solution to the PDE. This is typically the situation when shock waves develop, and
additional mathematics needs to be developed. Note that the above time of crossing is positive. We can
show that for sufficiently small times, the method of characteristics provides the correct solution to (258)
provided that the speed ¢, the source @, and the initial condition pg(z) are sufficiently smooth.
D’Alembert principle. Let us come back to the wave equation (247). We have seen that

ou ou
w(t, x) % o = h(x — ct),
and that 5 5
u u
o(t,z) = N + o = P(x + ct).
So we obtain e.g. that
2% = h(z — ct) + P(x + ct).
Define by —F an antiderivative of h/(2¢) and by G an antiderivative of P/(2¢) and we get that
ou 0
Y p(e —
5% — o ( (x —ct) + Gz + ct)),
so that
u(t,x) = F(x — ct) + G(z + ct), (262)

up to a constant that we absorb into one of the antiderivatives. This is the d’Alembert formula. Now, initial
conditions show that

F(z)+G(x) = f(z),  —c(F'(z) - G'(x)) = g(x),

F(z) = @ - 210/; gy)dy,  G(x) = @ + i /Ox g(y)dy.

that is,

The above formula (262) shows that information propagates with finite speed (speed c) for the wave equation.
One part propagates with speed ¢ to the right (F(x — ct)), the other part to the left (G(x + ct)) with the
same speed.

The principle of propagation of information with speed ¢ generalizes to higher dimensions. However the
method of characteristics does not work for the wave equation in dimensions higher than one. In higher
dimensional cases, wave propagation cannot be replaced by information propagating along characteristics.

Conservation of particles and method of characteristics. Recall that the conservation of particles
with density p(¢,x) and velocity v(x) reads

dp B
5 +V-(vp)=0, (263)

which can be augmented with initial conditions of the form p(0,x) = po(x). Here x € R?, where d is space
dimension. Assuming that the velocity v(x) is given and sufficiently smooth, we may recast the above
equation as

0
a{ +v-Vp+(V-v)p=0,  p(0,x) = po(x). (264)

This (possibly) multi-dimensional equation can now be solved by the method of characteristics. We find
that

d dx(t

Dot x0) + (7ot xm) =0, P _yxqpy), (265)
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The second equation is a well posed ordinary differential equation, assuming that v(x) is smooth and well-
behaved. For any point (T,x) we can run the characteristic backwards for time T to find xo(7,x). More
precisely, define

g = ve@),  y0)=x (266)
When we define xg = y(7T'), and verify that the solution to

dx(t) _
PO —vx@), x(0) = %0,

gives x = x(7T'). It remains to solve the other ODE along the characteristic and find
p(T.x) = e o (VXD (), (267)

where x(s) is the characteristic such that x(0) = x¢ and x(T') = x.

The physical interpretation of the above result is the following. When characteristics move closer to each
other, then V - v is negative. Because the volume occupied by the particles shrinks, the density of particles
has to increase so that the total number of particles is conserved. When characteristics move away from
each other (they diverge!), then the divergence V - v > 0. Because the volume occupied by the particles
increases, the density has to decrease so that the total number of particles is conserved.

Recommended exercises for this section: 12.2.2;3;5;10, 12.6.1;2;3;8.
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