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ABSTRACT. We introduce a technique for recovering a sufficiently smooth func-
tion from its ray transforms over rotationally related curves in the unit disc
of 2-dimensional Euclidean space. The method is based on a complexification
of the underlying vector fields defining the initial transport and inversion for-
mulae are then given in a unified form. The method is used to analyze the
attenuated ray transform in the same setting.

1. Introduction. In several engineering applications one deals with the problem
of recovering an unknown function from its integrals over a collection of lines. In
medical imaging this problem arises in positron emission tomography (PET), single
photon emission tomography (SPECT), and (originally) CT-scan tomography [25].
In other applications the line integral is instead taken over a class of one-dimensional
curves in either Euclidean space or more generally, a smooth manifold. Examples
of this more general geometry arise, for instance, in the geophysical problem of
determining internal properties of the Earth from travel-time measurements made
at the surface; [34]. Another example of the general setting is in non-destructive
electrical imaging techniques such as electrical impedance tomography; see e.g. [11,
9]. This type of data is generally referred to as a ray transform or, in the case of
straight lines, the z-ray transform. Quite often the physics will also dictate that the
signal undergoes some absorption along its trajectory and is attenuated, the data
then called the attenuated ray transform.

The mathematical applications, properties, and uses of these integral transforms
and their inverses are discussed in great detail in [11, 18, 19, 34] and include har-
monic analysis, algebraic curves, tensor geometry, and partial differential equations
to name a few. Generally, ezplicit inversion formulae over curves other than lines
(geodesics of a Riemannian manifold, say) tend to restrict focus to manifolds with
a strong amount of symmetry (as in, e.g. [18, 19, 20, 9, 31, 28]) and do not in-
clude the effects of absorption encountered during propagation. For the case where
attenuation is taken into account, strong local injectivity results were established
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by Finch in 1986 [13]. Full injectivity was only established as recently as 1998, by
Arbuzov, Bukhgeim, and Kazantsev in the work [4] using the theory of A-analytic
functions developed by Alexander Bukhgeim. An excellent account of this and other
progress made on the attenuated ray transform may be found in Finch’s chapter
of the book [35]. More recently Salo and Uhlmann, in the article [32], developed a
reconstruction procedure for the attenuated ray transform on geodesics of compact,
two-dimensional, Riemannian manifolds with boundary, although an explicit inver-
sion formula was not obtained. We will be, in this paper, restricting our attention
to particular ray transforms on curves in a 2-dimensional region of Euclidean space.

The method we present in this paper generalizes a technique that was first used
by R.G. Novikov in [27] for lines in Euclidean space and later generalized in [6] for
geodesic rays in hyperbolic geometry, giving an explicit filtered backprojection in-
version formula for the attenuated ray transform in each case. In fact, both of these
inversion formulae are special cases of the main result of this article, Theorem 5.2,
as we shall show in section 6. The technique rests on a particular complexification of
a class of differential operators in R? which allows us to recast the problem in terms
of complex analysis in the unit disc. Once the problem is cast in this light, we use
the classical Poisson formula [14] relating the boundary values of analytic functions
on the unit disc to their interior values to obtain a reconstruction formula. We will
also see that the method illustrates a deep role played by Beltrami equations in in-
verting ray transforms. Excellent introductions to complex analysis and conformal
mappings are [33, 16, 14] and the classic [1]. Good introductions to quasiconformal
mappings, Beltrami equations and their generalizations can be found in [2, 29] and
the more recent [5]. References on Blaschke products and multivalent mappings can
be found in [10, 15].

An outline of the paper is as follows. In section 2, the general setup, notation, and
a quick review of the essential mathematical objects used throughout the paper are
presented, together with the main results. In section 3 we begin the complexification
procedure by introducing a new complex parameter A into the transport equation
introduced in section 2 and then give a classification of the vector fields under
consideration as those of type H. Much of the heavy lifting is done in the more
technical section 4 where we find and analyze the Green’s function of the new
parameterized complex partial differential transport equation. We will establish
that condition H is sufficient to guarantee holomorphicity of the solution of this
equation in terms of the new parameter A. We evaluate the asymptotics of the
solution as our complex parameter A tends to the unit circle from both inside and
outside, i.e. as |A\| = 1T and see that in fact its imaginary part depends on the
data we are interested in. Omnce this is established, we use this fact in section 5
to give our desired reconstruction formula in the non-attenuated case. The rest
of section 5 uses the non-attenuated formula to give an integrating factor solution
for the attenuated case. In section 6 examples of the method are then given for
the cases of Euclidean space, the Poincaré disc and, with an easy generalization of
the technique, the projection of the spherical cap into the unit disc. We offer brief
concluding remarks in section 7.

A Review of the Case of Straight Lines. In order to motivate some of the
general ideas presented in later sections, and to help keep the discussion concrete,
we start by quickly showing how to invert the attenuated ray transform on lines in
Euclidean space. The method we present in this section is similar to that discussed
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in the paper [7] and is a variation of the method used by R.G. Novikov in the article
[27].

Physical Background. The attenuated ray transform on straight lines in Euclidean
space arises naturally in the context of emission tomography in medical imaging
where one measures radiation being emitted by an internal source f(x). Letting
u(x,6) denote the density of light at the position x € Q C R? with orientation 6,
we will be considering the following stationary radiative transport equation

(1) 0 - Vxu(x,0) + a(x)u(x,0) = f(x)

where 8 = (cos0,sinf), Q is convex and both absorption a(x) and density f(x)
are sufficiently smooth and compactly supported. We will always assume that the
transmission coefficient a(x) is known since this can be determined by additional
measurements. Although it is not necessary, for simplicity in keeping with the
rest of this article we will also assume that @ C DT where DT is the unit disc
{(z,y) € R*2® +y*> < 1}

Since light is being emitted internally, the emission event wu(x, ) should satisfy
the boundary condition that no radiation is picked up from the behind the emission
site, i.e.

(2) Jim_u(x(t),6) =0
where x() are the characteristic curves, x +t60, of 6 - V.
Defining Xy = 0 -V and using the decay of the absorption coefficient we see that
I Xoa(x + t0)dt = [;° 2 a(x(t))dt and thus 0 - V(Bga)(x,0) = —a(x) for
o0
(Bga)(x,0) = / a(x +t0)dt
0

the so-called divergent beam transform [24].

We will be using here the symmetrized beam transform Dy, based on the usual
divergent beam transform and defined as the odd part of the integration over char-
acteristics with respect to angle; namely, Dy = %(B,g — By) or

3) (Dya)(x) = % /R sgn(t)a(x — 6)dt

It is clear then that the symmetrized beam transform inverts the vector field Xy,
in the sense that XyDya = a and therefore Dya serves as an integrating factor in
equation (1) so that we may write the solution in the following form

u(x, ) = e=Doo / (200 ) (x — 1) dt
0
With 8+ = (—sin6, cos#) one can write x = t0 4+ s8- and we see that
(4) lim ePo(s07+10)y (59 4 1) = / Doa(s07+10) ¢(59 1 | 10)qt
R

t, oo
= (La,0f)(s,0)

where I, o f is the attenuated ray transform of f. We can acquire the measurements
appearing on the left-hand side of equation (4) since a was assumed to be known
and lim; o, u(s8" + 1) is the radiation measured by external detectors.
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The Inversion Method. Our method of approach for finding an inversion formula for
the attenuated ray transform will be based on finding an appropriate holomorphic
integrating factor for the transport equation (1). To do this, we will first find
an analytic solution to the non-attenuated transport equation in an appropriate
extension of the angular variable.

In order to arrive at a suitable inversion formula for the non-attenuated ray
transform, we first consider the parameterization of R? = C via z(t,s) = t + is.
Then the pushforward in z of the vector field % takes the form z*% = 8% + % and

one sees that t(z) = 25 and s(z) = 2:Z. For each § € (0,27] define a conformal
map € : C2 — C? via e¥ : (2,2) = (e92,e7%%).

A calculation reveals that

_ 0
Xo =€ 24 T
which is the vector field defining the lines over which our data is integrated.

We will begin by examining a particular complexification of the non-attenuated
radiative transport equation Xpu(x,0) = f(x). The main idea will be to turn the
transport equation into an elliptic equation, namely the d-equation, in particular
coordinates. For this we consider the extension of the map €% to § € C\R. Define,
for 0 < |A] < 1, the map A : (z,2) — (\z, 5) generating the complexified transport
operator X, = )\*z*%. Since A.(2,2) — (5, 2\) one has that

o 10
=2 e

To solve the complexified transport equation X u(z,\) = f(z) for A € DT\ {0}
one can explicitly find the Green’s function associated to X by a change of variables
in A\.s = s(z,\). It turns out that this will reduce the problem to a J-problem in

xe D\ {0}

s. To see this, observe that since s(z,\) = %(ﬁ — Z)\), we can, after a change of
variable in A, s, write the following
A 1o <0 1 o 19
)\* *X = = \T a5 )\i 7.—/\*—fi
(X)X 21()\65 + 88)+ 22/\( 0s )\88)
5) _Pope o
2 08

Since, on that region, the Jacobian of s(z, ) is —%(|A[> — ﬁ), we see that the
fundamental equation X G (z) = d(z) may be written in (s, §) variables as

10 _0(s(z,0)
E%(S(Za)\)*G,\) =-—5

Therefore we may write

1
(6) Ga(z) = 2mis(z,\)’ A e D\ {0}
since 9, L = §(2).

For A # 0, the solution to X u(z,A) = f(z) may therefore be written as the
covolution u(z,A) = [, Ga(z—20) f(20)dp(z0). Since d5Gx(z) = 0 away from zero,
we see that u(z, A) defined this way is holomorphic away from the origin. We remark
that this solution may be analytically extended to a function (which we denote by u
also) asymptotically at A = 0 since for all z € DT, s(z,\) is meromorphic in A and
limy 0 |s(z,A)] = co. The solution u(z, A) therefore continues to a holomorphic
function of A\ vanishing at A = 0. That is to say, we have an expansion of the
form u(z, \) = Aru(z,0) + O(|A|?). Then from the expansion dyu(z,\) = —(5z +
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ZA?)u, (2, \) near |A| = 0 and the fact that by inspection u,(z, A\) = O()) near 0, we

see that )\w

Since uz(z, A) decays at the origin %ug(z, A) is complex-analytic on DT as well.
In the limit [A| = 1~ we see, on using A\ = (1 — €)e? in equation (6), that

is necessarily an analytic function vanishing at the origin as well.

Gr.(2) = !
Ae\B) = m(ze=® — ze 4 g(ze= " + ze?) + O(e2))

1
2im(x - 01 —iex - 0 + O(e2))
Therefore, since u(z, A) is given by the convolution (G * f)(z), in the limit, the so-
lution uy (z,0) = lim|y| ~ u(z, A) tends towards a convolution of f(z(t,s)) with the
Fris—i0sgnro) 0 both ¢ and s. We remark that the kernel Gy(z,0) =

3 is the same as that appearing in [27]. One can show, using the

distribution
1

2mi(x-0+ —i0sgn(x-0

Plemelj formula, that this convolution with

1
Smi(s=i05gn () then tends towards

us(,0) = (Dof)(x) + 5 (HIp)(x - 64,6)

where H is the Hilbert transform taken with respect to the s variable.

As an aside, we mention that if A is instead taken to be 1 < |A| < oo, the
Jacobian of s changes sign and the problem may be considered on both the inside
and the outside of the unit disc. In that case one sees the asymptotic limits from
both inside and outside the unit disc become

+1

2mi(x - 0+ F i0sgn(x - 0))

and one can analyze the problem as a Riemann-Hilbert one. This amounts to finding
a sectionally-analyic function t(z, A) away from the unit circle with jump across
the unit circle given by ¢(z,\) = i(HIpf)(x - 6F,0) augmented by asymptotic
vanishing lim|y| xoo [A|[Y)(2,A) = 0. Throughout this article we will occasionally
adopt notation of the Riemann-Hilbert formalism, though we will only be concerned
with the interior of the unit disc.

Noticing that X0 -V = —i(=A& + +2) is the complexification of the vector
field generating the flow orthogonal to Xy, we remark that since the analytic func-
tion )\% — 0 as |A| \, 0 we see that we may use this to equate the limiting
longitudinal and transverse flow at a point, namely

Gi(z, 6‘) =

A@u(z, A 10u(z,N) _Aau(z, A) . 1 0u(z, )

N e R i\ S il S )
= lim {(\.0F - V)u(x,\)}
[A|]—0

Since the left and the right sides of the above represent analytic functions, their
values at zero are determined by their mean values and we may write

1 2m 1 2m ) ]

— Xou(z,0)d0 = — 0L - VHIf(s(ze~"),e)do

2m Jo T Jo

i 27

(7) + 5o 0+ - V(Dyf)(z)do
™ Jo
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Then, comparing the real and imaginary parts above, and using that XoDgf = f
one has the formula

(8) f(x)

1 2T )
= 0+ V{HIf(s(x-0%),e?)}do

4 0
which determines f € C°(D™) from measurements of (If)(x - 6=,0). The oper-
ator \,.0% -V plays the role of —X, which will make appearances throughout the
remainder of the article.

Next, we will consider the complexified transport equation with attenuation
a(x) € C(DT) given by

(9) Xow(z, A) + a(z)w(z,A) = f(2), A e DT\ {0}

We use the integrating factor ")) where Xyh(z, \) = a(z) to reduce equation (9)
to

(10) Xa{e"EMw(z, M)} = (2, 0) /()

and by the results previously mentioned the integrating factor will be, for all z € D,
holomorphic in A € DF. Therefore, the right hand side of the above is analytic in A
and since the Green’s function associated to X preserves holomorphicity, one has
holomorphic solutions of (9) vanishing at the origin. Since w(z, A) — 0 as |A\| = 0
we have that solutions to (10) satisfy

}\i‘IQO{X)\’w(Z, A+ a(2)w(z, N} =1 |>1\i|1§0({)\*0J_ -Viw(z, )
(11) _ 2i " 0L T, (2.0)d0
T Jo

Since the dependence involves some more complicated operators arising from the
limiting values of

w(z, \) = e~ "N / Gi(z — 20)e"Z0N f(z0)du(z0)
c

as A — T non-tangentially, we merely state that a careful study of wy(z,0) shows
that it in fact depends on the data I,¢f and we refer the interested reader to
equation (32) for the details.
With the above considerations in mind, the relation
i 27
(12) f(x) = 7/ 0" - Vw, (x,0)dd
2 Jo
can be shown to give our desired filtered backprojection inversion formula for the
attenuated ray transform on straight lines in Euclidean space.

2. Preliminaries. We now proceed, keeping the preceding Euclidean example as
intuition, to the general focus of this article. We let v : R? 3 (¢,5) + ~(t,s) €
Q) C R? be a diffeomorphism where Q is an open, bounded, simply-connected region
of the plane. Denote the unit disc by Dt = {z € C : |z| < 1}, the unit circle
by T = {2 € C:|z] =1}, and D~ = C\ {DT UT}. We consider R?* = C by
the standard isomorphism so that ~ is identified with v!(¢,s) + iv%(t,s). Then,
(w, w) are independent complex coordinates on 2 where w = ~(t, s). Because v is a
diffeomorphism, its differential is injective and therefore induces a vector field on 2
via its differential under the rule (¢, X)(f) = X(¢*f). Consider v, £. We observe
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that this gives a vector field which acts on pushforwards in w of functions on €2 and
where the non-degeneracy is ensured by the regularity of the curves (¢, s).

Throughout this article, we will be considering the stationary transport equation
X|wu(w) = f(w), for w € Q, f(w) € C°(Q) given by the following

(13) p) S 4 () 08— fw), weQ

We will want to use the symmetry of the unit disc which is a priori unavailable to us
in this more general domain. There is a unique biholomorphism, z(¢), mapping
into D, the unit disc, with 2(¢) = 0, 2/(¢) > 0 as in [26] and (t,8) give coordinates
on DY through composition since 4*z maps R? into D. Because of this equivalence
between our initial domain 2 and the unit disc all further results will be presented
in the disc. If Q was all of R? (and the Riemann map was consequently unavailable)
the method below will still work since R? has the needed rotational symmetry.

We therefore use (z, z) as coordinates on DT and have a new vector field on D
given by X|. = 2. X|.(p). and p — {z*u}a— o z~! and likewise for fi. By slight
abuse of notation we denote {z*u}— oz~ 1 by u(z) and {z*ﬁ}% oz~ 1 by fu(z) so
that vector field of interest is

0 0
Xl: =wz)g + a5, z€DT

We define t(z) = z,w,t and s(z) = z,w.s, smooth functions on DT and suppose
that s is real-analytic.
The method of characteristics shows that X|,D; f(z) = f(z) where

(14) u(z) = (D1 f)(z /f (to, s))sign(t(z) — to)dtg

The integral curves of X|, are just the image of integral curves, i.e. ¥*z* = (zo~v)*.
and we define the ray transform of a source function f(z) over the integral curves
of X|, indexed by s to be

(15) (1f)(s) = / F(e(t. 5))t

We will later be using the following extensions of these operators given below:
Symmetrized beam transform

(Do) (= / B 5(to, s(ze= ")) sign(t(ze ) — to)dty € LY(D¥)
Ray transform
(L) (5,¢) = (TIp)(s /we “to,s)dto e L'(DY)

We will always use 6 and e interchangeably, the meaning determined by context.
We will have occasion to use the Hilbert transform H of a function defined as
the following Calderén-Zygmund principal value integral operator [306]

1 Yy
(16) @) = oo [ YWy pe@,  poa
m RT—Y
Lastly, we will be using the standard Poisson kernel of the unit disc given by
P(z,0) = % We recall that the Poisson kernel generates harmonic solutions
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v(z) of the BVP
Av =0, ze D"
vlp =g
given by v(2) = 5= [ P(z,0)g(e")db; [12, 37] with g € C(T).
The main purpose of this article will be to show that given suitable conditions

on p(z,z) and s(z, ) that one has an inversion formula for the ray transform given
by the following
1 2

f(Z)ZE o

where the A;(z) are functions to be introduced later.

With the above formula established, we present an integrating factor method to
estabish a similar reconstruction formula for the attenuated ray transform along
the same curves. The above is a type of inversion formula known as a filtered
backprojection type [25]. The procedure used to derive the above main result can
be best thought of in the following heuristic scheme

P\, )Xy H(Ipf)(s(ze™%),e'))do i=1,.,n

1. Model: Writing down the linear stationary transport equation for the dy-
namics
2. Symmetrizing: Introducing a rotation parameter A = e’ into the integral
curves of the transport PDE
3. Symmetry-Breaking: Complexifiying the parameter introduced in step 2
by moving A “off-shell”, i.e. |A| # 1, breaking the rotational symmetry of the
problem and generating an elliptic equation
4. Analysis and Asymptotics: Evaluating the dependence of solutions to the
complexified equation on our parameter A and examining limiting behavior.
These boundary values will be shown to depend on the measured data we are
interested in inverting
5. Reconstruction: Using holomorphicity of the solutions to write the inversion
formulae as Poisson integrals of their asymptotic boundary values found in
step 4
The reader may find some benefit from keeping the above rough outline in mind
throughout the following. In this section, we have finished step 1. Steps 2 and 3
are handled in the next section. Step 4 is done in the more technical section 4, and
the final step is given in section 5.

3. Complexification of the Transport Equation. We will define the conformal

map A : (2,Z) = (Az,12), for A € T the unit circle. Notice that if ®(-,s) is a set

of integral curves of DT, that z=1(A\*®(-,s)) are conformally related curves in our

original domain Q. For A € {DT U D~} \ {0,00} we consider \,X|. = X, to

be the so-called “complexification” of X|,. We remark that A, X|, takes the form
(£, 2)AZ +i(3,22) 5 2 or

RS 9z T X A2 X Bz

(17) X = &(z, A)Q + p(z, A)ﬁ A e DT\ {0,00}

0z 0z
with $£(2,A) = p(z,A) = Ap(2) and Ap(z, ) = fi(z, A) = A.Ji(z). We also define
X3 = 2i(—€(2, \) & + p(2,\) &) as a vector field orthogonal to Xy when A = .
Namely, Xy - X = £(§(2, ), p(2, €)) - (=i&(2, ), ip(z,€")) = Fi(|§(2, ) * —
lp(z,€?)[?) = 0 in the standard inner product (-,-) : C2 — C. The factor of i is
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needed to make X g-u real-valued and the choice of + is determined by whichever
satisfies the condition Xi's > 0. Since Xi- = a(2)z, £ for some real-valued a(z),
this determines Xi- uniquely. We could just as well reparameterize with —s so we
will, without any loss of generality, avoid keeping track of signs by just assuming
that X3 =i(—&(2,\) 2 + p(z,\) ).

We likewise define s(z,\) and ¢(z, A) as A.s(z) and A.t(z) respectively for A €
D*\ {0,00}. A word on notation: gk and k. are equivalent, as are 8’“ and kz, and
we will use them interchangably.

We remark that equation (17) has no direct physical meaning since the complex
parameter A\, when taken to lie away from 7" = @D, is in some sense artificial and
may be best thought of as a complex parameter indexing a class of complex partial
differential equations given in (17).

Next we reduce the scope of our consideration to the class of vector fields X
consisting only of those satisfying the following condition H.

Definition 3.1. A complexified vector field X = £(z, )\)% + p(z, )\)%, induced
in the manner above as A\, X|., A € D*\ {0, 00} from a real field X|., is said to be
of type H if, for each z € D™, the following conditions hold;

1. &(z, /\) is holomorphic for A € D and has at least one zero \;(z) such that

Ai(z)) =0

§(z,
2. p(z, ) is a nonvanishing meromorphic function of A for A € D
£(z,

3. e ; is a holomorphic function of A for A € D* and has at least one zero

A= X\(z) € DT

In addition to the above we will also need a condition on the complexification
of the transverse coordinate s, since this will turn out to play an important role in
our analysis. For this we define a class of suitable coordinates.

Definition 3.2. Let X be a vector field of type H and let s(z, \) = A.s(z) be the
complexification of the real-analytic transverse parameter s indexing the integral

curves of Xy. Then s(z, \) will be called suitable whenever the following conditions
hold,;

1. s(z,)) is a meromorphic function of \ for A € D* an
meromorphic functions on Dt away from any singularities of s(z, A)
2. For each z there exists an e such that s(z,\) is analytic in A for |[|A] = 1] <e

3. % vanishes in the sense of distributions for z # zy at the possible

Js(z,A)  9s(z,\)
d =5=, =5~ are

singularities of s, s,, sz

4. For z # 2, % is bounded for A € DT\ {0}

We are, in the above, treating z and A\ as independent variables. We stress that
we are not requiring any of the above functions to be holomorphic in the z variable.
We pause to present some informal arguments for these definitions.

Some Informal Justifications. While the conditions listed in the first definition
above may seem at first unnatural, we remark that holomorphy of £(z, A) appears to
be the strongest. Aside from the conditions on zeros, or lack thereof, meromorphy
itself is weaker and the second and third conditions almost follow from the first.
The definition of suitable s includes conditions that are all related to the behavior
of s(z, A), which will be shown to satisfy, aside from isolated critical points, a family
of Beltrami equations on D7 for a Beltrami coefficient depending analytically on A.
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10 NicHOLAS HOELL AND GUILLAUME BAL

The change of variables induced by A creates such isolated critical points and these
conditions are more or less natural. Indeed, since Xys(z,0) = 0 and this property
survives through complexification almost everywhere, one will have Xys(z,A) =0
when (z,2z) € Sy = DT\ {w : limy, . |s(wo, A)| = oo}, the complement of the
locations of the potential poles of A,s.

Informally, we remark that already the first condition is not too stringent since
meromorphy allows for isolated blow-ups. Next, since for each z € DT, the possible
poles occur internally, choosing A close enough to 7' = D% will allow for a local
Taylor expansion in A. For the third of the above we remark that X A.s = 0
strongly on S so we only need to worry about the behavior on the complement of

Sx. For this A.s ~ % with bounded g for z — S§. Then with |A| < 1 and
X)\)\*S

for z ~ w € S we have that the asymptotic behavior of GENsGo? is governed
by limiting behavior of

g(z,\) (2,2)
ok (€(z, )‘)az - ;(z))k + (2, A)ﬁz(kg—;w

(A —=p(2)) 7((g(z, A) — (A — p(2))Fs(z20, N)))2

z€S§

and we therefore expect that any distributional singularities occurring from terms
like %m are compensated for by the vanishing of (A — p(2))?*. The last

condition involves a term like % for z # zg. The local behavior of

s(z,A) — s(z0,A) on Sy is determined by the fact that it solves Xys(z,A) = 0 and
vanishes at z = zg. Therefore we have an expansion around zy determined by
s:(20, A) 1

(s(2,A) =s(20,2)) (5 — 20) — £2200(z — 20) + O(Z=2L )

for 6 > 0. From this, we see that this the last condition of suitable s is also quite
reasonable. The requirements of suitability are in place to prevent pathological
examples.

(18)

4. Solving the Complexified Equation. In trying to solve the complexified
transport equation

(19) Xau(zA) = f(z), A DT\{0}

we will again be changing variables. For this, we will want to collect a few prelim-
inary facts. Because igzi; is holomorphic in A € DT its zeroes are isolated. Also,
since f)gig is holomorphic for A € D* and since conformal mappings map bound-
aries of Jordan domains into boundaries of Jordan domains, then ggzz:; = #(zg for

£(z, /\)‘

FIE) A = 1. Since we assumed that there is at least one

zero \;, the maximum prlnClple ensures that \5& §)| < 1for A € DT. We then get

the following simple lemma.

Lemma 4.1. Egz ig has a finite number of zeros, A\;(z) with multiplicities m;(z)

some y € T and thus |

Proof. This is a simple consequence of the argument principle [16]. Namely, one
has

3 &(z\)
X

1 DX o)
ZmZQM'/M 1 §(z )p( A

i
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RAY TRANSFORMS ON A CONFORMAL CLASS OF CURVES 11

and ﬁgz ;\\3 is holomorphic, hence so is B%EPEZ )‘g, on the region DT. They are also
both continuous on 7. Therefore, |2 f)é i‘\§| < M < o for A € D¥. Thus,
63)\ fg ig 1 2m
p(z
m; < p(z, \)dA| < — Mdf =M
Z 2 /Al 1 €(z,0) 27 Jo

O

Henceforth \; will always be used to indicate a value in the unit disc for which
ey
onto itself and having a finite number of zeroes can be uniquely written as a finite
Blashke product so that g(z i; can be given in the form C(z)H?:l(IA:/\)‘f_ )™ with
|¢(2)] = 1, and with m; and A; possibly depending on z; see [10, 15]. 1
£z, )‘)| < 1 for A € DT we also have that the complexified

transport equation XAu(z )\) f(z) can be rewritten as

€20 /)
FERYRSERN Y

which is a holomorphically forced Beltrami equation, [3, 8, 5]. If u,(z,0) is bounded
this will hold at A = 0 as well.

Letting Sy = DT\ {w : limy,— |$(wo, A)| = oo} denote the complement of the
locations of the potential poles of A\.s we see that for A € DT\ {0}, X»s(z,\) =0
on that region so that s is still a constant of the dynamics. This is obvious from the
fact that integral curves are mapped by diffeomorphisms to integral curves, however
to be precise, when |A| # 0,

(and &) vanishes. The bounded holomorphic functions mapping the unit disc

Furthermore, since |

(20) us(z,\) = Ae D\ {0}

0 0
Xas(z,A) = AX|As(z) = )\*z*w*&)\*z*w*s =(Aozo w)*a()\ 0zoW),S
0s
(Aozow) ot
since s and t are independent coordinates. Thus for A # 0,

6o 0 T 4 (e ) 2N

The consideration of Sy is an unfortunate artifact of having brought in potential
singularities at |z] = 1 to the interior upon complexification. We will need the
following result to set up a fundamental equation in s.

0, (2,2) € Sy

Lemma 4.2. On 0 < |A| < 1 the Jacobian Js(2,\) = |s.(2,\)|? — |sz(2,\)|? is
positive

Proof. Since (t,s) — (2, 2) is a diffeomorphism and X : (z, 2) = (%, 2)) is conformal
on0< [N <1

ds(z,\)  9t(z,\)
(2 (2

(21) 85((;,;\) Bt((;,;\) 7& 0
FIEN) d(z\)

so that

9s(z,A) 9t(z,A)  0s(z,A) Ot(z, /\)‘ < 2|s,(z, A)]
0z 0z 0z 0z "~ Mlp(z,N)]
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12 NicHOLAS HOELL AND GUILLAUME BAL

implies |s. (2, A)|? # 0. Then,

05(2) = Il VP - |2 e

since |f)g§g\ <1lfor A e DT. O

s:(2, AP 2 [s:(2, ) P(1 | %) >0

Fixing A, we work on (z,2) € Sx. Since Xy s(z,A) = 0, s, X = s, X)3(2,\) 2.
We are interested in solving XxGx(z;20) = 0(z — 2p) and we can achieve this by
solving S*X)\E(Z,)\)%(S*G)\) = |Js(z,A)[0(s(z, ) — sp). For this we will need to
compute the term s,X,5(z,\). Observe that

as(z:)\)
f(Z, )‘) = —p(Z, )‘) as(aiA)
0z
whence
95(z,\) 95(2,\) 9522 95(z, A) 95(z,\)
5(2,)\) 9z +,0(Z,)\) 97 - —,O(Z,)\) BSE;’)\) B + (Za)‘) 97
zZ, A
= 22 (. (2, W = [ss (2, M)
0z
- ! Js(z, A)
Q(z,A) "

with Q(z,\) = % By recalling that |%| > 1 for |A| > 1 and going through the
preceding lemma mutatis mutandis we see that Js(z, A) is likewise negative on D~
and hence the Jacobian of s(z,\) switches sign when A € D¥ so that, generally,
our fundamental equation may be written compactly as follows

1 0 .
S oty 55O = sign(l = ADA(s(z,4) - s(z0, 1)

Using 2 - = §(2) as shown in [16] see see this equals G (z;20) = %
Then, for (z,z) € Sy we have
Os(z,A
sgn(1 — [\ sbsy 2622 -,
7T(8(Z, /\) - S(Zo,/\)) ’

Remark 1. We will only make use of results in our formula which follow from
condition H and thus results like the above are only used when A € D*. We will
however present many results for A € D~ with the understanding that given an
appropriate generalization of condition H (involving constraints on £ and p for
A € C\ D") and the related suitablility of s, the results are true. The advantage
to this approach is it makes apparent the symmetries and parallels of several of the
formulae for A € D*. Thus, in the “—” versions of several results, condition H
would need to be augmented appropriately.

Ga(z;20) = A€ DF\ {0, 00}

Next, we show that G (z; zo) defined in equation (22) extends to satisfy X Gy (z;20) =
3(z—z) on z € DT. For this we note that X, Gx(z; zg) behaves weakly, in a vicinity
of Sy, as

9s(z,\
sgn(1 = [\ 5ty 2652 |2, Xas(2, M)

zawelr[gkr\sx (s(z,A) — s(z0,A))?
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which, by assumption vanishes when integrated against a smooth function. The
fundamental equation, therefore, is satisfied for all z € D™, i.e.
Os(z,\
sgn(L = ]AD s 252 s
w(s(z, A) — s(z0, A))

Due to the meromorphy of the terms appearing in G(z; 20), together with the

boundedness of % after integration against a smooth enough function
u(z, ) = [ Ga(2; 20) [ (20)dp(20) remains bounded for A € DT\ {0} since the pre-
ceding arguments hold also when A approaches singularities of s(z, A\) and s,(z, ).
The expansion s(z,A) ~ co + % + c22A + O((z+ + 2ZA)?) near zero shows that s
and s, have the same order of possible vanishing or blow-up at A — 0. Therefore,
Ga(z; z0) is analytically extendible to A = 0 and we obtain an analytic extension
of the solution u(z,A), which we also denote u. We have thereby established the
following proposition.

(22) GA(Z;ZO): ) /\EDi\{0,00}, ze D"

Proposition 1. For each z € D™, the solution u(z,\) satisfies Oxu(z,\) = 0 for
A€ D*

By using %G,\(z; 20) = Ga(z; zo)% and performing similar estimates

as above one obtains that, for every z € DT, u.(z, \) is complex-analytic in A € D*.
The corresponding result for uz(z, A) follows from the holomorphy of the right hand

side of uz(z,A\) = —ﬁgzig us(z,A) + p{g)-

Boundary Behavior. We will be using the boundary values u(z, A)|xeT to arrive
at a reconstruction formula. For this we notice that

at,s)  0zdsot 1 0zt
D=2 " 010:0: % 010z
0z 0t 0z Ot
= (oo ar o2
_ ot
=z
and therefore we may rewrite G (z; z9) appearing in equation (22) as follows
o(t,s)
9(z,2)

MGG~ s()

We may now prove the following consequence of this fact.

(23) Ga(z,20) =

Proposition 2. The non-tangential limits ux(z,e*) = limp+5y_,ci0 u(2,\) are

given by the following
5= (HTo f)(s(e77%2),6) + (D )(2)

where, in the above, the Hilbert transform H is taken with respect to the first vari-
able.

us(z,e’) = F

Proof. Let 1 € C°(DT). First we examine m when A =1—¢ (e << 1).
With ’ denoting differentiation in A we use the fact that s(z,1 —¢) = s(z,1) —
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14 NicHOLAS HOELL AND GUILLAUME BAL
es'(z,1) + o(e?) together with Xs(z,A\) = 0 for A near enough to DT to get

O): (€= )o 4 (e 1)% (2.1) =0

24 = 1 1 (57 Al
( ) - _6(27 )82(27 ) £(z,1)
p(z,1)
s _ (&5, .
so that X1is'(z,1) = —i€(z,1)s,(2,1)—3L5#=L. By a similar argument one can
p(z,

D
o€
show that X1is’(z,1) = ip(z,1)sz(z, 1)% whereby we see that

(25) Xyis'(2,1) = %Xﬁ‘s(z, 1)

p(z,1)

)\7)\1 (Z)

=) ™mi2), we see that

Since % is given as a finite Blashke product ((z)II7_,(
(=0 g
FEN S ieo ™y NP that il > 0, which, when combined
&Ez,ig - 3>0 "7 (A=, (A=) &Ez,}; ’ ’
(=, (=,

with Xi-s(z,1) > 0 gives from (25) that X;is’(z,1) > 0. This implies that
sgn(is! (1) — is'(0,1)) = sgn(t(z,1) — t(20,1))

Testing against a compactly supported ¥(zg) ensures that we may apply a simi-
lar Taylor expansion for s(zp,A) in integration in the zg variable. Therefore we

izis leI™\0 % + Sgn(g)']‘(‘(s(x) to see that7

distributionally, one has that m tends, as A — 1, to
1
s(z,1) — s(20,1)
Since limy_,1 A« g((z ‘Z)) 8((Z Z)) we see that the preceding considerations allow us to
conclude that the following holds

use the distributional Plemelj relation

—isgn(is’(z,1) —is'(20,1))6(s(z, 1) — s(20,1))

uy(z,0) = lim G1-c(2;20)9(20)du(z0)
eNoO Jp+

= - / 20 _dzo A dZo
27i D

+ 8(z,1) — s(20,1)

_ % /D+ ¥(20)sgn(is’(z,1) — is'(20,1))d(s(2, 1) — s(20, 1))

Then, with £ = £1 determined by the orientation of the Jacobian of (¢,s) —
(z,Z) we have that the above equals
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w{ 1 /R/Rw(z(to,so))dtod% 7%/Rl/}(z(t(),so))sgn(t(z,l)—t(zo,1)dt0}

27i s(z,1) — sg

Since, by continuity on the limit, Ru (z,0) is determined to be f and not —f, we
have that k = —1 and get the following

ws(21) = — - H{I)(5(2),1) + (D1)(2)

One can see this also since i\,u|2§((z";)) = Xis(2) > 0 and therefore g((i?) is —ib(z)

for b(z) positive real-valued.

For the general case, 1(20e")G s (2;20) = ¥(20e?)G1(e 27 2)) together
with invariance of the measure under the complexification map; i.e. (ew)*du(zo) =
du(zo) shows that we get the following boundary values for general 6 € [0, 27)

(26) i (2,¢) = =S H (I (s(2e™), ) + (D) (2).

An identical argument for u_(z, e*®) shows that

s (2,¢) = F o HUIo)(s(z7), ) + (Do) (2)

Incidentally, from the above arguments we see that
H(Iof)(s(z,e7"),0) € ker Xy
Later, in using an integrating factor approach to solve the attenuated ray transform,
we will see that this property will be to our benefit. In fact, constancy of the Hilbert
transform of the ray transform of the attenuation coefficient is a pervasive feature

of analytical inversion formula for the attenuated ray transform; see for instance
[35].

5. Inversion Formulae.

5.1. No Attenuation. We can now prove our main result.

Theorem 5.1. Let X, = f(z,)\)% + p(z,)\)% be a vector field of type H, s(z,\)
be suitable, £(z,\i(2)) =0 fori=1,...n and f(z) € C(D*). Then

1

f(z) = in

gives an exact reconstruction formula for the density f ba sed on the data Ipf of
ray transforms of f over the integral curves of Xy.

/27T PN\, 0)XFH(Ipf)(s(ze), ¢?)d
0

Proof. The real and imaginary parts of complex-analytic functions are harmonic,
so with P(z, ) the Poisson kernel of the unit disc one has, on using the boundary
values given (26) given in Proposition 2, that
. 2w
Xo,u(z,\;) = 41/ P(\i,0)XoH(Iof)(s(ze™ "), e)do
T Jo

1 27

(27) + — P(\i,0)Xo (Do f)(2)do
27T 0

so that
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16 NicHOLAS HOELL AND GUILLAUME BAL

. 27
Xnulzh) = f@) + = [ POGOXeH(Iof)(s(ze7), )b
T Jo
whereas
i 2m ) )
Xxu(z,N) = o P\, 0) X H(Iogf)(s(ze= %), e%)do
T Jo
1 27
(28) +5- [ PO0)Xg (Dof)(2)db
0

Then since Xy = &(z,\)2 + p(z,N)Z, X = i(—€(2,\)E + p(z,0)2) and
&(z,A;) = 0, we have that

X u(z,\) = X)J\‘iu(z, i)

so that, on equating real and imaginary parts of (27) and (28), we obtain

21 " P(A\i,0) X (Do f)(2)d0 = _4i . PO, 0)Xo H (I f) (520~ %) db
Y5 0 T 0
and
2m
(20) FE) == [ POLOXFHUsf)(s(ze™), ¢)do

= E )
O
Taking into account the presence of the signum function in the Green’s function

(23) it’s clear that formula (29) could just as well be written in terms of the jump
function (from the viewpoint of D)

3z, ) = uy(z,e”) —u_(z,¢") = iH(Igf)(s(ze~"), ")
as
1 27 )
T Jo
an observation which will be notationally useful in the next section. Recalling our
previous remark about using only results from DT we could just as well use
B(z, ) = 2iS(ugy (2, €?))
and remember that invoking D~ is only a useful mnemonic.

5.2. Attenuated Ray Transform and Inversion Formulae. We add a positive
and real-valued attenuation term a(z) € C°(D™) to the complexified stationary
transport equation to get

(Xx +a())u(z,A) = f(z)  x€D*\{0,00}
Using our Green’s function G(z; zg) determined in (22) we define

men) = [ Galeza)ata)du(zo)

In exactly the same manner as in the previous sections we may extend the above
to a formula which holds on (z,\) € Dt x D*.
We will be using an integrating factor approach as follows

eh(z,/\)X/\u(Z’ )\) + eh(z’)‘)a(z)u<2’, )\) = eh(z,A)f(Z)
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so that
X)\eh(z”\)u(z, A) = eh(z”\)f(z)
whence
(30) u(z,\) = Ga(z; zo)eh(zo”\)*h(z”\)f(zo)d,u(zo)

D+

The Green’s function, as discussed previously, is analytic for z # zg, so that holo-

morphy of e/(*0:)) is retained after integration in z,. Therefore equation (30) defines

a complex-analytic function in ), for each z extendible to hold on all A € DT.
Now, by Proposition 2 one has

he(z,e) = ;%(H[ga)(s(ze_w), 6)) + (Dga)(2)

Therefore, in another application of Proposition 2 we have the solution of the
attenuated transport equation admits the following nontangential boundary values
as [A\| = 1F

¢€7hi (z’eiﬂ)

. i0 . X . el

sz, €)= e [HIp{e"=C ) fY(s(2e7"), 0) F 2i(Dye"= 0 f)(2)]
_ :Fefhi(z’ew)[HI{ 5 HIp)a(s(e™).0) £()e(Doa)()Y (5(ze~ ), )
= % 91€ € s\ze y

T 2i(Dge st HIa(3(770.0) £y (Doa)()) ()]
Define the attenuated ray transform as

(Lao.f)(s) = Io(f()e!P* ) (s)
and recall that Iy involves integration in ¢, not s (as does Dy) and therefore since
HIga(s(z,e7%),0) € ker Xy, Hlpa(s(z,e7%?),0) is constant on the curves of inte-
gration in ¢ and therefore may be pulled through the I, ¢ integrals as

. 7hi(z,ei9) i ‘
ut(z, 629) = LH(@%(H(IW)(S(G 0'),9)_[&,9]0)(5(267 0)’ 0)

2¢
4o~ (Doa)(z) (Dgf(')e(Dea)('))(Z)

Therefore, the difference in the above limits yields the following

¢(Z7 61'9) = (U+ - U_)(Z7 62’9)
e—h- (z,e%%)

1 —1i6 .
= = H(ex o000 f)(s(2¢7), 0)
7h+(2»€i6) —i ;
_ eTH(efiH(Isa)(s(e 9~),0)]a79f)($(26719),9)
—(Dga)(z ) .
- fw{eiH(Isa)(S(ze""),G)H(eiH(Iaa)(S(e"’"-),0)Ia70f)
1

+ efiH(Iga)(s(ze’w),G)I_I(ef%H(Iga)(s(e’ig-),0)Iaﬂf)}(S(zefz'@)7 9)
To simplify this expression, we define the following filtered Hilbert transform
(31) H,: g {CH(Cg)}(s(ze™"),0) + {SH(Sg)}(s(ze~"),0)
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18 NicHOLAS HOELL AND GUILLAUME BAL

for g(s,0) € C>*°(R x T), with

H(Ipa)(s(ze7%),0)
2

H(Ipa)(s(ze7%),0)
2

C = cos( ), S = sin( )

Then
, o~ (Doa)(2)
¢(z,€"”) = _T[(C —iS)H{(C —iS)a0f}
+(C+iS)H{(C +iS) . 0f}|(s(ze~),0)
= ie”PeVEORNC — iSVH[(C — iS) a0 f)(s(ze7%),0)}
= ie” DoVE(CH(CLof)(s(2¢7%),0) + SH(SIaof)(s(2e77),0))
(32) = ie_(D(’“)(Z)(Halaﬁgf)(s(ze_w), 0)

We then can proceed in a manner similar to before since we have that M u(z, \)
(along with its derivatives) is holomorphic and solves X e(*Mu(z, \) = =) f(2).
We have the following theorem on the attenuated ray transform.

Theorem 5.2. Let X = &(z, /\)%—Fp(z, /\)% be a vector field of type H, s(z, \) be
suitable, £(z,X\i(2)) =0 fori=1,...,n, and a(z), f(z) € CX(D*). Let u(z,\) solve
Xau(z, ) + a(z)u(z,\) = f(2) on (2,\) € DY x D and define H, by expression
(31) and p(z) = R{u(z, \i(2))}. Then

1 27

f(z) —alz)p(z) = o ; P()\i,Q)Xé‘(ef(Dga)(Z)HaIaﬂf)(s(zefw), 0))do

gives an exact reconstruction formula for the density f based on the data I,f of
attenuated ray transforms of f over the integral curves of Xy modulo the values
taken on by the solution u(z, \;(2)).

Proof. The proof proceeds as in the proof of Theorem 5.1. Since X u(z, A) +
a(2)u(z,\) = f(z), and limy—x, Xou(z, A) = limy_, 5, —i X3 u(z, \) we verify that
lim {—iX3u(z,\) + a(2)u(z,\)} = f(2)
A=A

whereby
1 [ :
f(z) = a(z)R{a(z)u(z,\i(2))} + E/ P(z,Xi(2) X5 (—ig(2,0))do
0
The result follows from (32).
O

A comparison of equations (18) and (22) for the Green’s function of X shows

that we expect the behavior of the solution u(z,\) to behave locally as

eh(z07/\)—h(z7/\)f(z())
P20, \)(z — 20) — £(20, M) (2 — 7o) + O(Z=22L )

Therefore, if p(zg, A) has a singularity at A = \;(z) our solution will vanish there.
Equivalently, if limy_,y, |s(z, A)| = oo then u(z, A;(z)) = 0. In this case we have the
following simple corollary of the preceding.

Corollary 1. Let X, = f(z,)\)% + p(z,)\)% be a wvector field of type H, s(z, \)
be suitable, £(z,2i(2)) = 0 for i = 1,...,n, and a(z), f(z) € C(DT). Let u(z,\)

0>0, z# 2z
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solve X u(z, \) +a(2)u(z,\) = f(2) on (2,\) € DT x DT, define H, by expression
(31) and suppose that u(z, Ai(z)) = 0. Then

1 27 .
f@) =1 | POGO)XG (7 PO Holo o f)(s(2¢7"),0))d0
T Jo
gives an ezxact reconstruction formula for the density f based on the data I, of of
attenuated ray transforms of f over the integral curves of Xy

6. Examples. We present some worked examples of our method to familiar ge-
ometries. We stick to applications of Theorem 5.1 with similar formulae appearing
for the attenuated data and applying Theorem 5.2.

Euclidean Lines. Earlier, we saw an inversion formula for the ray transform on
Euclidean lines. We consider f € C2°(D") and parameterize the plane by z(t,s) =
t + is. Then the complexified vector field is given by

&(z,A) = X is holomorphic and has a zero of order 1 at A = 0, p(z,\) = % is

meromorphic and has a simple pole at A = 0 and the ratio % = )\? is analytic with
a double root at the origin. Therefore Xy is type H. Since s(z,A) = % (% — z))
is meromorphic in A\ as are % = v and % = —3 we see that s(z,\) is
suitable. Thus, we may apply Theorem 5.1.

We recall remarks made at the beginning of section 3 regarding a sign convention
on the transverse coordinate and that, as it now stands X3 s(z, A) < 0, therefore we
must actually choose X3~ = —\.0" -V instead of \.0-V in formula (29). Plugging
this expression in then gives the following familiar reconstruction formula

1 27 .
fe)=-| PO 0)Xg H(If)(s(ze~"),0)dd

™ Jo

With P(0,0) = 1, the above reduces to formula (8) which we saw earlier.
Next, since u(z,0) = 0 we may apply the Corollary 1 to get the following inversion
formula for the attenuated ray transform on straight lines in Euclidean space

fo) =4

which is in agreement with known results.

27
/ 0+ - V{e PV H, (1, 0f)(s(z¢7%),0)}db
0

The Poincaré Disc. The unitized geodesics of the negatively curved hyperbolic
disc are generated [6] by the following vector field
1—-2z0 1—-2z 0

-+ ey
1-20z 1-—20z
This complexifies to the following

Xo = (1= |2*)( ), z€DT
A—z 0 1-Xz 0
—o + =)
1-X20z A—z 0%
We see that £(z,\) = (1 — |2|?)2=% is analytic in A and has a zero at \(z) = z,

Xo=(1—[2*)(

1—2X
p(z,A) = (1—|z|?) 422 % is meromorphic and has no zeros in the disc, and the ratio
% = (1’\_;5)2 is complex-analytic in A and has a double root at A = z. Therefore
X is type H.
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Moreover, the transverse coordinate s can be shown to be determined by s(z, A\) =

1 1 9s(z,A) _ A 8( A) A
%o — Af ). Thus s(z,\), =32 T2 —2) o = 2i(1—17)

meromorphic in A # z. Clearly s(z,A) is analytic in a nelghborhood of the unit
circle. Furthermore, since at A = z, sz(z, \) picks up a 6(A — z) term we have that

Ad(A—=z Xas(z,A\ Ao(A—=z
X hes 8(2, ) = =225 and therefore z 30208 ~ —mmEn S ™
AS(A—2)(A—2)*

, = 0. An easy calculation shows that —23¢2)__ stavs hounded for
2igx(2,z0) s(z,\)—s(20,\)
2 # zp and A € DF. Therefore, s(z, \) is suitable and one has, on applying Theorem
5.1 that

s and 5 are each

1 [ e —2 0 1-¢€%20 ;
=— P(z,){(1 - |2)*)(+—— = + ——— =) }YH]I ~,6)db
1@ = = [ POt~ P L O Dy (s(27) 0
which agrees with what was obtained in [6] (see equation (80) of that article) using
techniques of Riemann-Hilbert theory.
Furthermore, because limy_,, |s(z, \)| = oo, we notice that u(z, A\(z)) = 0 and

we may apply Corollary 1 to get that

1

27
63 £ =g [ POLOXHE PO HL o) sz )08
T Jo
which agrees with formula (92) in [6] and gives a full reconstruction formula for the

attenuated ray transform along the geodesics of the Poincaré disc.

The Spherical Cap. We consider an extension of the method so far presented
to the case where the first condition of type H vector field is not satisfied. We
consider the restriction of great circles, geodesics of S?, onto the upper hemisphere

= {x € R3%(2')? + (2?)2 + (2®)? = 1, 2® > 0}. Consider the projection
of these curves onto the unit disc which we may parameterize via the mapping
~(t,s) : R? — D% defined by ~(t,s) = (z(t, s),y(t, s)) where

t -5
z(t,s) = ———, t,s) = —
(t,5) V1412 + 52 y(t ) V1412482
With z = ¢ + is, a calculation reveals that X; = 'y*% = /1 —|x|?{(1
xya%}. The complexification Xy = A, X7 of the vector field is therefore equal to
the following

0

e

Xy = 5

VVe remark that the above obviously fails to be type H since £(z, \) = Y—— - ‘ )\(2—

— |2]?) is singular at A = 0. A careful check of the arguments given in the last
section reveals that the only place where holomorphy of £ was really necessary
in deriving Theorem 5.1 was in ensuring holomorphy of the term &(z, \)u,(z, ).

Therefore, if we can establish this, we may proceed as before.

)\27 22
igzig = )\222"‘;‘? , we see that ggz i; is complex-analytic in the disc
A € DT for each z with zeros it shares with £(z,\) located at A\i(z) = z__|
Aa(z) = — \/zi Clearly p(z,A) is meromorphic. Therefore, aside from the fact

2—z?
that |£(z,0)| = oo, one has that the vector field is of type H.

Since
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ZIA-Z . .
22 is, for each z € DT, meromorphic in X,
2iy/1—z|?

with a Taylor expansion holding near [A| = 1. A calculation shows that

Moreover, clearly s(z,\) =

9s(z,)) 2222 — |22 0s(z,)) 2— %5 —|2|?
(34) =—— T = A 3
Dz 4iN(1 — |2[2)3 0z 4i(1—[2]%)>

for all (z2,\) € Dt x D*. This being the case, one clearly has that X)s(z,\) =0
holds everywhere and the first three conditions of suitability for s are established.
We only need to check the boundedness of % for z # zo. For this we

verify that

$2(z,A) B 2—22)\2 — |22
A =s(z0,0)  oos _|z2)?

N =0 T gz )1 faf) - (a2 - ) L
bounded in A € D7 \ {0} and whereby moreover for |[A] — 07 we have that
s(z,f\z)(j;?z)o,x) — jiliuqz\%% which is integrable for z # 2y. Then, it

2(z(1—|2| )—W)

follows that s(z,\) is suitable. More tellingly, we investigate G (z;2¢) and find
that, on using formula (22) one has

1
(35) Gz 20) = _2 1 ovo EA—Z ZoA—30
mi(1 — |z0|%) {\/l—IZI2 - \/1_‘20‘2}

Therefore u(z,A) — 0 as |A| \( 0 and we verify that

0 2 — 2202 — |2)2
%G’\(Z’ZO) B Sr(1 2)3(1 2)2 LJ*% 200 9
n(1 - )0~ a2 Sk - 2R
From which we conclude that £(z, /\)% stays bounded as A — 0 and therefore

is complex-analytic on all of DV,
Since the behavior of £(z, A)u.(z, A) was our chief obstacle, we may then proceed
as usual and apply our Theorem 5.1 to get

36)  f(2) = 7”8;”'2 /O WP(\/;W,O)XGLHIG F(s(ze=1%), 0)dB

where X = i{—e'(2 — 72922 — |z|2)% +e (22052 - |z|2)%}. In the above
expression, we have used the root A (z).
We remark that

/0 WP(Az(z),e)X;HIQ f(s(ze™),0)do

27

:/ P(=X\(2),0) Xy HIyf(s(ze~ ), 0)do
0
3

= P\(2),w)XE  HIgf(—s(ze™™),w — 7)dw

T

= /0 ! P\ (2),w) X HIgf(s(ze™ ™), w)dw
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where, in the above, we have used the symmetry X; Iy f(s(ze~%),0) equals X Ipf(—s(ze~ %), 0—
7). We therefore see a redundancy in the choice of \;(z) appearing in expression
(36).

We do not have a vanishing of u(z, A\;(2)) and therefore, the inversion of the
attenuated ray transform on these curves is determined modulo this value and is
given by an application of Theorem 5.2 as

z
V-2 o z 1 —(Dga)(2) —if
(37) o ; P(Wﬁ)Xe e Hul,of(s(ze7"),0)d0

with H, defined in equation (31). To the authors’ knowledge formulas (36) and
(37) are new.

7. Conclusions. We have illustrated that the method of complexification of vec-
tor fields presented in this article allows for a compact unification of the inversion
formulae given for ray transforms on both Euclidean space [27] and the Poincaré
hyperbolic disc [6]. Extending the class of vector fields amenable to the afore-
mentioned scheme beyond those of type H remains an open problem. Since the
analyticity properties of the coefficients of the vector fields, ensured by the con-
dition H and suitability of the transverse coordinate, justify the holomorphy of
the Green’s function it is unclear how one could alter the method in the absence
of such conditions, although the recent article [32] may yield some insight. There
also remains the question of finding sufficient (or even necessary) conditions on the
initial vector field being holomorphic after the complexification scheme used above.
Real-analyticity is perhaps the simplest necessary condition, but presumably there
are much more stringent ones.

8. Acknowledgments. The authors wish to kindly thank the anonymous referee
for catching several typos on a careful reading of the first draft and whose comments
greatly improved the overall readability and presentation of this article.
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