Conditional Expectation

Probability space (2, F, P)
Random variable X ¢ L'
Sub o—field G ¢ F
Definition
The conditional expectation of X given G is a random variable E[X|G]
satisfying
Q E[X|G)leg
o fAXdP = [,E[X|GldPforall Ac G

X>0,Q(A) = [,XdP, Ac G. Qmeasure on (Q,G,P), Q << P
Radon—leodym theorem: 398 € L'(Q,G, P) s.t. Q(A) = [, 92dP
E[X|9] = §

if X = X, — X_ define E[X|G] = E[X}|G] — E[X_|G]
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Examples.
Q ¢ ={0.9}, E[X|G] = E[X]

Q Q = F, E[X|G] =
=[0,1), F Borel sets, P = Lebesgue, F, = Dyadic level n,
E[X|fn]( ) [1 I+1)X wE[zn,’+,,1)

Q Ay, A, ... partition of Q. G is o—field generated by this partition
EIX|G] = piay Ja, XAP, w € A;

In particular if Ay = A, A, = A®, X = 15 then

E[15|G] = P(B|A) = P(?Q)A) on A

Q P((X,Y)eA) = [,f(x,y)dxdy

Elg(X)| Y] = LEGHCDE _ [ g(x)P(X € axY = y)

Q X € G= E[XY|G] = XE[Y]]
@ X indep of ¢ & E[X|G] = E[X]
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Martingales: Discrete time

Definition.

An non-decreasing family of sub-o-fields 7, C F,.1 C Fis called a
filtration

Definition
M, a sequence of random variables in L'(Q, F, P). If

E[Mn+1 | -7:n] = M,

then M, is a martingale with respect to the filtration 7,
submartingale: E[Mp.1 | Fn] > M,
supermartingale: E[Mp1 | Fn] < M,

Example. S, = X; +--- 4+ X, X iid

E[X]] = 0 = S, martingale. E[X;] > 0 = S, submartingale.
E[X]] < 0= S, supermartingale
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Lemma

Let ¢ : R — R be convex and X, a martingale with respect to 7,. Then
#(Xpn) is a submartingale with respect to F,.

Proof.
By Jensen’s inequality for conditional probability

E[Qb(xn) | ~7:n] > @b(E[Xn ’ fn]) = @b(Xn)-

Ol

v

Example. S, = X + -+ + X, X;iid, E[X]] = 0, Var(X;) = 02 < 0
S, martingale. S2 submartingale. S2 — o2n martingale.

E[S3,1 — 0®(n+1)|Fn] = E[S5 + 28nXns1 + XZ, 4y — o?(n+1)|Fn] =
S2+02—-0%(n+1)
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Doob’s inequality (Discrete time)
Let X, be a submartingale with respect to F,. Then for any A > 0 and

n=12,...,
+
P<max sz)\> gm.
1<k<n A

Proof.
A = {X, > A, MaXo<k<i—1 X < )\} disjt UI'-7:1A,' = {max1§,-§,,X,~ > A}

n n
’
P> = i) < — ;
P<1r2?§xnx,_A> ;P(A,)_;)\/Aix,dP

n n
1 1
gz)\/A’E[XnU-“,-]dP:Z)\/AandP
i=1 / i=1 /

1

A /{max1<i<n Xi>\}
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Example
B'(t) is formally White noise so formally B'(t) = >, Z,e*""™, Z, iid

N(0,1) so we expect B(t) = >, Zn e2;:fn ! Does it converge?

Kolmogorov Three Series Theorem

X1, Xz, ... independent. > ; X, converges if and only if
(1) 2521 P(IXal > M) < 003(2) o524 E[XY] < 00i(8) 32524 Var(Xy!) <
o0, for all M > 0 where X} = Xu1|x, <um.

Proof of "if”
Let XM = XM _ E[XM]. By Doob’s inequality,
P(Maxy<m<r | S pinst X'l > €) < €230y q Var(XY)

By (3) rhs| 0 as N 1 oo uniformly in R, so 3_N_, XM is Cauchy, hence
convergent. Now (2) = Zﬁﬂ XM convergent
(1)+Borel-Cantelli = XM = X, except for finitely many n. Q.E.D.
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Definition

Let (Q, F, P) be a probability space and F,, n=0,1,2,... afiltration
A random variable 7 taking values in {0,1,2,...} is called a stopping
timeif foreachn=0,1,2,.. .,

{weQ : 7(w) < n} € Fn

Example
Let X, be a random walk starting at 0. Let 7 =min{n >0 : X, > a}
be the first passage time of level a. 7 is a stopping time.

Letoc =max{n >0 : X, < a}, the last passage time.
o is not a stopping time.

Fr={AeF : An{r <n}eFy n>0}

is a o-field representing the information up to the stopping time =
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Optional stopping
M, martingale wrt filtration 7,. 7 > o bounded stopping times

ElX. | Fol = X,

bounded means 7 < B Otherwise it is FALSE

Proof.

Need: [, X;dP = [, X,dP, YAec F,

Jano—iy XodP = [4r(,—y XgdP since AN {o = (} € 7y
so [, X,dP = [, XgdP same for X; since 7, C F;
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Example

X1, Xo, ... iid P(X;=1) = P(X; = —1) =1/2
Sn= X1 + -+ X, Random walk
Trg=min{n: |Sy| = a} E[rig =7

S2 — n martingale

78, = min{7.,, B} bounded stopping time
Optional stopping: E[S%; —£,] =0

limp;o E[78,] = E[r4+4] by monotone convergence theorem
limpo, E[S?; ] = @ by bounded convergence theorem
T+a

E[ris) = &

Counterexample

Try same for 7, = min{n: S, = a}
limgeo E[SEB] = E[r4]

but limp;o. E[S%] = 0o # E[S2] = &
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Martingales: Continuous time

Definition
Let (Q, F, P) be a probability space
Fi, t > 0 a filtration (= non-decreasing family of sub-o-fields of F)

M;, t > 0 e L' is a martingale with respect to F;, t > 0 if whenever
s<t,

E[M; | Fs] = Ms.

submartingale if >  supermartingale if <

Examples
@ B;is a martingale wrt 7 = o(Bs, s < t)
e B?is a submartingale
@ B? — tis a martingale

1y24 . .
o e'\Bi—2)lis a martingale for any A € R
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Martingale characterization of Brownian motion

If e*B:—2%*! is a martingale wrt 7; = o(Bs, s < t) forany A € R
then By, t > 0 is Brownian motion

Proof.
E[e)\(B,—Bs)lj_-s] _ e%)\Z(t—S)

so B; — Bs independent of Fs and N(0,t — s)
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Doob’s inequality
If X; is a submartingale with respect to F; and the paths of X; are right
continuous with probability one, then

E[X+
P(sup X, > A) < —)
0<t<T
Proof.
LetO<ty<t <--- X,=X;,isamartingale wrt , = F.
E[X+
P(sup X, > A) < 1]
0<t<T A
By right continuity Ihs T P(supp<¢<7 X > A) as mesh| 0 O
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Optional stopping

Xt, t > 0 be a right continuous martingale with respect to F;, t > 0 and
o < 7 bounded stopping times

E[X: | o] = X

Proof.

op=2""(|2"¢| +1)

Th=2""(12"7] +1)

op < 7p < B

E[X:, | Forl = X5, i€ [, X, dP = [, X;,dP, A€ F,,since o < o
By right continuity X, — X; and X,, — X,

Recall {X,} =12, is uniformly integrable if

liMup100 SUP,, f\anzM | Xn|dP =0

and if X, 2% X then {Xy}n_1 2... uniformly integrable < X, &> X
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X, n=1,2,...and X;,, n=1,2,... are backwards martingales with
respectto Fp, n=1,2,...,i.e. E[X,,_, | Fo,l = X5,

Lemma
A backwards martingale is uniformly integrable

Proof.
E[Xm | Fn] = Xawhenever m<n so |X,| < E[|Xo| | Fn]

SO
/ XoldP < / Xo|dP = / 1015011 Xo AP
{‘Xn|>f} {|Xn|>f}

E[IXnl] _ EllXol]
¢ =

P(1Xn| > €) <

S0 1x >3 X0 250

Jiix,>¢y [ Xo|dP — 0 by dominated convergence theorem O
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