Existence and Uniqueness Theorem

o :RY %[0, T] — R b:RY x [0, T] — R? be Borel measurable,
JA < oo,

lo(x, Bl + [b(x, ) <A1+ |x])  xeR%, 0<t<T
and Lipschitz;
|o(x, 1) — oy, )l + [b(x, t) — by, t)| < Alx — y|.

Xo € R? indep of By, E[|x[?] < oo.
Then there exists a unique solution X; on [0, T] to

dX; = b(X;, t)dt + o( Xz, t)dB;, Xo = Xo

and E[ [ | Xi[20f] < co.

Uniqueness means that if X, and X? are two solutions then
PX] =X?,0<t<T)=1
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Proof of Uniqueness
Suppose X;' and X? are solutions

t t
Xi=xt = [0 9) = 0. s)ds+ [ (a(xd.5) — o(X2.5))aB:

+x0 — x@

t
EIIX; — X22] < 4E]] /0 (b

+4E]] / o(X.s)

Xs,8) — b(XZ, 5))ds?]

o(X§,5))dBs|?] +4E[Ixg — X51]

£l / (b(X 2 5))dsf?] < A2 / E[IX! - X22]ds

E| / (X!, 8) - o(XZ, 5)) 2ds]

- / (0(X!, ) - o(X2, 5))ds]?

IA

A2 /0 EllX! — X2]ds

]
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Gall ¢(t) = E[|X} — X?P]

t
o(t) < 8A2 /0 4(5)ds + 46(0)

(1) = /Otgb(s)ds
(678 1o(1)) = (¢/(t) — 8A%®(1))e ™! < 46(0)e™
e #to (1) < 4¢(0)
6(1) < 8A2D(1) < 46*41(0)
ENIX! — X2 < 4 E[|x] — x3[?]

Foreach0 <t < T, X/ = X2 a.s.so X]! = X2 for all rational ¢ € [0, T]
a.s. By continuity this implies that X, = X2 for all t € [0, T] a.s.
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Proof of Existence
Xo(t) = Xo

t t
Xo(t) = %0 + /0 o(5. Xp1(5))dB(s) + /O b(s, Xp_1(s))ds

E[ sup |Xa(t) — Xp_1(1)[?]
0<t<T

)

Doob's inequality < 4E[/0 o (s, Xn_1(8)) — o(8, Xn_2(8))||?ds]
T

T TE| /0 1B(S, Xn_1(5)) — (S, Xn_2(s))|20l]

:
<c /0 E[|Xo_1(S) = Xo_a()[2]ds

< CE[ sup [Xn_1(t) — Xn_a(t)|?]
0<t<T

v

March 8,2007  4/24



Proof.

E[ sup |Xn(t) — Xa_1(8)[?] < CE[ sup [Xp_1(t) — Xn_2(t)|?]
0<t<T 0<t<T

E[ sup |Xn(t) —Xn_1(l‘)]2] < (CT)"
0<t<T nl

P(Oiltip [ Xn(t) = Xn-1()] > l) <22”E[0§1:5T|Xn( ) — Xn—1(1)[°]

summable

Borel — Cantelli = P( sup |Xn(t) — Xp—1(t)| > l i.o.)=0.
0<t<T

Hence for almost every w, Xa(t) = Xo(t) + 3720 (Xj1(t) — Xi(1))
converges uniformly on [0, T] to a limit X(t) which solves the required
stochastic integral equation O]
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Lipschitz condition is not necessary

Theorem
Let d =1 and

b(t,x) — b(t,y)| < Clx—y|
lo(t,x) —o(t,y)] < Clx—y|*, a=1/2

Then there exists a solution of dX; = b(t, X;)dt + o(t, X;)dB; and it is
unique

Example

o(x) = sgn(x) and dX = o(B)dB Not a stochastic differential equation
But X is a Brownian motion dB = ¢(B)dX is a stochastic differential
equation

But also d(—B) = o(—B)dX so no uniqueness
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Markov property

X: can be obtained by solving the stochastic differential equation up to
time s < t and then solving in [s, f] with initial condition X

By uniqueness this gives the same answer

Define the transition probability

p(s, x,t,A) = P(X;™ € A)

where X is the solution starting at x at time s
From the construction we have
P(XX" € A | Fs) = p(s, X, t, A)

which is the Markov property
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Diffusions

A diffusion is a Markov process with transition probabilities
p(s, x, t, dy) satisfying, for each § > 0as h — 0,

i. 1 p(t,x,t+ h,dy) — 0 = continuous paths
h Jy—xi>s
i [ - xp(tx.t+hdy) - b(tx)
h Jiy—xi<s
1
. ’_,' (yl_Xl)(.y]_xj)p(t7xnt+hady)_>alj(tax)
ly—x|<é
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Formal derivation of the backward equation
p(s, x,t,A) = /p(s,x,8+ h,dy)p(s + h,y,t, A)

0= / p(s. x5+ h.ay){p(s + h.y.t.A) — p(s.x.t. A)}

d
op(s, x,t, A op(s,x,t, A
/p(s,x, s+ h, dy){h% +> (- xf)%
i=1 !

d
1 22p(s, x, t, A)
+§I;(yl_xl)(yj_xj) 8X/8X/ +}

8p(sxtA) 8p(sxtA 8psxtA)
Zb . Qza’/

OX;OX;
ij=1 =7
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Proof.
f(x) smooth

0
— U= Lsu 0<s<t u(tx)=Ff(x)

Ito’s formula: u(s, X(s)) martingale up to time ¢

U(8, x) = Esx[u(8, X(8))] = Esx[u(t, X(1))] = / H2)p(s, x, 1, 02)

Let f,(z) smooth functions tending to é(y — 2)

u(s,x) =p(s,x,t,y) if —gu:Lsu 0<s<t u(t,x)=0d(x—y)

0s

Ol

v
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Existence result from PDE

Suppose that a(t, x) and b(t, x) are bounded and that there are o > 0,
v € (0,1], C < oo such that for all s,t > 0, x, y € RY,

i. ¢Ta(t, x)€ > alé]?, ¢€eRY,
i. la(s, x) — a(t, y)|| + |b(s, x) — b(t,y)| < C(|x — y|" + |t — s[").

Then the backward equation has a solution and furthermore
pls.x.tA) = [ pls.x.t.y)ay
A

with p(s, x, t,y) > 0 jointly continuous in s, x, t, y. Furthermore,
p(s, x, t,y) is the unique weak solution of the forward equation,i.e.

/fty (s,x,t,y)dy — (s, x) = //{8u+£}fuy (s,x,u,y)dydu
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The solution X;, t > 0 of dX; = b(X;)dt + o(X;)dB; with Xo = x is a
Markov process with infinitesimal generator

d

1 o2 9 )
L=3 ”221 aij(X)—anaxj + Z bi(x)a_)(,’ a=oo".

(LX) = £(0,X0)+ / t{asf(s,Xs)JrL‘f(s,Xs)}ds

+/ Za,,sxs sXs)dB/

ij=1
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Example. Brownian motion d = 1

_1
- 20x?2
ap(s,x, t7y . 1 82:0(37)(’ t’y)
Forward o =3 ay2 , t>s
P(Saxas7}/):5(y_x)
2
Backward — OPSXLY _1TpEXLY) oy

0s 2 ox? ’

p(t,x,t,y) = 0(y — x)
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Example. Ornstein-Uhlenbeck Process
_2 & 0
“ 20 “ox

op(s,x,t,y 10%p(s,x,t,y) 0
F oS o P
orward T 5 ay? + 6y(ozyp(s,x, ty), t>s,
p(saxas7y) = 6(.y_X)
2
Backward _P&X Ly 19°p(s,x,ty)  op(sx.ty) . _ '

0s 2 ox? ox ’

p(t,X, tay) :(S(y—x)
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