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Kardar-Parisi-Zhang Equation (1986)

F (∂xh) ∼ F (0) + F ′(0)∂xh + 1
2
F ′′(0)(∂xh)2 + · · ·

∂th = − 1
2(∂xh)2︸ ︷︷ ︸

lateral growth

+ 1
2∂

2
xh︸︷︷︸

relaxation

+ ξ︸︷︷︸
space−time
white noise

h(t, x)︸ ︷︷ ︸
height at time
t position x

I model eqn for stochastic interface growth with local evolution

I nothing to do with other KPZ (Knizhnik-Polyakov-Zamolodchikov) (so far...)

I we only consider d = 1 here (1 + 1 dimensions)

I Brownian motion invariant, modulo height shift; all solutions
locally Brownian

I nonstandard fluctuations of size t1/3
(Forster-Nelson-Stephen 77) for

equivalent stochastic Burgers ∂tu = −u∂xu + 1
2
∂2
xu + ∂xξ, u = ∂xh

I models a wide variety of systems (KPZ universality class)

I Exact formulas (!)



Height fn of ASEP (Asymmetric Simple Exclusion Process)

local min 7→ local max at rate q
local max 7→ local min at rate p
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Directed random polymers in 1 + 1 dimensions

Point-to-point polymer is probability measure

PξN ∼
e−β

∑N
i=1 ξ(i,x(i))

Zξβ(N,x)

on nearest neighbour random walk paths x(·) with x(0) = 0, x(N) = x
ξ(i , j) independent, identically distributed random variables

Free energy logZ ξβ(N, x) satisfies discrete KPZ− like equation

Invariant measure unknown except in special case where ξ have

log-Gamma distribution (Seppalainen 10)
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Making sense of the KPZ eqn ∂th = −1
2(∂xh)2 + 1

2∂
2
xh + ξ

h(t, x) locally Brownian ⇒ (∂xh)2 =∞ so cannot make sense

Attempts to replace nonlinearity by Wick ordered version led to

nonphysical solutions

Bertini-Giacomin 97 Define h(t, x) = − logZ (t, x) where

∂tZ = 1
2∂

2
xZ − ξZ (well−posed Ito equation)

Gives
∂th = −1

2 [(∂xh)2 −∞] + 1
2∂

2
xh + ξ (∗)

in sense that Z > 0, Z is the limit of Zε solving

∂tZε = 1
2∂

2
xZε − ξε︸︷︷︸

mollified in spaceand hε = − logZε solves

∂thε = −1
2 [(∂xhε)

2 −Cε︸︷︷︸
divergent

] + 1
2∂

2
xhε + ξε

Thm (Hairer 11) (∗) is well-posed



Rescaling the KPZ eqn hε(t, x) := εbh(ε−zt, ε−1x)

satisfies ∂thε = −1
2ε

2−z−b(∂xhε)
2 + 1

2ε
2−z∂2

xhε + εb−
z
2

+ 1
2 ξ

KPZ scaling b = 1/2, z = 3/2 gives

∂thε = −1
2 (∂xhε)

2 + 1
2ε

1/2∂2
xhε + ε1/4ξ

Formally get Burgers eqn ∂th0 = − 1
2 (∂xh0)2 in limit, but entropy solns

do not preserve Brownian motion. As we will see, noise survives in limit

Weakly asymmetric scaling b = 1/2, z = 2, but start with

nonlinearity of O(ε1/2). Gives back standard KPZ

Intermediate disorder scaling b = 0, z = 2, but start with noise of

O(ε1/2). Gives back standard KPZ

Last two scalings useful to obtain KPZ eqn from models with adjustable

parameter (eg. weakly asymmetric exclusion q − p = ε1/2, intermediate

disorder directed polymers β = O(ε1/2))



Weakly asymmetric and intermediate disorder limits

Thm (Bertini-Giacomin 97, Amir-Corwin-Q 10) Start ASEP with hASEP(0, x) = |x |, ie.

sites to the right of 0 occupied. Then

ε1/2hASEP
q−p=ε1/2(ε−2t, ε−1x)− 1

2ε
−1t − log( 1

2ε
−1/2)→ h(t, x)

where h(t, x) is the narrow wedge solution of KPZ, i.e.

h(t, x) = − logZ (t, x) where Z (t, x) is the solution of the stochastic

heat eqn ∂tZ = 1
2∂

2
xZ − ξZ with Z (0, x) = δ0(x).

Thm (Alberts-Khanin-Q 11) Let Zβ(N, x) = E0[e−β
∑N

i=1 ξ(i ,x(i))1x(N)=x ]
expectation over nearest neighbour random walk paths starting at 0.

Assume E [esξ(i,j)] = eλ(s) <∞ (E [ξ6(i , j)] <∞ should suffice). Then

− logZ(ε/2)1/2(bε−2tc, [ε−1x ])−ε−2λ((ε/2)1/2)t−log( 1
2ε
−1)→ h(t, x)

Can get general initial data for KPZ by adjusting initial conditions for

ASEP or boundary conditions on the polymer



KPZ Universality Class

Weakly asymmetric/intermediate disorder scaling  KPZ eqn (well understood)

KPZ scaling ε1/2h(ε−3/2t, ε−1x)  KPZ fixed point (nontrivial, poorly understood)



Exact distribution functions breakthrough 99

β →∞ limit of directed polymer 7→ Last Passage Percolation

G (M,N) = max
up/right paths
(1,1) to (M,N)

∑
(i ,j)∈path

ξ(i , j),

free energy satisfies discrete KPZ

G (M,N) = max(G (M − 1,N),G (M,N − 1)) + ξ(M,N)

If ξ(i , j) have geometric distr P(G (M,N) ≤ s) = det(I − KN)L2(s,∞)

and asymptotics gives (Johansson 00; see also Baik-Deift-Johansson 99)

G (N,N) ∼ c1N+c2N
1/3ζ P ( ζ ≤ s ) = FGUE(s) = det(I−K )L2(s,∞)

K(x,y)=
∫∞

0 Ai(x+s)Ai(y+s)ds

Same as for largest eigenvalue of GUE matrix

aij = aji ∼

{
N (0,

√
N/2) + iN (0,

√
N/2) i < j = 1, . . . ,N

N (0,
√
N) i = j

00 - 05 special models Geometric LPP/PNG Exponential LPP/TASEP

give broad picture of fluctuations. Models come from determinental

processes, so appearance of Fredholm determinants not so surprising



Broad picture of fluctuations in KPZ universality class

Point-to-point random growth on curved substrate, stochastic heat eq starting
from delta function Z(0, x) = δ0(x), KPZ starting from narrow wedge, etc

h(t, x) ∼ c1t + c2
x2

t
− c3t

1/3Ai2(c4t
−2/3x) Airy2 process

stationary, marginals FGUE

t →∞ ci non-universal, in some cases computable

Point-to-line e.g. random growth on flat substrate, stochastic heat eq starting
from a constant Z(0, x) ≡ 1, KPZ starting from 0, etc

h(t, x) ∼ c5t − c6t
1/3Ai1(c7t

−2/3x) Airy1 process
stationary, marginals FGOE

Equilibrium case e.g. stochastic Burgers equation with invariant white noise,
KPZ with Brownian motion Aistat(x)

Mixed cases start with one of the above to the right of the origin, and another
to the left. Ai1→2(x), Ai1→stat(x), Ai2→stat(x)

Six KPZ universality subclasses
Limiting processes Ai•(x) all have determinental finite dimensional distributions



Approximate Airy1 process. At each x difference from red line has
approximate FGOE distribution



Experimental evidence! Takeuchi, Sano 10
Was difficult to find repeatable, local dynamics with approximate
space-time white noise. This one uses nematic liquid crystals

Not only confirms t1/3 size of fluctuations, but statistically
distinguishes FGUE from FGOE by skewness and kurtosis
New experiments of Yunker et al find it in drying coffee rings!



Fluctuations of the KPZ equation

So far, only determinental models LPP/TASEP

What about KPZ equation itself?

By refining the coupling method (Cator-Groeneboom 06, Balazs-Seppalainen 06) we can

take weakly asymmetric limit of exclusion to get

Thm (Balazs-Q-Seppalainen 09) Let h(t, x) be the solution of the KPZ
equation starting from a two-sided Brownian motion. Then there
are 0 < C1 and C2 <∞ such that

C1t
1/3 ≤

√
Var(h(t, 0)) ≤ C2t

1/3



How does one get the fluctuation exponent?

In any dimension P(x(t) ∈ dx) = Z(t,x)dx∫
Z(t,y)dy

∼ Ce−
|x|2
2t

+tχflucζ so

E [|x(t)|] := Ctχwander

gives the KPZ relation : 2χwander − 1 = χfluc

In d = 1 we have the extra relation (inherited from ASEP)

Var(h(t, 0)) = E [|x(t)|]

ie. t2χfluc ∼ tχwander

ie. 2χfluc = χwander

which forces χfluc = 1/3, χwander = 2/3.
Real proof uses ordering of particles to estimate probability of second

class particle in wasp x(t) > Cε1/3t2/3 in terms of current and then uses

Chebyshev and Var(Curr) = E [|x(t)|] to get a closed inequality for

moments of x(t) (up to 3)

Identifies correct order, but not likely to get distribution of fluctuations



Breakthrough was Tracy-Widom formulas for ASEP 08

e.g. Start with particles at Z+, ie. hASEP(0, x) = |x |

P
(
hASEP( t

q−p
, x) ≥ y

)
=

1

2πi

∮
dµ

µ

∞∏
k=0

(1− µ
(p
q

)k
) det(I − J)

J(η, η′) =

∮
eΨ(ζ)−Ψ(η′)

∞∑
k=−∞

(
p
q

)k( ζ
η′

)k
µ−

(
p
q

)k dζ

η′(ζ − η)

Ψ(ζ) = −x log(1− ζ) + tζ
(1−ζ) + (y + x) log ζ

I appearance of Fredholm determinant unexpected

I similar formula for step Bernoulli initial data

I miracle of Fredholm determinant not found for other models, so no
hope (yet) of doing asymptotics

I more direct proofs now available using duality (Borodin-Corwin-Sasamoto 12)



Exact formulas for one-point distribution of KPZ at finite t

ε1/2hASEP
q−p=ε1/2 (ε−2t, ε−1x)− 1

2ε
−1t − log( 1

2ε
−1/2)→ h(t, x)

limit in Tracy-Widom formula by steepest descent gives

Thm (independently by Amir-Corwin-Q (rigorous) & Sasamoto-Spohn (non-rigorous) 10) Exact

formula for P(h(t, x) ≤ s) where h(t, x) is the solution of KPZ with

narrow wedge initial data. Generating fn is slightly easier to digest

E

[
exp

{
−e−se−h(t,x)− x2

2t +
t

24

}]
= det(I − P0Ks,tP0)L2(R)

Ks,t(x , y) =

∫ ∞
−∞

1

1 + e−(t/2)1/3λ+s
Ai(x + λ)Ai(y + λ)dλ

As t →∞, −h(t, x)− x2

2t + t
24 ∼ 2−1/3t1/3ζ where ζ has the FGUE

distribution. As t → 0, it is t1/4×Gaussian

Thm (Corwin-Q 10) Analogous formula for half-Brownian initial data, i.e.

Z (0, x) = eB(x)1x>0.








Cor (Weak universality for directed random polymers) (Alberts-Khanin-Q 11)

From the exact formula for KPZ and the intermediate disorder limit, we

have, for an explicit c(β,N),

lim
β→∞

lim
N→∞

β−4/3

[
log Ex

[
e
− β

N1/4

∑N
i=0 ξ(i ,x(i))

]
− c(β,N)

]
distr
= FGUE

Key point. Does not depend on distribution of the i.i.d.’s ξ(i , x) (just

need a few moments). Compare with the full universality conjecture

lim
N→∞

N−1/3
[
log Ex

[
e−β

∑N
i=0 ξ(i ,x(i))

]
− c(β)N

]
distr
= FGUE

now known for several partially solvable models

I Continuum random polymer (Amir-Corwin-Q 10, Alberts-Khanin-Q 11)

I Semi-continuous polymer (discovered by O’Connell-Yor, exact formula for free energy

O’Connell 09, asymptotics Borodin-Corwin 11)

I log-Gamma polymer (discovered by Seppalainen, exact formula for free energy

Corwin-O’Connell-Seppalainen-Zygouras 12, asymptotics Borodin-Corwin-Remenik 12)

I Common algebraic framework yielding Fred det’s and new solvable
models, eg. q-TASEP (Borodin-Corwin 11)



Broad picture of fluctuations in KPZ universality class

Point-to-point random growth on curved substrate, stochastic heat eq starting
from delta function Z(0, x) = δ0(x), KPZ starting from narrow wedge, etc

h(t, x) ∼ c1t + c2
x2

t
− c3t

1/3Ai2(c4t
−2/3x) Airy2 process

stationary, marginals FGUE

t →∞ ci non-universal, in some cases computable

Point-to-line e.g. random growth on flat substrate, stochastic heat eq starting
from a constant Z(0, x) ≡ 1, KPZ starting from 0, etc

h(t, x) ∼ c5t − c6t
1/3Ai1(c7t

−2/3x) Airy1 process
stationary, marginals FGOE

Equilibrium case e.g. stochastic Burgers equation with invariant white noise,
KPZ with Brownian motion Aistat(x)

Mixed cases start with one of the above to the right of the origin, and another
to the left. Ai1→2(x), Ai1→stat(x), Ai2→stat(x)

Known for TASEP/PNG. For KPZ we have exact formula for one pt distr of
h(t, x) for narrow wedge and half-Brownian data. Pt-to-pt log-Gamma and
semi-continuous polymer free energy.



Replica method (non-rigorous)

Based on (rigorous) fact that u(t, x1, . . . , xn) = E [Z (t, x1) · · ·Z (t, xn)]
satisfies ∂tu = Lu where

L = 1
2

∑n
i=1 ∂

2
xi + 1

2

∑n
i 6=j=1 δ(xi − xj) attractive δ−Bose gas

I Explicit (rigorous) eigenfunctions/eigenvalues Bethe ansatz

I Try to reconstruct distribution of Z from this

E [Z n] ∼ en
3

and DO NOT determine the distribution

I KPZ formula quickly rederived this way (Dotsenko, Calabrese-LeDoussal-Rosso 10)

I n dimensional distributions of KPZ with narrow wedge initial data
converge to Ai2(x) assuming factorization approximation on Bethe
eigenfunctions (Prolhac-Spohn 11)

I formula for KPZ starting from flat (Calabrese-LeDoussal 12)

I formula for KPZ starting from Brownian motion (Imamura-Sasamoto 12)

I Recent results (Borodin-Corwin-Sasamoto 12) can be considered a rigorous
version of replicas for ASEP, q-TASEP



Variational problems for Airy2 process

In a sense the Airy2 process is the ‘fundamental solution’, and other

universal quantities occur as variational problems

e.g. general initial data h0 for KPZ. By linearity of stochastic heat
eqn

h(t, x) ∼ − log

∫
e−

(x−y)2

2t +t1/3Ai2(t−2/3(x−y))−h0(y)dy

Limiting fluctuations all at scale hε(t, x) = ε1/2h(ε−3/2t, ε−1x)

hε(t, x) ∼ −ε1/2 log

∫
eε
−1/2{− (x−y)2

2t +t1/3Ai2(t−2/3(x−y))−ε1/2h0(ε−1y)}dy

Assume hε(t, x)→ h(t, x) (KPZ fixed point)

h(t, x) = − sup
y

{
− (x−y)2

2t + t1/3Ai2(t−2/3(x − y))− h0(y)
}

True in the sense of one-pt distributions, and several cases have now

been checked Corwin-Q-Remenik 11, Q-Remenik 11



Conjectural KPZ fixed point formula
To see multi(space)point distributions need an extra parameter.

Let Z (t, x ; y) be the solution at (t, x) of the stochastic heat eqn with

initial data δy (x). Then

Z (t, x ; y) ∼ cte
− (x−y)2

2t +t1/3A(t−2/3x ,t−2/3y)

A(x , y) is the Airy sheet. By time-reversal symmetry, it is an Ai2 process
in each coordinate. By semi-group property, if Ã is independent copy

21/3A(2−2/3x , 2−2/3y)− (x−y)2

4

distr
= sup

z∈R

{
A(x , z)− (x−z)2

2 +Ã(z , y)− (z−y)2

2

}
Thm (Cator-Corwin-Pimentel-Q, in prep) In Poissonian LPP such a limiting object

exists. Uniqueness/universality is the problem.

For fixed t > 0 the KPZ fixed point formula reads

h(t, x) = − sup
y

{
− (x−y)2

2t + t1/3A(t−2/3x , t−2/3y)− h0(y)
}

Lax-Oleinik formula for Burgers eq driven by Airy noise

To get multi(time) distributions need to add time parameters to
the Airy sheet A(s, x , t, y)



Proposed formula for transition probs of KPZ fixed point

If one believes Prolhac-Spohn factorization approximation then the
full transition probabilities can be computed by replicas (Corwin-Q 11)

P(h(t, x) ≤ g(x) on [a, b] | h(0, x) = f (x) on [c, d ]) = det(I−K+L)

where L(z , z ′) is given by∫ ∫
dmdu e(d−c)HK (∂mY

f̃ (·)+m
[c,d ] )(z ′, u)Y

g̃(·)+u−m
[a,b] e(b−a)HK (u, z)

Y f
[a,b] is solution operator of

{
∂tu = −Hu a < t < b
u(t, x) = 0 x ≥ f (t)

}
H = −∂2

x + x is the Airy operator

Hard to verify.
Test: Flat 7→multipoint should give Ai1. One pt ok (Corwin-Q-Remenik 11)

but 2 point function unclear. Passes some non-trivial tests, but
even numerics is inconclusive (Corwin-Q-Remenik in prep)



Polymer endpoint distribution

Recall the conjecture: Start stochastic heat eq ∂tZ = 1
2∂

2
xZ − Zξ

with δ0(x)

Z (t, x) ∼ cte
− x2

2t +2−1/3t1/3Ai2(2−1/3t−2/3x)

so

Pξt (x(t) = x) =
Z (t, x)∫
Z (t, x)dx

∼ e−
x2

2t +2−1/3t1/3Ai2(2−1/3t−2/3x)

normalization

If we change variables
x̃ = 2−1/3t−2/3x

Z (t, x)∫
Z (t, x)dx

∼ e2−1/3t1/3{Ai2(x̃)−x̃2}

normalization
∼ δargmaxx{Ai2(x)−x2}

Thus argmaxx

{
Ai2(x)− x2

}
is the universal polymer endpoint

distribution in 1 + 1 dimensions. Johansson 02: Is there a formula
for its law?



The Airy2 process

I scaling limit of the top eigenvalue in matrix valued diffusion
for GUE (Dyson’s Brownian motion)

I derived via transfer matrix method for PNG, TASEP
(Prahofer-Spohn 02)

I defined through n-dimensional distributions

P (Ai2(t1) ≤ ξ1, . . . ,Ai2(tm) ≤ ξm)

given by Fredholm determinant on L2(Rn) of extended kernel
f(tj , x) = 1x∈(ξj ,∞)

↙

P (Ai2(t1) ≤ ξ1, . . . ,Ai2(tm) ≤ ξm) = det(I−f1/2Kextf
1/2)L2({t1,...,tm}×R)

Kext(t, ξ; t ′, ξ′) =

{∫∞
0 dλ e−λ(t−t′)Ai(ξ + λ)Ai(ξ′ + λ) t ≥ t ′∫ 0
−∞ dλ e−λ(t−t′)Ai(ξ + λ)Ai(ξ′ + λ) t < t ′

I formulas for the other Airy processes are similar

Complexity depends on m! How are we going to going to compute
distribution of argmaxx

{
Ai2(x)− x2

}
?
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for GUE (Dyson’s Brownian motion)

I derived via transfer matrix method for PNG, TASEP
(Prahofer-Spohn 02)
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start with alternate formula (Prahofer Spohn) for P(Ai2(t0) ≤ x0, . . . ,Ai2(tn) ≤ xn)

det(I − K + P̄x0e
(t0−t1)H P̄x1e

(t1−t2)H · · · P̄xne
(tn−t0)HK )

H = −∂2
x + x is the Airy operator P̄af (x) = 1(−∞,a](x)f (x)

Take t0 < t1 < · · · < tn to be a fine mesh in [`, r ] to get continuum formula

P(Ai2(t) ≤ g(t) for t ∈ [`, r ]) = det(I − K + Θg
[`,r ]e

(r−`)HK )

where Θg
[`,r ]f (x) = u(r , x) is solution operator at time r of boundary value

problem {
∂tu + Hu = 0 x < g(t)

u(t, x) = 0 x ≥ g(t)

}
with u(`, x) = f (x)

Parabolic shift transforms it into standard heat equation

Θg
[`,r ](x , y) = e`x−ry+(r3−`3)/3 e

−(x−y)2/4(r−`)√
4π(r − `)

· PB(`)=x−`2,B(r)=y−r2

(
B(s) ≤ g(s)− s2 on [`, r ]

)
,



Perhaps you imagine it will not be so much fun to compute

P(Ai2(t) ≤ g(t) for t ∈ [`, r ]) = det(I − K + Θg
[`,r ]e

(r−`)HK )

Θg
[`,r ](x , y) = e

`x−ry+
r3−`3

3 −
(x−y)2

4(r−`)√
4π(r−`)

P x−`2
y−r2

(
B(s) ≤ g(s)− s2 on [`, r ]

)

But suppose we are interested in g(t) = t2 + m. By reflection principle,

solution operator is completely explicit:

Θt2+m
[−L,L] = P̄m+L2e−2LH P̄m+L2 − P̄m+L2RLP̄m+L2

where RL is the reflection term

RL(x , y) =
1√
8πL

e−(x+y−2m−2L2)2/8L−(x+y)L+2L3/3

Amazingly, for any L > 0,

det(I − RLe
2LHK ) = FGOE(41/3m)

Rest vanishes as L→∞ by steepest descent. This reproves Johansson’s

famous result that maxy{Ai2(y)− y 2} ∼ FGOE (Corwin-Q-Remenik 11)
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solution operator is completely explicit:

Θt2+m
[−L,L] = P̄m+L2e−2LH P̄m+L2 − P̄m+L2RLP̄m+L2

where RL is the reflection term

RL(x , y) =
1√
8πL

e−(x+y−2m−2L2)2/8L−(x+y)L+2L3/3

Amazingly, for any L > 0,

det(I − RLe
2LHK ) = FGOE(41/3m)

Rest vanishes as L→∞ by steepest descent. This reproves Johansson’s

famous result that maxy{Ai2(y)− y 2} ∼ FGOE (Corwin-Q-Remenik 11)



Next we compute joint density of argmaxy{Ai2(y)− y2} and
maxy{Ai2(y)− y2} ( Moreno-Flores, Q, Remenik (2011) )

f (t,m) = lim
L→∞

lim
δ→0

lim
ε→0

1

εδ
P(At,m,ε,δ,L)

where At,m,ε,δ,L is the event that Ai2(x)− x2 stays below m on
[−L, L] but passes through the window



P(At,m,ε,δ,L) = P(Ai2(x) ≤ x2 + m, |x | ≤ L)

−P(Ai2(x) ≤ x2 + m − ε1|x−t|≤δ/2, |x | ≤ L)

2nd operator factorizes Θt2+m

[t+
δ
2 ,L]

Θt2+m−ε
[t− δ2 ,t+

δ
2 ]

Θt2+m

[−L,t− δ2 ]
and middle

becomes rank 1 in limit



Thm (MorenoFlores-Q-Remenik June11) jt density of argmaxy{Ai2(y)− y2

2 }
and maxy{Ai2(y)− y2

2 } is

f (t,m) = γ(t, 41/3m)FGOE(41/3m)

γ(t,m) = 21/3〈ψ−t,4−1/3m, (I − P0BmP0)−1ψt,4−1/3m〉L2(0,∞)

ψt,m(x) = 2e21/3xt
[
tAi(21/3x + m + t2) + Ai′(21/3x + m + t2)

]
Bm(x , y) = Ai(x + y + m)

(Schehr Mar12, Baik-Liechty-Schehr May12)

γ(t,m) = 16
π2 〈h42/3t , h−42/3t〉L2(m,∞)

ht(x) =

∫ ∞
0

ζΦ2(ζ, x)e−tζ
2
dζ

Φ2 is the solution of one of the Lax equations for Painlevé II
q′′ = 2q3 + tq (Dotsenko Sept12) Yet another formula, via replicas.
Similar, but still to prove that it coincides.
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Polymer endpoint distribution (blue line) with Gaussian for comparison

(dotted green line). Excess kurtosis E [T 4]
E [T 2]2 − 3 = −0.2374. Computation

by Daniel Remenik. Surprisingly, Fredholm determinants better for
numerics than Painleve (Bornemann).

HalpinHealy-Zhang conjecture: Tails decay like e−c|x|
3

Remenik-Q Mar12 e−c|x|
3 ≤ P(T > x) ≤ e−

4
3 |x|

3

Baik-Liechty-Schehr May12 P(T > x) ∼ e−
4
3 |x|

3



Complete picture for geometric last passage percolation

{
w(i , j)}i∈Z+,j∈Z iid geometric

i.e. P(w(i , j) = m) = q(1− q)m for m ≥ 0
last passage time is maxr .w . paths x(·) starting at 0

∑n
i=0 w(i , x(i))

x(n) is the location at time n of the maximizer

Theorem (Johansson 02 + MorenoFlores-Q-Remenik 11)

P(x(n) ≤ xn2/3)→
∫ x

−∞
dt

∫ ∞
−∞

dmγ(t, 41/3m)FGOE(41/3m)

γ(t,m) = 21/3〈ψ−t,4−1/3m, (I − P0BmP0)−1ψt,4−1/3m〉L2(0,∞)

ψt,m(x) = 2e21/3xt
[
tAi(21/3x + m + t2) + Ai′(21/3x + m + t2)

]
Bm(x , y) = Ai(x + y + m)



There is a similar formula for the Airy1 process (Q, Remenik 12 )

P(A1(t) ≤ g(t) for t ∈ [`, r ]) = det
(
I − B0 + Λg

[`,r ]e
−(r−`)∆B0

)
L2(R)

.

Λg
[`,r ](x , y) =

e−(x−y)2/4(r−`)√
4π(r − `)

PB(`)=x ,B(r)=y (B(s) ≤ g(s) on [`, r ]) ,

B0(x , y) = Ai(x + y)

We can use this to prove Airy1 and Airy2 are Hölder 1/2− and
locally Brownian (for Airy2 Hagg 08 )

Exercise in frustration: Try to prove continuity using extended
kernel formula



Spatial persistence probabilities

P(A(t) ≤ m, 0 ≤ t ≤ L) ∼ e−κ−L

Takeuchi measures κ−(A1) ≈ 3.2± 0.2, κ−(A2) ≈ 0.90± 0.6
Just need asymptotics on our determinental formulas (trying with
Schehr). Ferrari and Frings Sep12 numerically compute
κ−(A1) ≈ 2.9
Intriguingly, Takeuchi finds that κ+(A1) = κ−(A1) where

P(A(t) ≥ m, 0 ≤ t ≤ L) ∼ e−κ+L

Question: Is there a way to compute κ+ for the Airy processes?




