Mat 1501 lecture notes, Sept 16-20, 2013

1. Radon measures

A measure y is said to be locally compact if
(1) w(K) < oo if K is compact.

A Radon measure on R™ is a Borel regular, locally compact measure.

1.1. approximation and Lusin-type properties. The following facts can
be deduced from our earlier discussion about Borel regular measures.

Many of them are immediate consequences of our earlier results if (R™) < oo.
If not, then the proofs may require writing R™ as a countable union of pieces of finite

p-measure, applying the suitable earlier theorem on each piece, and assembling the
results in some fashion. In this way one can prove for example

Lemma 1. If i is a Radon measure on R™, then for any measurable set A,
w(A) = sup{u(K) : A D K compact}
and for every A, measurable or not,
w(A) = inf{u(0): A C O open.}
Second, from Lusin’s Theorem,

Lemma 2. If pu is a Radon measure on R™ and f : R — R™ is a p-measurable
function for any e > 0 there exists C' closed such that the restriction of f to C is
continuous and pu(R™\ C) < e.

Another consequence of Lusin’s Theorem is

Lemma 3. Assume that pu is a Radon measure on R™, that f : R* — R™ is a
p-measurable function, and that A is a p-measurable set such that p(A) < oo.
Then for any € > 0, there exists a continuous f : R™ — R™ such that

p({z € A: f(z) # f(2)}) <e.

This can proved by using Lusin’s Theorem to find a compact subset K C A
such that p(A\ K) < e and the restriction of f to K is continuous, and then using
the following extension lemma:

Lemma 4. Assume that K is a compact subset of R" and that f : K — R™ is
continuous. Then there exists a continuous function f : R™ — R™ such that f = f

in K.

PRrROOF. It is rather easy to reduce to the case m = 1. For this case, recall that
for any continuous function f: K — R with K compact, there exists a continuous
nondecreasing function w : [0,00) — [0, 00) such that w(0) = 0 and

|f(z) = f(y)| S w(lz —yl) for all 2,y € K.

In fact, w(s) := max{|f(z) — f(y)| : @,y € K, |z —y| < s} can be seen to have all
the stated properties. Then we define

Jw) = min (7o) +w(ly - =)
and check that f is continuous and agrees with f in K. O
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In fact Lemmal[3]is also true on all of R™. The proof involves, as with Lemma 2]
first arguing on compact sets and then piecing together the results somehow. This
leads to

Lemma 5. Assume that p is a Radon measure on R™, that f : R™ — R™ is a
u-measurable function. B
Then ¥ € > 0, there exists a continuous f : R™ — R™ such that

p({z €R™: f(z) # f(2)}) <e.

Exercise 1. Prove Lemma ] taking for granted Lemma [3]
Finally, one can also deduce from Lusin’s Theorem the following:

Lemma 6. Assume that i is a Radon measure on R™ and that f : R" — R™ is a
p-integrable function.
Then for every € > 0 there exists a continuous g : R™ — R™ such that

[1s=gldu<e

PRrROOF. Recall that, by the dominated convergence theorem, for any ¢ > 0,
there exists M > 0 such that

/A \f|d,u<§, for Aps = {z € R" : |f(z)| > M}.
Then by Lemma 5] one can find a continuous g : R® — R™ such that
) p({z e R"\ Ay : f(2) # 9(2)}) < p({z € R™: f(2) # g(2)}) < ﬁ-

We may assume that |g(z)| < M everywhere, since otherwise we can replace g by

g9(z) if [g(x)| < M
MZZ if not
lg(2)] ’

and it will still be continuous and satisfy . Then
|f =gl < 1fl+ gl <2M in R™ \ Ay

and
If =gl <[fl+1gl < [fI+M <2[f]in Ay .
Using these facts, we find that

s —oldn= [ 1r =gl [ 17—
< S +2M p{z €R™\ Ay : f(2) # g(2)}) < <.
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1.2. Representation theorems. We introduce the notation
C.(R")={f:R"—=R: fis continuous with compact support}.

We will abbreviate in various ways, eg writing C.(R™) or possibly even just C,, if
there is no hope of confusion.
We will also use the notation C;f (R") := {f € C.(R"™): f(z) >0 for all z}.
Given a Radon measure u, we can define a linear functional on C.(R™), given
by

feCR") = A(f)= [ fdupeR.
Ril
Such functionals satisfy a natural positivity condition, stated in below. We first
prove that the converse is true: every positive linear functional on C.(R™) can be
represented, in this way, by a Radon measure. (Hence, this is an example of a
representation theorem.)

Theorem 1. Suppose that \ : C.(R™) — (—o00,00) be a linear mapping which is
positive in the sense that

(3) Af) =0 for feCIR™).

Then there exists a Radon measure jp on R™ such that

(4) ) = / fdu

For A C R™ we will use the notation 14 for the characteristic function of A,
defined by

1 ifzeAd
1A(w)_{0 if not.

Proor. Step 0: First note that and the linearity of A imply that
(5) Af) > Ag) for f,g € C.(R™) such that f > g.
Step 1: We define a measure p on R™ as follows: given any open set O, we define
#(0) = sup{A(f) : [ € C.R™), 0< f < 1,supp f € O}.
Next, given an arbitrary set A we define
p(A) = inf{p(O) : O open, A C O}.
One easily checks from the definitions and that

(6) If feCHR™) and f < 14, then A(f) < u(A).

and similarly

(7) If feCF(R™) and f > 14, then A\(f) > pu(A).
We now verify that p is a Radon measure. We must verify
measure

Borel — follows from Caratheodory’s criterion

regular — suffices to show that an arbitrary A is contained in a Borel set of
equal measure. This follows easily from the construction of p;

locally finite — This follows from @, since given any compact set K we can
find f € CH(R™) such that f > 1k, and then u(K) < A(f) < co..



Step 2. Fix f € C.F(R™). To check that (4] holds, we introduce some notation.
Temporarily fix € > 0, and for £ = 0,1,2,... define

Si:={x esuppf: f(x) > ek}

Note that these are all open sets. For & > 0 let xj, denote the characteristic function
of 5.
And for k£ > 0, define

0 if f(z) <ek
fi@) =13 flx)—ck ifeck< f(z)<elk+1)
€ if f(z)>e(k+1).

Then fi € CF(R™) and

oo
Xim Sfi<exi f=)>_f%
n=0

It follows that

oo oo oo
S <> =7 <23
k=1 k=0 k=0

So using (6)) and (7)), we see that

JEX R = 3 ud) <20 <=Dou0i) < [ €D xidn
k=1 k=1 n=0

k=0

If we let € tend to zero, thene > ;- x5—fand e -, x5 — f tend to zero uniformly
and vanish outside the support of f, so the above inequalities yield

fdu<A(f) < | fd
Rn ]Rn
O

The next representation theorem drops the hypothesis of positivity and instead
assumes only that A is locally bounded, which is a weaker condition:

Theorem 2. Suppose that A : C.(R") — (—00,00) be a linear mapping which is
locally bounded in the sense that for every compact set K there exists a constant
Ck such that

(8) AMf) < Ck max |f(z)] whenever supp f C K.

Then there exists a signed Radon measure i on R™ such that
(9) Af) = fdu
Rn
for all f € C.(R™).
Remark 1. The space C.(R™) is often given a topology which is characterized by
the property that f — f in C.(R™) if and only if

e there exists some compact K C R"™ such that supp(fx) C K for all k, and
e fi — f uniformly as k — oco.
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One can then check that continuous linear functionals on C.(R™) are precisely those
linear functionals that satisfy . If we accept this as a fact, then we can see that
the above theorem identifies the space of Radon measures on R™ as the topological
dual space of C.(R™).

Note that C.(R™) is not a Banach space with this topology. Indeed, although
the sup norm appears in our definition of the topology (since the sup norm describes
uniform convergence), it is easy to see that C.(R™) is not complete with respect to
Sup norm convergence....

Exercise 2. A linear functional A : C.(R™) — R is continuous if A(fx) — A(f)
whenever fi — f in the C.(R™) topology described above.
Prove that a linear functional A : C.(R™) — R is continuous if and only if it

satisfies .

Note that “if” is almost immediate. One way to prove “only if” is to assume
that fails, and to prove that then A is not continuous. And to prove failure of
continuity, it certainly suffices to find a sequence fi, all having support in some
fixed compact set K, such that fi — 0 uniformly, but |A(fx)| is bounded away from
zero, as k — oo.

PROOF. Step 1: Given A as above, we define a new mapping |[A| : Cf (R") — R
by stipulating that

IAI(f) == sup{A(g) : g€ Ce(R™),|g] < f}.
We can extend |\| to C.(R™) by writing |A|(f) = [N (fT) — |\ (f7) for f of the form
f=ft—f,with f* € CHR").

Hypothesis implies that |[A|(f) is finite for every f € CF(R™).

We claim that |A| is linear. It is clear that |A|(cf) = ¢|A|(f) for ¢ € R. To
verify that |\|(f1+ f2) = [A(f1) +|A|(f2), it suffices to consider f1, fo > 0. For two
such functions we claim that
(10)

{9 : g€ C(RY), [g] < fitfo} = {g1192: 91,92 € Ce(R™), |gi| < fi for i =1,2}.
The inclusion D is obvious. To prove the other inclusion, suppose that we are given
g € C.(R™) such that |g| < f1 + f2. If we define
gi = 9fi
YA+
then |g;| < fill%lb = f1, and also clearly g = g1 + go. This establishes (10).
Using , we check that for f1, fo >0,

IAN(f1 + f2) = sup{A(g) : g € C(R"), |g| < f1+ fo}
= sup{A (g1 +92) : 91,92 € C.(R™), |g;| < fi for i = 1,2}
= sup{A(g1) + A(g2) : 91,92 € Ce(R"), [gi| < f; for i =1,2}
= [Al(f1) + [Al(f2)-

Step 2: Next define AT (f) = 3(|A|(f) £ A(f)), so that A = AT — A~.

We claim that A* satisfy the hypotheses of Theorem [1l Tt is clear from Step
1 that A* are linear, so we only need to prove that they are positive. To do this,
note that for f € CF(R™),

NE(f) = sup{5 (Mg) +A() ¢ g€ OB, o] < f).
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In particular, by making the choice g = —f we deduce that
1 1
() 2 S + AN = ZN=1 + ) =0,

Similarly A~ > 0. It follows from Theorem that there exist measures u™, u~ such
that

V() = [ raut
for all f € C.(R™). It follows that

NP =X ) = () = [ st~ [ fau
which proves (9 for p = p* — p~. O
Remark 2. Another function space, very closely related to C.(R™), is the
Co(R™) :={f:R" — R | f is continuous, f(z) — 0 as |z| — oo}
on which we define the norm
I£llc = max|f(x)|-

This space is a Banach space — in particular, it is complete with respect to norm
convergence. So its dual space, the space of bounded linear functionals Cy(R™) — R,
is also a Banach space. It is not hard to deduce from Theorem [2|that the dual space
of Cp(R™) can be identified with the space of signed Radon measures on R™ with
finite total variation. That is, the following holds:

Theorem 3. Assume that A is a linear functional on Co(R™) and that there exists
some constant M such that such that

AU = M| flicq for all f € Co(R™).

Then there exists a signed Radon measure p = p+ —p~ (where both p* and p~ are
Radon measures) such that

M= [ fdu,  and  pt(RY)+pm(R") < M.
Rn

Conversely, every such signed Radon measure induces a bounded linear functional
on Co(R™).

Exercise 3. Deduce Theorem [3| from Theorem [2| (and additional arguments as
necessary).

1.3. vector-valued measures. Now we prove a substantial generalization of
Theorem [

Throughout this section Y denotes a separable Banach space, with norm || - ||y

We will write C.(R™;Y") to denote the space of continuous, compactly supported
functions R™ — Y. Our goal is to identify the dual space of this space.

We will write Y* to denote the space of bounded linear functionals ¥ — R,
with the norm

ladly- »=sup{(a,y) : llylly <1}
Here « denotes a generic element of Y*, and («,y) denotes the action of o € Y*

ony €Y.
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Theorem 4. Suppose that A : C.(R™;Y) — (—o00,00) be a linear mapping which
is locally bounded in the sense that for every compact set K there exists a constant
Ck such that for F € C.(R™;Y),

(11) MF) < Cg sup [|[F(z)|ly  whenever supp I C K.
zeK

Then there exists a Radon measure p on R™ and a weak-* ,u—measumbld-ﬂ function
o :R"™ = Y™ such that for every F € C.(R™;Y),

(12) NE) = [ (ola),F@) dn
and

(13) lo(@)]|y~ =1 u almost everywhere.

Remark 3. A function ¢ : R — Y* is weak-* p-measurable if 0=1(0) is u-
measurable whenever O is a weak-* open subset of Y*. We recall that the weak-*
topology on Y* is the topology generated by the collection of sets of the form

{a€eY™ : a<{a,y) <b}, for a,beR, yeY.

In particular, one can check that o : R™ — Y* is a weak-* measurable if and only
if
x +— {(o(x),y) is a measurable real-valued function for every y € Y,

and that this condition is enough to guarantee that the integral on the right-hand
side of is well-defined.

Remark 4. Given a ¢ and p as in the statement of the theorem, we can associate
to any measurable A C R™ an element of Y*, which we can denote f 4 0dp, and

defined by
([ ain . v)= [ o).

One can therefore understand the theorem as stating that the dual of C.(R™;Y) is
the space of “Y*-valued Radon measures”, that is, locally finite, countably additive
maps {Borel subsets of R"} — Y*.... (i'm not sure whether the notion of “Borel
regular” makes sense in this context; anyway, I don’t see any reason to worry about

Remark 5. As with Theorems [2] and [3] above, this has a closely related version
characterizing the dual space of Cy(R™;Y"), which denotes the space of continuous
functions F' : R — Y with the property that |[F(z)|ly — 0 as |z] — oo. As
above, Cj has the nice feature that it is a Banach space, with norm ||F|¢, =
S

In fact, the dual of Co(R™;Y) consists exactly of those “Y™*-valued Radon
measures” (that is, pairs u, o as described in the theorem) such that |u|(R™) < oc.

Before giving the proof of Theorem [4] we consider certain special cases (arising
from concrete choices of Y.)

lsee Remark [3| below



Example 1. First suppose that Y = R™ for some m, with the Euclidean norm,
which makes Y = R™ into a Hilbert space and allows us to identify Y and Y*.

Then the theorem states that for every linear function A : C.(R*;R™) — R
satisfying , there exists a Radon measure p an a p-measurable function o :
R™ — R™ such that |o] =1 p a.e., and

)\(F):/nF~odp.

We can also define pu; = oy for i = 1,...,m (a signed Radon measure in general),
and then the above can be written

/\(F):Z/ Fidm:/ F-dji
i=1YR" R

where @ = (u1,...,m). It is clearly natural to think of i as a “vector-valued
measure”.

Note that when we speak of a vector-valued measure in this way, each compo-
nent is actually a signed measure in general.

The case m = n arises particularly often.

Example 2. A rather natural example involving an infinite-dimensional Banach
space Y arises as follows.

We fix positive integers n,k, and we will write points in R®** in the form
(z,2) € R" x RF.

For any function F' € Co(R"T*) and any z € R", we will write F}, to denote
the function R* — R defined by

F.(z) = F(x, 2).
Note that F, € Co(R¥) for every x € R", and moreover
|Fy, — Fz||CO(Rk) = supk |F(zk,2) — F(z,2)] — 0 if 2, — x,
zERF

and
1B ey = sup |F(z,2)] — 0 as |a] — oo.
z€ERFK

Thus in fact, the function R™ — Cy(R¥) described above is continuous and decays
to zero at infinity; in other words, it belongs to Co(R™; Co(R¥)).

So we have a map Cy(R"T*) — Cy(R", Cy(R¥)), described above. A bit of
thought, along the above lines, shows that this map is in fact a bijection. In
addition, it is in fact a Banach space isomorphism, since

[Fllog@ntry = sup  [F(z,2)| = sup sup |F(z,z)|

sup || Fellcyme)
(z,z)eRn+E zER™ 2€RK zER™

= | Fllco (rrsco (r¥)) -

In this way, we obtain a space of the form Cy(R™,Y) by a simple change of
perspective from the very standard space Co(R"+F).

Now, suppose that v is a finite signed Radon measure on R"**, so that u can
be written v = v — v~ with v*(R"**) < .

Then in view of Theorem [3] we can associate to v a linear functional A on
Co(R™F).

But since Co(R™**) is isomorphic to Cp(R™;Co(R¥)), we can view v as a
bounded linear functional on the latter space.
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Then by applying Theorem 4] (or rather, the analogous theorem, where C. is
replaced by Cp) we conclude that there exists a finite Radon measure x4 on R™ and
a weakly measurable function o : R® — Cy(RF)* such that

/Rn+deV = MF) = /H<Fz70($)>du(w)

and |lo]jc; = 1 at p a.e. © € R". Recalling that Co(R¥)* can be identified with
the space of finite Radon measures on R¥, it is reasonable to write the value of the
function ¢ at the point z € R™ as 0,(dz). With this notation, we conclude that

/Rn+k Fdv= / ( R Fa(2)02(dz) ) p(dx)

Thus, these rather abstract considerations yield a way of decomposing a measure
v in R"** that is sometimes useful.

Remark 6. Weak-* measurability is the natural notion of measurability in the
setting of Theorem Indeed, strong measurability of maps R® — Y™* (that is,
measurability with respect to the norm topology on Y*) often turns out be be too
strong a condition, in the sense that many natural examples fail to be strongly
measurable.

For example, consider functions from R into Cy(R)*. Identifying the latter
space with the space of Radon measures, an example of such a map is:

(14) 0.(dz) = 6()(d2)
where f : R — R is any continuous function. Equivalently,

(02,9) = g(f(x))  for every g € Co(R).

It is easy to check that functions o : R — Cp(R)* of this form are weak-* measur-
able. However, even a very simple example of a function of the form may fail
to be strongly measurable. Indeed:

Exercise 4. Prove that the function o : R — Cy(R)* defined by
0,(dz) = 0, (dz)

is not strongly measurable. In other words, show that there exists a subset of
Co(R)*, open with respect to the norm topology, whose inverse image via o is
nonmeasurable.

Hint: The proof reduces to finding an unmeasurable A C R and a set O C
Co(R)*, open with respect to the norm topology, such that

{6.(dz) : x € A} =0N{d,(dz) : v € R}.

In fact, this can be done for any A C R.
It is helpful to note that for any two distinct real numbers a and b,

10a(d2) = dp(d2) ()= = 2

Remark 7. The proof of Theorem [f] will use the fact that if x is a Radon measure
on R™ and A is a linear functional on C.(R™) such that

NGIESY: / fldp  forall f e Cu(RY),
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then there exists a y-measurable function g such that

)| <M e and  AG) = [ fo du

One way to prove this is to invoke our earlier results to find that there exists a
signed measure v such that A(f) = [ fdv for all f, and then argue (this is the part
we will do later) that v can be written uL g for some g such that ||g||ze®n;u) < 1.
This fact is more or less a restatement of the fact that the dual space of
LY(R™, du) is L (R™; du), which you may have seen in some other context.

PRrROOF OF THEOREM [4l Step 1. We start by defining, for f € C.F(R") (that
is, real-valued and nonnegative),

() = sup{A(F) : F € Co(R™Y), [|F(2)ly < f(x) for all z}.

For general real-valued f € C.(R™), we define [A[(f) = [A|(f1) — [M(f7).

Then, by much the same arguments as in the proof of Theorem [2| one can
verify that || is a positive linear functional on C.(R™). Thus by Theorem [1] there
exists a Radon measure p such that

(f) = /R fdu  forall f € Cu(R™).

Step 2. Now let D denote a countable dense subset of Y, and assume that D
is a vector space over Q (so that ay; + bys € D if y1,y2 € D and a,b € Q.
For each y € D, we define a linear functional A\, : C.(R™) — R by

Ay(f) = A(fy)

where fy dentotes the function € R" — f(z)y € Y, which belongs to C.(R™;Y).
The definition of |A| and Step 1 imply that for every f € C.(R™) and every
yeD,

I&UMSMhﬂMU)=Hwy/me

So by the fact stated in Remark [7] for every y € D there exists a p-measurable
function g, : R™ — R such that |g,(z)| < M for p a.e. x, and

Ay(f) = . [ gy dp.
Step 3. We next claim that there exists a weakly p-measurable function o :
R™ — Y™ such that (o(z),y) = g,(z) for p ae. z.
To see this, note that the linearity of A implies that
(15) Aayi4bys = Aays T Abys = @Ay, + DAy,

w a.e., for all y1,92 € D and a,b € Q. (For every a, b, y1,y2, we may have to throw
out a set of p-measure zero on which this fails, but since there are only countable
many combinations of a,b,y1,y2, we can find a set of full measure on which the
identity holds for all of them.) Thus

(16) YGay1+bys (z) = agy, (z) + bgy., (), |gy(93)‘ < llylly

u a.e.. Fix some x at which this holds, an consider the map

y € D — gy(x).
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This is a bounded linear real-valued function whose domain is a dense subset of Y.
It therefore has a unique extension to all of Y, which we will write o(z) € Y*, and
which satisfies (o(z),y) = g,(z) for all y € D and |||y~ < 1.

In this way we define o(x) for p a.e. 2 € R™. The fact that o is weakly u-
measurable can be inferred from the measurability of g,, for all y € D. Indeed, for
any y € Y, the function

2 (o(a),y)
is the limit (p a.e.) of a sequence g, for (yx) C D converging to y, and hence is

measurable, as a pointwise limit of measurable functions.
Step 4. Next, given any F' € C.(R™;Y'), we demonstrate that

(17) A(F) = / o), F@)) dp.

Note that for F of the form F(z) = f(x)y, where y € D and f € C.(R"), we have
already proved this identity in Steps 2 and 3 above.

To prove , observe that since F' is continuous, and D is dense, for any € > 0
we can find y; € D and f; € C.(R™) for i = 1,... L (with L depending on ¢) such
that

L

L
Sup IF(z) =Y filx)yilly <&, supp(d_ fi(w)yi) C supp(F).
wekn i=1 i=1

Then
L L
)‘(F) - A(Z flyl> = A(F - Zflyz) < EKsupp F-
=1

i=1

On the other hand,

| [t Plau =N il = | [(o.F =3 b < cnlsupp(F)).

By combining these and letting ¢ — 0, we obtain .

Step 5. It remains to prove that ||o(z)|ly« =1 at p a.e.x.

We already know that ||o(x)]y+ < 1 a.e.. We thus only need to show that for
every 6 > 0,

w(As) =0 for As :={x e R" : |lo(z)|ly~ <1-—4}.
We also remark that x — |o(x)|y+ is measurable, since
lo(@)lly+ = sup{(o(z),y) = y €D,y <1}

Let O be an open set containing As such that u(O \ As) = u(0) — u(4s) < e, for
some € > 0. Let

A:={F € C.(R";Y) : supp(F) C O, ||F(z)|ly <1 for all z}.
Then

1(As) < p(0) = sup{ / fdu: C € CuR™), f < 10}

= sup{|A|(f) : C € Ce(R"), f < 1o}

< sup A\(F).
FeA
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However, for any F € A,
AP = [ (ola). P
O\As

+ [ {o(@), F(x))dp
< O\ As) sup. [(o(2), F

As
(@) + p(As) sup[(o (@), F ()]
L)
<e+(1-0)u(As).
Thus p(As) < e+(1—0)u(As). Since € is arbitrary, this implies that u(As) =0. O
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