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SUCCESSOR-INVARIANT FIRST-ORDER LOGIC ON FINITE
STRUCTURES

BENJAMIN ROSSMAN

Abstract. We consider successor-invariant first-order logic (FO + succ)iny, consisting
of sentences ® involving an “auxiliary” binary relation S such that (2, S;1) = ® <—
(A, S2) = @ for all finite structures A and successor relations S1,S2 on 2. A successor-
invariant sentence ® has a well-defined semantics on finite structures 20 with no given
successor relation: one simply evaluates ® on (2, S) for an arbitrary choice of successor
relation S. In this article, we prove that (FO + succ)iny is more expressive on finite
structures than first-order logic without a successor relation. This extends similar results

for order-invariant logic [7] and epsilon-invariant logic [10].

81. Introduction. Let o and 7 be disjoint relational vocabularies, and let
% be an isomorphism-closed class of 7-structures, which we call “auxiliary”
structures. A sentence ® in the first-order language of o U 7 is € -invariant if
AE D < B | @ for all (0 U7)-structures A and B such that A|, = B|, and
Al-, B, € € where |, denotes the o-reduct of A (and likewise: A, B|,, B|,).
In other words, ® is ¢-invariant if it has the same semantics on every two (cUT)-
expansions of a o-structure such that both 7-reducts are auxiliary structures in
%. A class & of o-structures is € -invariantly definable if there exists a %-
invariant sentence ® such that Z = {|, : A = P}, i.e., the class of o-reducts
of models of ®.

@ -invariant definability is a trivial concept when the class ¥ is first-order
axiomatizable. For axiomatizable &, Craig’s Interpolation Theorem implies that
every %-invariantly definable class of o-structures is definable in the first-order
language of o (without reference to an auxiliary 7-structure). However, as we will
see, € -invariance can be surprisingly non-trivial for non-axiomatizable classes &,
including many natural classes of finite structures.

Proviso 1.1. Henceforth, ¥ will always be an isomorphism-closed class of
finite 7-structures. We assume that € contains 7-structures of every finite car-
dinality (a property sometimes called having full finite spectrum). Moreover,

e & -invariant means %-invariant on finite structures,
e definable means first-order definable on finite structures, and
e following [9], we write (FO 4+ €)inv for the set of €-invariant sentences.
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One consequence of this proviso is that every finite set is the universe of some
auxiliary 7-structure in €. Therefore, every o-structure has at least one (o UT)-
expansion whose 7-reduct belongs to €. This observation leads to a well-defined
semantics for sentences of (FO + %)iny on the class of finite o-structures. For a
% -invariant sentence ® and a finite o-structure 2, we define

A =FO+inv  — B ETO @

where B is any (o U 7)-expansion of 2 such that B|, € €. Equipped with this
semantics, (FO + €)iny is called €-invariant logic.

REMARK 1.2. For many classes €, (FO + % )iy fails to be a logic in the strict
sense defined by Gurevich [8]. This is because the syntax of (FO + % )iny, i.e. the
set of @-invariant sentences, is not recursive in general.

We now restrict our attention to a few specific auxiliary classes . One case
of particular interest is when % is the class of finite linear orders; in this case,
we speak of order-invariance and denote order-invariant logic by (FO + <)ipy-
Similarly, when % is the class of finite successor relations, we speak of successor-
invariance and denote successor-invariant logic by (FO 4+ succ)ipy-

1.1. Order-invariant logic. Order-invariant logic arises naturally in set-
tings such as database theory [1] and the theory of embedded finite models [9)].
Logical properties of (FO 4 <)iny such as Gaifman locality have been studied in
[6]. The first to study (FO 4+ <)ipy from the standpoint of finite model theory
was Yuri Gurevich [7], to whom the following theorem is due.

THEOREM 1.3. (FO + <)iny is more expressive than FO.

PRrROOF. For a finite set X, whose elements we call “atoms”, consider the set-
powerset structure (X U p(X), €) associated with X. Here X U p(X) is the
disjoint union of X and its powerset p(X), and € is the usual set-membership
relation (a subset of X x p(X)). Let ¢ be the isomorphism-closure of the class of
finite set-powerset structures. It is an easy exercise to show that ¢ is first-order
definable. (To express in first-order language that p(X) is the powerset of X
one says that the set of subsets of X represented by elements of the p(X)-sort
contains all singletons and is closed under union. We spell out the same idea in
a slightly different setting in the proof of Lemma 3.1.)

Now consider the subclass %.yen 0of ¥-structures with an even number of atoms
(i.e., where the X-sort has even cardinality). By playing Ehrenfeucht-Fraissé
games, one can show that any two set-powerset structures with at least 27!
atoms are indistinguishable by sentences of quantifier rank r. It follows that
Yoven 18 not definable in first-order logic FO.

On the other hand, it turns out that %.en is definable in (FO + <)i,y. The
order-invariant sentence defining %.ven, is the conjunction of a FO sentence defin-
ing ¢ and a sentence asserting the existence of an element y € p(X) such that

® Tyin € y and Tymax ¢ y where Timin and Xy are respectively the minimal
and maximal elements in X with respect to <, and

e 11 €y < x3 ¢y whenever x; immediately precedes x5 in the linear
order induced by < on X.
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There exists such an element y € p(X) if, and only if, X has even cardinality.
Therefore, this sentence defines Zoven in (FO + <)iny. B

The class %.ven plays a critical role in the class Heyen which we introduce in
the next section in order to separate the logic (FO + succ)ipy from FO.

REMARK 1.4. Gurevich’s class @yey is essentially identical to the class B oyen
of finite Boolean algebras with an even number of atoms, which is similarly de-
finable in (FO + <) but not in FO (see Chapter 5 of [9] for a detailed proof).

1.2. Successor-invariant logic. Let us first of all clarify what we mean by
“successor relation” in this paper.

TERMINOLOGY 1.5. Let X be a finite set. A permutation of X is a bijective
function p : X — X. p is circular if all elements of X lie in a single orbit (i.e.,
each element of X is reachable from every other element via repeated application
of p). A successor relation on X is the graph of a circular permutation. Abusing
notation, given a successor relation S, we treat S both as a subset of X x X and at
other times as the permutation it represents, as when we write S(x) (respectively,
S~1(z)) for the unique y such that (z,y) € S (respectively, (y,z) € 9).

REMARK 1.6. There is another common notion of “successor relation” in the
literature, what one might call a linear (as opposed to circular) successor rela-
tion, that is, the kind of successor relation induced by a linear order. Linear
successor relations differ from circular successor relations in the existence of a
unique minimal and mazrimal elements having, respectively, no predecessor and
Nno SUCCESSOr.

The main result of this article, the separation of logics FO ; (FO + succ)iny,
holds true if we adopt the linear, rather than circular, definition of successor
relation. This is because the two kinds of successor relation are interdefinable
in the following sense. A linear successor relation is transformed into a circular
successor relation simply by making the minimal element the successor of the
maximal element. Conversely, a circular successor relation is made into a linear
successor relation by choosing an arbitrary element (to become the maximum)
and removing the succession-link between it and its successor. The choice of
maximal element does not affect the semantics of sentences which are successor-
invariant for linear successor relations.

The decision to work with circular successor relations is merely a matter of con-
venience. The choice between linear and circular might, however, have implica-
tions if we were concerned with syntactic questions about successor-invariant sen-
tences (e.g., the minimal quantifier-rank required to define a successor-invariant
property).

Successor-invariant logic arises naturally in many of the same settings as order-
invariant logic. A salient example is the theory of relational databases. Real-
world implementations often impose some additional structure (say, a successor
relation) on the entries of a relation database. One would like to know whether
this additional structure can be exploited by a first-order query language in a
manner that does not depend on the particular implementation of the database.

The question (FO + succ)iny Z FO thus arose in database theory [1] as well as
in finite model theory. We resolve this question in the present article.
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THEOREM 4.14. Successor-invariant logic is more expressive than first-order
logic.

Our separating counterexample (a class of structures definable in (FO+succ)ipny
but not in FO) is a good deal more complicated than Gurevich’s class %oyen. We
begin with the observation that the order-invariant sentence defining %y, uses
the auxiliary linear order on a set-powerset structure (X Up(X), €) only insofar
it induces a successor relation on the X-sort (the set of atoms); the restriction
of < to the p(X)-sort is unimportant. A linear order is of course indispensable
for the purpose of inducing a successor relation on the X-sort. Were we instead
given an auxiliary successor relation on X U p(X), it is unclear how we might
derive a successor relation on the set X alone. Indeed, it appears unlikely that
that class .ven is successor-invariantly definable, although this has not been
proved.

The classes # and Hiyen defined in the next section are built around ¢ and
Yoven With the intention of allowing us to derive a successor relation on a distin-
guished subset A given an auxiliary successor relation on the entire structure.
The powerset of A is interpretable in structures of J#°, so that once we derive a
successor relation on A, its parity can be determined in the same manner as for
set-powerset structures. The difficult part of the construction involves ensuring
that the parity of A cannot be detected in the absence of an auxiliary successor
relation on the full structure.

1.3. Epsilon-invariant logic. Epsilon-invariant logic (FO + &),y is a close
cousin of the @-invariant logics we have discussed so far. ¢ stands for Hilbert’s
epsilon “choice” operator, which selects a distinguished element from each non-
empty subset of the universe of a structure. Formulas of epsilon-logic are first-
order formulas with an additional term construct e, ¢(z). Epsilon-invariant logic
(FO + €)inv consists of those sentences of epsilon-logic whose semantics does not
depend on the particular choice of epsilon operator in any finite structure. The
following result is due to Martin Otto [10].

THEOREM 1.7. Epsilon-invariant logic is more expressive than first-order logic
on finite structures. B

Order-invariant logic (FO 4+ <),y is obviously at least as expressive as epsilon-
invariant logic (FO +¢)iny. This follows easily from the fact that any finite linear
order gives rise to an epsilon-operator by distinguishing the minimal element in
each nonempty subset. However, it is unknown whether (FO + <),y is more
expressive as (FO + €)iny. The precise relationship between (FO + succ)iny and
(FO + €)iny is another interesting open question. We will revisit these questions
in §5.

§2. Definition of the class i yen-

DEFINITION 2.1. Let ¥ be a set of unary relation symbols, let ¥, be a subset
of ¥, and let ~ be a binary relation symbol. A structure 9t in a vocabulary
containing ¥ U {~} is said to be (%, X, ~)-sorted if

e the universe of M is a disjoint union of the sets (called sorts) defined by

the relations in ¥, and
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e ~ defines an equivalence relation on each of the sorts in ¥ and is vacuous
elsewhere.

We now fix particular ¥ and Xg:
Y ={A,B,B4,C,,D,B",(B”)" E,EL},
Yo ={B2,C,,EL}.

The appearance of unary relation symbols Bg, C®,BD, (BD)D,Eg is merely
descriptive. Symbol BP is intended to suggest the set of functions from sort D
to sort B; however, this is not necessarily the case in an arbitrary (X, Xg, ~)-
sorted structure. Of course, for the class of structures we are about to define,
BP will have exactly this interpretation.

We also fix a vocabulary o defined by

o=3U{~,», app,bar,0,1}

where ~ and » are binary relation symbols, app and bar are ternary relations
symbols, and 0 and 1 are constant symbols. When discussing (3, ¥, ~)-sorted
o-structures:

e A° denotes the complement of sort A, and
e B4, C, EP respectively denote the quotient sets Bg/w7 Cg/~s Eé’/w.
We now define classes # and Hgven.

DEFINITION 2.2. JZ is the class of finite (X, ¥ g, ~)-sorted o-structures which
satisfy the following five axioms.

(I) B={0,1} and 0 # 1.
(IT) Relation
> C(AxCo)U(CygxCg)U(Cgx D)

is a congruence' with respect to ~ such that, with respect to the induced
binary relation® > on AU C U D:

— every element of A has in-degree 0 and out-degree 1;

— every element of C has in-degree < 1 and out-degree 1;

— every element of D has in-degree 1 and out-degree 0.

(IIT) Relation

app C U (X xY x 2)
XY, Z€eX
X is Z2¥ or Z§
satisfies:
— for every x € X, the set {(y,2) : (z,y,2) € app} is the graph of a
function Y — Z (which we denote by z*);
— for every function f:Y — Z, there exists x € X such that x* = f;
— this x is unique if X is ZY and unique up to ~ if X is Zg.

Lie., for all v,7" € Cx, v ~ ' implies (y bz <= +' B ) and (z By <= = » ')
2defined by (a > ¢ <= a W) and (c>c <= v P ) and (c>d <= v » d) where
¢,c’ € C are the ~-equivalence classes of v and ~/, respectively
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(IV) Relation
bar C A°x E x B
has the property that for every x € A°, the set {(e,b) : (x,e,b) € bar} is
the graph of a function E — B (which we denote by ).
(V) For all distinct x,y € A°, there exists e € E such that T(e) # y(e).

DEFINITION 2.3. #iyen is the subclass of ¢ -structures in which the sort A
has even cardinality.

REMARK 2.4. |A| < |D] in all J# -structures, as a consequence of axiom (II).

83. Hiven is successor-invariantly definable. We begin by showing:
LEMMA 3.1. % is first-order definable.

PROOF. The property of being (3, X, ~)-sorted is obviously first-order de-
finable, as are axioms (I), (II), (IV) and (V). This leaves only axiom (IIT). We
render axiom (III) as a first-order sentence via an observation that exploits the
finiteness of structures in #. Consider any sorts X,Y, Z € ¥ where X is Z¥ or
Z g . The only clause of axiom (III) that is non-trivial to write out as a first-order
expression is the statement:

for every function f : Y — Z, there exists x € X such that z* = f.

As we are dealing with finite structures, we can rephrase this statement in terms
of a simple closure property:

for every x1 € X and function f:Y — Z that differs from x7 on at
most one value of Y, there exists zo € X such that x5 = f.

Translated into first-order logic, this becomes:

VxleXVyleYVzleZH:vgeX

appzay1z1 A (Vy2 €Y yo # y1 — Vzp € Z appaayaza < appx1y222 ).
N———
x5 (y;)=2, x5 (ys)=27 (ys)

One small detail: we must take care to add that X is nonempty whenever both
Y and Z are nonempty. —

We next establish an elementary combinatorial lemma.

LEMMA 3.2. For any sets X and Y and distinct functions f1,..., fr : X —
Y, there exists a subset X' C X of size < k such that the restrictions (f1 | X'),
o (fs 1 XN X! — Y are all distinct functions.

PROOF. We construct X’ inductively. Let X; = (). For £ < k, suppose we
have constructed X; C X of size < ¢ such that (f1 | Xo),...,(fe | Xp) are all
distinct. If (ferq [ Xo) # (f; | Xe) for all j € {1,..., £}, then we set Xp11 = X.
Otherwise, there is a unique j € {1,...,£¢} such that (fer1 [ Xo) = (f; | Xo).
Since fy41 # fj, we can find x € X such that fey1(z) # fj(z). We now set
X¢+1 = Xy U {z}. Finally, having constructed X7, ..., Xg, we set X' = X,. -
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We now consider an arbitrary structure 9% in the class J£. Let S be any
successor relation on 9. There exists a partition

A=PU---UPF

(unique up to labeling of parts) with the property that for all ¢ € {1,... k},
there are unique elements p,,p}; € P; such that

e S(p;),S7(p}) € A° and

e S(q),S7(q) € P, for all ¢ € P\ {pi,p}}.

In other words, P; are the maximal S-paths inside A in which p; is the final
endpoint and p} is the origin.

S(p1),...,S(px) are distinct elements of A°. Therefore, S(p1),...,S(pk) are
distinct functions £ — B by axiom (V). So by Lemma 3.2, there is a set
E' C E with |E'| < k such that S(p1) | E',...,S(px) | E' are distinct functions
E' — B. Since |E’'| < k < |A| < |D|, there exists a function f: D — E with
Range(f) = E’. Fix any choice of f.

By the same argument, there exists a function f’ : D — FE such that
S=L(p}) | Range(f’),...,S71(p},) | Range(f’) are all distinct functions £ — B.
Fix any choice of f.

We next fix any surjective function h from D onto the set {1,...,k}, and we
define functions ¢,¢' : D — BP” by

g d— S(ph(d)) of
gl cd— Sil(p;z(d)+1) of’

where the index h(d) + 1 is modulo k.

Finally, we select elements F, F' € EZ and G, G’ € (BP)P such that F* = f,
F'™* = f', G* = g and G'* = ¢’. Note that G and G’ are uniquely determined,
while F' and F’ are determined up to ~ by axiom (III).

DEFINITION 3.3. ®(a,d’, F, F',G,G’) is the following first-order formula in
vocabulary o U {S} with free variables a, @’ ranging over sort A and parameters
F,F' € ED and G,G’" € (BP)P as chosen:

def

@(ava/aFaF/7G7G/) -
(S(a) € A) A (S71(d)) € A%) A )
S(a) = d S=1(a")
(S(a) =a') v <3deD (Slayo f=g(d) A (S @) o f =g(d)

In the above, the expression S(a) o f = g(d) abbreviates the formula

V6 € D 5(a)(f(9)) = (9(d))(9),
where S(a)(f(8)) = (g(d))(0) is itself a readable shorthand for

app F'de A Sax A bar xeb)

c D
JecEdreA°IbeBIHEB (AapdeHAappH%

The expression S—1(a’) o f' = ¢’(d) is similarly an abbreviation.
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LEMMA 3.4. ®(a,a’,F, F',G,G") defines a successor relation on A, namely
the graph of the circular permutation

- S(a) if S(a) € A,
p§+1 if a = pi.

ProoOF. If S(a) € A, then S(a) is evidently the unique o’ € A such that
(M, S) E®(a,d, F,F' ,G,G"). This is immediate from the definition of .

It remains to show that for all ¢ € {1,...,k}, pj , is the unique o’ € A
such that (9, S) & ®(pi, o/, F, F',G,G’). This is a consequence of the way
we chose parameters F, F',G,G’. Notice that any ' € A such that M E
®(p;,d, F, F',G,G") must lie in the set {p},...,p}}, since S(p;) € A° forces
S~1(a') € A° (in order for ®(p;,d/, F, F',G,G’) to be satisfied) and p,...,p}
are precisely the elements of A whose predecessors lie in A°. By our selection
of f and f’, functions S(p1)o f,...,S(px) o f : D — B are all distinct, as
are functions S=1(p}) o f',..., 5 (p}) o f' : D — B. By our choice of h and
definition of ¢ and ¢’, we have

S(pi)o f=g(d) < S (pipy)of =g (d) < h(d)=i.
Since h is a surjection from D onto {1,...,k}, there exists d € D such that
h(d) = i and thus S(p;) o f = g(d) and S=1(p) ;) o f" = ¢'(d). It follows that
(M, S) | ®Wi,Piyr, Fy F',G,G"). Finally, if (M, S) = ©(pi,p}, F, F',G,G")
then we have j =i+ 1. —

DEFINITION 3.5. @ is the following sentence in the first-order language of o U
{s}.
$ < 3IF, F' e EL 3G,G" € (BP)P
Va' € AJla,a” € A
( @(a,a’,F,F',G,G')/\@(a’,a",F,F',G,G')) "
JB e Bé Va,a' € A
®(a,d,F,F',G,G") —app Bal « app Ba’l

B*(a)=0 < B*(a’)=1

REMARK 3.6. In plain language, ® says there is a choice of parameters F, I,
G, G’ such that
e (© defines the graph of a permutation of A (not necessarily circular!), and

e there exists a function A — {0, 1} such that a — 0 <= ©(a) — 1 for
all a € A.

LEMMA 3.7. For every M € & and successor relation S on 9N,
(M, 9) =P <— M € Hoyen-

PROOF. (=) Suppose (M, S) = ®. There is a choice for F, F',G,G’ such
that ® defines a permutation of A with the property that a — 0 <— ©(a) —
1 for all @ € A. This implies that all §-orbits in A have even cardinality.
Therefore, A itself has even cardinality and so 9 € JHoyen-
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(<) Assume M € Hoyen. We demonstrate that (91,5) = @ by finding wit-
nesses for the existential quantifiers in ®. By Lemma 3.4, there exist F, F/, G, G’
such that @) defines a successor relation on A. So the clause

Va' € A Ja,d” € A@®(a,d,F,F',G,G'YNOS(d,d",F,F',G,G")
of @ is clearly satisfied. It remains only to find a witness for 3 in the clause

B e Bg Va,a' € A ®(a,d',F,F',G,G") — (appBa0 < app Ba’l).
This is easy, as A has even cardinality and (§) is a successor relation on A. There
are exactly two subsets X C A with the property that a € X <= ®(a) ¢ X.
For either choice of X, take any 3 € B2 such that 8* : A — {0,1} is the

characteristic function of X. Such ( clearly fits the bill. Thus, we conclude

(M, S) E . B
THEOREM 3.8. Hgven 1S successor-invariantly definable.

PROOF. Hgyen is defined in (FO + succ)iny by the conjunction of & and the
first-order axioms for J¢ . -

REMARK 3.9. Feyen is definable as well in epsilon-invariant logic (FO + €)ipy -
Formulas (© and ® can be adapted to the scenario where, instead of an auxiliary
successor relation on 91, we are given an arbitrary injection A — A°. An
epsilon-operator € on M (i.e., a map associating each nonempty subset X of 9
with a distinguished element e(X) € X) lets us define an injection A — A€ via

a—e({p € Bg : (Vo' € A) B*(d) =1 < d =a}).
Since HFoyen is not first-order definable (as we show in the next section), it is

thus a separating counterexample for the logics FO G (FO + €)iny. (The first
separating counterexample for these logics is due to Otto [10].)

84. Hiyen is not first-order definable. Our proof that #eyen is undefinable
consists of exhibiting, for every r € N, a pair of structures MM € Fgyen and
M € H \ Heven such that M =, M. For the rest of this section, let r be a fixed
natural number.

4.1. Probabilistic construction of 9t and M. Let 0~ = o\ {bar}, and let
A~ be the class of (X, g, ~)-sorted o-structures which satisfy axioms (I)—(III)
of Definition 2.2. The next lemma, which follows immediately from definitions,
describes a special family of £ ~-structures.

LEMMA 4.1. For alln € N, there is a unique £~ -structure up to isomorphism
which satisfies the following three conditions.

1. Sort E has size n.
. . A D .
2. All ~-equivalence classes in B U Cg U Eg have size n.

3. The digraph (AU C U D,1>), defined in axiom (II) of Definition 2.2, is as
depicted in Figure 1, below. —

As depicted in Figure 1, sorts A and D have sizes 2" and 2" + r, respectively.
2" elements of D are connected to the different elements of A via paths of length
2" 4+ 1 which extend through C. The other r elements of D are the terminal
endpoints of paths of length 2" which originate in C.
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C D
Ve N [ \
o »o - —  »0—»0 =0 |
»O—PBO——P» - - - - e - — > O0—>rO »0O
or . .
»0 »0 e — »0—»O »0 > 2" +r
O—»O—» - - — »0——»O »0O
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\ J N
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FIGURE 1. The digraph (AU C U D, >)

Let #” be the class of finite (3, Xg, ~)-sorted o-structures which satisfy ax-
ioms (I)~(IV) of Definition 2.2 (but not necessarily axiom (V)). .Z”-structures
are essentially J# -structures where we do not insist that functions z,y : £ — B
be different for distinct x,y € A°.

DEFINITION 4.2. For all n € N, let 9, be a fixed & ~-structure satisfying
conditions (1)—(3) of Lemma 4.1, and let 9M,, be a random .#”-structure where
e 9 is the o~ -reduct of M,, (with probability 1), and
e relation bar C A° X E x B is defined probabilistically such that
if z =e,
if x € E\ {e},
if 2 € A°\ E,
independently for all z € A° and e € E.

Pr[Z(e) = 1] =

o= O =

We now show that a certain property of J#”-structures called f-extendibility
holds for 9%, with limit probability 1 as n — oco. The notion of f-extendibility
and the method for proving 9, is almost surely f-extendibility are closely re-
lated to the notion of f-extendibility for graphs and well-known probabilistic
arguments for the existence of finite ¢-extendible graphs (see e.g. [2]).

DEFINITION 4.3. A J¢’-structure is £-extendible (¢ € N) if the following two
conditions hold.
©¢ For every set X C A°\ E of size < ¢ and every function f : X — B, there
are at least ¢ different e € E such that Z(e) = f(z) for all x € X.
®¢ For every ~-equivalence class Y C Bg U O@ U Eg, every set Z C F of size
< ¢ and every function g : Z — B, there are at least ¢ different y € Y
such that 7(z) = g(z) for all z € Z.

REMARK 4.4. Every (> 2)-extendible J¢”-structure is a ¢ -structure, as con-
dition ®@, implies axiom (V) for all £ > 2. Recall axiom (V) states that for all
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distinct x,y € A°, there exists e € E such that T(e) # 7(e). Condition ©; with
X = {z,y} and f : X — B defined by f(z) = 0 and f(y) = 1 guarantees
that there exist (at least ¢ different) e € E such that T(e) = f(z) = 0 and

yle) = fly) = 1.
LEMMA 4.5. For all ¢ € N, lim Pr 90, is (-extendible] = 1.

n—oo

ProoOF. Fix £ € N. We claim that there exist constants A > 0 and 0 < p < 1
such that statements (a)—(d) hold for all large enough n.

(a) There are < n’ different pairs (X, f) where X is a set of < ¢ elements of
A°\ E and f is a function X — B.

(b) For each pair (X, f), the probability that (X, f) witnesses the failure of @y
is < p”.
(c) There are < n* different triples (Y, Z, g) where Y is a ~-equivalence class

in Bg UCgy U Eg, Z is a set of < /¢ elements of F and ¢ is a function
Z — B.

(d) For each triple (Y, Z, g), the probability that (Y, Z, g) witnesses the failure
of ®, is < u™.

Assume for the moment that (a)—(d) hold for some p and A. Then for all large
enough n,

Pr (9, is not (-extendible] < Pr [, fails ©] + Pr [M,, fails @]
= Pr [3(X, f) witnessing =@, + Pr [3(Y, Z, g) witnessing —@]
< ZPr [(X, f) witnesses =®] + Z Pr (Y, Z,g) witnesses —@@,]

X,f Y,Z,g

< 2t
Since 2n ™ — 0 as n — o0, it follows that lim Pr [Dﬁn is not f—extendible] =0
and, therefore, lim Pr [smn is é—extendible} =1

n—oo

It remains to show that there exist A and p which satisfy (a)—(d). We find A
which meets conditions (a) and (c) by counting:

#7 < |E|e =ntf =n2®
#Y = |BA| +|C| + |EP| = 2% 4 27-(2" 4+ 1) + 0¥t < nPW
¢
#X < |A°\ B|' = (|B+|D|+|BP|+|(BP)P| +|BA+|Co|+|ER| )" < n®®)

?(1) n-(|BA|+|CI+|EP])

We also count:
(#f for any given X) = (#g for any given Z) < 2 = 0(1).

It follows that #(X, f) < n?M and #(Y, Z, g) < n®®). Therefore, there exists
a constant A as in the hypothesis. (Any A > ¢-(2" 4+ r 4 1) does the job.)
Now consider a particular pair (X, f) and let £y = | X|. For all e € E, we have

Pr [Vz € X Z(e) = f(z)] = 2%,
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Since events 3z € X T(e) # f(x) are independent as e ranges over F, we have

Pr[(X, f) witnesses @] =Pr[[{e € E:Vz € X Z(e) = f(x)}| < (]

=Y Pr[{ec E: Ve e X z(e) = f(2)}| = J]

J
< Il —274"¢

We derive the last inequality using (?) <nfand (27%)/ <1and (1-2"%)"7 <
(1—-279"=¢ as 0 < j,fy < £. For any p such that 1 —27¢ < 1 < 1, we see that
(1 —27Y"f <y for all large enough n.

A similar argument shows that Pr [(Y, Z,g) witnesses ﬁ@g] is also eventually
bounded by u™ for some choice of 0 < p < 1. B

DEFINITION 4.6. Structures 97t and 91 are defined as follows.

(1) Let ¢, equal 24""" and choose n sufficiently large such that Pr [Dﬁn is £~
extendible] > 0.

(2) Let 9 be a fixed £,-extendible structure from the distribution associated
with the random structure 9,,.

(3) For all B € B4, let 7 denote the set {a € A: *(a) = 1}.

(4) Let ag be a fixed element of A, and let D¢ be the induced substructure of
M after removing ag as well as all § € Bg such that ag € 1.

(5) We denote by A’ the set A\ {ag} = A™ (i.e., the interpretation of sort A in
M) and by Bg/ the set {8 € B4 : ag ¢ BT} = (B4)™ (i.e., the interpretation
of sort Bg in 91). All other sorts are the same in 91 as in M.

Clearly, M € Hoyen and N € H\ Hoven. Also note that N is £.-extendible.
This follows from the fact that 9t is obtained from an /,-extendible struc-
ture (namely 91) by purging individual element(s) from sort A and entire ~-
equivalence class(es) from sort Ba. Looking closely at Definition 4.3 of ¢-
extendibility, one sees that conditions ©, and ®, are preserved under the act
of purging sorts A and Bg in this manner.

4.2. Secondary structures related to 91 and 1. It is convenient at this
juncture to define a couple of secondary structures derived from 9t and 1:

M = (AU p(A), €), N = (AU p(A), €),
Mt = (AUCUD,), Nt = (A UCUD,p).

Mt and N' are the familiar set-powerset structures we saw in our discussion of
the class ¢ in §1.1. 9* is precisely the directed graph depicted in Figure 1. 9t
is the subgraph of M* after removing the element ag. Note that structures 9T
and ¥ are interpretable in M, and likewise M' and N* in N.
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Every partial isomorphism 7 : 9t — 91 induces partial isomorphisms 7 :
Mt — N and 7F : M} — MN¥ defined by

= (AxAnr)u{B',81): (8,8) e BAx BA nr},
= (Ax A nm)U{(v/~"/~): (7.7) € Csox Conr}U{(d.d):de D}

where v/~, '/~ € C are the ~-equivalence classes of y and 7/, respectively. The
induced partial isomorphisms 7t and 7% on these secondary structures facilitate
our description of a family of “good” partial isomorphisms 9t — 91 in the next
subsection.

An additional bit of notation: for an element x in MM or MN*, let >7(x)
(respectively, >~7(z)) denote the unique jth >-successor (respectively, jth >-
predecessor) of z, when defined (see Figure 1). When we speak of the >>-distance
between elements x and y (respectively, between an element x and a set Y') in
oMt or M, we mean the minimal j € N such that >%/(z) = y (respectively,
>Hi(z) €Y).

4.3. k-good partial isomorphisms 9t — 91. We begin with a familiar
definition.

DEFINITION 4.7. Let 2 and B be structures in the same vocabulary. A partial
isomorphism from 2 to B defined by x1,...,Zm — Y1,...,ym (Where x; are
elements of A and y; are elements of B) is a j-equivalence if (A, z1,...,2m) =;
(B, y1,--.,Ym), that is,

AET(z1,...,2m) <= BEY(y1,..-,Ym)

for all m-ary first-order formulas ¥ of quantifier rank at most j.

j-equivalences have the following “back and forth” property. (Lemma 4.8,
below, can be taken for an inductive definition of j-equivalence where, in the
base case, 0-equivalences are just partial isomorphisms.)

LEMMA 4.8. If 7 : A — B is a j-equivalence where j > 1, then for every
x € A (respectively, y € B), there exists y € B (respectively, v € A) such that
TU{(z,y)} : A — B is a (j — 1)-equivalence. =

The class of k-good partial isomorphisms from 91 to 91 is a special subclass
of (r — k)-equivalences with a similar “back and forth” property (Lemma 4.11).
From the standpoint of Ehrenfeucht-Fraissé games, k-goodness provides the cri-
terion for a winning strategy in the k-round game on structures 9t and 1.

DEFINITION 4.9. For k € {0,...,r}, a partial isomorphism 7 : 9t — N is
k-good if it satisfies conditions (i)—(v), below.
(i) Dom(r) contains BU D U BP U (BP)P and n acts as the identity on this
set, that is, m(z) = x for allx € BU D UBP U (BP)P.
(i) f*(d) € Dom(r) for all f € EE NDom(r) and d € D.
(iii) Induced partial isomorphism 7' : MMT — NT is an (r — k)-equivalence.
(iv) Induced partial isomorphism 7+ : 9t — 9M* satisfies the following for all
¢ € C'NDom(rH):
e c and 7#(c) have the same >-distance to the set D,
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e if >%7(c) € Dom(nt) where j < 2"7F, then w#(>%7(c)) = % (7 (c)),
e if>"7(c) € A where j < 2%, then >77(c) € Dom(r?).
(v) The following inequalities hold:
e |(B&UC,UEZ)NDom(r)| <k,
e |ENDom(m)| < k|D|,
o [(A°\ E)NnDom(m)| < ¢,.

Condition (i) says that all k-good partial isomorphisms extend the identity
function on the common subset B U D U BP U (BP)P of M and N.

Condition (ii) gives a closure property of k-good m. It is equivalently stated
as w(f*(d)) = (x(f))*(d) for all f € EZ N Dom(r) and d € D.

Condition (iii) is a bridge to a well-known result about j-equivalence of set-
powerset structures. This saves us from having to reinvent the wheel in the
course of proving Lemma 4.11.

Condition (iv) implies that 7+ : MF — N* is an (r — k)-equivalence. It also
gives a closure property on 7, requiring that an element a € A belongs to the
domain (respectively, range) of 7 whenever it is within »-distance 2"~% — 1 of
an element of Co N Dom(7) (respectively, Cx N Range(r)).

Condition (v) bounds the size of 7 over various sorts. Note that the first
inequality implies the third, as

|(A°\ E) N Dom(r)| =
|BUDUBP U(BP)P| + (B4 UC,UEL)NDom(r)| <2

4T+1

=4,

24 (27 1) 227 +7) 4227 +7)2 <r

Also note that we can replace Dom(7) with Range(r) in any of these inequalities,
since 7 is a partial isomorphism and therefore preserves sorts.

LEMMA 4.10. The identity function on the set BUDUBP U(BP)P is a 0-good
partial isomorphism from M to N.

PROOF. Let my denote the identity function on BUDUBP U(BP)P. rq triv-
ially satisfies conditions (i), (ii), (iv) and (v) of 0-goodness. As for condition (iii),
notice that w(]; is the empty partial isomorphism from 9t to M. So condition
(iii) is equivalent to the statement that 9" and N' are r-equivalent, i.e., that
they satisfy the same first-order sentences of quantifier rank r. It is well-known
that every two set-powerset structures with at least 2"~! atoms are indistin-
guishable by sentences of quantifier rank r (see proof of Theorem 1.3). Since
M and NT are set-powerset structures with 2”7 and 2" — 1 atoms, respectively,
it follows that w(]; is an r-equivalence and, therefore, that g is 0-good. B

LEMMA 4.11. Suppose 7 is a k-good partial isomorphism from 9 to N where
k <r. Then every x € M (respectively, y € N) belongs to the domain (respec-
tively, range) of a (k+ 1)-good partial isomorphism 7 : M — N extending 7.

PROOF. Let x be any element of 9. We prove that 7w has a (k + 1)-good
extension whose domain contains x. By symmetry of the argument in 9t and
M, we get for free the other direction of the lemma: for every y € M, there is a
(k 4 1)-good extension of m whose range contains y.
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We assume that ¢ Dom(7), since in the event that x € Dom(7) we simply
let 7 = 7 (as a k-good partial isomorphism is clearly also (k + 1)-good). We
consider five cases, according to whether = belongs to sort A, Bg, Cgs E or Eg .
Note that = cannot belong to B, D, B” or (BP)P, because of the assumption
that ¢ Dom(7). In each of the five cases below, we explain how 7 is defined
and leave verification that 7 is (k + 1)-good as a straightforward exercise.

CAasE l: z€ A

Since 7' : MT — NT is an (r — k)-equivalence by condition (iii), there exists
x' € A’ such that nf U{(z,2')} is an (r — k — 1)-equivalence by Lemma 4.8. The
partial isomorphism 7 : 99 — N is now defined by 7 = 7 U {(z,2)}.

. A
CASE 2: z € B

Let y = 2T € p(A). Again using the fact that 7 : M — NT is an (r — k)-
equivalence, there exists y’ € p(A’) such that «' U {(y,v)} is an (r — k — 1)-
equivalence.

We now invoke the /,-extendibility of 9 (property ®) to find ¢, distinct 2’ €
Bg/ such that 2/ = ¢/ and 27(e) = z(7~!(e)) for all e € E N Range(r). Since
|Range()| < £, by condition (v), by the pigeonhole principle at least one of these
a2’ does not belong to Range(w). Choose any such 2’ and let 7 = 7 U {(x,2")}.

CASE 3: z € Cyg

Let ¢ € C be the ~-equivalence class of z. We begin by finding a suitable
¢’ € C from which to pick the image 2’ of x under 7. First, assume

(%) >%I(c) € Dom(nt) for some j < 27771,

In this case, let ¢’ = >F7(r#(>%7(c))). Due to condition (iv), ¢’ does not depend
on the value of j, if more than one choice is possible.
Next suppose (%) does not hold, and let us instead assume

(%) > (c) € A for some j < 2" F71

Let a = »>77(c) and, proceeding as in CASE 1, we find a’ € A’ such that 7' U
{(a,a’)} is an (r — k — 1)-equivalence between M and N'. Now let ¢/ = >7(a’).

Finally, suppose neither (x) nor (%*) holds. Let ¢/, ..., c. be distinct elements
of C such that in the directed graph M,

e ¢, has the same >>-distance to D as ¢, and

e ¢} is not >-connected to A.
Since |Cg N Range(n)| < k < r by condition (v), there is some ¢; which is not
>-connected to the set C'N Range(nt). Let ¢/ = ¢l

Now that ¢’ € C has been chosen in all cases, proceeding as in CASE 2, we
invoke the /,-extendibility of 9 (property ®) to find ¢, distinct 2’ € C such that
¢ is the ~-equivalence class of 2’ and 2/(e) = z(7~1(e)) for all e € ENRange(r).
Since |Range(m)| < ¢,, at least one of these 2’ is not contained in Range(n).
Choose any such z’ and let

- {wU{(m,x'),(a,a')} in case (%*),

m =
U {(z,2)} otherwise.
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CASE 4: z € E

We prove a stronger claim (which will help us in CASE 5). Let eq,...,e; be
any elements of E where j < |D|. We wish to show:

There exzist €i,...,¢; € E such that 7 = 7 U
(k) {(e1,€1),-.-,(ej,€5)} is a (k + 1)-good partial iso-
morphism from M to N.

We proceed by induction. For i € {1,...,j}, suppose we have found e}, ...,e;_;
such that m,_1 = m U {(ey,€}),...,(e;_1,€i_1)} is a (k + 1)-good partial iso-
morphism from 9 to 9. We choose ¢} as follows. If e; € Dom(7m;_1), then
let e = m;_1(e;). Otherwise, we use the /,-extendibility of O (this time prop-
erty ®) to come up with £, different ¢/ € E such that 2/(¢’) = z/(e;) for all
z’ € (A°\ E) N Range(w). Since [(E U {e},...,e;_1}) NRange(r)| < r|D| < ¢,
at least one of these €’ is not contained in Range(n). Let e} be any such e’. It is
straightforward to check that 7; = m;—1 U {(e;,€})} is (k + 1)-good. The claim
(xxx) follows by induction.

CASE 5: z € EY

Let e1,...,e; enumerate the set {z*(d) : d € D}. By the claim (x#x) of
CASE 4, there exist e},...,e}; € E such that 7 = m U {(e,€}),...,(e;,€})} is a
(k + 1)-good partial isomorphism 9t — .

By the £,.-extendibility of DM (property ®), there exist ¢, distinct 2/ € Eg
such that z'* = 7 o z* and 2/(e) = z(7!(e)) for all e € E N Range(7). Since
|Range(m)| < ¢, at least one of these 2’ is not in Range(w). Choose any such z’
and let 7 = 7 U {(x,2')}. 4

COROLLARY 4.12. For k € {0,...,r}, every partial isomorphism from M to
N which admits a k-good extension is an (r — k)-equivalence.

PROOF. k-goodness provides the basis for a winning strategy for the Duplica-
tor in the k-round Ehrenfeucht-Fraissé game on structures 91 and 1. By Lem-
mas 4.10 and 4.11, the Duplicator can guarantee that the partial isomorphism
defined after the kth round of play admits a k-good extension. -

COROLLARY 4.13. 9t =, N.

PRrROOF. The empty partial isomorphism from 9% to 91 has a 0-good extension
by Lemma 4.10 (namely the identity function on the set BU D U BP U (BP)D).
Therefore, MM and N are r-equivalent by Corollary 4.12. -

Since M € Hoyen and N ¢ Hoven and r € N was taken to be arbitrary,
Corollary 4.13 implies the main theorem of this section.

THEOREM 4.14. Jiyen 18 not first-order definable.

PRrooOF. Toward a contradiction, assume there exists a first-order sentence
U defining #geven. Let r be the quantifier rank of ¥, and let 9t and 91 be as
constructed above with respect to this r. We now have:

M= since M € HFoven,
M= N by Corollary 4.13,
NET by definition of =,.
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But since M ¢ Heven, this contradicts our assumption that ® defines Hyen.

As a corollary, we have proved our main theorem (Theorem 4.14) that successor-
invariant logic (FO + succ)ipy is more expressive than FO.

85. Conclusion. Theorem 4.14 can be somewhat strengthened.

COROLLARY 5.1. (FO4%)iny is more expressive than FO where € is the class
of permutations on finite sets with at most k cycles, for any fived positive integer

k.

PROOF. We claim that #gyen can be defined in the logic (FO + €)iny, thus
witnessing the separation FO & (FO 4 %)iny. The formula ® (Definition 3.5)
no longer defines J.yo,. However, we can suitably adapt ® after observing that
for a suitable choice of parameters F, F', G, G’, the formula ®(a,d, F, F',G,G")
defines a permutation of A with at most k cycles. Therefore, we modify ® to
express that there exists a function A — {0, 1} such that

e a— 0= ®(a)— 1foralla € A, and
o [{a € A:ar—1and ®(a) — 1}| is an even number < k.

Since k is fixed, this modified ® can be expressed by a single % -invariant sentence.

4|

As another corollary of Theorem 4.14, we obtain the non-inclusion of epsilon-
invariant logic in successor-invariant logic.

COROLLARY 5.2. (FO + €)iny € (FO + succ)iny.

PrOOF. Let #.0 denote the relativization of class #even by a new unary

even

predicate P. That is, %L is the class of (o U {P})-structures 9 whose rela-

even
tivized reducts M|L are Hoyen-structures. #.L  is epsilon-invariantly definable
in the precisely manner described in Remark 3.9.

However, L, is not definable in successor-invariant logic. To see this, con-
sider successor relations which put a large number of non-P elements between
any two elements of P. If M and N are (cU{ P, S})-structures with such “spaced
out” successor relations and relativized reducts 9'|F = 9 and N'|F = N (for
9 and M as defined in Definition 4.6), then 9 and 9 are clearly also indistin-
guishable by sentences of quantifier rank 7. Therefore, #.F, is not definable in
successor-invariant logic. —

An interesting question raised by this work concerns derangement-invariant
logic. A derangement of a set X is a permutation d of X having no fixed points
(i.e., such that d(z) # z for all x € X). Let Z be the class of finite derangements,
that is, structures consisting of a set X with a single binary relation D which is

the graph of a derangement on X.
QUESTION 5.3. Is (FO 4+ 2)iny more expressive than FO?

REMARK 5.4. It is a simple exercise modifying Zgyen to get a class which is
(FO + succ)iny-definable but not (FO + 2);,,-definable, thus proving the sepa-
ration (FO + 2)iny ; (FO + succ)iny-

REMARK 5.5. Ifinstead of 2 we consider the class € of all finite permutations,
then (FO + %)iny is equivalent in expressive power to FO. This is clear since
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the identity permutation is uniformly definable in all structures by the single
formula 2 = y. In general, for a class ¢ to satisfy FO G (FO + %)y, there can
exist no such uniform interpretation of a subclass of @-structures.

Another open question is the precise relation between epsilon-invariant logic
and order-invariant logic.

QUESTION 5.6 ([3, 10]). Is (FO 4+ €)iny more expressive than (FO + )iy ?

Figure 2 depicts the known separations among first-order logic and a few of
its ¢-invariant extensions. Question marks indicate relationships that are not
completely determined.

c— (FO + succ)iny
=z

/ ¢ e
7 N
FO —?7— (FO—I—@)inV ? (FO+<)inv
\ ~., .
- ~ e

T (FO + £)iny

FI1GURE 2. Known separations among first-order logic and a few
of its ¥-invariant extensions.

Finally, the reader is referred to the article [4] in which a few ideas developed
here are used to construct elementary explicit (non-probabilistic) finite graphs
and tournaments satisfying certain extension axioms.

Acknowledgements. I am grateful to Yuri Gurevich, Leonid Libkin, Martin
Otto and Scott Weinstein for their encouragement and comments on preliminary
versions of this article, as well as to the anonymous referees of LICS 2003 and
this journal for their many helpful suggestions.

REFERENCES

[1] S. ABITEBOUL, R. HULL, and V. VIANU, Foundations of databases, Addison-Wesley,
1995.

[2] N. ALON and J. SPENCER, The probabilistic method, 2nd edition, Wiley, 2000.

(3] A. Brass and Y. GUREVICH, The logic of choice, this JOURNAL, vol. 65 (2000), pp. 1264—
1310.

[4] A. Brass and B. ROsSMAN, Ezplicit graphs with extension properties, Bulletin of the
European Association for Theoretical Computer Science, (2005), no. 86, pp. 166-175.

(5] H.-D. EBBINGHAUS and J. FLUM, Finite model theory, Springer-Verlag, 1996.

[6] M. GROHE and T. SCHWENTICK, Locality of order-invariant first-order formulas, ACM
Transactions on Computational Logic, vol. 1 (2000), pp. 112-130.

[7] Y. GUREVICH, Unpublished result.

8] , Toward logic tailored for computational complexity, Computation and proof
theory (M. Richter et al., editor), Springer, 1984, pp. 175-216.

[9] L. LiBKIN, Elements of finite model theory, Springer-Verlag, 2004.

[10] M. OTTO, Epsilon-logic is more expressive than first-order logic, this JOURNAL, vol. 65
(2000), pp. 1749-1757.




SUCCESSOR-INVARIANT FIRST-ORDER LOGIC 19

[11] B. ROSSMAN, Successor-invariance in the finite, Proceedings of the 18th IEEE
Symposium of Logic in Computer Science, 2003, pp. 148-157.

COMPUTER SCIENCE AND ARTIFICIAL INTELLIGENCE LABORATORY
MASSACHUSETTS INSTITUTE OF TECHNOLOGY
CAMBRIDGE, MA 02139, USA
E-mail: brossman@theory.csail.mit.edu



