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CHAPTER 1

Laplace Transforms

1. Definitions

DEFINITION 1.1 (Laplace transform). Let f : [0,00) — R. The Laplace transform of f, denoted L(f) or

f , is the function
fo) = [ e
0
The domain of f is the set of s for which the integral converges. %
THEOREM 1.2. If f(so) converges, then f(s) converges for all s > so.

PROOF. Suppose that s > so. We wish to show that the “tail” of the integral is small, i.e., show that,

b
/ e St f(t)dt

for all b > a, where k is a constant, i.e., independent of a and b. Let

mm:—/meﬂwm

given an e > 0, there exists an a such that

< ek

where # > 0. The integral exists since f(sg) converges. Note that 3(z) is also differentiable (fundamental
theorem of calculus) with 8'(x) = e™%0% f(z). Therefore, lim,_ o, 5(z) = 0.
Choose an a such that x > a = ’6 )| < €. Then

fiee

b
e—st sot —éotf()

e~ ssotﬂ )

/b
i

— e—(s—so)tﬁ(t)

b
- / (s — s0) e 75 3(t) dt

Choosing

du=—(s—sp) e~ (s—s0)t dt, v=_p(t),
we have . .
/ efstf(t) dt = e*(sfso)bﬂ(b) _ e*(siso)aﬂ(a) + (S o 30)/ ei(sst)t/B(t) dt

Since s > sg and b > a > 0, we have e~ (575000 < 1 and e~ (s—s0)a < 1, Therefore,

/: et f(t) /ab e~ (57s0)t3(4) dt

< |B®)] + [B(@)] + (s = s0)




2 1. LAPLACE TRANSFORMS

b
<etet(s— so)/ e~ (5s0)te gy

a
2b
a

=2 +e¢ (S _ 80)2 (e—(s—so)a _ e—(s—so)b)

2t els=so)” (s s0)

< 2+ e(s—s9) e (50

<2+ e(s—s0)°
:e<2—|—(s—50)2>.
Therefore, letting k = 2 + (s — s0)°, we have
b
/ e SF(t) dt

for all b > a. O

< ek

Recall from MATA30/36/37 that

(1) if 0 < g(x) < h(x), then [;° h(x)dx converges implies that [~ g(x) dx converges.
(2) [y |g(x)| dx converges implies that [ g(z)dx converges.

Also note that s > sg = e < e~ !, Therefore, if [~ e™0*| f(t)| dt converges, then Theorem 1.2 follows

immediately. The general case requires more careful analysis.
ExaMPLE 1.3. Compute L(f) for f(z) = e**. o

SOLUTION. We have

a—s)t b

R o0 o0 (
f(s) = / e e dt = / @t gt = lim &
0 0

b—oo a4 — S 0

(a—s)b 1 1 1
e
N G B VPR W
booo\ a—8 a—S§ a—s s—a
where the domain is s > q, i.e., (a, 00). o

DEFINITION 1.4 (Exponential order). Given a constant «, a continuous function f : [0,00) — R is said
to have exponential order « if there exists a constant C such that | f (x)‘ < Ce** for sufficiently large x.
More precisely, f has exponential order if there exist constants C' and b such that | f (az)| < Ce™ for x > b.

We write f € £, to mean that f has exponential order «. %
THEOREM 1.5 (Comparison theorem). If f € £, then f(s) is defined for all s > a.

From now on, we will assume that f € &, for some a.

2. Laplace Transforms of Derivatives

To take into account the Laplace transform of derivatives, note that, from the definition of the Laplace

transform, we have
b

ﬁ(f’)—/ooo e f(t)dt = lim [ e 'f/(¢)dt.

b—oo 0
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Letting

we have

b
L(f") = lim (eStf(t)’Z + s/ e St f(t) dt) = blirgo (e*Sbf(b)) — f(0) + sL(f).

b—oo 0

Our interest now lies in lim,_. (e 7*°f(b)). Note that

0<|e " f(b)] < Ce *e.

*

But x — 0 as b — oo. So by squeezing, we have lim_, o, ’e*Stf(b)| = 0. But then limy_, o, (7|678bf(b)|> =0

while
— e f(b)] < e f(b) < |e " f(b)

so we conclude that lim,_ ., e =% f(b) = 0. Hence,

L(f") =0— f(0) +sL(f) = sL(f) = £(0).

)

EXAMPLE 1.6. Solve y' — 4y = e* with y(0) = 1. o

SoLUTION. Taking the Laplace transform of the entire equation, we have

Ly —4y) = L(e"),

1

L) —4L(y) = ~—
1

SE() — y(0) ~ 4L() = —,
1

(s—4)L(y) —1= S_1

(s = Lly) = < +1,
(s =4 Lly) = —.
s
e
Rearranging the expression to reveal terms with easily identifiable inverse Laplace transforms, we have
L(y) 4 1 1 1

T 3s-4 3s5-1
Taking the inverse Laplace transform gives

4 1
*641‘— T

y=3 —e”.

PROPERTY 1.7 (Laplace transform).

(1) L(af +bg) = aL(f) + bL(g)
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(2)

L(f') = sL(f) = £(0),
L(f") = sL(f") = f'(0) = s*L(f) = s£(0) = f'(0),

L(F™) = s"L(F) = ") = "2 (0) = - = f D (0)

(8) If f and g are continuous on [0,00) and L(f) = L(g), then f =g.
(1) L f(2)) = f(s — a)
(5) (a) f is differentiable and L(z"f(z)) = (1) f(m)(s).
(b) f is integrable and L(f(x)/z)=—[5 f(u) du.
(6) lim, o f(5) =0

ProOOF OF (1). This is trivial. O

PROOF OF (2). Note that

Letting

we have
[,(f/(I)) — efsxf(x)’: —|—S/Ooo e*Smf(Jj) dx
=0-—1f(x)+ sL(f)
= sL(f) — f(0). 0

PROOF OF (3). Suppose that L(f) = L(g) and let h = f — g. Then £(h) = 0. To show that h =0 as
well, we use the corollary to the Weierstrass Approximation Theorem (MATC37). If f is continuous on [0, 1]
and fol t"f(t)dt = 0 for all n = 0,1,2,..., then f = 0. Suppose that f(s) = 0 for all s > sy. Consider
s = Sg +n. Then

iL(SO -+ n) — / e—(30+n)th<t) dt
0

/ e e h(t) dt
0

:/ e "' (t) dt.
0

Let v(x) = [ e *0'h(t)dt so that v'(z) = e~*0"h(x). Letting

u=e ", dv ='(t)dt,
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we have
N oo o0
h(sp +n) = e*"tv(t)‘ + n/ e "Mo(t) dt
0 0
b oo
= lim e / e=OMh(t) — v(0) + n / e~mto(t) dt
—0 0 0

= 0h(so) — v(0) + n/ e "o(t) dt
0
=O-O—O—|—n/ e "y(t) dt
0

= n/ e "y(t)dt.
0

Therefore, [ e "v(t)dt = 0 for all n. Now let z = e’ so that ¢ = In(1/z) = —In(z) and dt = — (1/2) d=.
Then t =0 = z = 0 and limy_,oc et = 0. Therefore,

O:/ e "o(t) dt
0

_ /01 Ly (= In(2))dz

for all n. Therefore, v(—1In(z)) = 0. As z runs through [0,1], —In(z) runs through [0, 00), i.e., v(t) = 0 for
all t € [0,00). Therefore, v(t) = 0 and v/(t) = 0 = e~ *°th(t) for all ¢ € [0,00). Therefore, h(t) = 0 as well
since et £ (. O

PROOF OF (4). We have

L(e* f(x)) = A e e f(x) dx
= - ef(sfa)mf(x) dx
0
= A(s —a). O
PROOF OF (5).
We have . .
(s) :}lllg%f(s+h})t*f(3)

and -
L(-zf(x) = / —emttf (1) dt.
0
We must show that for all € > 0, we have

f(s+h) — f(s)
h

—I|<e

for sufficiently small h. We have

> —(s+h)t dt — > —st d
/0 e flt)dt / e S f(t)dt

fotm=fs) _;_ 0 - [T et a
0

h h




6 1. LAPLACE TRANSFORMS

:/OO e—ste_hti_lf(t) dt+/oo e "tf(t)dt
0

h 0
[e’¢) —ht __ 1
:/ et <e +t> f(t)dt.
0 h
Note that
M1, Y -1,
h o h
_n
2 6
1 th t?h?
_ 2( = _ " v
=N (2 3t )
th  t?h?
2
< ht (1 + a + T )
ht2€th
Therefore,

oo
§/ thethe_St|f(t)| dt
0

oo
< h/ t2elh=s=t gy
0

If h is sufficiently small, then h — s — a < 0. So

/ t2elh=s=a)t gt « o

0

for h sufficiently small. So we can make

h/ t2elh=s—t gt < ¢

0

for h sufficiently small. Therefore,

f'(s) = lim w =1=L(-zf(2)).

h—0

We can differentiate again by the same procedure.

PROOF OF (6). For large x, we have |f(z)| < Ce®® for some C and a. So

/ e | f(x)| d C/ e (5T gy
b < b

f(s)’ < b < b
—— —|—/ e | f(z)| dw +/ e | f(z)] dx.
|[5° e s f(x) da| 0 0
St [ e | f(a)| da
Therefore, by the Squeeze Theorem, we have
lim f(s) =0,
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/ob (éllglo e_sx) |f(x)] dz = 0. .

Table 1.1 shows a partial list of Laplace transforms.* Note that s/ (52 + 1) is defined for all s, but it

Table 1.1: Laplace transforms

P
I'(n+1)
x” sn+1
S
cos(ax) 21 >0
. a
sm(ax) m
82 — CL2
x COS(GCU) m
. 2as
X Sln(ax) m

equals [ e”*" cos(x) dz only when s > 0 (it does not converge for s < 0).
3. The Gamma Function

DEFINITION 1.8 (Gamma function). The Gamma function is defined as

oo
I'(n) ::/ 2" te " dr, n>0.
0

PROPERTY 1.9 (Gamma function).
(1) T(n) = (n=1)T(n—1)
(2) T'(n) = (n—1)! if n is a positive integer

(3) T(3) = v

PROOF OF (1). From the definition of the Gamma function, we have

o0
I'(n) :/ " e du.
0

Considering integration by parts, we have

w=z""1, dv=e "dz,
du= (n—1)2" %de, v=—e"
Therefore,
o0
I'(n)= —a2" e | +(n-— 1)/ " 2" dx
0 0

=040+ (n—1)T(n—1)

*See [?, p.304] for a more comprehensive list.
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=(n-1)Tn-1).

PROOF OF (2). First note that

oo

oo
1) = / e fde= —e* =1
0 0

So by induction in part (1), I'(n) = (n — 1)! for any positive integer n.

PROOF OF (3). From the definition of the Gamma function, we have

()L 5

Considering the substitution u = \/z, it follows that 22 = u and dz = 2u du. Therefore,

oo —u2 oo
F(1> = / € 2udu = 2/ e du.
2 0 u 0

2= / / e~ () dy du,
0 0
w/2 poo R
:/ / = dr df
0 0
2
v e

Let I = fooo e~"* du. Then

(&
o}
T

_T m
T2 2 4’

0
Therefore, I = \/7/2. So I'(1/2) = 21 = /7.

With the Gamma function and its properties established, we can now prove the entries in Table 1.1.

PROOF OF TABLE 1.1.

(1) We have

If n is an integer, then

and so on. Let t = sz. Then

L(x")z/ et 1 / ety — L F D).
0 0

s ? Sn+1 sn+1
(2) We have
1
L(e™ :
(e ) s—b
Let b = ia. Then ) )
[,(ei‘”) s +1a

s—ia s2+a?’



4. CONVOLUTIONS

Therefore,
iaxr S
L(cos(ax)) = Re(/l(e )) = o
(3) Tt follows immediately from (2) that
: _ iax _ a
L(sin(az)) = Im(ﬁ(e )) = ora
(4) We have
1
L(ze’®) = —.
Therefore,
£ (weior) 1 _ (s +ia)’ _ 52 — a® + 2ias
(s —ia)® (s +a2)’ (s2 + a?)?
So it follows that s o
sf—a
L(xcos(ax)) = —.
(5) It follows immediately from (4) that
2as
L(zsin(azr)) = ———.

4. Convolutions

Let £(f) = f and £(g) = §. Then we wish to find an h such that £(h) = f§. To do so, we have

L(h)(s) = f(5)3(s)

= (/OOO e f(x) dw) </OOO e g(y) dy)
-/ N / T s () g(y) du dy.

Let u =2 4+ y and t = y. Figure 1.1 shows graphically this substitution. Then

(a) The zy-plane. (b) The half-plane u > t.

Figure 1.1: The zy-plane and half-plane below ¢ = u.
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= th

and |J| = 1. Thus,

|
_ /OOO (e—su /Ou Flu—t)g(t) dt) du

; e /Oz flz=1t)g(t) dt) dx

I
[
A~
o
&

flz—1t)g(t) dt) .

So
hz) = / fle — tyg(t)dt,

called the convolution of f and g, written f x g.

PROPERTY 1.10 (Convolution).

(1) frg=gxf

(2) (f*g)xh=[fx(g*h)

(3) f+(g+h)=[fxg+[fxh

(4) (\f)xg=X(f*g), where X is a constant

EXAMPLE 1.11. Solve ¥ +y = f(z), where y(0) = 0 and 3'(0) = 0. In addition, consider the case where
f(z) = tan(x). o

SoLUTION. Taking the Laplace transform of every term, we have

Therefore,

SO

With f(z) = tan(z), we have
y= tan(t) sin(z — t) dt

tan(t) (sin(z) cos(—t) + cos(z) sin(—t)) dt

x

tan(t) (sin(z) cos(t) — cos(x) sin(t)) dt

I
c— — —
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) /Om (Sm(x) e Cos(x)smz(t)> dt

cos(t)

_ /Oz sin(z) sin(t) dt — /OgC cos(x) <1<m2(?1t2)@)> dt

T

= sin(z) /0 sin(t
(2)

T

t) dt — cos(z) /Jc sec(t) dt + cos(z) /0 cos(t) dt
= sin — cos(t)

— cos(z (ln |sec(t +tan()|)

z) + cos(a) ( sin(t)

)
= sin(z) (- cos(z) + 1) — cos(x <1 |sec(z) + tan(z )|> —In(|1 + O|)) + cos(z) sin(x)

= — sin(#ycos(z) + sin(z) — cos(x) ln(’sec x) —i—tan(x)’) + cos(a}ysh(T)

= sin(x) — cos(x) 1n(‘sec(x) + tan(m)‘).

5. Laplace Transforms of Some Discontinuous Functions

5.1. Step Functions. Let
x>0,

u(x) == { -
0, =<0,

called the step function. Suppose xg > 0 and let g(x) := u(x — xg). Then

1, x> xo,

g(x) = { B
0, x<uxop.

L) (s) = /O s g(x) di — /m T =

o S

o (e_jo) — u(z — 20).

We have

Therefore,

Recall that £(1) = 1/s. This is the case where g = 0. More generally, we have the following theorem.

THEOREM 1.12. We have
L(u(a — x0) f(x — x0)) = e f(s).
In particular, f shifted to the right by xg.

Figure 1.2 illustrates the idea of these shifts.

PrOOF 1. We have

£ (e f(s) = £7H (e f(s)

=L (e_:%,c—l(f')) +Lt (e_m:f((’)>

= u(x — o) * ['(2) + f(O)ulx — z0)

11
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\ \

(a) f(=z) (b) w(z — o) f(x — z0)

Figure 1.2: A plot showing f(z) and f(z) shifted to the right by .

=fou—wma—xww+fmwu—x@

_ ({f_“)f(fli—t)dt, .’E>(£0,) +f(0)u($—l‘0)

0, T < T

— u(z — xp) (/z Pl —t)di+ f(O))

T

uu—x@(—fm—w%+fw0
= u(x—xo)(—f(O) + f(x — o) +f(0))

=u(x — z) f(z — o).

Proor 2. We have -
L(u(x — zo) f(x — x0)) = / e St f(t — x0) dt.

Considering a substitution, let v = ¢ — x¢ so that dv = dt. Then

L(u(z —xo) f(z — x0)) = /OO e=5(v=20) £ (1) dv

0
= 6_3“0/ e f(v)dv
0
=750 f(s).
Also note that
E(u(x — xo)f(a?)) = E(u(z —xg)g(x — mo))
= L)
= efswoﬁ(f(x - xo)),

where g(x — x¢) = f(x) and g(z) = f(x + z).
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EXAMPLE 1.13. Solve 3y"” 4+ 7y’ + 2y = f(z) with y(0) = 0 and y'(0) = 0, where

T, x2>2,
fz) =

-1, x<2.

SoLuTION. Taking the Laplace transform, we have

Therefore, our equation becomes

(35 + 75 +2) § = L(u(z — 2)(z + 1)) — L(1),
(s+2)(Bs+1)g=e2L(x+3)—L(1)

Solving for g gives

G L 1
s2(s+2) s(s+2)(3s+1)
—_———

*

We now must consider partial fractions. First considering x, note that

1 _As+ DB C (As+ B) (s +2) Cs?

s2(s+2) 52 s+2 % (s+2)
Comparing coefficients, we see that

1
s=-2=1=40=C=

1
s=0=2B=1=B=_,

and
(A+B)3+C=1,
1 1
A+ = -=1
3( +2)+4 )
12A4+6+1 =4,
124 = —3,
A=-1
4
Therefore,
1 __% ﬁ—i— 1/4

s (s+2) s 2 s+2

13
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and we tentatively have

1 1 1 1
G (M Ve Vi) |
s s s+2 s(s+2)(3s+1)
| —

Kk

Now considering +*, note that

1 4, B C
s(s+2)(3s+1) s s+2 3s+1
_ A(s+2)(3s+ 1)+ Bs(3s+1) +Cs (s +2)

- s(s+2)(3s+1)

Comparing coefficients gives us
1
5:0:>1:2A:>A:§,

1
=-2—1=10=— B=—
S 107

1 5 9
== 1=_2 -2
s 3 == 9 = C 5
Therefore,
1 Y2 Yo 9/5

s(s+2)(3s+1) s  s+2 3s+1
and we finally have

o Y4 12 1/4 2 110 3/5
—_e2s | _ /7 17 1=
y=e ( 5+52+5+2) s s+2+5+1/3'
Therefore,
1 1 1 1 1 3
— —9 = - —9 S o2-2)\ _ - _ - 2z b 71/3'
y = u(x )( 4—|—2(Jc )+46 5~ 10¢ —|—5e
o
EXAMPLE 1.14 (Trick). Solve xy” + (22 +3)y’ + (z + 3) y = 3e~* with y(0) = 0. o

SoLuTION. First note that the initial condition y(0) = 0 alone specifies the solution as it implies the
value of y'(0). More precisely,

0+ 3y'(0) + 3y(0) =3 = ¢'(0) = 1.

Taking the Laplace transform, we have

L(zy") +2L(xy") + 3L(Y) + L(zy) + 3L(y) = 3L(e™) ,

d, . / d, . d. .. 3
_ = — _ — 9 (g1 — — - = -
7 (870 = 59(0) = y/(0)) = 25-(s9 = y(0)) +3(s§ — y(0)) — -9 + 37 T
. dy . dy . dy R 3
—28f — 82— — 2 — 25—> + 357 — — + 3§ =
4 Sds y Sds+ 4 ds+ 4 s+1’
dj 3
—(s24+2 1) == g+ 10 =
(s* +2s+ )d8+sy+y Py
g 3
12 =L — Nj=———
(s+1) Is (s+1)9 o
g 1 3
ds  s+17° (s+1)*
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At this point it is appropriate to introduce the integrating factor

I=e¢ Sdﬁ — efln(erl) _ L
s+1
Multiplying both sides by 1/ (s + 1) gives us
1 d 1 3
stlds (s1127 s+
U 1
— + C,
s+l (s+1)°
1
g = +C(s+1)
(s+1)°
Note that lim,;_ .., ¥ = 0 = C = 0. Therefore,
. 1
S) =
9(s) (5 + 1)2

and

1
y=e L7} <2> =ze 7.
s

Note that if any 22 had appeared in the original equation, the resulting differential equation for § would

have had order 2. So this trick has limited applicability. o

5.2. Impulse Functions. A force F(t) acting between ¢ = a and ¢ = b produces momentum p =
f: Fdt. An “instantaneous” transfer of momentum p at time a can be thought of as the limit as ¢ — 0 of
the result of a force of size p/e acting over time € (from a to a + €). Consider the step function shown in
Figure 1.3. We have

A

t

Y €

Figure 1.3: The step function with width e and height 1/e, bounded by the y-axis, encloses a region with
area 1.

> 1
/ fel@)de =€¢-— =1,
0 €
where

fe= %(1 —u(a:—e)).
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Thus,

L(fe) _ 1 (1 B ees) _ 1 76768.

Taking the limit, we have
1—e"¢
li =1 =1 =1.
el—I>r(l) E(fe) egr(l) €S el—I>r(l) S

———

I’Hopital’s Rule
ExAMPLE 1.15. A block of wood of mass 80 g is motionless at the end of a spring with spring constant
10&/sec?. At time ¢ = 0, it is hit by a bullet weighing 1 g and traveling upward at 100 m/sec. Find the equation

of motion of the block of wood (assuming that there is no resistance). o

SOLUTION. Let z(t) be the distance above the starting position at time ¢. Then we have

d2
9022 410z = F(t)

dt?
with initial conditions 2(0) = 0 and 2/(0) = 0, where F(¢) is the “impulse” function with momentum
1g x 100 m/sec = 100 g'm/sec.

Taking the Laplace transform, we have

$2% 4+ 10z = 100,

. 100 10
T = =
9052 +10 9s2+1
10001 10 s
982419 38241/
Therefore,
10 . [/t
r=—sin( = |.
3 3
Figure 1.4 shows the plot of the equation. o
t
3 |
2 |
l |
L L L L | X
n 2 3 4 5n n
_l [
_2 [
_3 [

Figure 1.4: The plot of the equation of the motion of the block of wood in Example 1.15.



CHAPTER 2

Phase Portraits: Qualitative and Pictorial Descriptions of

Solutions of Two-Dimensional Systems

1. Introduction

Let V : R? — R? be a vector field. Imagine, for example, that V(x,y) represents the velocity of a
river at the point (z,y)." We wish to get the description of the path that a leaf dropped in the river at
the point (2o, yo) will follow. For example, Figure 2.1 shows the vector field of V(z,y) = (y,2?). Let

L

(a) The vector field plot of (y,?). (b) The trajectories of (y,z?)
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T
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Figure 2.1: The vector field plot of (y, xz) and its trajectories.

~(t) = (x(t)7 y(t)) be such a path. At any time, the leaf will go in the direction that the river is flowing at
the point at which it is presently located, i.e., for all ¢, we have ~/(¢t) = V(m(t), y(t)). If V= (F,G), then

dx dy

— =F — =G .

7 (z,v), = (z,y)
Y 2

In general, it will be impossible to solve this system exactly, but we want to be able to get the overall
shape of the solution curves, e.g., we can see that in Figure 2.1, no matter where the leaf is dropped, it will

head towards (0o, 00) as t — oo.

*We are assuming here that V depends only on the position (z,y) and not also on time t.

17
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2. Phase Portraits of Linear Systems

Before considering the general case, let us look at the linear case where we can solve it exactly, i.e.,
V = (ax + by, cx + dy) with

dx dy
E—aa:—&—by, E—cx—i—dy,

X:x7A:ab.
Y c d

Recall the existence and uniqueness theorem for ODE’s from MATB44: if all the entries of A are continuous,

or x' = Ax, where

then for any point (zg,¥o), there is a unique solution of x’ = Ax satisfying x(t9) = xo and y(to) = yo.
In other words, there exists a unique solution through each point; in particular, the solution curves do not
Cross.

The above case can be solved explicitly, where

T
x = B 0
Yo

is a solution passing through (zo,yo) at time ¢ = 0. We will consider only cases where det(A) # 0.

2.1. Real Distinct Eigenvalues. Let A; and )y be distinct eigenvalues of A and let v and w be their

MO
0 o |

corresponding eigenvectors. Let P = [v, w]|. Then

P 'AP =

Therefore, At = P (Dt) P~! and we have

At
T T e 0 C
x = Bt 0 | = pePipt 01 = [v,w] !
Yo Yo 0 et Cs
CreMt
= [v,w] ! = C1eMty + Che?tw,
Cze)\gt

Different C'y and C5 values give various solution curves.
Note that C; = 1 and Cy = 0 implies that x = e*tv. If \; < 0, then the arrows point toward the origin,

as shown in Figure 2.2a which contains a stable node. Note that
X = Cle/\ltv + CQe/\th = Mot (Cle(’\l_M)tv + CQW) .

The coefficient of v goes to 0 as t — oo, i.e., as t — 0o, x — (0, 0), approaching along a curve whose tangent
isw. Ast — —o0, x = eM? (Clv + Czeo‘r)‘l)tw), i.e., the curves get closer and closer to being parallel to
v ast— —oo.

We have the degenerate case when \; < Ay = 0, in which case x = CreMtv + Cow.

The case when \; < 0 < Ay gives us the phase portrait shown in Figure 2.2b which contains a saddle
point. This occurs when det(A) < 0. The case when 0 < A\ < Ay gives us the phase portrait shown in

Figure 2.2¢ which contains an unstable node. We have

x = C1eMtv + Che?tw = eMit <01V + Cge(’\z_’\l)tw) .
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(a) M1 < A2 <0 (b) A1 <0< A2

() 0< A1 < A2

Figure 2.2: The cases for A\; and \s.

Therefore, as t — —oo, x — [0,0], approaching v as tangent; as ¢ — oo, x approaches parallel to w
asymptotically.

Note that in all cases, the origin itself is a fixed point, i.e., at the origin, 2’ = 0 and y’ = 0, so anything
dropped at the origin stays there. Such a point is called an equilibrium point; in a stable node, if it is

disturbed, it will come back; in an unstable node, if perturbed slightly, it will leave the vicinity of the origin.

2.2. Complex Eigenvalues. Complex eigenvalues come in the form A = a 4 i, where 8 # 0. In such

a case, we have
x=C Re(e)‘tv) + Oy Im(e’\tv) ,
where v = p + iq is an eigenvector for A. Then

My — ot Bt (p +iq)

= e (cos(Bt) + isin(6t)) (p + iq)
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= e (cos(Bt)p — sin(Bt)q + i cos(Bt)q + i sin(Bt)p).
Therefore,
x = e[ (Cy cos(Bt)p — Cr sin(3)a) + C1 cos(Bt)a + Cs sin(B1)p]

_ ot | M cos(t) + kg sin(ft)
- k3 cos(t) + ky sin(0t)

= M F in F
=e (cos(ﬂt) l by + sin(ft) [ ks ])

Note that tr(A) = 2a.* So
a=0= tr(A)

:07
a>0=tr(A) <0,
a<0=tr(A)>0.

Consider first & = 0. To consider the axes of the ellipses, first note that
c— | v @ C, Oy cos(ft)
P2 ¢ Cy —Ch sin(t)

P C

Except in the degenerate case, where p and q are linearly dependent, we have

[ cos(ft)
sin(5t)

=C'P'x.

Therefore,

cos(ft) + sin(St) [ COS(ZI; ] x! (P_l)t (C_l)t Cc Pk,

sin(

x (P~ (™) c'P Ik,

cos?(Bt) + sin®(Bt)
1

xt (P (cTH c'P k.

Note that C = C?, so

oo alla o
Cy —C || Co —Ci |’
C?+ (3 0
C2 — 1 +0C5 2(012—1—022)1.
0 C}+C3
Therefore,
1 C
BREERe A
(€ =c= &5

BNk

*Recall that the trace of a matrix is the sum of the elements on the main diagonal.
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Ci+C3)1 I
c ) ctl= 0*12:< LT 2) .
e = =gy T g

Therefore,

1=x' (P ) (C) C'P 'x= LPTY Pk

1
CT+CZ"
Let T = (P’l)t P~!. Then x!Tx = C? + C2 and T = T? (T is symmetric). Therefore, the eigenvectors of
T are mutually orthogonal and form the axes of the ellipses. Figure 2.3 shows a stable spiral and an unstable

spiral.

(a) a <0 (b) a>0

Figure 2.3: The cases for a, where we have a stable spiral when o > 0 and an unstable spiral when « > 0.

2.3. Repeated Real Roots. We have N = A — \I, where N? =0 and A = N + )\L. So
[ eM 0
At = NI _ Nt _ (1 4 Ny) .
Therefore,

o
Cy |

C M0
x = At = (I + N¢) ¢
OQ O 6)‘t

Note that N2 = 0 = det(N)? = 0 = det(N) = 0. Therefore,

ny N2
N = .
any ang

Also, N2 =0 = tr(N) =0 = n; + any = 0. Let

Then
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So Av = (N + MXI) v = v, i.e, v is an eigenvector for A. Therefore,

X — e)\t (I T Nt) Cl _ 6/\t Cl + (71101 + nQCQ)t
Cy 02+Ck(n1 +n202)t
C 1
=M ( ! + (n101 + 71202) t ])
02 o
Ch

+ (TllCl + TLQCQ) tV) .

If A <0, we have

x
N
as t — oo. If A > 0, then o o
T 0
—
vyl [0]

as t — —oo. What is the limit of the slope? In other words, what line is approached asymptotically? We

have
.y . Cy+ (nCr +nCy)tve vy
lim = = lim ==

t—oo I t—oo C + (77401 + 71202) tvy o V17
i.e., it approaches v. Similarly,

. Yy V2
lim = =—,
t——oo I Vi

i.e., it also approaches v as t — —oo. Figure 2.4 illustrates the situation.

0 0
0 O 0 0 O 0
0 0
(a) A <0 (b) A>0

Figure 2.4: The cases for A, where we have a stable node when A < 0 and an unstable node when A > 0.

We encounter the degenerate case when N = 0. This does not work, but then A = AI, so
Cl _ 6)‘t 0
Cg 0 BM

Cq
Cs

Cq
Cs

X=€At

_

)




3. PHASE PORTRAITS OF NON-LINEAR SYSTEMS 23

which is just a straight line through
&
Cs

Figure 2.5 illustrates this situation.

RHRA
it
Hit

il

O o o i o e e i o) e O

(a) A <0 (b)y A>0

Figure 2.5: The degenerate cases for A when N = 0, where we have a stable node when A < 0 and an
unstable node when A > 0.

3. Phase Portraits of Non-Linear Systems

Returning to the general case, we have

Z_F

p (z,y),
dy

E = G(l‘,y)-

DEFINITION 2.1 (Equilibrium point). A point where dz/dy = 0 and dy/dt = 0 is called an equilibrium

point (or singular point or critical point). %

We can get an approximation to the behaviour in the vicinity of each equilibrium point by determining
the behaviour of the linear approximation. Let (p,q) be an equilibrium point. Since F(p,q) = 0 and
G(p,q) = 0, the Taylor expansion of F(z,y) and G(z,y) around (p,q) are

oF oF

F(w,y)zaf (x*p)+a* (y—p)+-,
T | (p,q) Y l(p,a)
oG oG

Glay =51 (@=p+ o= (y=—p)+--.
T l(p,q) Y l(p,q)

Let £ =z —p and § =y — g. So the behaviour near (p, q) is approximated by that of dx/dt = Ax, where

Ly &
5 _ z 1(p,q) Yy

X — T_| TP 7 A= (p,q)
] y—q 96| 2G

oz |(p,q) dy (p,q)
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DEFINITION 2.2 (Stable equilibrium point). An equilibrium point p is called stable if for all € > 0, there
exists a § > 0 such that any solution which comes within § of p never gets farther than € from p at any later

time. 0

DEFINITION 2.3 (Asymptotically stable equilibrium point). A stable equilibrium point p is called asymp-
totically stable if, in addition to the properties of a stable equilibrium point, there exists an r such that every

solution which comes within r of p approaches p as t — oco. Figure 2.6 illustrates this situation. O

@ |
Y

)
=

(a) Stable but not asymptotically stable. (b) Asymptotically stable.

Figure 2.6: Stability and asymptotic stability.

From §2.1, linear systems in which both eigenvalues have negative real parts are stable, while, if at least

one eigenvalue has a positive real part, it is unstable. The follow theorem ties these ideas together.*

THEOREM 2.4. An equilibrium point is stable if the real parts of both eigenvalues of the corresponding

linear system are negative. It is unstable if the real part of at least one eigenvalue is positive.

In these cases, stability is determined by behaviour of the corresponding linear system. In other words,
(e.g., no eigenvalue with positive real part but at least one eigenvalue with no real part) we would require
the need to analyze higher order terms (not just linear terms) in the Taylor expansion to determine its

behaviour.
ExampLE 2.5. Find and classify the equilibrium points of
F(x,y) =3z — 3y — 2* + 2,
G(x,y) = 3y + 2 — day.

o

SoLUTION. To find the equilibrium points, we set
3z —3y— 22+ a2y =0, (*)
3y + x® — dxy = 0. €

*See §5, p.32.
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Equation (x) implies that
3(—y)—v(@-y) =0=> (3—2)(x—y) =0
—zx=3o0rzx=y.
If x = 3, then

3y+9— 12y =0,
9—9y =0,

so y =1 and (3,1) is an equilibrium point.

If z = y, then

3y+y® —4y° =0,
3y —3y% =0,

and y = y? implies that y = 0 or y = 1. Therefore, two more equilibrium points are (0,0) and (1,1). So in
summary, the equilibrium points are
(0,0), (1,1), (3,1).

Note that
@‘ oF
9z l(pa) Oy |y q) 3—2p+q —-3+p
A = = y

2G oG 2p — 4 —4
Oz l(p,q) Oy p 4 3 p

(p,9)

points.

where (p, ¢) is an equilibrium point, i.e., the matrix A is obtained by evaluating its entries at the equilibrium
At (0,0), we have
B [ 3-2(0)+0 —3+0

[3 -3
200)—4(0) 3—40) | |0 3|’

which gives us a double root A = 3, which is indicative of an unstable equilibrium point. Note that

L) 4]
[22]

:O’

The eigenvector is [1,0].
At (1,1), we have

2(1) —4(1) 3 —4(1)

2 -2
— AL

(2= (-1-A)—4=0,

:[3—2(1)“ —3+1

Finding eigenvalues, we have

—2- A+ AN —4=0,
A —-\—6=0,
A=3)(A+2)=0.
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Therefore, A € {—2,3}, which is indicative of an unstable equilibrium point. For A = 3, we have

-1 -2 a —a — 2b
= = a = —2b,
I

which gives us the eigenvector [—2,1]. For A = —2, we have

4 -2 a 4a —2b
= = b= 2a,
-2 1 b —2a+b
which gives us the eigenvector [1,2].
At (3,1), we have
1 3-23)+1 =3+3 | | -2 0
2(3) —4(1)  3—4(3) 2 -9 |
Finding eigenvalues, we have
-2 0
— M| =0,
2 -9

A4+ 11N+ 18 =0,
A+9)(A+2) =0.

Therefore, A € {—9, —2}, which is indicative of a stable equilibrium point.

HE |

so 2a = 7b and the eigenvector is [7,2].
7 0 a | | Ta
2 0|[b] |2a]

so a = 0 and the eigenvector is [0, 1]. Figure 2.7 shows the phase portrait. o

For A = —2, we have

For A — 9, we have

4. Applications

4.1. The Pendulum. Consider the pendulum in Figure 2.8. Let a = (ay, a,) denote the acceleration

and let ajormal denote its component in the normal direction. Then we know that

gsin(f) = anormal = —ay cos(f) — a, sin(0).
Since x = ¢sin(f), we have
dx de
o Ecos(@)a.
Therefore,
&z AN 0
Ay = ﬁ = ESID(Q) (dt) + gCOS(e)W
Similarly, since y = —¢cos(#), we have
W _ rsin() 22
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Figure 2.8: A pendulum with a length ¢ and a mass m.

and it follows that ) 2 o
a2y do N
Ay = @ = ECOS(G) <dt> + gSIH(e) dt2 .

Therefore, we have

sin(6) = £sin(6 — ) - ~2(9)@—e 5(0) si — ) ¢ ~2(0)@
gs = €8S dt COS dt2 COS dt COS dt2

d20
= /-
dt2’

which finally results in
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where 6 is the angle, t is time, g is the acceleration due to gravity, and ¢ is the length of the pendulum.

Change the notation: use x to represent the angle. Then Equation (2.1) becomes

d’z g .
ﬁ + Z sm(.r) = O

<] E e
y ’ dt — 9 sin(x) )

Let F(z,y) = y and G(z,y) = (—g/¢)sin(z). Then the equilibrium points are (nm,0) for n € Z. It then
follows that

Let y = dx/dt. Then

oF _, OF _ aﬁf,gcos(x) %G _,
or ' oy 1 ox 4 ooy
and

99
ox

nm
For n even, we have

where A = +4/¢//¢ is a saddle point. Figure 2.9 shows the phase portrait. The actual solution curves are

¢
N
(¢

N

\

given by
r'a’ + %Sin(x)ac’ =0
Reducing its order gives us
N2
(xz) - %COS(I’) =C,

which finally gives us
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Note that a closed loop in a phase portrait, e.g., the ones surrounding the centres in Figure 2.9, indicates a

periodic solution.

4.2. The Damped Pendulum. Adding an air resistance term —rf%f to Equation (2.1), we have

2
mfd—m = —mgsin(z) — 7‘(%,

Pz rdr g
2 L2 Tin(a) =o.
iz P T
Letting y = dx/dt, we have
B __r,_ gsin(gc)
i~ m? '
Let F =y and G = —(g/¢)sin(x) — (r/m)y. Then the equilibrium points are y = 0 and = = nx, where

n € Z. Note that

OF [\ OF | 0G_ g . G 1
or 0 oy 0 ox U/ oy 0om’
and 50
v = (-1 n+1 g
or |, (=1) L
For n even, we have
0 1
A: |; ‘| ’
9 _r
4 m
which gives us
Nyt d oo
m 14
Solving for A gives us
== 479 -

)\:

Assuming that r < 2m+/g/¢, this gives a stable spiral.

For n odd, we have

which gives us

PRI Q)
14
Solving for A gives us
L EE
- 2

Assuming once again that r < 2m./g/¢, this gives a saddle. Figure 2.10 shows the phase portrait of a

damped pendulum.

4.3. Predator-Prey Equations.

ExXAMPLE 2.6 (Predator-Prey). Consider a land populated by foxes and rabbits, where the foxes prey
upon the rabbits. Let z(t) and y(t) be the number of rabbits and foxes, respectively, at time ¢. In the
absence of predators, at any time, the number of rabbits would grow at a rate proportional to the number
of rabbits at that time. However, the presence of predators also causes the number of rabbits to decline in

proportion to the number of encounters between a fox and a rabbit, which is proportional to the product
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y

Figure 2.10: The phase portrait of a damped pendulum.

z(t)y(t). Therefore, dx/dt = Az — Bzy for some positive constants a and b. For the foxes, the presence of

other foxes represents competition for food, so the number declines proportionally to the number of foxes

but grows proportionally to the number of encounters. Therefore dy/dt = —C'y + Dxy for some positive
constants ¢ and d. The system

d

d—f = Ax — By,

dy

— =—-Cy+D

a y+ Dzxy

is our mathematical model.
If we want to find the function y(z), which gives the way that the number of foxes and rabbits are

related, we begin by dividing to get the differential equation
dy —Cy+ Dxy

dv ~ Az — Baxy
with A, B, C, D, z(t), y(t) positive. In this case, we can solve explicitly as
dy _y(-=C+ Dzx)
dr z(A-By)’

A_Bydy: —C—i—Dmdx

Y
(A —B) dy = <—C+D> dz,
y x

Aln(ly]) — By = —CIn(|z]) + Dz + C,

yAe_By = kx~Cel® (2.2)

for some constant k. We can use the method of implicit differentiation™ to verify that it is indeed a solution

of the equation for any k.

*MATA30.
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Explicitly, if y(z) is the function defined implicitly by Equation (2.2), then
AyAfly/efo + yA (—B) efoy/ -k (—C) xfoleD:r + k(EicDGD‘T.

Replacing k from Equation (2.2) gives

A _—By —By
e e
AyAflylefo + yA (7B) 67Byy/ _ 7szCfleD:r g_ce[)gg + xfCDeD:L’ i_cepm
C A_—By
— _L + DyAefo.
x
Dividing by y4~te~BY gives
Cy
Ay +y(-B)y' = - + Dy,
and so solving for 3 gives
,_ —Cy+ Day
Az — Bzy '’
as desired.
The graph of a typical solution is shown in Figure 2.11.
y

20} D
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| | | | | | | | | | X

Figure 2.11: A typical solution of the Predator-Prey model with a = 9.4, b = 1.58, ¢ = 6.84, d = 1.3, and
k = 17.54.

Beginning at a point such as A, where there are few rabbits and few foxes, the fox population does not
initially increase much due to the lack of food, but with so few predators, the number of rabbits multiplies
rapidly. After a while, the point B is reached, at which time the large food supply causes the rapid increase
in the number of foxes, which in turn curtails the growth of the rabbits. By the time point C' is reached, the
large number of predators causes the number of rabbits to decrease. Eventually, point D is reached, where
the number of rabbits has declined to the point where the lack of food causes the fox population to decrease,

eventually returning the situation to point A.
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To find the equilibrium points, we know that we either must have + = 0 or A = By and y = 0 or

C = Dz. Therefore, the equilibrium points are

0.0, (5:3):

so we have
A— A— By —Bzx .
Dy —C+ Dz
At (0,0), we have
A 0
0 —C |’

giving us a saddle point. At (C/D, A/B), we have

C
A b
5 0

the determinant of which is AC, so A\ = +iv AC, giving us a centre point. Figure 2.12 shows the phase

portrait. o

\‘_,/A{\/ \ER:/;;,——”H‘\"’———»’—' \ X
N\ 7=
WSS
AR NN

/"

Figure 2.12: The phase portrait of Example 2.6, showing a saddle point at the origin and a centre point at
(5 %)
D' B/

5. Liapunov’s Second Method

We have been examining linearized systems about each equilibrium point to get an idea of how the
original system behaves. But to what extent is it possible to conclude that the properties of linearized

systems accurately reflect properties of the actual system?
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THEOREM 2.8a. Consider
o' = F(x,y),
y' =G(z,y).
Let V = (F,GQ) and let 0 be an equilibrium point of System (2.3)." Suppose there exists a function E with
the following properties:**
(1) E(x,y) >0 for (z,y) # (0,0) and E(0,0) = 0.
(2) E is differentiable.

(3) For any solution (z(t),y(t)) of System (2.3), there exists an v > 0 such that VE -V < 0 whenever
4y’ <r.

(2.3)

Then 0 is a stable equilibrium point of System (2.3).

PRrROOF. The idea of the theorem is this. Consider a contour line £ = C, as shown in Figure 2.13.
Intuitively, the hypothesis that VE -V < 0 says that V points inwards, so that once a solution enters the

VE

Figure 2.13: Some contour line £ = C.

region surrounded by £ = C it can never leave. More precisely, if (x(t), y(t)) is a solution, then

d _OFEdx OFEdy
oF OF
=l Ty ¢
=VE-V
—
<0

So if p1 = (z(t1),y(t1)) and pa = (z(t2),y(t2)) are points on a solution curve with 5 > #;, then
2 dE
/ —dt <0,
¢, dt
E(z,y)| <0,
t1

E(p2) — E(p1) <0.

ta
<0

Therefore, E(p2) < E(p1), i.e., E decreases with ¢, so once it enters a region bounded by a contour line of

E, it can never leave.

*We can always move our point to the origin by translation.
**Such a function is called a Liapunov’s Function for the system.
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Recall the definition of stability (p.24) that states that given an € > 0, there exists a § > 0 such that
any solution coming within § of p never thereafter gets farther than e of p. So given an € > 0, let m be the
minimum value of R on 22+ y? = €. Such a value exists because E is continuous and the locus of 2% +y? = ¢
is compact. Furthermore, m > 0 because £ > 0 on 2% + 32> = e¢. Then the contour line E(z,y) = m/2

lies entirely inside 22 + y? = e, as illustrated in Figure 2.14. Since E is continuous and F(0,0) = 0, there

Figure 2.14: The contour line E(x,y) = m/2 lies entirely inside 2% 4+ y? = e. They can’t touch because there
is no point on 2% + y? = € where E(x,y) = m/2.

exists a § > 0 such that E(x,y) < m/2 whenever 22 + y? < §. Once a solution enters x? + y* = §, then

E(z,y) < m/2, so it can never thereafter leave F' = m/2 and thus can never leave 2% + y2 = e. O

THEOREM 2.8b. Assume the hypotheses of Theorem 2.8a hold except that condition (3) is strengthened
to
(3°) There exists an r > 0 and o > 0 such that VE -V < —aF whenever 0 < 2% + y? < r2.

Then we get the (stronger) conclusion that 0 is asymptotically stable.

PROOF. Suppose that for any solution (z(t),y(t)) of System (2.3), there exists an 7 > 0 and a > 0 such
that VE - V < —aF whenever 0 < 22 + 32 < r2. Then
dE

— =VE -V < —aF.
dt
Therefore,
dE
— E<0
L + oty <
and so JIE
a4 e E <.
e o +e <
Furthermore,
B <C—= E<Ce ™ = lim E(a(t),y(1)) =0,
— 00
that is, on each solution curve, F — 0, so (z,y) — 0. |

THEOREM 2.8¢c. Assume the conditions of Theorem 2.8a but conditions (2) and (3) are strengthened to

(2°) E is continuously differentiable (as Boyce and Di Prima assume)
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(37) There exists an v > 0 such that VE - V < 0 whenever 0 < 2% + 4> < r. Then 0 is asymptotically
stable.

PRrROOF. As in the proof of Theorem 2.8a, E is a decreasing function along each solution curve. We
already showed stability. Therefore, suppose k has the property that a solution entering 2 + y? < k never
leaves.

We want to show that lim;_.c E(x(t)) = 0 for any solution curve x(t). Suppose x(t) is a solution curve
which does not have this property. Then there exists a ¢ > 0 such that E(x(t)) > ¢ for all ¢t. Therefore,
the solution x(t) avoids the open set E~1 ([0, c)) and so there exists a radius R such that the solution never
enters the ball ||x|| < R. Thus, for some ¢, the solution lies in the annulus R < ||x|| < r for all ¢t > ¢. Since
dE/dt = VE -V is continuous (and negative), it attains a maximum —M (where M > 0) on the compact
set R < ||x|| < for all t > t.

Therefore, for all t > tg,

t t
/ iE(x(t)) g/ —Mdt =—M (t —tg).
to dt to
~—_———————
B(x(t)-B(x(1))
This implies that
E(x(t)) < E(x(to)) + Mto— Mt .

——00
constant

for all t. This is a contradiction as E(x(t)) > 0. Therefore, E(x(t)) eventually gets less than any c, i.e.,

Jim E(x(t)) =0 = x(t) — 0. O

THEOREM 2.9. Let 0 be an equilibrium point of System (2.3). Suppose there exists a function E with
the following properties:

(1) E(xz,y) > 0 for some (z,y) in every neighbourhood of the origin and E(0,0) = 0.

(2) E is differentiable.

(3) For any solution (z(t),y(t)) of System (2.3), there exists an r such that VE -V > 0 whenever
0O<a?+y?<r.

Then 0 is an unstable equilibrium point of System (2.3).*
PROOF. Using ideas similar to previous proofs, one can show that this is true. O

COROLLARY 2.10. An equilibrium point is asymptotically stable if the real parts of both eigenvalues of
the corresponding linearized system are negative. It is unstable if the real part of at least one eigenvalue is

positive.™™

“Note that d OE dz OEd de d
X Y T ay
LE@),yt) = = L 2W _gp (Y _yE.v.
P @®,0) = 5o oy dt (dt dt)
A4

**There is no conclusion if A\; = 0 while A2 < 0, e.g., if the linearized system has a centre at p, p may or may not be stable.
If there exists an E > 0 with E(0,0) = 0 such that VE -V > 0, then the origin is not stable.
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PROOF (SKETCH). Suppose that the real parts of both eigenvalues are negative. Let x = [z,y]. Write

d

d%: = F(x,y) = Az + By + f(z,y),
dy

= = Gla,y) = Cx+ Dy + g(x,y),

where f and g are continuous with f(0,0) = 0 = ¢(0,0), and there exist constants k; and ks such that
|f(z,9)| < k1 l|x]| and |g(z,y)| < ko ||x|| whenever ||x]| is sufficiently small. Let

Al

Let p = tr(A) = A+D and ¢ = det(A) = AD—BC. The characteristic equation then becomes A2 —pA+q = 0.

A B
C D

_ F

= Ax+

)

If the roots are real, then, by the hypothesis, they are negative, so their sum p is negative and their product
q is positive. If the roots are complex, say u + v, then, by the hypothesis, © < 0 and so again p = —2u is

negative and ¢ = u? + v? is positive. Let
Q = (Az 4+ By)® + (Cz + Dy)* = Ax - Ax.

and set £ = Q + ¢ (:c2 +y2). Clearly, F > 0 for x # (0,0) and E(0,0) = 0. Why is VE - V < 0 for small
[I=I?

To see this, note that

VE:VQ+qV(x2+y2) =VQ+2q(z,y) =VQ + 2¢x

and
VO = 2(Az+ By) A+2(Cx+ Dy)C
2(Az+ By) B+2(Cx + Dy)D
B A C Ax + By
| B D || Cx+Dy
=2A%Ax.
Therefore,

VE -V = (2A"Ax + 2¢x) - (Ax +[f,g])
=2 (X'ATA’Ax + ¢x"Ax) + 2 (A"Ax + gx) - [, g]. (%)
Note that by the Cayley-Hamilton Theorem, we have
A? —tr(A)A + det(A)I = 0.
That is,
A% —pA + ¢l =0.
Taking the transpose gives
(A"’ —pA’ +qI =0,
(At)2 +¢I = pAt.



5. LIAPUNOV’S SECOND METHOD 37
Therefore, Equation (%) now becomes
VE-V =2 (xt ((At)2 + qI) Ax) +2 (A'Ax + gx) - [f, 4]
= 2px'A'Ax + 2 (A'A + gx) - [f, 4]
= 2pAx - Ax + 2 (A'A + gx) - [, g]

= 2pQ +2 (AtA + qx) “1f,q]-
sy

We have 2pQ < 0 since p < 0 and Q > 0. Using the fact that ||[f, ]| < v/k7 + k2% [|x]||, we can show that
the second term is less than or equal to |p| @ for small ||x||.

Therefore, it is not big enough to affect the sign of VE -V, i.e., VE - V < 0 for small nonzero ||x||. O
ExampLE 2.11. Consider V = (f2xy, x? — ys) Is the origin stable? o
SoLUTION. First note that the only equilibrium point is (z,y) = (0,0). Suppose we try E(z,y) =
ax? + by? for suitable a,b > 0. Then
VE -V = [2az,2by] - [2zy, z? — y?’] = —daz’y + 2bx?y — 2by*.

Choose a = 1 and b = 2 (so that the x?y term will cancel). Then VE -V = —4y* < 0. Therefore, by
Liapunov, the origin is stable. Figure 2.15 shows the phase portrait of V. o

Figure 2.15: The phase portrait of (fQ:vy, x? — y3) of Example 2.11, showing that the origin is stable.
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6. Periodic Solutions

THEOREM 2.12 (Poincaré-Bendixson). Let R be a closed bounded region in R?. Suppose

dx

7 F(l‘,y),

dt (2.4)
W _ Gla,y)

o =Gl

has a solution (x(t),y(t)) which lies in R for allt > to. If System (2.4) has no equilibrium points in R, then

either

(1) (z(t),y(t)) is a periodic solution (i.e., a closed curve or loop), as shown in Figure 2.16a or

(2) (z(t),y(t)) spirals towards a periodic solution, as shown in Figure 2.16b.

(a) A periodic solution. (b) Spirals towards a periodic solution.

Figure 2.16:

PROOF (IDEA). Let C' = (x(t),y(t)) be our given solution curve. Let p, = (z(tn, +n),y(to +n)).
Unless C is a periodic solution, the points {p,} are distinct, so by the Bolzano-Weierstrass Theorem, there
exists an accumulation point p of {p,} lying in R (since R is compact).

Let Cy be the solution curve passing through p. Note that since we assumed no equilibrium points in
R, p is not an equilibrium point, so Cy is a curve, not just the point p. Intuitively, since the solution curves
cannot cross and C' has points on it that approach p as a limit, C' must spiral towards Cy. More precisely,

we have the following.

LEMMA 2.13. Let C = (x(t),y(t)) be a solution curve to System (2.4), let p, = (x(t, +n),y(to +n)),
let p be an accumulation point of {p,} lying in R, and let Cy be the solution curve passing through p. Then

there exists a short line segment £ through p having the following properties:
(1) The curves C' and Cy cross € infinitely often in every neighbourhood of p.
(2) Every solution crossing £ does so in the same direction.

PROOF. Proof is omitted, but it uses continuity and the Jordan Curve Theorem (Theorem 2.14). O

Let ¢ be the next point at which Cy crosses £. We show that ¢ = p so that Cy is a periodic solution.
The curve C crosses ¢ near p (say, at p’), so by continuity, it must cross again near ¢ (say, at ¢’). This is

illustrated in Figure 2.17. But then every subsequent crossing of ¢ by C' must be farther away from p than
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Figure 2.17: The curve C' crossing /.

from ¢', since C cannot cross itself and it cannot cross ¢ in the wrong direction. But this contradicts C
crossing { infinitely often in every neighbourhood of p. Therefore, p = ¢, so C' is a closed curve.

The point is this. If p’ is farther from p than from ¢, then the next crossing would be ever farther away.
But if p = g, then ¢’ can be closer to p than p’ was, so everything is okay.

Thus, ¢’ is closer to p than p’ was and subsequent crossings are even closer. Applying this argument

now to other points on Cjy and other lines, we can see that C' must be approaching Cj. O

THEOREM 2.14 (Jordan Curve Theorem). Let C' be a closed curve in R? which does nmot cross itself.
Then C divides R? into two disjoint non-empty connected open subsets, having C as their common boundary,

namely, R2\ C =T UO. One of these open sets is bounded and the other is unbounded.*

ExaMPLE 2.15. Consider

3
x’xy:c(x2+2y2),

1
y/x+yy(wz+2y2)-

Let

!
—
&
)

Il
8

|
<

I
8

7N

8

[\

+

= o w
NS4

[\

~

<
no
N———

and setting G = 0 gives

Therefore,

*They are called, respectively, the inside and outside of C.
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unless = 0 or y = 0. If x = 0, then Equation (x) implies that y = 0. If y = 0, then Equation (*x) implies
that « = 0. Therefore, (0,0) is one solution.

Let a =1— 22 — (1/2) y%. Then (a — y?) a = —1. Therefore, one factor is positive and one is negative,
which implies that a > 0 and a — y? < 0.

a® —ay® = —1,

a?—ay’ +1=0.
To have real solutions for a, we need
yr—4>0=y>>2.
But then
2 1, 2
a>0==z +§y <l=y" <2
which is a contradiction. Therefore, no solution exists other than (0,0).

Let V = (F,G). Consider the behaviour of V on circles 22 + y? = ¢2, as shown in Figure 2.18.

YA

A
Y

Figure 2.18: The vector V on a circle 22 4 y? = 2.

To determine if V points into the circle or out of the circle, we look at V - n. Then
e V. n > 0 implies that V is pointing out.
e V. n =0 implies that V is tangent to the circle.
e V. n < 0 implies that V is pointing in.

To find out which condition it satisfies, we compute

V:.on=(FG) (z,y)=Fx+ Gy

3 1
=1 — gy — 2 <x2 + y2> +ay+yt -y <x2 + y2>

2 2
3 1
—a? et m 2022 oy a2 — Syt
2 2
1 5
_ .2 2 4 L a4 9 2.9
="ty —at - oyt - oaty

1 1
— 2 gt oy gty 51/4 _ §m2yz
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— 2t §T2 sin? (9) (7"2 cos? (6) — % sin’ (9))
=2t %r‘* sin® (6) cos(26)

— 24 <1 + %sinQ(@) COS(29)>

=r? (1 —r? (1 + %SinQ(G) cos(29)>>.

1 1
=3 <1+ 5 sin?(6) cos(26) <

Note that

=< sin2(9)005(29)§

N |
N |
| =

If r = 2, then 72 = 4, so

2

r? <1 + 1 sin?() cos(29)) >2=1-17? <1 + %Sin2(9) cos(29)) <0

—V -n<O0.

If r = 1/2, then 72 = 1/4, so

2 (1 + %sinz(e) cos(29)) < g —1—r? (1 + %sin2(9) Cos(29)) >0

—V -n>0.

N o

41

This situation is illustrated in Figure 2.19. So once a solution comes within r = 2, it stays within » = 2, but

a solution outside r = 1/2 stays outside r = 1/2. Therefore, let R be the region between r = 1/2 and r = 2.

This region contains no equilibrium points, but any solution which enters it stays within it.

So applying the Poincaré-Bendixson Theorem (Theorem 2.12; p.38) shows that any solution within R

spirals towards a periodic solution within R, as shown in Figure 2.19. Figure 2.20 shows the phase portrait

YA

A

Y

Figure 2.19: If r = 2, then V points out. If » = 1/2, then it points in.
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of the system.

7
77
=

s
/,{,//////

/.
,44//‘1/
—~

/ /
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Iy
7
T

| /
/)

/

Figure 2.20: The phase portrait of Example 2.15, showing that the origin is the only equilibrium point.

ExAMPLE 2.16. Consider

o= —y+ 72‘: = (1- (=2 +9?)),
y =z + Y (1—(3:24—@/2)).

&

Immediately, note that (z,y) # (0,0) as we must enforce /22 + y? # 0. To find equilibrium points,

solve

x
—y+ (1_ 22 4 2):0 *
vt (2* + %) ()
Y ( 2 2)_
x + 1—(z°+ =0 ok
s (2* +9%) (%)
It follows that
2 _ Yy ( 2 2 _ 2
y: = 1—(z +y)) = -
~— 2 2 ~—

Therefore, there is no solution in the domain of V, which is R? \ {0}.

Consider V - n on the circle 22 + % = ¢2. Then

V-n=Fz+ Gy
2

= gyt \/9:‘:+7y2<1 - (@*+4?)
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o (-0
= \/W(l —(2? +y2))
=r (1 —7“2) .

Therefore, if » > 1, then V - n < 0, while if » < 1, then V - n > 0. So the solutions entering the annulus
1/2 < r < 3/2 stay there. Since there are no equilibrium points in this annulus, by the Poincaré-Bendixson
Theorem (Theorem 2.12; p. 38), it has a periodic solution.

In fact, let r? = 22 4+ y2. Then

2rr’ = 2zx’ + 2yy/,
rr’ = z2’ + yy’
=xF + yG
=r (1 — 7"2) ,

T :177"2,

where r # 0. Now, we have

dr
21— g2
dt "
dr

—— =t
1—r2 ’

/(;ﬁzr + ;fr) dr:/dt,
1

1
— |dr=2 [ dt
/(1—r+1+r> " / ’
1
In ‘ +r>:2t+0,
1—r
1+T:]€62t
1—7r ’
ke?t — 1
i ——
ke2t +1

Therefore, lim; . 7 = k/k = 1, i.e., all solutions spiral towards r = 1 as t — oo, as Figure 2.21 shows.

EXAMPLE 2.17 (van der Pol Equation). Consider

" +p(a®—1)2' +2=0, > 0. (2.5)
o
Let
¥ =y=F,
y/:x/I:—/},(,’L‘Q—l)y_.r:G.

To find equilibrium points, we let
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NNy 2=
W f///”/%?/%/ff:
\§ W f/ggéig\ggg
N TS

W
B
B===7 I\
== \

Figure 2.21: The phase portrait of Example 2.16, showing that all solutions spiral towards » =1 as t — oc.

—u(xQ—l)y—x:O.

Since y = 0, immediately « = 0. Therefore, (0,0) is the only equilibrium point.

Consider the linearized system

{x/ -
Y = —x+py.
Then the matrix of the system is
0 1
-1 pu ’
The characteristic equation is A2 — u\ + 1 = 0. The solutions of this are
yo hEVE -4
=g

Note that

e 1 > 2 gives us an unstable node (distinct real roots).
e 1 = 2 gives us an unstable node (repeated real positive roots).

e 1 < 2 gives us an unstable spiral (complex roots).

Does it have any periodic solutions? We can attempt to find out with
V- -n=Fz+ Gz
=zy—p(s®—1)y* —ay
=—U (x2 - 1) v

But this indicates nothing. Thus, we need to try a different-looking region R (not an annulus). To carry on

with this solution, we need a new tool: Liénard’s Theorem.
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THEOREM 2.18 (Liénard’s Theorem). Let f,h:R — R and let g(z) = fox f(t)dt. Suppose that
(1) f is continuous.
(2) f is even.
(3) there exists an a > 0 such that
e g(a) <0 for0< x < a.
e g(z) >0 for x> a.
o f(z) >0 forz > a.
(4) lim,_, g(z) = 0.
(5) h is odd and h(z) >0 for x > 0.
Then 2’ + f(z)x’ + h(z) = 0 has a unique periodic solution and every other solution spirals towards it.
PROOF. We convert z”/ + f(x)z’ + h(xz) = 0 to a system. Let y = 2’ + g(z). Therefore,
y =a" + Py = —f(x)z' — h(z) + f(x)x’ = —h(z).
So the system is
o' =y —g(x),
{y’ = —h(z).
Note that f is even implies that g is odd. Therefore, replacing x by —x and y by —y leaves the equations
unchanged, so the solutions are symmetric about the origin. Hence, if we know the solutions for x > 0, we
can get those with < 0 by reflection about the origin.

So assume that x > 0. Let v be the graph of y = g(z) with > 0. Let (x,y0) lie on v and let C, be
the solution which passes through (x,y) at t = 0.

Ay
A2 ) C'TU ry
< //CL '.’E
(0:%)
A
Y

Figure 2.22: The solution Cy, reaching the y-axis at both ends.

LEMMA 2.19. As t increases from 0, x decreases and y decreases until eventually the y-axis is reached.

As t decreases from 0, x decreases and y increases until eventually the y-axis is reached.

PROOF. Since y' = —h(x) < 0, y always decreases as t increases. On v, V = (0, —h(z)), so Cy, leaves

~ heading straight down, and after passing (xo,yo) can never get above ~.



46 2. PHASE PORTRAITS

So 2’ =y — g(x) < 0 when t > 0. Therefore, x decreases as t increases from 0. Similarly, C,, enters ~y
heading straight down, so it was never below ~y for ¢t < 0.

So &’ =y — g(x) > 0 when t < 0. Therefore, = decreases as ¢ decreases from 0. It remains to be shown
that C,, actually reaches the y-axis on both ends. From what we have shown so far, it might look like the

situation illustrated in Figure 2.23.

4Y

A
b
8 Y

Figure 2.23:

Let ”
k(z) = 2/ h(z) do
0
so that k(z) > 0 for z > 0. Given a constant b, let
r = k(@) + (=)
Then differentiating with respect to t gives
dk
2ryry, = %x’ +2(y—0b)y
= 2h(z)(y — 9(2)) +2(y — b) (~h(x))
= 2(x) (b~ g()).

Therefore, ryry = h(z)(b— g(z)).

Since g is continuous and [0, zg] is compact, g has both a minimum m and a maximum M on [0, zg].
Choosing b = m gives g(z) — b > 0 for all z € [0,x¢], so ry,7,, < 0. Therefore, r,, < 0, so 7, decreases
with ¢. But ry,, > (y — m)27 so (y — m)2 does not go to co as in the diagram we wish to rule out.

Similarly, choosing b = M gives g(z) — b < 0, so r,, increases with increasing t. Equivalently, 7,
decreases with decreasing ¢, so the distance from Cy, to (0, M) decreases as t — —oo, and in particular does

not go to co. Thus, the y-axis is reached on this side also. |

Given g, let y1(xg) and y2(x0) be the values of y where C,, crosses the y-axis. Reflection about the
origin gives another section of the solution curve C,, as shown in Figure 2.24. We wish to show that there

is a value of zq for which ya(z9) = —y1(xo) so that the two halves piece together to give a periodic solution.
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A

Figure 2.24: The solution curve Cy, crosses y at y1(xg) and y2(xo).

LEMMA 2.20. There exists a unique x* such that
xo < ¥ = ya(x0) < —y1(x0),

xo = 2" = ya(x0) = —y1(20),

xo > " = ya(x0) > —y1(x0).

PRrROOF. Recall that

and that given a constant b,
2= k(z) + (y — b)2 .
We choose b = 0 to obtain r? = k(x) + y2. Therefore,
dy
' = ~h(a)g(x) = o(x) 2

holds on any solution curve. Let w = g(x) dy, a first order differential form. Let

I(zg) ::/C w

ED)
with Cy, directed “backwards” from A; to As. Let ¢; and ts be the values of ¢ at A; and As, respectively.
Then

Y3+ k(0) — 7 —k(0) w5 —uf
2 2

We now need to show the following:
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(1) I(zg) <0if z < a.
(2) I(xo) strictly increases with increasing zo for z¢ > a.

(3) limg,— oo I(xg) = 0.

To show (1), if g < a, then g(z) < 0 for all x on Cy,, and dy/dt is increasing in the direction of C,, we

are following. So

I(zo) = /C g(z)dy < 0

for z¢ < a.

To show (2), consider a < xg < Zg. Let
Cyy = CLUCy UCh,
C:Eg =é1 U02U03

as shown in Figure 2.25. Then

A

Figure 2.25:
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On Cy, g(z) — y is larger than it is on C1, so (g(x) — y)f1 is smaller. But g(z) < 0 when x € [0,al, so
g(z)h(z)(g(x) — y)_l is larger (less negative) on C} than it is on €. Therefore

/ wg/ w.
Ch ol

L3w_/aog(x)£dx——/Oag(x)gmdx—/oag(x)%dm.

On Cs, y — g(z) is larger than it is on Cs, so (y— g(gc))_1 is smaller. But g(z) <0, so g(z)h(z)(y — g(z))

Similarly,

is larger (less negative) on Cs than on Cs. Therefore,

/ w</ w.
Cs Cs

Finally, let o be the portion of C5 between D; and Dy. Since f(z) = dg/dz > 0 when z > a, each point

on ¢ has a larger value of g(x) than the corresponding point (the one with the same y-coordinate) on Cs.

[o<[o<] w
CQ o C_42

where the second inequality comes from the fact that since g(x) > 0 on = > a, the integral over Cy—ois

/w+/w—|—/w</w+/w+/w,
Cy Cy Cs o} Cs Cs

I(z0) I(%o0)

Therefore,

positive. Therefore

i.e., I(xzg) strictly increases with increasing xp when zy > a.
To show (3), select b so that a < b and b is less than the z-coordinate of the point where Cy, crosses the

z-axis. Let 7 be the vertical line segment through b as shown in Figure 2.25. Then

Jo<[ w
T 02

by the argument we used to show [, w < [5 w. Note that

/Tw=/Tg(:v)dy=g(b)/Tdy

= g(b) (length of 7)
= g(b)yo = g(b)g(zo).
Since limy o0 g() = 00, we have [, w — 0o as xg — oo. Therefore,
zilinoo I(xg) = 0.

It follows from (1), (2), (3), and from continuity that there exists a unique * such that

I(xo) <0, xp <z,
I(zg) >0, zo>z".

So C,~ pieces together with its reflection about the origin to form a periodic solution, as shown in Figure 2.26.

Also, g < * = —y1 > yo. Therefore, the solutions inside C* spiral out to C*. Similarly, solutions outside



50 2. PHASE PORTRAITS

~Y
Y>
Y,
Y
C*
Figure 2.26:
C* spiral in towards C*. Therefore, C* is the unique periodic solution. O

In van der Pol’s Equation, i.e., Equation (2.5), we have

fl)=p(a®-1),

Let a = /3. Therefore, by Liénard’s Theorem (Theorem 2.18, p.44), we know that Equation (2.5) has a

unique solution and that every other solution spiral towards it. ([l

7. Index Theory

Let V : R? — R? be a vector field V = (F, G), where (x,y) — (u,v) with u = F(z,y) and v = G(z,y).
Let v+ C R? be a simple closed curve oriented counterclockwise with no critical points of V on v, i.e.,
V(X) # 0 for X € ~. This is shown in Figure 2.27a.

DEFINITION 2.21 (Index). Define Iy () to be the winding number of V(v) about 0. We call Iy (v)
the index of v for V. Unless considering more than one V, we usually write (), where V is understood

implicitly. O
The geometric interpretation of Iy () is a follows.

PROPOSITION 2.22. At each point X € =, there is an associated vector V(X) which makes an angle ¢
with the horizontal, as shown in Figure 2.28. Start with ¢g at Xo. As X moves around the curve, ¢ gradually
changes, returning to ¢o + 2mn when we get back to Xo. Then I(y) = n.

ProOF. We have ) )
= 5_ \Pend o — Pstart o = 5= do.
n=o- (Gend of V(v) — Pstart of V(v)) o /V(w) o

¢ = tan™! (i) = tan~! (%) .

Note that
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l\v
Ay Y
Y
& 3
< >
WO !
< >
Y z Y
(a) The curve v is a simple closed curve (b) The winding number of v is 2 because it
oriented counterclockwise. encircles the origin twice.
Figure 2.27:
V(X)

Figure 2.28: The vector V(X)) makes an angle ¢ with the horizontal.

Strictly speaking, this holds only when F' # 0. Thus

1 _ _
dp = u dv Udu: vdu + udv

1+ (%)2 w2 uZ + 02
But by continuity, the following conclusion holds even for © = 0 (provided that v # 0 also). Therefore, we
have
_ 1 —vdu+ udv
21 vy urFo?
which is the winding number of V() about 0. (]

PROPOSITION 2.23. If'V is never zero on the annular region between the curves 1 and 72, then Iy (y1) =

L (72)-

PRrROOF. By applying a homotopy argument, Iy (v) changes continuously, so it cannot jump from one

integer to another. |

Let P be a critical point of V. Define Iy (P) = Iy (7), where + is any simple closed curve circling P once

counterclockwise (i.e., having the winding number 1 about P) but not containing any other critical points
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of V, e.g., v could be a small circle about P. Proposition 2.23 implies that the answer is independent of the

choice of 7.
PROPOSITION 2.24. If V and W never have opposite directions on vy, then Iy (v) = Iw (7).

PROOF. Suppose that V and W never have opposite directions on 7. Consider Hy = sV + (1 — ) W
so that Hyp =V and H; = W. Since V and W never have opposite directions on =, it follows that Hs; # 0

on 7. However, I'g_(v) changes continuously with s, so being an integer, it must be constant. (Il

COROLLARY 2.25. Suppose P is a critical point of V. Let W be the linear approximation of V at P,
that is, W = A (X — P), where

Assume that det(A) # 0. Then Iy (P) = Iw/(P).

PROOF. By translation, we may assume that P = 0. Let V = Ax + h, where
h(x)

m —77F =
/=0 [|x]|

2 small enough to contain no other critical points of V. (W doesn’t have

Pick v to be a circle 22 +y? = r
any other critical points). Suppose that sW + V = 0 at someplace on =, i.e., W and V are in opposite

directions. Note that

SW+V=sW+W+h=(1+s5)W =—-h
= (1+9)°[[W]* = |n|*.

But
(1+s)°m*® < (1+ ) [W]?,

where
m = thiBl(HA(x)H) >0

since det(A) # 0. This implies that
I)*

r2 > (1 + 5)2 m2,

contradicting lim, o (||h|| /r) = 0. Therefore, W and V never have opposite signs on v once r is sufficiently
small. Thus, Iv(0) = Iw/(0). O

THEOREM 2.26. We have

v(y) =) Iv(P),

PeS
where S is the set of the critical points of V lying inside .

PROOF. Subdivide the interior of v into regions each containing only one critical point, as shown in
Figure 2.29. The extra curves added cancel out when doing the sum of integrals to get the winding numbers.
|
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Figure 2.29: The interior of v is subdivided into regions, each containing only one critical point.

THEOREM 2.27. Suppose that v is a counterclockwise-oriented periodic solution®™ to the system
¥ = F(x,y),
y' =G(x,y).
Set V = (F,G). Then Iy(y) = 1.

PROOF. Suppose that v is a counterclockwise-oriented periodic solution to System (2.6). Since 7 is a
solution curve, we have V = (2/,y’). Then
o) =5 | (),
2m V()

where u = F(z,y) and v = G(x,y). Then

R N Ny I (I O RT0)
27 V(W)dt . (u) B 27r/a dtt <F(a:(t),y(t))> dat

1 G 1 y
I — fdtan 2 ) = — [ dtan~ ' L
v() 2 y an (F) 27r/7 an (x’)

and it follows that

1 1
=— [dd=— (0 —0
2w ~ 2 ( Yend ’Ystart,)
1
=5 @M =1,
where 6 is the angle between the tangent to v and the z-axis, as shown in Figure 2.30. 0

COROLLARY 2.28. If v (counterclockwise) is a periodic solution to X' =V, then

> Iy(P)=1,

PesS

where S is the set of the critical points of V lying inside .

COROLLARY 2.29. Any periodic solution encloses at least one critical point.

*Solutions to differential equations cannot intersect themselves, i.e., v is a simple closed curve.
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Figure 2.30: The angle 6 is the angle between the tangent to « and the z-axis.

COROLLARY 2.30. Let X' = V(X). Suppose R is a closed bounded simply connected region without
critical points. Then any solution entering R must leave again. (It can later come back, but then must leave
again.)

Proor. Let X’ = V(X). Suppose R is a closed bounded simply connected region without critical
points. If a solution X(¢) stayed in R, then by the Poincaré-Bendixson Theorem (Theorem 2.12, p.38), it
would either be periodic or spiral towards a periodic solution. In either case, R would contain a periodic

solution, which must therefore surround a critical point. This is a contradiction to our hypothesis. O

COROLLARY 2.31. Let X(t) be a solution of X' = V(X). If lim;_,o X(t) exists, then it is a critical

point.*

PROOF. Let P = lim; ,o, X(t). If P is not a critical point, then there exists a small closed disk D
around P with no critical points. To say that lim;_ ., X(¢t) = P is to say that X(¢) eventually enters D and

never leaves. This is a contradiction. Therefore, P is a critical point. O
Figure 2.31 shows some possible types of solution curves.

EXAMPLE 2.32.

(1) Unstable node. By changing variables (which rotates and stretches curves, but doesn’t change their

e[

Pick v to be a counterclockwise circle about 0. Therefore, V(y) = v and Iv(vy) =1, i.e., Iyv(0) = 1.

index), we have

(2) Stable node. We may assume that

-1 0

A= .
0 -1

This rotates v by 180°. Therefore, v is still oriented counterclockwise, so Iy (0) = 1.
(3) Saddle. We may assume that

1 0

A= )
0 -1

*By a symmetrical argument, by replacing ¢ by —t, the same holds for lim;—, _ o X(¢).
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[ ]
(a) Goes to oco. (b) Curve is a critical point.
(c) Approaches a critical point. (d) Periodic.

(e) Spirals towards a periodic solution. (f) Spirals around some critical points.

Figure 2.31: Some possible types of solution curves.

which is a reflection about the z-axis. Therefore, A(7) is oriented clockwise, so Iv/(0) = —1.

(4) Spiral. We may assume that
A cos(f) —sin(0) 7
sin(f) cos(6)

which is a rotation by 6, so Iv(0) = 1. Note that § < 0 indicates a clockwise spiral of the solutions

to the differential equation, but V itself rotates by 6, which preserves orientation.

Note that in all cases, Iv(0) = sgn(det(A)). o

EXAMPLE 2.33 (Example 2.6, p.29). Consider the Predator-Prey equations
{:U' = az — bxy,

Y = —cy+day
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The critical points are (0,0) and (¢/d, a/b), which are a saddle (Ivy(0) = —1) and centre (Iyv(P) = 1),

respectively, as shown in Figure 2.32. There cannot be any periodic solutions containing the origin since we

WAL s
\ ISR\
NRTHH 72NN

SN \\ I/ 7/"23\&\\‘2?;
A2 SaS
SRR =SS,

Figure 2.32: The phase portrait of Example 2.33, where P = (¢/d,a/b).

can’t make a total index sum of +1 if we include the origin. Hence, by Theorem 2.27, there cannot be a
periodic solution.

Figure 2.33 shows a critical point with index 2.

7( luti )
C not soluti Vi
--4o--- _A¢FW§)
B
V(C)=V(E) V(4) = V(D)
\\\-.*_—/,
E
(a) A critical point with index 2. (b) Image under V.

Figure 2.33:



CHAPTER 3

Boundary Value Problems

1. Boundary Value Problems
Consider

"+ P(x)y' + Qx)y = R(x),
ay(a) + By'(a) = r1,
Yy (b) + 0y (b) = 2.

In MATB44, we considered the special case where a = b and 8 = 0 = -y, which gives an intermediate value

problem (1vP) as shown in Figure 3.1. Unlike 1vPs, there is no existence and uniqueness theorem in the
general case.

s

Y

Figure 3.1: The 1vP case when 8 = §

If we look at the solutions throughout A (with various slopes), are there any which pass though B? In
other words, can we hit the target?

1.1. Sample Application Leading to BVPs

Consider an insulated wire of length L as shown in Figure 3.2. Let u(z,t) be the temperature of the

A

— — O

Y

Figure 3.2: An insulated wire of length L
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50 cm

A
Y

0°C : 0°C
20'Cat t =0

Figure 3.3: An insulated wire with both ends touching material mantained at 0° C.

wire at = at time ¢. Then we naturally have 0 < z < L and 0 < ¢ < co. Suppose heat may flow within the
wire but may not enter or leave anywhere except at the ends. If we know
e u(z,0), the starting temperature at all points,
e u(0,t), the temperature at the left end at all times (which also determines the heat gain/loss at
this end at all times), and
e u(L,t), the temperature at the right end at all times (which also determines the heat gain/loss at
this end at all times),
then, intuitively, this should determine u(z,t).
Newton’s Law of Cooling states that
Given an object A at temperature 77 and a neighbourhood B at a distance d away at a
higher temperature T, A gains heat from B at a rate proportional to (T — T7) /d.
So at any time ¢, the rate H(z) of heat transfer from the left end to the right end at x is proportional
to —ug(x,t), e.g., if u is decreasing at x (with wu, being negative), then it is hotter to the left of  than it is

to the right of x, so the heat flow from the left to the right is positive. Therefore
H(z) = —kug(z,t).
For a segment [z, 2z + Ax], the heat entering in time At is
(H(z,t) — H(z + Az, t)) At = kAt (ug(z + AL, t) — ug(z,1)).

The difference is absorbed, producing a change in the temperature near z, i.e.,

specific heat of metal
=~
kAt (ug(z 4+ At 1)) — ug(z,t) = ~c mAu = cpAzAu.

change in heat content causes a change in temperature
where p is the density (mass per unit length). Therefore,
Au _ Kux(x + Az, t) — ug(z,t)
At Az ’
where K = k/(cp), and so we have the Heat Equation

uy = Kgy, (3.1)
where K depends only on the properties of the wire and the units used.

EXAMPLE 3.1 (Insulated wire). An insulated wire of length 50cm is placed with its ends touching
a material maintained at 0° C. This is shown in Figure 3.3. Suppose the wire is made of material for

which K = 1. Initially, the wire had uniform temperature 20° C. Find u(z,t). o
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SOLUTION. Expressing this problem as a boundary value problem (BVP) gives
Ut = Ugy,
u(0,t) =0, WV,
u(50,t) =0, Vt,
u(z,0) =20 for 0 <z < 50.

Trial and error suggests looking for solutions of the form
u(z,t) = X (x)T(t).

The partial differential equation (see §4) itself has many other solutions (it is not possible to write down the
general solution), e.g., u(x,t) = x? + 2t is a solution of u,, = u; not having the form X (z)T'(t) (but it does

not satisfy our conditions). Substituting into w,, = u; gives

X"(2)T(t) = X (2)T'(t),

X"(z) _T'(t)
X(z) T(t)

Now the left side of the equation depends only on x and the right depends only on ¢. For equality to hold,

they must be constant. It is convenient to call this constant —o (it turns out to be negative). Therefore

X" T
St
and from this we obtain
X"+0X =0, (3.2a)
T + 0T =0. (3.2b)
Also,
u(0,t) =0 = X(0)T(t) =0, for allt, (B1)
u(50,t) = 0= X (50)T(t) =0, for all ¢, (B2)
u(z,0) =20 = X (2)T(0) =20, for 0 < x < 50. (B3)

Equation (B3) implies that T'(0) # 0, so setting ¢ = 0 in Equation (B1) and (B2) gives X(0) = 0 and
X (50) = 0, respectively.

Considering Equation (3.2a), we have

X"+0X =0,
X(0) =0, (%)
X(50) =0.

One solution of the BVP (%) is X = 0, but this will not satisfy Equation (B3). We need a nonzero solution.

The general solution of Equation (3.2a) has the form
X = Cle + CQXQ.

Can we choose ¢; and ¢y to obtain X(0) = 0 and X (50) = 07 We must consider the three cases, namely,
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(1) o <O.
(2) o =0.
(3) o >0.

Case 1: 0 <0
Let 0 = —a?. Then the solution of X” —a?X =0 is

X = c1e™ + cpe™ .
For X (0) = 0, we have
6160+C2€O =0= ¢ +c=0.
For X (50) = 0, we have
1€ 4 cge?00 = .

One solution is ¢; = 0 = ¢y, but this implies that X = 0, which is a contradiction to Equation (B3)
as previously noted. Therefore, this solution is no good. For a nonzero solution, we require

6—50(1 _ e50a —_ 07

6—5011 — 65011.

elOOa — 1

But this means that a = 0, and so ¢ = 0, which contradicts our original supposition that o < 0.

Therefore a = 0 is also no good, which means that o £ 0.

Case 2: 0 =0
Then X” = 0 and the solution is X = ¢; 4+ cox. Using the fact that X(0) = 0 = X (50), we
have
c1+0=0,
c1 + 50cy = 0,

and so ¢; = ¢ = 0, meaning that X = 0, which is a contradiction as before.
Case 3: 0 >0
Then X" +a%X = 0 and the general solution is z = ¢; cos(az) + ¢z sin(bx). Using the fact that
X (0) =0 = X(50), we have,

c1+ 0= 0,
1 cos(50a) + ¢z sin(50a) = 0.

For a nonzero solution,
1 0

cos(50a) sin(50a)

giving sin(50a) = 0. Therefore 50a = n7 and we have a = nx/50 for some n. Correspondingly,

)

n?n?

502

for some n, i.e., the nonzero solutions of System (x) have the form

g =a =

X(x) = csin(%a:)
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for some n and some c.

61

Considering u(z,t) = X (x)T(t), now that we have the solution X (x), what is the corresponding 7'(¢)?

Equation (3.2b) becomes
dar  n’m?
dt * 502
Therefore, for any n,

n2x2
u(x,t) = B e 507 tsm(%m)
Ac

satisfies u; = ugy, with u(0,t) = 0 and u(50,¢) = 0.
What about the condition u(z,0) = 207 Write

n2x2 nw
-
up(x,t) = e~ 50% "sin 20

Notice that for any constants by, u(z,t) = >, byu, also satisfies uy = uy, with u(0,t) =

Can we choose {b,} so that u(z,20) = 207 Note that

. /nm
up(x,0) = &n(ax) .
Therefore, we need

> nmw
by, si (— )52 ,
Z sin 5Ox 0

n=1

2
T =0=T=Ae 502

0:

u(50,1).

i.e., the Fourier series expansion of the function f(z) =20 on (0,50). Since we have only sine terms, extend

f(x) to an odd function by
20, 0 < x <50,

—20, —50 <z <0,

fz) =

where the period is P = 100, one period of which is shown in Figure 3.4. Therefore,

20

-50 -40 -30 -20 -10 10 20 30

-10 +

N
D

Figure 3.4: An odd function with P = 100.

2 [0 2
by, = 7)., flx) Sin<;nx) dx
1[50

=% f( )sm(ZO )dm

use symmetry

% ” 20 (bln(;gm)) dx

40

50
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020

40
=—(— 1
— (— cos(nm) + 1)
B %, n is odd,
0, n is even.

Therefore,

> 80 _n2x2, nmw
u(x,t) = bpuy, = —e 502 sin(—a:) ,
( ) Z nen Z ™ 50
n=1 n odd
i.e., n takes on odd values, or put in a more self-contained way, we have

= 80 _entn2?,  ((2n+ )7
u(ﬂ77t) = Z m@ 502 tSln(Tl‘> .

Figure 3.5 shows the plot of u(z,t). o

The preceding method in Example 3.1 depended upon the fact that «(0,¢) = 0 and u(50,¢) = 0, namely,

they equal zero. This is because for solutions f and g of

X"+0X =0,
X(0) =0,
X(50) = 0,

it implies that ¢q f1 + caf2 are solutions. What if «(0,¢) # 0 and w(50,t) # 07
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ExAMPLE 3.2 (Insulated wire, nonzero ends). Solve Example 3.1 with u(0,¢) = 5 and «(50,t) = 15.

o

SOLUTION. Let

5—5
=5+ —.
50 * 5
Then we consider vy, = 0 = v, with v(0,¢) = 5 and v(50,¢) = 15. Let w = w—wv. Thus, we have transformed

1
v(z,t) =5+

our problem into

Wyy = Wt,
w(0,t) =0,
w(50,t) =0,

w(z,0) =15 — %

which is the same type of problem as in Example 3.1, and so it is solvable the same way. Solving it, we

obtain
oo

n2r
w(zx,t) = Z bne” o sm(zg ) ,
n=1

where {b,,} are the Fourier coefficients in the series for 15 — /5. Finding b,,, we have

2 50 2mn
by = in( 2"z ) d
T AA )Sm<1oox> v
2 [0 T T
=50 J, (15 5)sm(50 )dx

2 .
1 [18:50°-10 g 6dd,
- nmw
2 .
25 —5 n is even.
nm
Then u = w + v, with w and v as above, is the solution. o

2. Homogeneous Boundary Value Problems

2.1. Introduction.

DEFINITION 3.3 (Homogeneous BVP). A BVP of the form

y" + P(z)y’ + Q(z)y = 0, (3.3a)

ay(a) + By'(a) = 0, (3.3b)

yy(b) + 6y'(b) = 0 (3.3¢)

is called homogeneous. O

If u(z) and v(z) satisfy the above system, then so do ciu(z) + cov(x), i.e., solutions to the system form a
vector space. Let y; and yo be linearly independent solutions of Equation (3.3a). Then the general solution
is y = c1y1 + cay2. We wish to choose ¢ and ¢y (if possible) so that y satisfies the boundary conditions given
in Equations (3.3b) and (3.3c). One solution is when ¢; = 0 and ¢ = 0, in which case y = 0. Are there any

other solutions? By Equation (3.3b), we have

acryi(a) + aczya(a) + Bery(a) + Beays(a) = 0,
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and by Equation (3.3c), we have
ve1y1(b) +ve2y2(b) + deryy (b) + deay(b) = 0.

Therefore,
Ba(y1) Ba(y2)
a1 (ayi(a) + Byi(a)) +c2 (acayz(a) + Bys(a))
c1(yy1(b) + 894 (b)) + ca(veaya(b) + dys (b))

)

0
0

where for notational simplicity we define
Ba(u) :
By(u) :

au(a) + Bu'(a),
yu(b) + du' (b).

Ba(yl) Ba(y2) C1 _ 0
By(y1) By(y2) c2 0
There exist nonzero solutions for ¢; and ¢y if and only if

Ba(y1) Ba(y2)
By(y1)  Bu(y2)

Then

If the differential equation involves a parameter A, then A = 0 is an equation that can be solved to give the

A’s for which there are nonzero solutions (this is reminiscent of finding eigenvalues).

THEOREM 3.4. If u(x) is a nonzero solution of

y" + P(x)y' + Q(x)y
ay(a) + By (a
Yy(b) + 6y’ (b

then all solutions to the system are given by y = cu(x) for some constant c.

0,
) =0,
) =0,

PROOF. Let v(x) be a solution of System (H). Then

So

u(a) u(a) ‘
v'(a)

W(w,v)(a)

But if a Wronskian is 0 at one point, it is zero everywhere. Therefore, u and v are linearly dependent, i.e.,

v(z) = cu(x) for some constant c.

2.2. Eigenvalue Problems (Sturm-Liouville).

O
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The heat equation leads to BVP

y' =Ny,
y(0) =0,
y(1) =1

for some unknown constant A. This is an example of what we call an eigenvalue problem.

DEFINITION 3.5 (Differential operator). An operator formed as a combination of differentiation and

multiplication operators is called a differential operator. %

For example, a second order differential operator L has the the form

L(y) = —(y" + P(a)y' + Q(x)y).
The explanation for the convention of including the minus sign is given below.
A second order differential operator can be regarded as a linear transformation on the vector space of
twice differentiable functions.
If the boundary conditions are homogeneous, namely,
ay(a) + By'(a) = 0,
Yy (b) + dy'(b) = 0,

then the set of twice differentiable functions satisfying them forms a vector space Vg. Given such a set of

(B)

boundary conditions and a differential operator L, a value of A for which there exists a nonzero f satisfying
Lf = \f and conditions (B) (i.e., a nonzero solution to the BvP) is called an eigenvalue for Lf = Af (relative
to the conditions (B)), and f is called an eigenvector or eigenfunction. The negative sign convention was

introduced because with it the eigenvalues usually come out to be positive.

EXAMPLE 3.6. We have shown that if Ly = —y”, then, relative to the conditions y(0) = y(50) = 0, the

eigenvalues of Ly = Ay are

n?n?

502
for n =1,2,3,..., and an eigenfunction for the eigenvalue A\ = n?r2/50? is

An =

mmc)

Yy = SIH<75O

ExaMPLE 3.7. Consider
L(y) = —(y" +2v),

y'(0) =0,
y(1) = 0.
Find real eigenvalues of Ly = Ay and the eigenfunctions. o

SOLUTION. Since y” + 2y’ + Ay = 0, we have

m2+2m+A=0,
m?>+2m+1—1+X=0,
(m+1)>=1+A=0.
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Therefore, m = /1 — A — 1. We divide into three cases.

Case 1: A < 1.
Let —(1—A)=k?fork>0sothat m=k—1orm=—k— 1.

Y1 = e(kil)ia Y2 = 6( kil)ma
yi = (k—1) e, yh = (—k — 1)el7F-1e

yi(0) =k —1, Y2(0) = —k — 1,

yi(1) = e, ya(1) = e 1

Thus,
k—1 —k-—1

A= =(k—-1e " 4 (k+1)er

6k—1 e—k—l

Note that A = 0 implies that
(1—k)e 1 =((k+1)e 1,

1-k
— kIRl 2k
1+ k& ~—~

——— > 1 (since k > 0)
<1

which is a contradiction. Therefore, there are no solutions for A < 1.

Case 2: A =1.
Then m = —1 is a double root and we have
Y1 = 67:67 Y2 = xeiwa
yllzfe :r’ yé:emfme wv
yll(o) =-1, yé(O) =1,
yi(l) =e ', ya(l) = e
Thus,
-1 1 2
A = =—— 0.
el 1 e

Therefore, A = 1 is not an eigenvalue.
Case 3: \ > 1.
Set A\ — 1= k2 for k > 0. Then m = —1 + ki and we have

y1 = e “cos(kx), yo = e “sin(kx),

Yy = —e 7 cos(kx) — ke " sin(kx), vy = —e " sin(kxz) + ke™ " cos(kz),
$1(0) = -1, ya(0) =k,
1.
y1(1) = — cos(k), y2(1) = c sin(k)
Thus,
-1 k .
A= = ——(sin(k) + kcos(k)).
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Note that A = 0 = k = —tan(k). Figure 3.6 shows where y = —tan(k) and y = k intersect.
Therefore, the eigenvalues are the \’s satisfying A = k241, where k > 0 is a solution to k = — tan(k).

Figure 3.6: The plot of y = —tan(k) and y = k, showing that they intersect at k% + 1.

We have
—1 k C1 0
1 1. = :>—Cl+k62:0:>—01:k02.
~cos(k) ¢ sin(k) o 0
Therefore, the eigenfunction for A = k% + 1 is ke™% cos(kxz) + e~ sin(kx). o

DEFINITION 3.8 (Inner product). An inner product on a real vector space V is a function ( , ) : VxV — R
satisfying
(1) (v,w) = {(w,v) for all v,w € V.
(2) (av,w) = a{v,w) = (v,aw) for all « € R and v,w € V.
(3) (u+v,w) = (u,w) + (v,w) and (u,v + w) = (u,v) + (u,w) for all u,v,w € V.
(4) (v,v) >0and (v,0) =0 v=0foralveV.

EXAMPLE 3.9. Given w : [a,b] — R, set

b
(fs 9w 32/ w(x)f(z)g(x) dz.

This defines an inner product if w(z) > 0 for all z and, in fact, we can allow w = 0 at finitely many points.

<&
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DEFINITION 3.10 (Orthogonality). Elements v,w € V are called orthogonal with respect to (, ) if
(v, wy = 0. O

ExXAMPLE 3.11. Let [a,b] = [0,1] and w(z) = 1. Then the solutions of

-y =y,
y(a) =0,
y(b) =0
are sin(nmz), which are orthogonal with respect to (, ), on [a,b]. o

PROPOSITION 3.12. If V C C(X), w is continuous, and (f, f), =0, then f =0.

Proor. If 0= (f, f), = f: f?(z)w(x) dz, then, since f is continuous and w > 0, we have f = 0. O

Given
Ly = Ay,

ay(a) + By'(a) =0,

vy(b) + 8y (b) =0,
we want to find w such that the solutions to the BvP are orthogonal with respect to (, ), on [a,b].

DEFINITION 3.13 (Self-adjoint). Given an inner product ( , ), an operator T is called self-adjoint (with

respect to the inner product) if (Tv, w) = (v, Tw) for all v,w € V. O

THEOREM 3.14. If T is self-adjoint with respect to (, ), then the eigenvectors corresponding to distinct

eigenvalues of T are orthogonal with respect to { , ).
PROOF. Suppose Tv = Ajv and Tw = Ayw, where Ay # Ay. Then
A (0, w) = (v, w) = (To,w) = (o, Tw) = (v, Agw) = A (v, w) (3.5)
Therefore, A1 # A2 = (v, w) = 0. O

COROLLARY 3.15. If L is self-adjoint with respect to ( , ),,, then the solutions to the eigenvalue problem

Ly = \y with boundary conditions
ay(a) + By’ (a) =

Yy(b) + 0y’ (b) =

0,
0

are mutually orthogonal with respect to ( , ), -

Note that by Theorem 3.4, eigenspaces are one-dimensional.
By convention, to say that L is self-adjoint implicitly means that L is self-adjoint with respect to (, );.
Given w : [a,b] — (0,00) and a differential operator L, define a new operator L., by L, := w(x)Ly. If
y is a solution to Ly = Ay, then
Ly = w(z)Ly = Aw(z)y,

so the equation L.,y = Aw(z)y is equivalent to the eigenvalue problem Ly = \y.

DEFINITION 3.16 (Sturm-Liouville problem). A problem of the form Ly = Aw(z)y, where L is self-adjoint

with respect to (, ), is called a Sturm-Liouville problem. O
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PROPOSITION 3.17. The differential operator L is self-adjoint with respect to { , ), if and only if Ly, is

self-adjoint with respect to ( , ).

PRroor. Observe that .
(1), = [ w@)f@)gle)do = (wh.g),

(where we write (, ) for (, );). Therefore

(Luwf,g) = (wLf,g) = (Lf,9),,
(fs Lwg) = (f, Lg),,

S0 <waa g> = <.f7 ng>7 or equivalently, <Lf7 g>w = <f7 Lg>w' U

COROLLARY 3.18. If L is self-adjoint (with respect to (, );), then the solutions to Ly = lwy are

*

orthogonal with respect to ( , ), -

PROOF. Ignoring a finite set of points on which w is zero, consider L;,,, and let L = (Ll/w)w. Then
solutions to Ly = Awy are solutions to Li,,y = Ay. It also follows that if L is self-adjoint, then L/, is
self-adjoint with respect to { , ),. The solutions to Ly = Awy are the solutions to L,y = Ay, and so are
mutually orthogonal with respect to (, ), .

Now suppose that w(z) = 0 for some values of z. Subdivide [a,b] into subintervals on which w(x) # 0.
Then the proof follows, as in the above, for each of these subintervals. O

Given homogeneous boundary conditions
ay(a) + By'(a) =0,

B)
vy(b) + 6y’ (b) =0

and a continuous function w : [a,b] — (0,00), we wish to find conditions on L such that L is self-adjoint

with respect to (, ), on Vg, where Vp is the set of all f satisfying conditions (B).
LEMMA 3.19. (Lagrange formula) For every f,g € Vg, we have

(" 9w =0 == D + (19 (3.6)

PRrOOF. First note that (f”,g),, = ff wf”gdz. Integrating by parts, let

u = wg, dv = f” dJ?,
du = (w'g +wg") dz, v=f.
Then
b b b
(" gh = ot ||~ [Cwrgde~ [Cwfyds
Therefore,

b b b
<Wymefm:ww'7/uﬁbwf 7 da

b b b b
. +/ w' fg dv +W =w(f'g—rf9g) o (9 + {19 )0 -

“Phrased differently, solutions to Sturm-Liouville problems are mutually orthogonal with respect to (, ),

—wfg'
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But
I'(B)g(6) = F(B)g'(b) = = F(B)g(b) + S f(B)g(b) = 0. 670,

while if 6 = 0, then f(b) = g(b) = 0, so f'(b)g(b)— f(b)g'(b)— f(b)g'(b) = 0. Similarly, f'(a)g(a)— f(a)g'(a) =
0. ]

(e

LEMMA 3.20. Ifp: [a,b] — R is continuous and f;p(x) (f'g—9g'f)dz =0 for all f,g € Vg, then p = 0.

PRrOOF. By changing variables, we may assume that a = 0 and b = 1, i.e., z = a + (b — a) T, where
Z=(x—a)/(b—a). We will also assume that ,d # 0. The argument needs slight modification otherwise.
Now f and g must satisfy

f10) 8 _ 400
f0) o  g(0)’
ffQ)y 6 g
fa v og()’

Suppose we try f := e™® +1% Then

f/ B (me—i—b) emw2+nw
7 - 6m:62+b:v

=2mx +n.

Therefore, choose n = 3/« and 2m +n = % so that m = G/L;/W to make f € Vp.

Choose g so that f'g — fg’ = psin(z) as follows:

f,g - fg' :pSin(ﬂx) — f/Qfog/ _ psil}(;rx)'

So we want

Define ¢ by

psm (mt)
_f/

so that it will satisfy f'g — f¢’ = psin(7z). But then

sin(0) = 0 = f'(0)g(0) — £(0)g'(0) = 0,

S0
g0) _ f(0) _ B
g'(0)  f(0) «a
Similarly, sin(mr) = 0, so
g() _f@) 9o
g 1 v

Therefore, g € Vg also. Note that
1 1
/ p(z) (flg—4g'f)dx = / p(z)? sin(rz) do
0 0

by construction, and so the hypothesis that fabp(x) (f'g—9g'f)dz =0 gives

1
/ p(x)?sin(rx) de = 0.
0
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But p(z)?sin(mrz) > 0 for all z € [0,1], so

/0 p(z)? sin(rx) do = O\:/_ip(gc)2 sin(ma) =0

continuity of integrand

for all x € [0,1]. But sin(rz) # 0 for € (0,1). Therefore, p(z)? = 0 for all z € (0,1) = p(x) = 0 for all
€ (0,1). Therefore by continuity, p(x) = 0 for all z € [0, 1]. O

THEOREM 3.21. Let Ly := — (ao(2)y” + a1(2)y’ + azy). Then L is self-adjoint with respect to (, ), on
Vi if and only if a1(x) = aj(z).

PROOF. Let Ly := — (ag(z)y” + a1(2)y’ + a2y) and suppose that L is self-adjoint with respect to ( , ),
on Vp. Then for all f,g € Vi, we have
(Lf, 9) + {9, Lf)
= (aof",9) +(arf'.9) + (a2f.9) — (f.a0g") — (f.arg’) — (f, azg)
= <f”,g>a0 (£:9") 0y +arf'sg) = (frang') + {frora, — (frgray
— 1 9)ay + (1,9 )0y + (a1 f', 9) = ([ arg')

b
= / (—aof'g+aofg +a1f'g—aifg')dx
a

b
- / (a1 — ab) (f'g — 1o da

So by Lemma 3.20 applied to p = a3 — ag, we have a; = aj.
Conversely, if a; = aj), then the same calculation shows that (Lf,g) = (g, Lf) for all f,g € Vp. O

COROLLARY 3.22. The differential operator L is self-adjoint with respect to ( , ), if and only if L., is
self-adjoint with respect to (, ), if and only if aw = (apw)’.

So given L and conditions (B) (p. 69), we can now choose w such that L,, is self-adjoint on Vg as follows.

We need a;w = (agw)’, so it follows that

(aow)’
—_—
a1w = agw + apw’,

resulting in
’
aj—a
e da:'

w = Ae (3.7)
This is summarized in the following theorem.
THEOREM 3.23. If Ly = — (agy” + a1y’ + azy), then the solution to the eigenvalue problem Ly = Ay

satisfying the boundary conditions (B) are orthogonal with respect to { , ), , where

w’

f7a17a6 dz
w=e€ @0 .

EXAMPLE 3.24. Suppose ag = 1 and a; = 0. Then w = €°% = ¢®. Pick C' = 1. o
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Given the eigenvalue problem Ly = Ay with conditions (B), we can rephrase it as L,,y = Awy for any w
we choose. By choosing w as in Equation (3.7), it becomes L,,y = Awy with L,, self-adjoint, and thus the

solutions are orthogonal with respect to w.

ExAMPLE 3.25. Consider
(1=2%)y" —ay' + A+ 1)y =0,
where |z| < 1. o
Write the equation as Ly = Ay, where
Ly = —((1 —z?)y’ —a:y/+y).
Let ag := 1 — 22, so afy = —2x. But a; := —x # af),. Therefore, L is not self-adjoint with respect to (, ).
By Equation (3.7), we have

/
ay—af —ax+2z z
w = ef “ag dz _ ef T2 dr _ ef oz dw

— e~ ln(l—rQ)/2 _ 1
V1—z2
Now L is self-adjoint with respect to (, ),. Multiplying by w gives

VI - Ly = Ly,
V1—22 V1= 22 V1— 22

self-adjoint with respect to ( , ),

For any boundary conditions® B, (y) and By(y) with a,b € (—1,1), the eigenfunctions of

are orthogonal with respect to

b
1
,g) = —fgdx.
o= [ ==t
Note that changing B, and By, changes the eigenvalues and the eigenfunctions, but it doesn’t change the

inner product with respect to which they are orthogonal, i.e., w is determined entirely by
(1=2?)y" =2y +(A+1)y
and the inner product is determined by w, a, and b.

THEOREM 3.26 (Properties of Sturm-Liouville problems). Let L = — (apy” + a1y’ + aoy). Consider the
Sturm-Liouville problem Ly = Aw(x)y, along with boundary conditions B,(y) = 0 and By(y) = 0, where L is
self-adjoint with respect to (, ); and ag(x) > 0 on [a,b]. Assume wg > 0 on [a,b]. Then the following hold:

(1) The eigenvalues {A\,} of Ly = dw(x)y are real and form a countably infinite sequence Ay < Aa <
e < Ay < eswith limy, oo A = 00.

(2) For each eigenvalue A\, there is (up to scalar multiples), a unique eigenfunction ¢,. The eigen-
functions ¢, has exactly n — 1 zeros on (a,b).

(3) The eigenfunctions form an orthogonal basis with respect to the inner product ( , ), -

*Recall the definition of this notation in Equations (3.4a) and (3.4b) on page 64.
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(4) If g is twice differentiable onla,b], then

g(x) = Z Cn¢7u
n=1

where

(9 Dn)

Cp = ——Y

(D, Pn)ey

is called the nth generalized Fourier coefficient of g.

EXAMPLE 3.27. In our earlier Example 3.6 (p.65), where w(z) = 1 with conditions y(0) = 1 and
y(0) = 50, we had A, = 72n?/50% and ¢, = sin(“%%). Note that ¢,, = 0 for

2. )
m6{07507 Nooon 50:50},

n n n

so it has n + 1 zeros. o

PROOF OF THEOREM 3.26 (IDEA).

(1) Showing that the eigenvalues are real is essentially the same as the proof that the eigenvalues of
a symmetric matrix are real. It is much harder to show that there exists a smallest eigenvalue \q
and that they form a sequence going to oo.

(2) We already proved this. See Theorem 3.4.

(3) We already showed that (¢;,¢;),, = 0, but this says more. It claims that {¢,} is a maximal
orthogonal set, i.e., there does not exist a nonzero g such that (g, ¢,,) = 0 for all n. This is harder
to prove.

(4) This is analogous to Dirichlet’s Theorem for (standard) Fourier series and the proof is comparable

(we will not prove this).

We postpone the formal proof until §6. O
EXAMPLE 3.28. Solve P
u(0,t) =0
u(1,t) =0,
u(z,0) = x for z € (0,1).
o
SoLUTION. We try finding solutions of the form w(z,t) = X (2)T'(¢t). Then
Ugy = X''T, X T
up = XT' SH:_)\:?
for some constant A. Therefore,
X" = -dzX, (*)
T = )T, (%)
XO0)T(@t)=0 Vi, (B1)
X(H)T(@) =0 Vi, (B2)
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X(z)T'(0) =z for z € (0,1). (B3)

To have T'(0) = 0 would contradict Equation (B3), so T'(0) # 0 and therefore Equation (B1) implies that
X (0) =0, and Equation (B2) implies that X (1) = 0. Therefore, consider

y' = Ay,
y(0) =0,
y(1) = 0.
Letting
y=3 anr" =y =3 (n+2) (n+1) apiaa”
n=0 n=0
= Qp42 = - n—1

n+2)(n+1)"

recurrence relation

Suppose y = c1y1 + coy2. Then y; has ag = 1 and a; = 0 while y, has ag = 0 and a; = 1. Thus,
y(0) =0=¢; =0 and so

Y = Cy2.
In yo, we have

1 1

1
1, ai=-A——, ar=MNo——— S, R
= A3 M 3.4-6-7-9-10°

3.4’

In general, we have
1

3-4-6-7---(3n) (3n+1)

a3n+4+1 = (_1)n A"

with all other terms equal to zero. Therefore,

$4 .’E7 fElO
=2 — A—— + )2 -\
V2= A YA S 6 V3. 467910

Note that
0 0 1 0
02 A= y1(0) 42(0) | _ y2(0) — (1)
yl(l) y2(1) 0 y2(1)
—1—L—|— A — X +
B 3-4 3-4-6-7 3-4-6-7-9-10

Clearly A < 0= A > 0, so all eigenvalues are positive. With the aid of a computer program, we find that

the first few eigenvalue approximations are
A1 ~ 18.956, Ao &~ 81.887, A3 = 189.217, A4 = 340.967,....
The eigenfunctions are yo with these values of A\. The eigenfunctions should be orthogonal with respect to
1
(1) = [ of(@g(o) e
0

Thus,

(G0 bn), = / w3 (1) () e,
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1 4 v ! !
T 2 z z 2 x
_ B at ozt _ L v . )d
1 5 s ;i
_ 2+ A) e+ (AN AN — - | d

I X A M A2402

T4 84 84 ' 1440 ' 5040
Expand f(z) = z in eigenfunctions ¢1, ¢o,.... Then

T = i brn,s
n=1

where

<$,¢n>z

by = —&.
The first few approximations are
by ~ 1.859, by~ —0.0156, b3~ —0.0031.

Note that 7" = —\T, and so T = Ae~*. Therefore, the solution is given by

u(x t)—ib etz — A L4+)\2 il -\ v +
AP "3.47 "3.4.6-7 "3.4.6-7-9-10 ’

where
by =~ 1.859, by =~ —0.0156, b3~ —0.0031,...

and
A1 &~ 18.956, Ao =~ 81.817, A3~ 189.217,....

Consider
— (aoy” + a0y’ + azy) = Awy,
where a; = a,. Until now, we required that ag(z) > 0 on [a,b]. Suppose that ag(b) = 0. Consider
aoy” + ary’ + azy + Awy = 0,
Ba(y) =0,
|Bb(y)| < 00.

75

This is not our standard form for boundary conditions, but Vg := {f : Bo(f) = 0 and |Bb(f)| < oo} is

nevertheless a vector space. Our theory applies equally well to this situation. It also applies to the conditions

|Ba(y)| < o0,
|Bb(y)| < 00.

ExXAMPLE 3.29. Solve Legendre’s equation given by
(1—2?)y" =22y + Ay =0,

|y(1)| < 0.
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SOLUTION. Since (1 — x2)/ = —2z, the Legendre operator is self-adjoint with respect to (, );. By

inspection, we see that

e )\ =0 is an eigenvalue with eigenfunction y = 1, so let ¢o(x) = 1.

e \ =2 is an eigenvalue with eigenfunction y = z, so let ¢;(x) := x.

Observe that
22|

/11 %(x)@(z)dxz/llzdx: :

0,

—1

which is consistent with our theorems that the eigenfunctions should be orthogonal with respect to (, ), .
Let’s try to guess another eigenfunction. Since ¢g and ¢1 were polynomials of degree 0 and 1, respectively,

let’s look for a quadratic eigenfunction ¢s. Thus, we now wish to find a quadratic ¢o such that

/_11 do(x)p2(x)dr =0, /_11 61 (2)do(z) dx = 0.

Note that being a polynomial automatically makes ¢o(—1) and ¢2(1) bounded. Let ¢o(x) := 22 + Cx + D.

Then
1

! a3 z? 2 1
[ owo@ar= (L0t apa)| =2ip—p=-]
-1 3 2 3 3

-1

and
1 1
/ o1(z)pa(x) dx = / (2° + C2* 4+ Dz) dz
-1 -1
x? 3 22\ |'
= _ —_ D—
(F+c%+0%) 1
2C
3
Therefore,
1
P2(z) = 2° — 3

A more systematic way of finding ¢o is through the Gram-Schmidt process. Given a vector x, the

component of x perpendicular to u is found by subtracting the projection of x onto u. The projection of x

(m- v )uz (x,u}u
] {u, u)

onto wu is

To check for orthogonality, set

Then

x
(y,u) = (z,u) — (u,u) = 0.
(u,u)
To get ¢, we start with 22 and remove projections onto ¢y and ¢1, i.e., the Gram-Schmidt process. Therefore

) ()
92(e) = <¢07¢0>¢0 (¢1,01)

b1
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1 1
/ 2% dx / 22z dx
2 -1 —1

= xr° — e 1—

T 1
/ dx / 2% dx
-1 -1

as before. Because of its orthogonality with the eigenfunctions ¢; and ¢2, we might conjecture that ¢ is also
an eigenfunction. To determine whether ¢ is an eigenfunction, we need to see if ¢o(z) solves the differential

equation for some A. To find out, we have
1
(1 —2%) ¢4 (z) — 22¢h(x) + Apa(z) = (1 — 2?) 2 — 22 - 22 + A < Z_ 3>

:2—2952—4:52—1—)\952—%

:(A—6)x2+(2—;\).

()\—6)x2+<2—;\>:0

when A = 6, we conclude that A = 6 is an eigenvalue with ¢o as an eigenfunction. We know that A = 6

Since

appears no earlier than third on the list of eigenvalues because we already found two eigenvalues less than
it. But have we missed some other eigenvalue less than 6? To decide, we apply Theorem 3.26 (p.72), which
tells us that the nth eigenfunction has n — 1 zeros on (—1,1). Since ¢2(z) = 2% — 1/3 has 2 zeros on (—1,1),
we conclude that A = 6 is the third eigenvalue.

It turns out that the eigenvalues are A =n(n+ 1) forn =0,1,2,3,.... Since ¢, turns out to be a degree
n polynomial, it has at most n zeros on (—1, 1), so the eigenvalue n (n + 1) is no later than (n + 1)st on the
list of eigenvalues. So it is exactly number n + 1 since we know of n preceding it. Therefore, {n (n+1)} is
the complete list of eigenvalues, and all zeros of ¢,, occur on (—1,1).

The polynomials {¢,} are called the Legendre polynomials and can be found inductively by Gram-
Schmidt as above, or by the power series methods of MATB44. o

EXAMPLE 3.30. Give the first three terms in the expansion of f(x) := e in Legendre polynomials. o

SOLUTION. Note that f(—1) and f(1) are bounded since f(x) is continuous on [—1, 1]. Therefore, such

an expansion is possible. Let

oo
e’ = Z Cnn,

n=0

where ¢, = (f, dn) / {Pn, Pn). To find ¢g, we have

1
e” dx =
—e

2

Co =

1 e
T =
dzx
—1
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To find ¢, we have

To find ¢y, we have

Therefore,

Q

. e—el 1 15e —105e~! [, 1
e 2 + e x—|—74 L I SR

3. Nonhomogeneous Boundary Value Problems

Consider
Ly = f(x),
Bay =0,
Byy =0,
where Ly = py” + qy’ + ry. Until now, we have only considered f(x) = 0. The solution of Ly = f(z) is
Yy = ciy1 + c2Y2 + Yp,

where y; and yo are linearly independent solutions of Ly = 0 and y,, is a solution of Ly = f(z). We have
Yp = V1Y1 + V2Y2, (3.11)

where
_fn
pw’

_ [ (@) o [ F)y(t)
Ul _/a pOW (y1(2), y2(t)) a ? /a p(OW (y1(), ya (1)) dt.

Note that using a different lower limit of integration changes the solution only by the addition of kyy; + k2y2,

!/ /
Ul = 'U2

which can be incorporated into the homogeneous term of the solution. It is convenient to choose a as the

lower limit. Therefore,

e [T o [ [y (t)
up() = y1( )/a pOW (y1(t), ya(t)) i+l )/a POW (y1(t), y2(1)) “
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:/9” y1(t)y2(z) — y1(2)y2(t)
o POW(y(t),p2(1))

F(t)dt.

Then y,(a) = 0. We have

yi(2)ys (o yW - /ﬂﬂylmyg() @)

W yo(x p(OW (y1(¢), y2(t))
“pnys(r) —yi(x )y (1)
/ POW (0 (0)
Therefore, y,(a) =0+ 0= 0.

Hence,
Ba(yp) = ayy(a) + By,(a) =0+0=0
and
By(yp) = vyp(b) + 0y, (b)

[ n00) — ) ' 51 (034(0) — 2 (Ba(1)
= Bt O | ) O

[P y1(t)Bo(y2) — Bu(y1)y:(t)
- /a p(O)W (y1(t), y2(t)) F(t)dt. (3.12)

Also, W =e™ J3de 1 Lis self-adjoint, then ¢ = p’, so

W:eifgda::e_fpﬂ/dx: —_—
p(z)

Therefore, pW is a constant in this case.
We need

By(y) = c1By(y1) + c2By(y2) + Bu(yp) = 0,

)
Ba(yl) Ba(y2)
By(y1) Bu(y2)

{ Ba(y) = c1Ba(y1) + c2Ba(y2) + Balyp) = 0,

(3.13)

o

A
Then System (3.13) can be solved (uniquely) for ¢; and ¢y. But if A = 0, then System (3.13) has either no
solution (equations inconsistent) or many solutions (the second equation is redundant). Now, A = 0 if and

only if the corresponding homogeneous problem

Ly = f(x),
Ba(y) =0,
By(y) =0
has nontrivial solutions.
THEOREM 3.31. Consider
Ly = f(x),
B,(y) =0, (3.14)
By(y) =0
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and let

Ba(y1)  Ba(yz)
By(y1)  By(y2)
If A\ #0, then System (3.14) has a unique solution. If A =0, then System (3.14) either has no solution or

many solutions.

We divide into the two possible cases: A # 0 and A = 0.

3.1. Determinant Cases.

3.1.1. The Case When /A # 0. Suppose that /A # 0. Then by Theorem 3.31, we know that a unique
solution exists. To find it, we proceed as follows. Since A # 0, we cannot find a y # 0 satisfying System (3.14)
with f(xz) = 0. But we can find a

e y; such that Ly; = 0 and B,(y1) = 0 with By(y1) # 0.
e yy such that Ly; = 0 and By (y2) = 0 with B, (y2) # 0.

Therefore, System (3.13) becomes
caBa(y2) =0,

c1By(y1) + By(yp) = 0.

So choose ¢p = 0 and

By(yp) _ 1 /Ml t) — By(y1)y2(t)

W (y1(t), y2(1)) 1t di

Therefore,

Yy =c1y1 + c2y2 + Yp

_ /b yg(t)yl( ) F(t) dt + /I y1(t)y2(x) — yl(l')yQ(t)f(t) dt
o p(t) y

HOW (y1(t),y2(t)) o  POW(y1(t),y2(1))

(" Y2 (t)y1(z) b y2(t)y1(z) y1(t)ye(w) — y1(@)y2(t)
‘Lpmwwmmmﬁ@“+éme@@mmV@“+L O ) Y
o Y2(t)y1 () ¢ y1(t)y2 ()
o T o LR R e Tk
Le

' yo(t)y1(x) L <t

pOW (yi(t),32(t)) ~ ~ 7
g(x,t) = i) (3.15)
Y1(t)y2(T

, L=,
p(O)W (y1(¢), y2(t))
This is called the Green’s Function for L (see §3.2 below). Note that it depends only on L and B and not

on f.

THEOREM 3.32. The solution of (??) in the case A # 0 is

b
yz/g@ﬁﬂ@% (3.16)
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where g is as above with y1 and ya being independent solutions of Ly = 0 such that y1 satisfies B,(y1) = 0
and yo satisfies By(y2) = 0.

ExaMPLE 3.33. Solve

— o <
S~— S~—

I Il Il
S o =

SOLUTION. We have a =0, b =1, and
Ly=y",
Ba(y) = y(0),
By(y) = y(1).
The solutions of Ly = 0 are in the form y = ma + b. Using y; = 1 and y, = x, we get

11
0 1

)

so we are indeed in the case A # 0. However, we want

)

e yp such that Ly; = 0 with By(y1) =
e yy such that Ly, = 0 with By(y1) =

)

so although any y; and ys is acceptable for computing A (which is independent of the choice), y; = 1 and

yo2 = x is not the choice required to proceed with the method. Instead, pick
Yy =, Yo = — 1.

Note that p(t) = 1 and

x xz—1
W(y1,y2) = L —r—(z-1)=z—2z+1=1
Therefore,
(t—l)l‘, fESt,
g(xv):
t(rx—1), t<z
and so
1
y(@)= [ gz, t)f(t)dt

T
1

t(x—1)f(t) dt+/ z(t—1) f(t)dt.

x

/
:/:g(x,t)f(t) dt+/19($at)f(t)df
/

2

For example, if f(z) := 2=, we get

y(x)—/ow(xl)t?’dt+/1x(t3t2) dt
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4T “oo3
= (Jc—l)zo—i-x (4—3>
Y O
4 4 3 4 3
x) ozt o xy ot
AT 1R AtE
¥ x
T2 12
which, in this simple case, could have easily been found by other methods. To check, note that y”/ = 22 and
y(0)=0—-0=0 and y(1) = /12— /12 =0. o

3.1.2. The Case When A = 0.
In this case, there exists a y1(x) satisfying Ly = 0 and both boundary conditions. Having chosen y,(x)

as in Equation (3.11), we have y, = 0, so System (3.13) becomes

coBa(y2) =0, (3.17a)
coBp(y2) + Bb(yp) =0, (3.17b)

and we have

lmwwalalzym@+@m>
8 aya(a) + Bya(a)

Since det(M) = W (y1,y2) # 0 (since y; and y, are linearly independent), we have

w5 0]

Therefore, B, (y2) # 0, so Equation (3.17a) implies that co = 0. Similarly, By(y2) # 0. Equation (3.17b)
becomes By (y,) = 0, i.e., a solution exists if and only if B,(y,) = 0.

If By(y,) = 0, then a solution is found as follows. We need

0= By(yp)

[P yi(t)By(y2) — B 2(1
-/ POW (i (. at)) D

Eq. (3.12)

by (3.12)

Since Byp(y2) # 0, we must have

The general solution is

y=cy1 +cyr+yp
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AW 8, ()
” 7t 11 (() — (@)t
=l +</ap 0.120) dt)‘”(‘””/a W) 0%
b 1t © pn)
=l +/m p(t t),52(1)) dt+/a p(t)W(yl(t)va(t))f(t)dt

b
=cyi(z +/9

where ¢ = ¢; — ¢, and

OME N

p(OW (y1(t), ya(t))

g(z,t) =

y1(1)y2 () Ct<u,

p(OOW (y1 (1), ya(t))

as is defined in Equation (3.15).
THEOREM 3.34. The solution of (??) in the case A =0 is
b
y=cn@)+ [ g0 (315)

where g is as defined in Equation (3.15), y1 and yo are linearly independent solutions of Ly = 0, and y;
satisfies both Ba(y1) =0 and By(y1) = 0.

However, to actually be a solution, the condition

/b yi(H)f(t)
o POW (y1(t),y2(t))
must be satisfied. Otherwise, there is mo solution. Note that in the case that L is self-adjoint, pW is a

constant, so the condition simplifies to

b
/ () ft)dt=0

in this case.

ExaMPLE 3.35. Solve

y' = f(z),
y(0) =0,
y(1) —y'(1) =0

SOLUTION. The solutions of y” = 0 are y = mx + b. Using y; = 1 and ys = x gives

11

:07
0 0
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so we see that we are in the case A = 0. Now choose a new y; satisfying both B,(y1) = 0 and By(y1) = 0,

namely, y; = z. Choose any linearly independent solution for ys, so let yo = 1. Then p =1 and

1
W= Yyr Y2 | _ | 7 _
Yi Ya 10
We need b L .
yi(t)f(t) /
- dt=— | ypOfWd=— [ tft)dt
/a p()W (¢ 0 0
If this is satisfied, then
-1z, x<t, —x, = <t,
g(z,t) = =
—1t, x>t —t, z>t

Therefore,

y:cx—l—/olg(;v,t)f(t)dt:cx—/ztf(t)dt—/lmf(t)dt.

0 T
For example, if f(z) := 22 — 1/2, we see that

/Olyl(t)f(t)dt:/olt(tZ—;> dt = (i—i)

so the condition is satisfied. Therefore,

22 2t
ety
To check, note that
3
/_~_§ i n_ = 2
Yy =c 2—}—3, Y 2+x.

Then y(0) = 0 and

showing that we indeed have the correct y. o



3. NONHOMOGENEOUS BOUNDARY VALUE PROBLEMS 85
3.2. Green’s Functions. Given a second order differential operator L, we can select two linearly
independent solutions y (z) and y2(x) of Ly = 0 and use them to define a Green’s function

Yo (t)y1(x) .
POW (0, 20) “ =0

y1(t)y2(x) f <3
pOW (yr(t),42(8)) "~

as previously defined in Equation (3.15) on page 80. The function g(z,t) depends on the choice of y; and ys,

not just on L. Note that the formulas agree when z = ¢, and so g(x,t) is a well-defined continuous function.

)

Having chosen g (by choosing y; and y2), for f : [a,b] — R, define
b
Gf(@)i= [ gle.0)f@)ds

_ * Y1 (t)y2 (517) b Y1 2
‘prW@mm@V@“+mewmmmm

Then it follows that

Pl WATITE), 12 () PG (@), v (1))
(2) b yl(@)ye(t)
o) O . S Gy

) o @) )
) )f( ) p(@)W (y1(z), y2(x)) f(x)
T __i(Oni(a) b @0
+/a (y1(t) y2(t))f(t)dt+L SOW (10,15 0) (t) dt
b ()
pOW (y1(1), y2(t)) (t) dt.

Therefore,

@ [T n(t)L(y2) '
L(Gf) = p(z) +/a p(t)W(y1(t)7y2(t)) dt—I_/z p(t)W(yl(t)’yz(t))

regardless of the choice of y; and y3. What about the boundary conditions?

‘We have
pOfO

I LA A0 e [
Gf( )—O+/a p(t)W(yl(t),yg(t)) f(t) dt—yl( )/a p(t)W(y1(t),y2(t)>

and

- b y1(t) (1)
Gfb) = y2(b)/a p(t)W(yl(t),m(t)) o

so it follows that

L b y2(t) f(t)
(Gf)(a) = yl(a)/a POW (y1(t), y2(t)) .
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dt.

@10 =h(e) [ » ?Jl(t)f(t;

W (y1(t), ya(t))
So given boundary conditions B, and B, we have
b
y2(t) (1)
BuGH = Baln) [ o
( OW (110, 200)
b
t)f(t
By(Gf) = Bb(y2)/ b))
W (y1(t), y2
Therefore, B,(Gf) and By(Gf) do depend on the choice of y; and ys.
If A # 0 (thereby giving us a unique solution to the system 3.31 by Theorem 3.31, p.79), by choosing a

dt,

dt.

()

y1 such that B,(y1) = 0 and a yo such that By(y2) = 0, we obtain G f satisfying both boundary conditions.
If A =0, then we can choose y; such that B,(y1) = 0 and then we can solve the system 3.31 only if

’ y1(t) f(t) B
/a pOW (y1(1), y2(t)) =0

4. Partial Differential Equations

Most partial differential equations (PDEs) have so many solutions that computing the general solutions
is impossible. Usually, we are satisfied to find a family of solutions, perhaps with a view to find one one
satisfying particular conditions.

Consider the wave equation y,, = kyy. Earlier, in Example 3.1 (p.58), we considered how to find
solutions of the form y = wu(x)v(t). We found a solution of this form satisfying our conditions. But the
equation also has many other solutions, e.g., y = x + ¢ is a solution which does not have the form u(z)v(t).
Finding solutions of the form u(x)v(t) is relatively tractable. We have

Yz = Uz,

y = u(z)v(t) =
Ytt = UVt¢-

Therefore, u,,v = kuvy, so
Ugx Utt

—
u v

Since u is a function only of z, and v is a function only of ¢, for equality to hold, both sides must be constant.

Therefore,
Ugy = Aua (*)
A
Vit = EU. (**)

For given boundary conditions, there will be only certain values of A for which Equation (x) can be solved
for u: those where A is an eigenvalue. With A known, one can then determine k so that A/k is an eigenvalue

of Equation (xx). For example,
uw(0)=0=u(l) = u=c, sin(%x)

forn=1,2,...,1ie, A =n?r?/L% Therefore,

v==> cos(mx) + b sin(mx>
1 NG 2 i)
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4.1. Vibrating String. A string lies on the z-axis fastened at 0 and 1. It is displaced slightly in the
y-direction so that, at time ¢ = 0, it has the equation y = X (z) and it is then released. This is shown in

Figure 3.7a. We wish to find the equation of motion.

(a) A vibrating string with equation y = X (z).

=X J
— @

(b) A vibrating string with tension T'.

Figure 3.7:

Let y(z,t) be the y-coordinate at time ¢ of the point whose z-coordinate is . See Figure 3.7b. The
main force acting is the tension T in the string. For simplicity, we will ignore the other forces. At time t,
6(x) will be the angle between the tangent to the string at « and the horizontal. The vertical component of

T on the segment between x and x + Az is
—Tsin(f(z)) + Tsin(6(z + Az))

on the segment between x and x + Ax. The mass of the segment between z and = + Az is pAx, where p is
the density of the string, i.e., mass divided by length. Therefore,
, . &y
T(sm(@(m + Az)) — sm(@(x))) ~ pAm@7
Py T sin(0(z + Az)) — sin(6(z))

o p Ax
We will assume that the displacement is small so that dy/dz is small. Then
. dy dy 1 dy
6 = —_——= ——— A —
sin(9) ds dz w2 dr’
()

and it follows that

0%y TG (x+Ax)— G (x)
p

oz~ Ax
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As

s Ax

Figure 3.8: A small segment of the string.

So taking the limit gives
Py_ o THEErA-BE@ oy
ot? o Az—0 p Ax B 81’27

where a = T/ P.
Since the endpoints are fixed, we have y(0,¢) = 0 = y(1,¢) for all ¢. Also since the string is released from
rest, we have

y(z,0) = X(x)

and 5
a 70 = Oa
8yy(aﬂ )

We look for the solutions of the form y = X (z)T(t), i.e., the general shape of the initial displacement is

maintained, but the amplitude varies with time. Then

Ytt = AYzx,

d*T d’X

=Yt =AYz

ie.,
XI/ 1 1!

X a T
Since the left function depends only on = and the right function only on ¢, to be equal, they must both be

identically equal to a constant. Therefore,

XI/ 1 T//
— =k -— =k
X ’ aT
This gives us two boundary value problems
X" kX =0,
T" — akT = 0,
X (0) =0,
T'(0) = 0.
X (1) =0,

To proceed, we need to know the solution to the following BVP,

ExaMPLE 3.36. Solve

y' —ky =0,
y(0) =0,
y(1) =0,

where k is a constant. S
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SoLUTION. Consider its three cases.

Case 1: k>0
Then

and we have

Therefore,

y1 = e\/Ew7 Y2 = e_\/gla
Bo(y1) = v1(0) = 1,
Bo(y2) = 42(0) =1,
Bi(y) = (1) = "%,
Bi(yo) = y2(1) = e VR
1 1
_ _ —Vk VE
N = N VE =e —e

89

If eVF = e‘/E, then e2VF = 1 = k = 0, contradicting our assumption that k£ > 0. Therefore,
A # 0 and there is no solution for £ > 0.

Case 2: k=0
Then

and we have

Hence,

Y2 =,
1(0) = ]-7
2(0) :07
1(1) = ]-7
2(1) =1

—1 0.

Therefore, there is no solution, and therefore k # 0.

Case 3: k<0

Let A = —k. Then

and we have

Y1 = cos(ﬁz) ,

Yo = Sin(ﬁx) ,
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and
1 0

A= cos(ﬁ) sin(ﬁ

)| sin(VA).

Note that
sin(ﬁ) =0 << V) =nr < \=n’r

Therefore, there is no solution unless A = n?m? for some integer n > 0. If A = n?72, then

o[z 5] =ame
-l

To summarize: there is no nonzero solution unless k¥ = —n2n? for some integer n > 0. In this case, the

Therefore

solution is
y = csin(nmz).

o

Returning to the string, in order to be able to solve for X, we must have k = —n?7? for some n =
1,2,3,.... Therefore,
T" + an®m*T = 0, T'(0)

gives us
T = ¢y cos(vantt) .

So we have the solutions y1,ys, ..., where
Yn(®,t) = sin(nrz) cos(v/anmt)

satisfying all conditions except y(x,0) = f(z). Observe that the sum of solutions is also a solution, so we

want to choose the right c,’s so that
y(z,t) = c1yr + coya +
satisfies y(x,0) = f(x) as well. Since y,(z,0) = sin(nmz), we want
f(x) = ¢y sin(wz) + cosin(27x) + - - - .
To find ¢,, extend f to an odd function (Figure 3.9) and take the Fourier series of that function.

4.2. The Laplace Equation. The differential operator

0? o? 0?
2_ (9 9 9
V= (8332 + 0y? * 822)

is called the Laplace operator or Laplacian. In two variables, the Laplace equation is given by
Yoz + Yyy = 0.

Suppose that y = uv. As in previous examples, we have

Yoz _ Vit _ 4
u v

)
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A

f(x)

A
Y

Figure 3.9: Extension of f(z) to an odd function.

from which we obtain
Upe + Au =0, vy — Av = 0.
Note that u(0) = 0 = u(r) = A = n? for some n = 1,2,.... Therefore, u = sin(nz).

Solving vy — n?v = 0 gives us v = c1€™® + cpe™™®. But there are lots of other interesting solutions.

4.3. The Heat Equation. Recall that the heat equation in one dimension is given by
1
Ygx = %yt

Suppose that y = u(z)v(t) (although there are other solutions as well). Then

Yzz = UgaV, Yt = UVt

Therefore,
UggV = LUl

and it follows that
Uge Loy

v kv

The equation together with the boundary conditions determines the possible values for A. Note that u,, =

Au implies that there are possible values for A. Then v; = Akv determines v. For example,
u(0)=0=u(l) =u=-c, sin(%x)

forn=1,2,...,1ie., A=n%g2?/L?% Therefore

7L27\'2
v=be £z M.
Generalizing to three dimensions we have the following.

ExAMPLE 3.37 (Heat equation). The heat equation is given by u; = ku,,, where u is a function of x

and t. In three dimensions, the function is u(z,y, 2,t), and satisfies
U =k (Upg + Uyy + Uszz) = EV2u,

where V2 is the Laplacian as defined in Section 4.2
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Switching to spherical coordinates, we have
x = rcos(f) sin(¢),
y = rsin(0) sin(¢),
z =rcos(f).
Therefore,

b T r2sin®(g) P2 T 2 sin(g) )

We look for solutions of the form

u(r,0,¢,t) =T(t) R(r)P(0)®(o) .

Z(r,0,¢)
Then T'Z = kTV?Z. Therefore,
v
kT T Z
Hence, A is a constant. Substituting
Z = R P®
~~
Y
into V2Z = AZ gives
2 R R R cos(¢)
R'Y+-RY + ——Y, =Y, ———~=Yy = ARY,
+ T - 2 sin?(¢) 0o r2 9 + 2 sin(¢) ¢ ’
1 cos(¢)
R" +2rR' — Ar’R Y:—R(Y + Yy + Y),
g i ArE) sin?(@) T Sin(g) ¢
r?R" +2rR' — Ar’R 1 1 cos(9)
=A=—-= + Yo + — Yy |,
R Y (binw T sin(g) 4’)
cos(¢)
+ Yoo + — Y, = —)\Y,
sin?(¢) 0T ee sin(¢) ¢
Poraps CODayp_ \po,
sin?(¢) sin(¢)
1 cos(¢) >
P'o=-pP(o"+ 2% 1o,
sin?(¢) ( sin(¢)
P sin(¢) (o cos(d)
Ten=g (v g e).
Hence, B is a constant.
Consider the special case B = 0. Then
(b// COS(¢) @/ )\(p —
+ sin(¢) + 0
ie.,
2P 3 P
d cos(9) df + AP =0.

4@ " sin(9) do
Let w = cos(¢). Then 0 < ¢ <7 = —1 <w < 1. Then

e d®dw _ d®
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Therefore
dQ(I) d2q) d . dd
0 = du g O+ gy (- eox(9)

L dd
sin2(¢) ~ cos(®)

T du?
and it follows that
e ., dd cos(¢) dP
—— si - — —(—si AP =0
T3 Sin (¢) o cos(¢) + (o) dw( sin(¢)) + )
d*® dd
ﬁ(l — cos®(¢)) — 2cos(¢)% + AP =0,
finally resulting in
d*® dd
1—w?) =— —2w—+ O =
(1—w?) dw? aw T 0,
which is a Legendre equation. o

4.4. The Schrodinger Equation. The Schrodinger equation is given by

h
Wy, = — \11117
B 2m

where £ is the Reduced Planck’s constant defined by i = h/2m with h being Planck’s constant, and m is
mass. The function ®(z,y) is complex-valued.

For a given time ¢,

b
/ |\If(x,t)|2d:c
/ |\I/(x,t)|2dx

is the probability of finding the particle in [a, b] at that time.
In three dimensions, the Schrodinger equation is

h

m

I
i, = (Upy + Uy +0,,) = —%v%,

where V2 is the Laplacian as defined in Example 4.2. For B C R3,
/ |\I/(:E,y7z,t)|2dv
B

‘\Il(x, Y, 2, t)|2dv
R3

is the probability of finding the particle within B at time ¢.

Adding an external force %V(ac7 Yy, z,t), the Schrodinger equation becomes

h 1
Wy = ——V?U 4V ).
¥y 2mv + h (x7yazv )
Switching to spherical coordinates, we have
x = rsin(f) cos(¢),
y = rsin(6) sin(e),

z = rcos(¢).
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We assume that V' (z,y, z,t) depends only on r, i.e., independent of ¢, 8, and ¢. We then look for solutions

of the form

U(r,0,¢,t) = R(r)©(0)®(¢) T(t).

u(':v7y)z)
Then the equation becomes
h 1
il = —=—TV?*u+ —VTu.
2m h
Therefore,
ih 1 h?
T =E=-(-—V? .
h " ( 2mV U+ Vu)
Hence, FE is constant. It then follows that
hQ
ihT' = Et, ——V?u+Vu=FEu,
2m
and from these we have 12
T(t) = Ce tF/h, ——V?u+Vu = Eu.
2m
Therefore,
h {10 /(5,0 1 0 1 02
e — — | sin(0) = Vu=F
2m <r2 or (r 8r> r2 sin(6) 00 <sm( )89> r2 sin?(9) 8(/)2>u Y= b
With
u=R(r)0(0)2(s),
—
Y (0,9)
we have

1d [ ,dR\  2mr? 1/ 1 o (. oY 1 Y
Rar < m)* (P V)’\Y<sin(e)ae<sm(9)89>+sm2(9) 957

The second equation is then

N———

18 oY 1 oy
sin(0) 90 ( (9)89> a2 o T =0

Separating again, there exists a constant v such that
d*®

W+U@*O

sml(e) d% (Sm(e)iz(Z) * (A - Smgw)) ©=0 (+)

For Equation (x), we have

Let w = cos(6). Then

P(w)
and 0 < 0 <27 < —1 < w < 1. Therefore,

cos(@) dPdw d (dPdw v
A-—" _VpP=0
sin(0) dw do a0 (dwd0)+( ) ’
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dP d?>P dw . dP v
—wo - (du}2d9 sin(0) + dwcos(ﬁ)) + (/\ —1{= w2> P =0,

Therefore,

When v = 0, this becomes Legendre’s equation.

5. Zeros of Solutions of Second Order Linear Differential Equations

PROPOSITION 3.38. A nontrivial solution of y"” + P(z)y’ + Q(x)y = 0 can have only finitely many zeros

on a bounded interval.

PRrROOF. The proof is given in MATB44 using the Bolzano-Weierstrass Theorem. |
Let
[i= e [ 5 de
so that Pla)
x
I'= —TI .

Let y = Tu. Then
P
y =Tu+Iu = —§Iu+u’

and
P’ P P
//:_71 _7[/ _7]/ I/I I//
Y 5 U 5 U 5 u + 1w +1Iu
P’ P2 P P
= —?IU—F TIU — EIUI — EIU/ + Iu”
P’ p?
= —?Iu—i— TIu—PIu'—l—Iu”.
Therefore,
y' 4+ P(x)y' + Q(x)y =0,
becomes
P’ P2 P2
——Tu+ —Iu—PFa" + v/ ——ITu +PFi + QIu = 0,
2 4 2 ~—
y" P(z)y’ Qla)y
50 / 2
P P
1 —
u” + <Q 3 + 1 >u 0,

since I # 0. Also, y = Iu with I # 0, so y = 0 < u = 0. So the properties of the zeros of the solutions to

the equation of the form u” + au = 0 hold for the general cases as well. Using y instead of u, let us consider

Yy 4+ ay = 0.
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LEMMA 3.39 (Comparison lemma). Suppose that a(z) > B(zx) for all x € [a,b] but a(x) # B(x). Suppose
that

y"(z) + a(z)y =0,
2"(z) + B(x)z = 0.

Then (strictly) between any two zeros of z, there exists a zero of y.

PRrOOF. By Proposition 3.38, z can have only finitely many zeros on [a, b]. Let sg and s; be consecutive

zeros of z. Then z does not change sign in (s, s1), as shown in Figure 3.10.

#(=)

< 3
< >

&) 5

Figure 3.10: Two consecutive zeros of z between which z does not change sign.

Suppose that y has no zero in (sg,s1). Then y also does not change sign in (sg, s1). Replacing y by —y

and z by —z does not change equations or the location of zeros. So assume that z > 0 and y > 0. Then

2'(s0) >0,
z2> 0=
Z'(s1) <0,

and we have

d
I(yzl_y/z) :ylz/+yzll_y/lz_y/zl
X

— yzu _ zy"
= —Pyz +ayz
(= B)yz

>0

Therefore, yz' — 4’z is increasing. But

a# B= (yz' —2vy') (s0) < (vz' = y'2) (51)-

y(s0) 2/ (s0) y(s1) 2 (s1)
—— —— ——
>0 >0 >0 <0
—_——— —_———
>0 <o
This is a contradiction. Therefore, y has a zero in (sg, $1). O

COROLLARY 3.40. Let o, 3, y, and z be defined as in Lemma 3.39. Let #p(f) be defined as the number
of zeros of f on D. Then

H#a.0)(2) < Fpay (y) + 1.
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COROLLARY 3.41. Let o, 3, y, and z be defined as in Lemma 3.39. In addition, suppose that y(a) = z(a)
and y'(a) = 2'(a). Let #p(f) be defined as the number of zeros of f on D and let Z[’Z’b] (f) be defined as the
kth zero of f on [a,b]. Then

#[a,b] (y) > #[a,b] (Z)a
<z

Z[’Z,b] (y) [mb](z)

fO'I" k = 172, .. .7#[0‘717](2,’).

PROOF. If z is never zero on (a,b], then there is nothing to prove. Therefore, let x1 be the first zero
of z. We now show that y = 0 some place on (a,x1).
Replacing z by —z if necessary, assume that z > 0 on (a,21). Then z'(z1) < 0. If y # 0 on (a,z1),

assume that y > 0 on (a, 7). Then

Xy 1
/a (a—ﬂ)yzdx=/a %(yZ’—y'Z)dx

1

= (y2' —y'2)
a

= y(21)z'(21) — ¥/ (z1)2(21) — y(a)?'(a) + ¥ (a)(a)
= y(a1)z' (1)
Note that y(z1) > 0 but 2’(x1) <0, so y(z1)z'(z1) < 0. But we integrated a positive function, so the integral
is positive. This is a contradiction.
Therefore, y = 0 someplace to the left of 1. If the second zero of z is at o, then y has another zero on

(z1,22), so the second zero of y is to the left of x2, and so on. O

Suppose that " + a(x)y = 0, where a(z) > 0 for all € [a,b]. Let
L= min({a(x) cx € a, b]})7
U= max({a(x) (X € [a,b]}).

Therefore, L < a(xz) < U. Suppose ¢ and d are consecutive zeros of y on [a,b]. We will compute a lower and
upper bound on d — c.

We compare first with 2" + Lz = 0. Note that y has a zero between any two zeros of a solution of z. One
solution is z = sin(\/f (x — c)) Since z(c) = 0, we also have z(c + W/\/Z) = 0. Therefore, d € (c, W/\/Z),
i.e., y(c) = 0 and the next zero of y occurs before ¢ + 7/+v/L. Therefore, d — ¢ < 7/\/L.

We now compare with z”/ + Uz = 0. Any solution of z has a zero between any two solutions of y, i.e.,

any solution of z has a zero in (¢,d). One solution is z = sin (\/ﬁ (x — c)) Since z(c) = 0, we also have
z(c—i—Tr/\/U) = 0. Therefore, ¢ + /U € (¢,d), and so d — ¢ > 7//U.

THEOREM 3.42. Suppose that L < a(x) < U on some interval [a,b] (with a(x) Z L and a(z) ZU) and

let ¢ and d be any two zeros of y on [a,b]. Then within [a,b], we have

T T
—<|ld—cl < —. 3.19
VT <A< g (3.19)
COROLLARY 3.43. We have
b—a)VL b—a)VU
% — 1 <#pply) < ( 77) + 1. (3.20)
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PROOF. Let m be the minimum distance between zeros. There are #, ) (y) — 1 subintervals formed
between the zeros, so

b—a
—1< .
#[a,b] (y) ="

(Even if we use the minimum distance, we cannot fit in more intervals than this.) But

b—a< (b—a)VU

m ™

)

so it follows that

#[a,b] (y) < + 1.
On the other hand, even spreading out the solutions as much as possible and leaving a gap of size

(almost) 7/+v/L on each side, we need at least that

(b—a)VU

(Fap)(y) + 1) % >b—a.

Therefore,
b—a)VL
H#la,0)(y) > % - L O
COROLLARY 3.44. Ify(a) =0, then
b—a)VL b—a)VU
CoOVE ) ) < L2V (3.21)

PROOF. Since one zero of [a,b] is used up at a, there is room for less than (b — a) U /m on (a,b]. The

argument on the other bound is the same. (]

EXAMPLE 3.45. Give a lower and upper bound on the number of zeros of a solution of 3" + (2 Sin(x))y =0

on [0, 27]. o
SOLUTION. Note that 1 <2+ sin(z) < 3. Therefore, L =1 and U = 3. By Equation (3.20), we have

2mv/1 2m/3

-1 <#[O,2ﬂ'] (y) < +1,
™ ™
1< 2 1.
#10,2m(y) < V34
~4.4641
So y has at least 2 but no more than 4 zeros on [0, 27]. o

EXAMPLE 3.46. Suppose a(x) < 0 on [a,b]. Give a lower and upper bound on the number of zeros of a

solution of y” + a(x)y = 0. o

SOoLUTION. We compare with the solution of z” = 0. Then we know that z = mx + b. We use the

solution z = 1. Clearly, it has no zeros. Therefore,

IN

#[a,b] (y)
#[a,b] (y)
#[a,b] (y)

#[a,b](z) +1,
0+1,

IN

IN
[y

Therefore, y has at most one zero. o

EXAMPLE 3.47. Suppose that y” + (ze”® + 1)y = 0 with y(0) = 0. Show that y has infinitely many

zeros on (0,00) and give lower and upper bounds on the position of the nth zero. o



6. PROOF OF THE PROPERTIES OF STURM-LIOUVILLE PROBLEMS 99

SoLUTION. Let f(x) := xze™® + 1. Then we know that f(z) > 0 for all z € [0,00). Since f'(z) =
e~ % —xe~ ", the maximum occurs at = 1. Therefore,
flz) < - +1
for all z € [0,00). Comparing with z” + z = 0, we know that y has a zero between each zero of sin(x).

Therefore, z has infinitely many zeros. Let z; and zo be two zeros of z. Then

™
<|z1 — 29| < .
/1
s+1
Therefore, the nth zero occurs after nw//1/e + 1 but before n. o

ExaMPLE 3.48. Find an upper and lower bound to the eigenvalues of
y' ==Xz +1)y,
y(0) =0,
0,

which is a Sturm-Liouville problem. o

SOLUTION. Rearranging, we have ¢ + A (z + 1)y = 0 with a = 1 and b = 1. Consider first A = 0. Then
the solution of " = 0 with y(0) = 0 is y = cz, which has no zeros on (0,1). Therefore, A = 0 is before the
first eigenvalue, and so all eigenvalues are positive.

Hence, suppose A > 0. On [0, 1], we have A < X (x + 1) < 2\. Therefore, L = A and U = 2. Let yy be

a solution of ¥’/ = =X (z + 1) y with y(0) = 0. Then
1-0)VA 1—0)V2X
A-0VXr_ 1 <#oo1)(y) < 1-0v2 ,
T 7r
VA V2)

Y2 y=2,
- <#01)(y) < p
Consider A = 72/2. Then

1 2
—=—1<#o01)y) <l=Fonu)=0= X\ > -,

V2 2
where A is the first eigenvalue.
Now consider A = 72. Then
0=1-1<#wonlm) < V2 = #o,n(y) = 1.

Therefore,

2

- <A <72 < g,
where \s is the second eigenvalue. o

6. Proof of the Properties of Sturm-Liouville Problems

We now consider the proof of Theorem 3.26 (p. 72).



100 3. BOUNDARY VALUE PROBLEMS

PrRoOOF OF THEOREM 3.26. We have
Ly = —Aw(z)y,
Ba(y) =0,
By(y) = 0.
Let L = agy” + ayy’ + a2y be self-adjoint and w(z), ag(z) never zero on [a,b]. For simplicity, consider the
special case where the conditions B,(y) = 0 = By(y) are y(a) = 0 = y(b). Recall that for v’ + P(x)y’ +

P(x)

Q(z)y = 0, we can eliminate the y’ term by substituting y = ul, where I = e~ I == dz This yields

2 =2
12 _ - -
u —l—(Q 5 + 4>u

and the equation becomes

2
l/+ a2_ (%) /+1 af() ——)\KI'LL,
ag 2a 4 \ ag ao
_
=q(x) =v(=)

where the zeros of u are precisely the zeros of y since I is never zero. Also, y(a) = 0 = u(0) = 0 and

y(b) = 0= u(b) = 0 and v(z) # 0 on [a, b]. Therefore, consider our new Sturm-Liouville problem
Y+ q(z)u = —dv(z)u,

u(a
u(b

) =0,
) =0.
It is still self-adjoint since 1’ = 0. We will consider v(z) > 0 (if v(z) < 0, then the properties we derive hold
for —\). Consider the solutions of

u’ 4+ q(z) + M(z)u = 0,

u(a) =0,
ignoring for the moment whether or not they satisfy u(b) = 0. Let uy be a solution to this.
If A > ), then

q(z) + Av(z) > q(z) + \v(x),

so by Lemma 3.39, we have

H#iap) (U3) < Hiap)(un),
2l (un) < 254 (us)

i.e., as A increases, #4,5(ux) is a non-decreasing function, and the kth zero moves leftward (decreasing)

with increasing .

CLAIM 3.49. If there exists an L (which may always be chosen so that L < 0) such that A < L, then its

corresponding BVP has no solution.

PRrOOF. Find M > 0 such that |g(x)/v(x)| < M for all z € [a,b] and find K > 0 such that v(z) > K
for all z € [a,b]. Then

(z)
x)

Y SR Vg e (O R VT

v(z)

Y

M <

I~
—~
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= (A= M)v(z) < q(z) + Iw(z) < (M+ X)v(z).

For A < L, we have M + X\ < 0, so

v(z) (M +X) <k(M+X)
for such A, i.e.,

q(x) + do(z) < k(M +A),
S0

F#lab)(Ur) < #iap(2),

where z any solution of 2" + (M + \) kz = 0 with 2(a) = 0. Let —72 = (M + \) k. Then

z=c1e"* +coe 7"

and
21x 2Tx C2
z=0= cie +ca=0=c¢ =——.
C1

This has at most one solution for 2 (when ca/c; < 0), which must be at a. Therefore, u) also has no zeros

other than a, and in particular uy(b) # 0. Therefore, A is not an eigenvalue if A < L. |

Therefore, by Claim 3.49, there is a smallest eigenvalue.
Suppose that A > M. Then A — M > 0, so

a(@) + Ao(2) = (A= M)u(z) > (A — M) K.
Therefore, #q4)(ux) > #[a,5)(21), Where 2y is any solution of 2" + (A — M) kz = 0 with z(a) = 0. We have
Zy = Csin(\//\ — M\/?g;) .

We see that limy oo #[q,5(2x) = 00. Therefore, limy .o #q,p)(ur) = 0.
As X increases, the (m + 1)st zero of uy moves to the left, and when it reaches b, we have found the mth

eigenvalue. Therefore, the eigenvalues form as a sequence
M< A< < Ap < -

with the eigenfunction for A, having m — 1 zeros on (a,b), and lim,, e Ay = 00. |






CHAPTER 4

Midterm Review

1. Laplace Transforms

Assume that
fets= {f : |f(x)} < Ce*® for sufficiently large x}
Then -
L(F@)(s) = o) = [ syt
0

PropeRTY (Laplace transform).

(1) lim,—.c f(s) = 0.

(2) L(f") = sf = f(0).

(3) L(e* f(a ) f(s—a).

(4) L(xf) = —£f(s).
(5) L(z") = (n +1)/s" L, where n > 0 and

k’w

(6) L(fxg) = [(s)

(s), where

CQ>

(f * 0)x / [z~ t)g

(7) (a) L{u(x —a)f(x—a)) = e f(s).
(b) L(u(z —a)f(x)) =e “L(f(x+a)), where

0, t<0,
1

u(t) =
, t>0.

(8) L(6) =1, where § is the Dirac delta “function”. More precisely, lime_o L(fc) = 1, where

I, 0<z<

m\H

fe =

0, otherwise.
2. Phase Portraits

Let ' = F(z,y) and ¢y = G(z,y) and let V = (F, G).
(1) A critical/equilibrium/singular point is one at which ' = 0 and y' = 0.
(2) An equilibrium point P is stable if, for all € > 0, there exists a § > 0 such that any solution which
comes within a distance of § of P never thereafter gets farther than e from P.
(3) An equilibrium point P is asymptotically stable if there exists an r such that lim;_, ., x(¢) = P for

every solution x(¢) which comes within a distance of r of P.

103
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2.1. Linear Systems. Consider the linear system
x = Ax (%)

with det(A) # 0 and suppose that 0 is the only equilibrium point.

(1) Real eigenvalues
e Same sign
— Positive values indicate an unstable node.
— Negative values indicate an asymptotically stable node.
e Opposite signs indicate an unstable saddle.
(2) Complex eigenvalues a + bi
e a < 0 indicates an asymptotically stable spiral.
e a = 0 indicates a centre (stable).

e a > 0 indicates an unstable spiral.

2.2. Nonlinear Systems. Consider System (*) with

F, F,

A(z,y) = o G
x y

of which P is a critical point. The linear approximation of A at P = (p,q) is A(p,q).

DEFINITION (Liapunov function). The function E(z,y) is a Liapunov function for the critical point at
0 if
(1) E(z,y) > 0 for (z,y) # (0,0) and E(0,0) = 0.
(2) E is differentiable.
(3) for any solution x(t), there exists an r > 0 such that VE - V whenever ||x|| < r.

THEOREM.

(a) If a Liapunov function exists, then 0 is stable.
(b) If there exists a Liapunov function such that
(2') E is differentiable with continuous derivatives,
(3') for all x(t) there exists an r > 0 such that VE -V < 0 whenever 0 < |x|| <,
then 0 is asymptotically stable. Furthermore, if there exists a Liapunov function such that
(8") for all x(t) there exists an r > 0 such that VE -V whenever 0 < ||x|| < r,

then 0 is unstable.

COROLLARY. Suppose that P is a critical point of System (x). Then

(1) If the real part of both eigenvalues of the corresponding linearized system is negative, then P is
asymptotically stable.
(2) If the real part of at least one eigenvalue of the corresponding linearized system is positive, then P

is unstable.

THEOREM (Poincaré-Bendixon). Let x' = V(x) and V = (F,G). Let R be a closed bounded region in
R? with no critical points of V. If x(t) is a solution which lies in R for all t > to, then either
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(1) x(t) is a periodic solution, or

(2) x(t) spirals toward a periodic solution.

To determine if the solutions never leave R, try computing V - n, where n is the outward normal to R,
around the boundary of R. If V-n < 0 around the boundary, then the solution in R can’t get out (V points
into the region). The region R will always have an annular shape, since index theory implies that a periodic

solution surrounds at least one critical point.

3. Index Theory

DEFINITION (Winding number). Let V : R? — R? be a vector field and let v be a simple closed
counterclockwise curve. Suppose that there are no critical points on V on . Then Iy () is the winding
number of V() around 0. It represents 27th the change in angle that V(x) makes with the horizontal after

x moves around 7. o
Suppose that P is a critical point of System (x). Then
IV(P) = Iy(v)
for any « encircling P once counterclockwise but containing no other critical points of V.

THEOREM. We have

1, det(A) > 0 (non-saddle),
—1, det(A) < 0 (saddle),

I (P) = Iw(P) =

where W is the linear approzimation to V of P, provided that det(A) # 0, where

F, F,
G. G,

A(z,y) =

THEOREM. For any closed curve vy, we have

()= Iv(P),

pes

where S is the set of the critical points of V lying inside .
THEOREM. If «y is a counterclockwise periodic solution, then Iy () = 1.

COROLLARY. If vy is a counterclockwise periodic solution, then
> Iy(P)=1,
preSs
where S is the set of the critical points of V lying inside . In particular, v encloses at least one critical

point.

THEOREM. If limy_ 1, x(¢t) exists, then it is an equilibrium point.






CHAPTER 5
Review

REVIEW ITEM 1. Consider
Ly = 07

Ba(y) = O, (*)
By(y) =0,

where y; and ys are linearly independent solutions to Ly = 0. Let

A = Ba(yl) Bb(yl) ‘

Bo(y2) By(y2)

Then System (x) has a nontrivial solution if and only if A = 0. O

REVIEW ITEM 2. Suppose that

Ly = Ay,
Ba(y) =0, ()
By(y) =0,

if and only if (L — M)y = 0, where y;(A) and y2(\) are independent solutions to (L — AI)y = 0 and let

Ba(y1 (V) Bu(y1(N))
Ba(y2(N)  By(y2(N))

Then System (%) has a nontrivial solution if and only if A(X) = 0. The various A satisfying A(\) = 0 are

AN =

called eigenvalues and the nontrivial solution p) is called an eigenfunction.

We might not be able to solve A(A) = 0 explicitly, but, regardless of that, we can find py by
y = cyi(A) + cay2(A).
We solve B, (y) =0 to get ca = geq, S0

Y1 =cC1 (y1(>\) + 992(>\))~
PX

Note that the solution of By(y) = 0 should be equivalent if A does indeed satisfy A(X) = 0. O

REVIEW ITEM 3. Let Vg = {f : Bo(f) = 0= By(f)}, let w > 0, and let

b
(s 9w 32/ w(x)f(z)g(x) dz.

Definition: The differential operator L is self-adjoint with respect to ( , ), if and only if (Lf,g), =
(f,Lg),, for all f,g € Vp.

107
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Theorem: The expression agy” + a1y’ + asy is self adjoint (with respect to 1) if and only if a1 = aj.
If
Ly = apy” + a1y’ + azy
and ,
[‘ﬂ dx

w = e’ ao s

then wl is self-adjoint.

O
REVIEW ITEM 4. Consider
Ly = Awy,
Ba(y) =0,
By(y) =0
with L being self-adjoint (Sturm-Liouville). Then
(1) The eigenvalues form a sequence A\; > Ag > -+ > A, > -+ with lim,, o, A\, = —00.
(2) For each eigenvalue A, there is an eigenfunction p,, that has exactly n zeros on (a, b).
(3) The eigenfunctions form an orthogonal basis with respect to the inner product (, ),,.
(4) The function g can be written as a (generalized) Fourier series
g(x) = Z QAn Py
n=1
where
0, = (Pl
<pn7 pn>w
O
REVIEW ITEM 5. Consider
Ly = fa
Ba (y) = Oa
By(y) =0,

where y; and ys are linearly independent solutions to Ly = 0. Let

Bay)  Bolyn) ‘

B, (y2) Bu(yz2)

Case 1: A # 0: We rechoose y; and yo such that B,(y1) = 0 = By(y2).
Case 2: A =0: We rechoose y; such that B,(y1) = 0= By(y1).

Green’s function is given by

Note that if L is self-adjoint, then p(t)W (y1(t),y2(t)) is a constant. Let

b
Gh ::/ g(z,t) f(t) dt.
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Then LGh = g, so y = G f solves the equation Ly = f, where

b t
Ba(Gf) = Ba@ﬂ/a pOW ((1)5)(,;2( o
yi(t)f ()
1(1),92(1))
Therefore, y = G f also satisfies B,(y) = 0 = By(y) in System (x). In System (xx), it satisfies B,(y) = 0,
but By (y) = 0 requires

dt.

b
Bmyvzmwg/ ()(

b n@f) N
/a p(O)W (y1(t), y2(t)) =0

in which case the general solution is

y=@ﬂ@+/nﬂ@wﬂﬂﬁ

REVIEW ITEM 6. Consider 4’ + P(z)y’ + Q(z)y = 0. Let y = Iu, where

[ e P2 a

We get v’ + a(x)u = 0, where

Comparison lemma: Suppose that a(z) > G(z) for all z € [a,b], with a(z) # B(x). Further
suppose that

y"' +a(z)y =0,
2"+ B(x)z = 0.

Then between any two zeros of z, there exists a zero of y. If, in addition, y(a) = z(a) and
y'(a) = Z'(a), then Z[’fm] (y) < Z[’Z,b](z).

Theorem: If L < a(x) < U for all z € [a,b] and a(z) is not identically equal to a constant, then
(1) 7/VU < |2k — 2111| < ©/VL, where zj, is the kth zero of y.
(2) LmVE 1< oy (y) < Ty
If, in addition, y(a) = 0, then

#(a,b) (y) <

REVIEW ITEM 7. We have

(f'(z)) = sL(f(x)) — £(0)

f and g are constants, then L(f) = L(g9) & f =g.
L(e* f(x)) = L(f) (s —a)

(a) L(zf(2)) = 3 f(s)

(b) L(z"f(x)) = (=1)" 4= f(s)

==
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(f *9) () = / " F(t)g(e — ) dr.

(a) frg=gxf

(b) (fxg)xh=fx(gxh)
(6) If f has exponential order, then lims_, f(s) = 0.
(7) Let

Then L (u(z — x0) f(z — x0)) = e f(s).

REVIEW ITEM 8. Consider X’ = AX, where A\; and )y are eigenvalues of A.
(1) (a) If Ay < A2 <0 (i.e., det(A) > 0 and tr(A) < 0), then the system has a stable node and the
curves are tangent to the eigenvector corresponding to the eigenvalue of the smaller value.
(b) If0 < A1 < Ag (i.e., det(A) > 0 and tr(A) > 0), then the system has an unstable node, and
the curves approach asymptotically to the eigenvector corresponding to the eigenvalue of the
larger absolute value.
(2) If A\; <0 < Ag (ie., det(A) < 0), then the system has a saddle point.
(3) If A; and A are complex with A = a + ib, then
e a < 0 indicates a stable spiral.
e a > 0 indicates an unstable spiral.

e ¢ = ( indicates a centre.

O
REVIEW ITEM 9. Consider J
x
& r
o = Fy),
dy
Y _a
o = G@y)
and let V = (F,G@). Then a point p is an equilibrium point if (and only if)
d d
E -0 %]
tl tp

The point p is called stable if for all € > 0, there exists a § > 0 such that any solution which comes within §
of p never thereafter gets farther than e from p. The point p is called asymptotically stable if there exists an

r such that every solution which comes within r of p approaches p as t — oc.

THEOREM (Liapunov’s Second Method). Suppose that (0,0) is an equilibrium point and there exists a
differentiable function E such that
(1) E(x,y) >0 for (z,y) # (0,0) and E(0,0) = 0.
(2) If, for any solution (x(t),y(t)), there exists an r > 0 such that VE - V < 0 whenever 2% + y* <,
then (0,0) is stable.
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Furthermore, if the stronger condition is satisfied:

(2') If, for any solution (x(t),y(t)), there exists an r > 0 and a > 0 such that VE -V < —aFE for
4y’ <r,

then (0,0) is asymptotically stable.

COROLLARY. Let

OF OF
ox |p oy
p
A =
9G 9G
oz |p oy »

If both eigenvalues of A are negative, then p is asymptotically stable. If at least one eigenvalue of A is
positive, then p is unstable.

REviEW ITEM 10.

THEOREM (Poincaré-Bendixon). Let R be a closed and bounded region and let (z(t),y(t)) be a solution
which lies in R for all t > tq. if there are no equilibrium points in R, then either (ac(t),y(t))
(1) is a periodic solution or
(2) it spirals towards a periodic solution.

To check that the solution stays in R for ¢ > 0, examine V - n, where n is the outward pointing normal
vector to R. If V- n < 0 everywhere on JR, then it cannot get out.

THEOREM (Liénard). Let f,h: R — R and let g(z) := [ f(t)dt. Suppose that
(1) f is continuous and even.
(2) there exists an a > 0 such that
e g(a) <0, where 0 < z < a.
o g(z) > 0, where z > a.
o f(x) >0, where z > a.
(3) lim, o0 g(z) = 0.
(4) h is odd and h(x) >0 for z > 0.

Then o' + f(z)a’ + h(z) = 0 has a unique periodic solution and every other solution spirals towards it.






APPENDIX A

The Gram-Schmidt Process

Given linearly independent vectors eg, es, ..., we want to form a new set of vectors f1, fs,... in which
all vectors are mutually orthogonal. Let f; = e;. We obtain f5 by removing the components of e in the ey

direction, as show in in Figure A.1. To do this, we have

Figure A.1: The vector f is obtained by removing the component of e; that is in the e; direction, which is
shown as a dashed line.

e, e
(f2,e1) = (e2,e1) — ée? ei; (e1,e1) = (e, e1) — (ez,€1) =0
Similarly, we have
£y = s — (e3,e1) B (e3, e2)
<61,el> <e27e2>

To check that f3 1 ey, we see that we indeed have

(es,e1) _ {es,e)
(el,e1>< ber) (e2,€2)

(f3,e1) = (e3,e1) —

<62, e1> =0.
——
Continuing, we produce a mutually orthogonal set, and we can normalize it later if desired.

EXAMPLE A.l. Suppose that (f,g) := fol f(x)g(x) dx and let

e1 =1, e =, 63:.’172.

Find a new set {f1, fo, f3} in which its elements are mutually orthogonal to those of {e1, es, e3}. o

113
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SOLUTION. First, we let f; =e; = 1. Then

1
rdr
/ ! 1
f2262—<61762> zx—oizx—é-lzx—a.

1
(e1,e1) / d
0

(ez,e1) (ez.e3)
(e2.e2) ©

For f3, we have

1
1
2
1 1
.2 - =
I
1
_ .2 -
x sc+6.

Therefore, elements in the set

are mutually orthogonal to {1, x, xQ}.
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