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ABSTRACT. We study a natural Hodge-theoretic generalization of rational (or Q-)homology manifolds
through an invariant HRH(Z) attached to a complex algebraic variety Z. The defining property of
this notion encodes the difference between higher Du Bois and higher rational singularities for local
complete intersections, which are two classes of singularities that have recently gained much attention.
We show that HRH(Z) can be characterized when the variety Z is embedded into a smooth variety
using the local cohomology mixed Hodge modules. Near a point, this is also characterized by the
local cohomology of Z at the point, and hence, by the cohomology of the link. We give an application
to partial Poincaré duality. We also introduce the generic local cohomological defect ledefgen(Z) and
relate it to HRH(Z). Various examples are discussed at the end.

A. INTRODUCTION

The cohomology of a compact, oriented real manifold X of dimension 2n satisfies the following
remarkable symmetry, called Poincaré duality:

H"H(X,Q) = H"M(X,Q)",
where the right-hand side is the dual vector space.

In the non-compact setting, such a duality still holds, but it compares singular cohomology with
compactly supported cohomology:

H"MX,Q) = HI'™MX, Q).

The above applies to smooth complex algebraic varieties of dimension n. For singular varieties (in
this paper, meaning reduced, finite type schemes over C), the duality need not hold for singular co-
homology of the associated analytic space. Goresky-MacPherson’s theory of intersection cohomology
provides a replacement of singular cohomology which still admits a Poincaré duality isomorphism.
This theory associates to any purely d-dimensional complex variety Z a pair of graded vector spaces
IH*(Z,Q) and IH’(Z,Q) (which, in the smooth case, agree with the singular cohomology and com-
pactly supported cohomology, respectively), such that there are natural isomorphisms

IHY % (Z,Q) = IH T (Z,Q)V.

As in [BBD82], these vector spaces can be realized as the hypercohomology of the intersection
complex perverse sheaf, which is self-dual as a perverse sheaf. The purpose of this article is to
introduce an invariant of complex algebraic varieties measuring a partial Poincaré duality property.
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One of the many achievements of Saito’s theory of mixed Hodge modules [Sai88,Sai90] is that it
endows these intersection cohomology spaces with natural mixed Hodge structures. We review the
aspects of this theory used throughout the paper in Section B.

Let Z be a purely d-dimensional complex algebraic variety. Recall that if Z is smooth, there is a

perfect pairing
0 x QL = wy,
and therefore isomorphisms
¥y = (QF ") ©0, wz =Dz(A7 ")[~d)
where Dz = RHomg,(—,wy) is the Grothendieck duality functor. In general, this picture is partially
generalized by morphisms in Di’oh(ﬁ 7):
&7+ Oy = Dz(Q5 ") ~d],

where QZ is the p-th Du Bois complex of Z. We review the Du Bois complexes in Section B below.
For now, these should be thought of as replacements of the sheaf of Kéhler differentials which are
better behaved from a Hodge-theoretic point of view.

Definition 0.1. Let Z be a pure d-dimensional variety. We say Z is a rational homology manifold to
Hodge degree k, or a k-Hodge rational homology variety if ¢P is a quasi-isomorphism for 0 < p < k.

Further, define the HRH level of Z to be
HRH(Z) := sup{k € Z>_1 | ¢ is a quasi-isomorphism for 0 < p < k}
where we follow the convention that HRH(Z) = —1 if ¢° is not a quasi-isomorphism.

Remark 0.2. The interest in this invariant arises naturally due to its connection to higher singu-
larities of the variety Z. Indeed, it is a consequence of the higher injectivity theorem (for isolated
singularities due to Popa-Shen-Vo [PSV24] and for the arbitrary case due to Kovécs [Kov25] and
Chen-Dirks-Olano [CDO26]) that we have the equivalence (for various notions of higher Du Bois and
rational singularities):

(0.3) Z has m-rational singularities <= Z has m-Du Bois singularities and HRH(Z) > m.

The implication from left to right as in (0.3) has a long history, dating to the conjecture of
Steenbrink and its resolution, a theorem of Kovécs [Kov99, Thm. S| and independently Saito [Sai09]:
rational singularities are Du Bois.

Applications of HRH level. As mentioned, we have partial Poincaré duality for k-Hodge rational
homology varieties (see Theorem 7.2 for a more elaborate formulation). Throughout the article, a
variety Z is embeddable if there exists a closed embedding i: Z — X with X a smooth variety.

Theorem A (Partial Poincaré duality). Let Z be an embeddable complex algebraic variety. If
HRH(Z) > k, then for all i € Z, we have isomorphisms for all p < k:

de » N .
Gry PHYH(Z) = (Grh. HIT(Z))V.
If Z is proper with isolated non-rational homology manifold locus, then the converse holds.

The latter statement also gives our first characterization of HRH(Z). Below we give several others
in terms of well-known characterizations of the rational homology manifold condition.
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Remark 0.4. This notion is different from another weakening of Poincaré duality, due to Kato
[Kat77]. Indeed, the notion we study is related to which Hodge filtered pieces are Poincaré dual
to each other (in all cohomological degrees), whereas Kato’s notion asks for which cohomological
degrees Poincaré duality holds (in all Hodge levels).

The notion of k-Hodge rational homology varieties is also studied in the recent article [PP25]
through an equivalent defining property that is phrased as the condition Dj which requires the
natural maps in D%, (07)

@ - 10
to be isomorphisms for p < k, where IQ% is the p-th intersection Du Bois complex (see Remark 4.3
for the equivalence of the Dy-condition with HRH(Z) > k). This equivalence immediately gives an
interesting concrete application of the invariant HRH(Z) via a dual Kodaira-Akizuki-Nakano type

vanishing:

Corollary B (KAN type vanishing). Let Z be a purely d-dimensional projective variety with an
ample line bundle L. Then we have vanishing

H9(Z,Q), ®p, L") =0 for allp+q < d, p < HRH(Z).

Another way to see this result is by applying [CDO25, Thm. C].

In [PP25], important consequences of condition Dy, such as symmetry of Hodge-Du Bois numbers
and Lefschetz properties, are discussed in detail. Moreover, in [PP25, Cor. 7.5], it was proved that
the codimension of the locus Z,rs where Z is not a rational homology manifold is bounded below
by 2HRH(Z) + 3 (here nRS stands for non-rationally smooth).

In fact, they established an inequality involving HRH(Z) and the local cohomological defect of

Z. This latter invariant is defined through local cohomology modules H%(Ox) when Z C X is an
embedding with X smooth. These modules are potentially non-zero only for j > codimx(Z), and
we have

ledef(Z) := max{j | HCZH (Ox) # 0, where Z C X is a codimension ¢ embedding}
It turns out that the above description does not depend on choice of the embedding.

We introduce a “generic variant” of the invariant lcdef(Z) in §8 that we call ledefgen(Z) (see
Definition 8.1). It is a non-negative integer satisfying the inequality

(0.5) ledefgen(Z) < ledef(Z)

(equality holds in the case of isolated singularities, but strict inequality is also possible in the
above, see §10 for explicit examples). We obtain the following improvement of [PP25, Cor. 7.5]
via ledefgen(Z):

Theorem C. Let Z be a purely d-dimensional variety with HRH(Z) > 0. Then we have the inequality
ledefgen(Z) + 2HRH(Z) 4 3 < codimyz(ZuRs)-

A more elaborate version of the above is proven in Proposition 8.5. There are instances when
equality holds, but strict inequality also occurs. These examples are in fact local complete intersec-
tions, which is the topic of the sequel [DOR26], so we refrain from discussing them here.

Various other geometric and topologically important properties of HRH(Z) are highlighted through-
out this article. Because of this, it is important to develop techniques to measure this invariant, which
is the main task that we undertake in this paper.
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Characterizations of HRH level. There are various well-known equivalent descriptions of the
rational homology manifold property of a complex algebraic variety Z:

(1) If Z C X is a closed subvariety of a smooth variety X with dimX — dimZ = ¢, and if
M, (Ox) are the local cohomology modules of Ox along Z, then

L(X,Z)=H(Ox) and H,(Ox) =0 for all ¢ > c,
where £(X, Z) is the intersection homology Z-module [BK81].
(2) For all x € Z, we have
. } < 2dim Z
Hf:c}(Z) _ 0 z'< d%m .
Q i=2dim~Z
(3) If S = {Sa}acr is a Whitney stratification of Z and L, is the link of Z at S,, then

{0 i < 2codimy(S,)

H'(La) = Q i =2codimg(S,)

The following theorem shows that the invariant HRH(Z) is a Hodge-theoretic weakening of any
of these characterizations of the rational homology manifold condition. We remark that the local
cohomology modules admit a mixed Hodge module structure (see [MP22] for much more about this
structure). In this setting, the intersection homology Z-module underlies the lowest weighted piece
of H%(Ox). In this paper, we index the Hodge filtration following conventions for right Z-modules.

The local cohomology vector space H Ex}(Z ) admits a mixed Hodge structure, and so does H'(L,,),
though L, is in general not algebraic. We thank Laurentiu Maxim for pointing out the third char-
acterization in the following theorem.

Theorem D. Let Z be a purely d-dimensional variety. Then for any k € Z>_1, the condition
HRH(Z) > k is equivalent to any of the following equivalent conditions:

(1) If Z C X is a closed subvariety of a smooth variety X with dim X =n and n — d = ¢ then
FyenWint HG (Ox) = F_nHy(Ox) and Fp_,HY,(Ox) =0 for all ¢ > c.
(2) For all x € Z, we have

, 0 i<2d
Fi& kgl (7)) = .
%) {(C i=2d

(3) If S = {Sa}acr is a Whitney stratification of Z and Ly, is the link of Z at S, then

0 i< 2codimg(Sy)

Fcodimz(sa)_kHi(La) = {C i = 2codimy(Sa)

Remark 0.6. As is convention, for a mixed Hodge structure (V, F, W), we use Hodge filtrations
that are indexed decreasingly. The corresponding increasing filtration is defined by F,V = F~°*V.

Combining Theorem D(1) with a result of Mustata-Popa [MP22, Thm. C], we get the follow-
ing. In the statement, the “Ext” filtration E4H%(Ox) is defined using the Ext description of local
cohomology:

HL(Ox) = lim Ext!(Ox /TG, O),
p
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where J is the ideal sheaf of Z in X, and the filtration is defined by
EHHY(Ox) =Im [Ext!(Ox | Tyt Ox) — HL(Ox)] .

Corollary E. If Z C X is a closed embedding of a pure c-codimensional Cohen-Macaulay variety Z
inside a smooth variety X of dimension n, then

Z has rational singularities if and only if F_,Wn1HG(Ox) = EoHS(Ox).

An application of the characterization in terms of local cohomology Theorem D(1) and Theorem C
is the computation of HRH(Z) in the case of determinantal varieties.

Corollary F. Let p € Z>1 and let Z,, denote a determinantal variety in the following four settings.

(1) (Generic) HRH(Z,) = 0.

(2) (0dd skew) HRH(Z,) € {0,1}.

(3) (Even skew) HRH(Z,) € {0,1}.

(4) (Symmetric) HRH(Z,) € {0,1} (when p > 2).

For more details on the definition of Z, see §10. Other examples are discussed in depth in Section
D and in the companion paper [DOR26].

In the isolated singularities case, we can give another characterization of the invariant HRH(Z)
via the link invariants, following the notation of [FL24a]. The statement of the corollary concerns
the local variant of ledef(Z) and HRH(Z), both defined by taking small enough Zariski open neigh-
borhoods of the point # € Z and denoted with a subscript .

Corollary G. Let Z be a purely d-dimensional variety and let x € Z be an isolated singular point.
Let a =lcdef,(Z). Then for any k > 0, we have HRH,(Z) > k if and only if

(0.7) (=AY — o for all i < k, q € [d,d + d

Thus, Z has k-rational singularities near x if and only if it has k-Du Bois singularities near x
and the vanishing (0.7) holds.

We also recall the result of Brion [Bri99, Prop. Al] which states that if Z is a rational homology
manifold near z, then it is irreducible near . In fact, using a bound on the local cohomological defect
due to [PP25], we conclude the following (compare with the fact that if Z has rational singularities
near x, then it is normal, hence irreducible, near x):

Theorem H. Let Z be a purely d-dimensional variety and let x € Z. If HRH,(Z) > 0, then

1 (=
dim H2~1(L,) = dim H*74(2) = 0 .
{z} 0 0</¢<2HRH,(Z)+1

In particular, if HRH,(Z) > 0, then Z is irreducible at x.

Outline. Section B contains a review of the theory of mixed Hodge modules, and the definitions of
higher Du Bois and higher rational singularities. Section C defines and studies the invariant HRH(Z).
The proofs of Corollary B, Theorem D(1) and Corollary E are given in §4. In the following §5,
Theorem D(2) (= Theorem 5.6), Theorem D(3), Corollary G and Theorem H are proven. Moreover,
an application to partial Poincaré duality on singular cohomology is given in §7 where we prove
Theorem A (= Theorem 7.2). The following §8 contains a proof of Theorem C (= Proposition 8.5), the
main observation being that ledef,(Z) is invariant under taking normal slices. The end of that section
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highlights some interesting behavior with references to the examples in §10. Section D provides
examples of various features. Here we compute the Hodge rational homology levels of affine cones,
determinantal varieties and other natural classes of examples. Corollary F (= Proposition 10.10) is
proven in this section.

Acknowledgments. We would like to thank Bhargav Bhatt, Qianyu Chen, Radu Laza, Laurentiu
Maxim, Mircea Mustatd, Sung Gi Park, Mike Perlman, Mihnea Popa, Sridhar Venkatesh and Anh
Duc Vo for many conversations on the topics in this paper.

B. PRELIMINARIES

In this section, we give a brief overview of the background material needed in the rest of the paper.
We will use without review the theory of perverse sheaves and Z-modules. For more information,
see [BBD&2] and [HTTO08], respectively.

1. Mixed Hodge modules. The main objects used in this paper are mixed Hodge modules,
defined by Saito [Sai88,Sai90]. We make the convention in this paper that all Z-modules are left
modules; however, we will index the Hodge filtration following the conventions for right Z-modules.
We will remind the reader about these conventions below, when necessary.

On a smooth complex algebraic variety X of dimension n, a mired Hodge module consists of the
data
M=M,FW (K,W),«a)
where M is a regular holonomic Zx-module, Fe M is a good filtration on it, WeM is a finite

filtration by Zx-modules, (I, W) is an algebraically constructible Q-perverse sheaf on X" with a
finite filtration WK, and « is a filtered isomorphism

a: Ceg (K, W) — DR (M, W)
of filtered C-perverse sheaves. Recall that

DRy (M) = [lez&@ﬁMl...le@ﬁM

placed in degrees —n,...,0, with filtration W;DRx (M) = DRx (W;M). In a local choice of coordi-
nates 1, ...,y of X, the complex is the Koszul complex on the operators 0, ..., 0y, -

The filtration Fy M is the “Hodge filtration” and W, M is the “weight filtration”. The Q-perverse
sheaf IC is called the Q-structure, and the functor rat: MHM(X) — Perv(X) sending M to K is
faithful.

These data are subject to various conditions, which we will not explain fully here. The essen-
tial idea is that mixed Hodge modules on a point should be exactly the graded-polarizable mixed
Hodge structures, and then the definition for higher dimension varieties follows by induction on the
dimension.

The category MHM(X) is abelian. In fact, any morphism ¢: (M, F,W) — (N, F, W) underlying
a morphism of mixed Hodge modules is bi-strict with respect to F' and W. We say a mixed Hodge
module M is pure of weight w if Gr}¥ M = 0 for all i # w.

We let D?(MHM(X)) denote the bounded derived category of mixed Hodge modules on X.

The theory of mixed Hodge modules is endowed with a six functor formalism which, under the
functor rat: D*(MHM(X)) — DP(Perv(X)) agrees with the six functor formalism on perverse sheaves
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and which agrees with the six functors on underlying Z-modules. In particular, given any morphism
f: X = Y between smooth varieties, we have functors

fus fr: DP(MHM(X)) — D*(MHM(Y)),
£, f': DP(MHM(Y)) — D*(MHM(X)),
with f* left adjoint to f,, fi left adjoint to f'. Moreover, there is an exact functor
Dy : MHM(X)® — MHM(X)
so that f' = Dx f*Dy, fi = Dy f.Dx. The dual functor satisfies
Gr.Dx (M) = Dx(Gr! M).
Using local embeddings into smooth varieties, the categories MHM(Z) and D*(MHM(Z)) make
sense for an arbitrary complex variety Z, and admit six functor formalisms as described above.

Similarly, the associated graded pieces Grg DRz(M) give objects of D% | (€7) which are independent
of the choice of local smooth embeddings.

For any two smooth varieties X,Y and for any M € MHM(X), the functor
MX—: MHM(Y) - MHM(X xY)
is exact. On underlying filtered objects, it is given by convolution of filtrations: we have
Fy(MRN)= Y FEMRFN,
i+j=k
Wi(MBN) = Y WMRWN.
i+j=k
Example 1.1. For X a smooth variety of dimension n, the trivial Hodge module is
QX [n] = (Ox, F.W,Qy..[n]),
where Grf',0x = GrlV 0x = 0 except for e = n.

In general, given the trivial Hodge structure Qf € MHM(pt), if az: Z — pt is the constant map,
then the trivial Hodge module on Z is actually an object in D*(MHM(Z)) given by

Qg = a*ZQHa
which might have many non-zero cohomology modules and those modules may not be pure.

Example 1.2. ([Sai90, (4.4.2)]) Assume X and Y are smooth varieties. Let p: X x Y — Y be the
projection. Then the pullback functor p* is given by Q§ X —.

Example 1.3. ([Sai90, (4.4.3)]) Consider a Cartesian diagram

vy x

v o

y o x

Then there are natural, canonical isomorphisms of functors

| |
gxfi= oy, axfe= flgy-
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Example 1.4. For any M € MHM(X) and j € Z, we can define another mixed Hodge module
M(j) € MHM(X), which is called the Tate twist of M by j. It has the same underlying Zx-module
M, but the filtrations are shifted:

Fo(M())) = Forj(M), We(M(j)) = Wera; M.
If M is a pure Hodge module of weight w on X, then by definition it is polarizable, which implies
that there exists an isomorphism of pure Hodge modules of weight —w:
Dx (M) = M(w).
The Hodge filtration induces a filtration on DR x (M) by
F,DRx(M) = |F,_upM 5 0k @6 Fp niM S . Y wx @5 F,M|

so that Grg DRx (M) is actually a bounded complex of coherent &-modules with ¢-linear differen-
tials. The functor Grg DR x(—) extends to an exact functor

Gr) DRx(—): D’ (MHM(X)) — D! (Ox),

coh
where the right-hand side is the bounded derived category of &'x-modules with coherent cohomology.

Moreover, the functor is well-behaved under various operations, as given by the following propo-
sition:

Proposition 1.5 ([Sai88, Lem. 2.3.6]). Let f: X — Y be a proper morphism between smooth
varieties and let M*® € DP(MHM(X)). Then, for any p € Z there is a quasi-isomorphism
Gr) DRy (f«(M*®)) = Rf.Gr) DRx (M?*),
where Rf, is the right derived functor of the usual &-module push-forward.
Moreover, by [Sai88, Sect. 2.4], we have

DxGr) DRx (M*) = Grf DRx (Dx (M?*)),
where Dx (=) = RHomg, (—,wx|[dim X]) is the Grothendieck duality functor on X.
Given any object A with bounded below filtration F,A, we let p(A, F)) = min{p | F),A # 0}.

For M a mixed Hodge module, we let p(M) = p(M, F) where Fe M is the Hodge filtration on the
underlying Z-module. For M* € D*(MHM(X)), we have p(M*) = min;cz p(H'(M*)).

Lemma 1.6. Let M* € D*(MHM(X)). Then
p(M*®) = min{p | GrgDRX(M°) is not acyclic.}
Proof. The argument is standard, but we include it for convenience of the reader.
We want to see that
F,M® =0 if and only if Gr/DRx (M®) = 0 for all £ < k,

where the first expression is equivalent to saying p(M?®) > k. Indeed, if we represent M*® by a
bounded complex of morphisms of mixed Hodge modules, then

FH (M®) = HI(FM®)

by strictness of morphisms.
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We have the spectral sequence (shown using the standard truncation functors on D*(MHM(X))):
‘DT = HPCr DRy (HIM*®) — HPTIGr! DRy (M*®).
Note that if FyM® = 0 (meaning FyH'M® = 0 for all j € Z), then eEg,q =0 for all £ < k and all
p,q. The spectral sequence then shows that GrfDRX(M‘) =0 for all £ < k, as desired.

Conversely, assume Gr/ DRy (M®) = 0 for all £ < k. Let 09 = min{o | F,M* # 0}, which is a
finite value because M*® is a bounded complex (meaning there are only finitely many cohomology
modules to consider). The claim is that o9 > k. If not, then o9 < k, and so by our assumed
vanishing, we have

TOEPT = 0.

But for any fixed ¢, the only non-zero °E}? is for p = 0. Indeed, the last few terms of the
associated graded de Rham complex are
s e G HI(M®) D wy @ GrE HI(M®),
and by definition of o, all the leftmost terms are 0. Thus, 70 E5! = 70 EPY = .
So we have reduced to checking the claim when M is a mixed Hodge module. But it is easy to see

that F,M = 0 if and only if Gr) DRxM = 0 for all £ < k. O

Corollary 1.7. Lett: M* — N*® be a morphism in DP*(MHM(X)). Then Fy) is a quasi-isomorphism
if and only if GI‘{DRX(IZJ) is a quasi-isomorphism for all £ < k.

Proof. Apply Lemma 1.6 to the cone of the morphism ¢ in D*(MHM(X)). O

The following two lemmas are proven in a way similar to [Sai90, Rmk. 4.6(1)]. The main idea is to
establish the result for variations of mixed Hodge structures and to use induction on the dimension
of the support.

Lemma 1.8. Let M* € D*(MHM(Z)). Then
p(M®) > j < p(it M®*) > j for all z € Z.

Proof. The implication
p(M®) >j = p(it M*) > jforallz e Z
is obvious, by definition of the functor i}, for mixed Hodge modules (see, for example [CD23, Thm.
BJ).
To prove the converse, assume for all « that p(i',M®) > j.
We use induction on dim(Z). For dim(Z) = 0, the claim is obvious.

For dim(Z) > 0, there exists a Zariski open cover Z = |J,; Us such that, for each a € I, there
exists go, € ﬁ(Ua) so that the subset U/, = {go # 0} C U, is a smooth, dense open subset such that
the restriction H'(M?®)[y: is a variation of mixed Hodge structures for all i € Z.

It suffices to prove the claim locally, so we can replace Z with U,. We have reduced to the case
that there exists g € 0z(Z) such that U' = {g # 0} C Z is a smooth, Zariski open dense subset so
that H'(M®)|y+ is a variation of mixed Hodge structures for all i € Z.

Let j: U' — Z and i: {g = 0} — Z be the natural embeddings, with exact triangle

i M — M® — 5 (M) 2



10 B. DIRKS, S. OLANO, AND D. RAYCHAUDHURY

If p(M®) < j, then either p(i.i'M®) < j or p(j.(M®|yv)) < j. Note that for all z € {g = 0}, we

have
iniyi M® =i\, M*,

and so by induction on the dimension we conclude that p(i.i'M®) > j.

For all z € U’, we have

i M = iy ju(M*) = 1,(M* o),
where ¢5: {x} — U’ is the inclusion. We see using the spectral sequence
B = HPLHIM® ) — HIVL (M),

and the fact that ¢, is non-characteristic for each cohomology module H4(M?®|y/) (implying that the
spectral sequence degenerates at Fs) that p(M*®|y) > j, and so p(j«(M°®|y+)) > j, too.

Thus, we have shown that p(M*®) > j. O

Lemma 1.9. Let M € MHM(Z). Then for any x € Z, we have H7i, M =0 for all j > dim Z.

Proof. Fix x € Z. The claim is obvious if dim Z = 0.

As above, we will use the definition of mixed Hodge modules in [Sail3]. We can replace Z by a
Zariski open neighborhood of x in Z because the question is local near x. Take such a neighborhood
U such that there exists a function g € €¢(U) with the property that on U’ = {g # 0}, the module
M restricts to a variation of mixed Hodge structures.

We have the exact triangle

i M — M = 5, (M]p) =5 .
If x € U’, then we have
.l o .l
ixM = iy (M|yr) = ig g (Mp7)
and the claim is obvious as U’ is smooth of dimension dim(Z).
If z ¢ U’', then
ibied M =it M
and so we can use induction on the dimension, using that each cohomology of ,i'M is supported on
{g = 0} which has strictly smaller dimension than Z. Then one uses induction on the dimension of
the support and the spectral sequence:

ES =i H (i M) = HiL M.

Note that as ¢ is the inclusion of a divisor, E;] # 0 implies j = 0,1. Thus, by induction on the
dimension of the support, E5’ # 0 implies i + j <1 + dim{g = 0} = dim Z. O
Lemma 1.10. Let M*® € D*(MHM(Z)) be such that there exists ¢ € Z,{ € Z>q such that

dim Supp(HTCM®) < £ —i.
Then HIT¢! M® =0 for all j > ¢ and all x € Z.
Proof. By shifting M*® we can assume ¢ = 0. By the spectral sequence
By = HiHIM® = H™ilM®,

we want to show that H’z;’}-[] M® =0 for all i + 5 > £. By the previous lemma and the assumption
on dim Supp(H/M?*), we get the desired vanishing. O
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2. Poincaré duality and higher singularities. Let Z be a pure d-dimensional complex variety.
The trivial Hodge module Q¥ € D(MHM(Z)) satisfies the property that if az: Z — pt is the
constant map, then
H'(az)QYF € MHM(pt) = MHS
gives Deligne’s mixed Hodge structure on the cohomology H’(Z,Q). Moreover,
Ho(az) QY € MHS
gives the canonical mixed Hodge structure on compactly supported cohomology H (Z,Q).

Although Q¥[d] € D*(MHM(Z)) is not necessarily a single mixed Hodge module, it is known
(for example, by comparing to the underlying perverse sheaf) that H7(Q¥[d]) # 0 implies j < 0.
Moreover, H°(QH [d]) € MHM(Z) satisfies the property that Gr)/ #°(Q¥[d]) has underlying perverse
sheaf equal to ICz, the intersection complex perverse sheaf of [BBD82]. By the weight formalism for
mixed Hodge modules, we know that Gr})¥ H°(Q%[d]) # 0 implies ¢ < d.

We write
IC% = Gry H(QF d)),
and so in particular, there is a natural morphism
vz: Q7 [d] = 1C7,
which induces
HOz: HO(QF [d]) — ICF.
As IC)}g is pure, polarizable of weight d, there exists an isomorphism
D(IC%) = 1C% (d),
where Dy is the duality of mixed Hodge modules on Z. On underlying perverse sheaves, it is Verdier
duality.

By duality, we can also realize IC¥ as Grl} (H*(Dz(Q¥[d])(—d))). Again by the weight formal-
ism, we see that IC¥ can be written as Wy(H°(Dz(Q¥[d])(—d))), and in particular, we have a
monomorphism

HOyy: 1CH — HO(D2(QF[d])(~d)),
which, up to Tate twist, is dual to H%y.

The composition 7Y o vz gives a morphism
HO(QZ[d]) — H'(D£(QF[d))(~d)),
which uniquely determines a morphism in D®*(MHM(Z)):
vz =7y 07z Q7ld = Dz(QZ[d)(~d).

Remark 2.1. Saito [Sai90, (4.5.14)] shows that the morphism vz is unique up to scalar multiplica-
tion on each irreducible component of Z.

If the morphism vz is a quasi-isomorphism, we say that the variety Z is a rational (or Q-)homology
manifold (this notion is also called rational smoothness in the literature). This can be checked on
underlying perverse sheaves, and so does not require the theory of Hodge modules.

The morphism 1z has recently found applications in the study of so-called “higher singularities”.
The reason for this comes from the connection with the Du Bois complex of the variety Z. We will
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not review the definition of the Du Bois complex here (aside from its connection to mixed Hodge
modules), for such a review, see [MP22,SVV23,PS24].

For Z a pure d-dimensional variety, the p-th Du Bois complex is Q, € Db (Oz). An important

coh
consequence of the definition is that there is a natural comparison morphism in D(C’Oh(ﬁz):

ap: Q% — QZ,
for all 0 < p < dim(Z), where 7, is the sheaf of Kéahler differentials. Then «, is a quasi-isomorphism
for all p if Z is smooth.
Recall that Grl DRz(QY) € D% | (67) can be defined using local embeddings into smooth varieties.

coh
Then there is a natural quasi-isomorphism ([Sai99]):

QY [d — p] = Gr¥ DRz (QF[d)),
and so we can use the theory of mixed Hodge modules to try to understand these Du Bois complexes.

By applying Grothendieck duality Dz(—) = RHomg,(—,w), where w}, is the dualizing complex
on Z, we can write (using Proposition 1.5)

Dz (2 [d — p]) = Gry DRz(Dz(Q%[d))),

and using d — p in place of p, we get
Dz (Q7 "lp)) = Gri_,DRz(Dz(Q[d)) = G, DRz(D(QFd))(~d)).
Thus, applying Gr’ p,DRz to the morphism ¢z, we obtain natural morphisms
Qyld — p) = G’ DR7(QY [d)) — Gr!,DR2(Dz(Q¥ [d))(~d)) = Dz (25 "[p))

which are identified with ¢P[d — p] in the notation of [FL.24b] and the introduction.

We now define the classes of higher singularities, though we focus on the case when Z has local
complete intersection singularities.

Definition 2.2 ([JKSY22,FL24b]). A pure d-dimensional variety Z with isolated or local complete
intersection singularities has k-Du Bois singularities if for all p < k, the maps op: QF, — QY are
quasi-isomorphisms.

Such a variety Z has k-rational singularities if it has k-Du Bois singularities and if, for all p < k, the
maps ¢P: QY — ]D)Z(Q%_p )[—d] are quasi-isomorphisms. Equivalently, Z has k-rational singularities
if for all p < k, the composition ¢” o «, is a quasi-isomorphism.

Example 2.3. If Z is smooth, then we mentioned above that ) is a quasi-isomorphism for all p.
But then the morphism

d—
Q7 = Dz(Q7 ")
is the well-known isomorphism of locally free sheaves
Qp, =~ HomﬁZ(Q%_p,wZ).
Thus, smooth varieties are k-rational for all k.

Remark 2.4 (Non-LCI Setting). In the non-local complete intersection case, these notions have been
studied for isolated singularities by [FL24a], and in general by [SVV23] (see also [ORS24, Tig24] for
some interesting examples).
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There are several relevant notions: in [SVV23], the definitions of k-Du Bois and k-rational that
we gave above are called strict k-Du Bois and strict k-rational, respectively. However, comparing
with the Kahler differentials is rather restrictive: there are not many examples of such singularities
which are not local complete intersection.

Without comparing to the Kéhler differentials, there are the notions of pre-k-Du Bois and pre-k-
rational. Following [SVV23], pre-k-Du Bois is the condition that H*(Q2%,) = 0 for all ¢ > 0 and p < k,

and pre-k-rational is the condition that #*(ID Z(Q‘é—p )[—d]) =0 for all i > 0 and p < k.
Then a normal variety Z is pre-k-rational if and only if it is pre-k-Du Bois and the maps ¢?: Q) —
D Z(Q%_p )[—d] defined above are quasi-isomorphisms for all p < k.

C. HobpGE RATIONAL HOMOLOGY MANIFOLD LEVEL

3. Definition and basic properties. As mentioned above, a pure d-dimensional variety Z is a
rational (or Q-)homology manifold, or rationally smooth, if the morphism
vz: QF[d] — (D2QF[d])(~d)

is a quasi-isomorphism. This is equivalent to requiring the map on the underlying Q-structure to be
a quasi-isomorphism. This section is devoted to defining and studying a natural weakening of this
notion.

We observed above that QY [d] € D=0(MHM(Z)), and by duality this implies Dz(Q¥[d]) €
DZ°(MHM(Z)). The following elementary lemma allows us to understand the map 1.

Lemma 3.1. Let A be an abelian category and let A € D<U(A), B € D=°(A) be objects in the derived
category. Let ¢: A — B be a morphism.

Then 4 is a quasi-isomorphism if and only if HO%: H'A — HOB is an isomorphism in A and
HT'A=H'B=0 for alli > 0.

Recall that we have factored H%z = Hv), o Hvz, where
vz: QFd) = 1CY, Y% = Dz(yz)(=d).
In particular, by duality, we have the relation
Dz(¢z) = vz(d).
Proposition 3.2. We have the following:

e The map H vz is an isomorphism if and only if it is a monomorphism.
o The map 7—[07% is an isomorphism if and only if it is an epimorphism.
Either condition is equivalent to H'z being an isomorphism.

Thus, the variety Z is a rational homology manifold if and only if Qz[d] is perverse and either
Hofyz or Hof)f% 18 an isomorphism.

Proof. The first three claims are immediate.

The condition that Q[d] is perverse is equivalent to saying that #/(Q% [d]) = 0 for all j < 0, and
so the last claim follows by the previous lemma. (|
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We will now define the weakening of rational smoothness that is slightly different but equivalent
to Definition 0.1, and compare its behavior to that when 7 is actually a rational homology manifold.

Definition 3.3. Let Z be a pure d-dimensional variety. We say Z is a rational homology manifold
to Hodge degree k, or for short k-Hodge rational homology if the morphism

G )DRz(vz): Gr¥ DRz (QF[d]) — Gr}_,DRz(Dz(Q%d]))
is a quasi-isomorphism for all p < k. We set
HRH(Z) = sup{k € Z>_1 | Z is a k-Hodge rational homology variety }

with HRH(Z) = —1 if Z is not 0-Hodge rational homology. It admits a local version HRH,(Z) =
maxzcycz HRH(U), where the maximum runs over Zariski open neighborhoods of z in Z.
Remark 3.4. By the discussion at the end of Section B, this condition HRH(Z) > k is equivalent
to having ¢?: Q) — Dy (Q‘é_p )[—d] be a quasi-isomorphism for all p < k.

We will see in Remark 4.3 that this notion is the same as the one studied in [PP25,PSV24], where
it is called condition (D).

Remark 3.5. Let f: Z > Zbea strong log resolution with reduced exceptional divisor E. Then
=7\ Zging = Z\E. Let j: U — Z and j': U — Z be the inclusions. The map 5QH [d] — QY[d]
by duality yields

Dz(QZ[d)(~d) — j.Qif[d].

The above fits into the commutative diagram:

QYld —— £.QY[d)

(3.6) sz |

Dz(QF[d])(~d) — 5.Qfj[d]
Applying Grf’ DRz and appropriate shifts, we obtain the commutative diagram:

0f ———— RAQY

(3.7) e |

Dz (25 *)[~d] — Rf.0%(log E)

Note that the right vertical map is induced by the residue sequence on Z (it is an isomorphism for
k =0).

To motivate the reader, we describe some useful properties of k-Hodge rational homology varieties
that are proven in [PP25] (thanks to the fact that HRH(Z) > k is equivalent to Z satisfying (D) in
the sense of [PP25], see Remark 4.3):

Remark 3.8. Let Z be a variety of pure dimension d.

(1) Z is a rational homology manifold if and only if HRH(Z) > k for all £ (i.e. HRH(Z) = +00).

(2) If Z is quasi-projective with general hyperplane section Z’ and HRH(Z) > k, then we also
have HRH(Z') > k.

(3) If Z is normal and its singularities are pre-k-rational, then HRH(Z) > k.
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(4) Assume HRH(Z) > k. Then:
(a) Its singularities are pre-k-Du Bois (resp. strict-k-Du Bois) if and only if they are pre-k-
rational (resp. strict-k-rational).
(b) ¢” is an isomorphism for d —k —1 < p < d.
(¢) codimy(Zyrs) > 2k + 3 where Zyrs is the locus of Z where it is not a rational homology
manifold. In particular

HRH(Z) < 400 if and only if HRH(Z) < %.
(d) ledef(Z) < max{d — 2k — 3,0} where ledef(Z) is the local cohomological defect of Z,
given by
lcdef(Z) = max{a | H QY [d] # 0}.
(e) (Symmetry of Hodge-Du Bois numbers) The Hodge-Du Bois numbers h”9(Z) := HY(Z, Q7))
are partially equipped with the full symmetry:

hP4(Z) = hIP(Z) = kP4 9(Z) = k99 P(Z) for all 0 < p < k,0 < ¢ < d.

We end this subsection with some general remarks on the behavior of the invariant HRH(Z).
Remark 3.9. By duality, we see that HRH(Z) > k if
Dz(Grf,DRz(17)) = Gr DRz(D(¢7))
is a quasi-isomorphism for all p < k. As Dz(¢z) = ¢ z(d), this is equivalent to having
GrgdeRZ (Vz)

be a quasi-isomorphism for all p < k.

4. Characterization via filtrations on local cohomology modules. The condition in Re-
mark 3.9 resembles the condition in Corollary 1.7, though we cannot talk about FyQZX[d] without
using a fixed local embedding. Indeed, the terms in these complexes are not &z-modules, and the
morphisms are not &z-linear. To continue this discussion, we will assume i: Z < X is a closed
embedding of Z inside a smooth variety X.

We focus on itz : i.QHF[d] — i.Dz(QX[d])(—d), which is a morphism of objects in D*(MHM(X)).
Then HRH(Z) > k if and only if Grf_dDRX(i*wZ) is a quasi-isomorphism for all p < k. By
Corollary 1.7, this is equivalent to Fy_q4ix%z being a quasi-isomorphism.

This condition is equivalent to Fy_qH 7 (i.Q%[d]) = Fy_aH’ (i.Dz(QY[d])(—d)) = 0 for j > 0 and
F_qH (i1 7) being an isomorphism. From here, we can give the lower bound on HRH(Z) in terms

of local cohomology in Theorem D(1). Recall that we are indexing our Hodge filtrations following
the conventions for right Z-modules.

Remark 4.1. In [CDM22], it is shown that when Z is a complete intersection, then
Fyn Wiy HZ(Ox) = Fi—nH7(Ox) = PHZ(0x)

is equivalent to Z having k-rational singularities. Here P,H%(Ox) is the pole order filtration, con-
sisting of elements which are annihilated by I?‘l, where 7, C Ox is the ideal sheaf defining Z in
X. The comparison with the pole order filtration is essentially the same as the map aj comparing
the Kahler differentials to the Du Bois complex.
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Proof of Theorem D(1). We have d = n — ¢ by definition of the codimension of Z in X, and so we
are interested in

Q4 n - = i,DZ(Q¥[n — ¢])(c —n).

By definition, QZ[n — c] = i*(Q%[n])[—c]. Applying duality and using the fact that X is smooth
(so that Q%f[n] is pure, polarizable of weight n), we get

Dz(Q7 [n - ) = #(Dx(Q¥[n])[d] = i (Q¥[n](n)) ]
so that i,17 can be identified with the morphism
inpz: Q% [n — o — i.i (QY [n])[](c).
Using that #7 (i,i'(Q%[n])) = HL(Ox) as mixed Hodge modules, we see that
Fr_gH (ixi' (Q¥ [n])(¢) = Fr—a—cH}(Ox) = Frn My (Ox).

Thus, we see that HRH(Z) > k if and only if Fy_4i«z is a quasi-isomorphism if and only if
for all j > 0 we have Fy_sH 7 (i.Q%[n — c]) = Fp_aH’ (i3 (Q¥[n])(c)) = 0 and F_qH (¢z) is an
isomorphism. As Fy_4H°(vz) = Fk,dHOfyg o Fj,_qH vz, the last condition is equivalent to both
Fk_cﬂ-lov% and Fj,_4H%y7 being isomorphisms by Proposition 3.2.

Note that Fj,_4H%v} is an isomorphism if and only if we have equality
Fk—an—&-chZ(ﬁX) = Fk—nHCZ(ﬁX)y

and so we see that HRH(Z) > k implies the conditions in the theorem statement.

For the converse, we assume
FpnMy(0x) =0forall j > ¢, Fy Wi HG(Ox) = FonH5(Ox),

and we want to show HRH(Z) > k.

For ease of notation, let A = Q¥ [d] and let B = D(A)(—d). By the discussion at the beginning of
the proof, to show that HRH(Z) > k it suffices under our assumption to show that F_qH 7 (A) =0
for all j > 0 and that Fj_qH vz is an isomorphism. For this, we follow the argument of [CDM22,
Lem. 3.5]. To prove Fj,_4H 7 (A) = 0 it suffices to prove for all £ € Z that Fj,_4Gr)’ H7(A) = 0. To
prove that F,_sH"yz is an isomorphism it suffices to prove that Fj,_4Gr}’ (H°(A)) = 0 for all £ < d.

Our assumption is equivalent to Fj_4H’(B) = 0 for all j > 0 and that Fj,_4Gr})’ H°(B) = 0 for
all £ > d.

By polarizability of the pure Hodge module GrtW’Hj (B), we have an isomorphism
D(Gr}" H/B) = (Gr}V HI B) ().
But we also have
D(Gr)Y #'B) = G, 1~ (D(B)).

We have that D(B) = A(d), and so if we apply F}, to this isomorphism (keeping in mind the Tate
twists), we have

F, (Gr))HIB = F, 4Gr¥ HIA.
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By the weight formalism, we know that GrZV’Hj (B) # 0 implies ¢ > d+ j (and the same inequality
is implied when Grgz_ﬂt_j (A) #0). For j > 0, we trivially have ¢ > d, and for j = 0, we only need
to consider £ > d. Plugging in p =k — d + ¢, we get

0 = Fj,_qGr} H?(B) = Fj_2q+0(Grhy_H 7 (A)),
and so because W is exhaustive (for the j > 0 case) and ¢ > d, this gives the desired vanishing. [
Remark 4.2. The theorem is essentially saying that HRH(Z) is controlled by the morphism Fj,_4i.7.

Although duality is used in the argument, it is important to note that it is not equivalent to study
Fi_4i+vz. Indeed, in the non-rational homology manifold hypersurface case, we will see below that
Fy._4ixyz can be an isomorphism when Fj_4i.7Y is not.

Remark 4.3. At this point, we can see that HRH(Z) > k if and only if Z satisfies the condition Dy,
of [PP25,PSV24]. Indeed, as both notions are local, we can assume i: Z — X is a closed embedding
into a smooth variety X. Then by the argument above, we have

HRH(Z) > k if and only if Fj,_4i.vy is a quasi-isomorphism,
which is true if and only if

Grg_dDRX (i+7y}) is a quasi-isomorphism for all p < k.
By duality, this is equivalent to
GrgprR x(i+D(7Y)) being a quasi-isomorphism for all p < k,
and finally, using that D(v}) = vz(d), we have that this is equivalent to the natural map
GrljpDRX(i*Qg[d]) — GrljpDRX(i*ICg) being a quasi-isomorphism for all p < k,

which is the condition Dy.

Proof of Corollary B. Using Kodaira-Saito vanishing [Sai90, Prop. 2.33| for the Hodge module ICIZ{
we obtain

HY(Z,1Q), ®p, L™') =0 for all p + ¢ < d.
The conclusion follows immediately from the above remark. O

Proof of Corollary E. Assume Z is a Cohen-Macaulay subvariety of X of pure codimension c.
Recall the notation of the corollary statement: the filtration E4H},(COx) is defined by

EHY(Ox) =Im [Ext!(Ox [T, Ox) — HL(Ox)],
where I; C Ox is the ideal sheaf defining Z in X.

Under the Cohen-Macaulay assumption, we get F_,H},(0x) = 0 for ¢ > ¢. Moreover, the result
of [MP22, Thm. C] says that, under the Cohen-Macaulay assumption, Z is Du Bois if and only if it
satisfies F_, H%(Ox) = EoH%(Ox).

Thus, either assumption in the corollary statement implies that Z is Du Bois, so we can assume
Z is Du Bois. Then Z has rational singularities if and only if HRH(Z) > 0, and so the claim follows
from the previous theorem. O

Let D be a hypersurface inside a smooth variety X. The notion of Hodge ideals I,,(D) was
introduced in [MP19], and subsequently their weighted variants II‘;V (D) were introduced in [Ola23].
It is interesting to note that HRH(D) can be detected through the weighted Hodge ideals:
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Corollary 4.4. Let D be a hypersurface inside a smooth variety X of dimensionn. Then HRH(D) >
k if and only if Ill,/Vl (D) = Ip(D) for all0 < p < k.

Proof. Observe that HRH(D) > k if and only if Fp,nGrmg’H})(ﬁx) =0for 0 <p<k, {>2by
Theorem D(1). The assertion is an immediate consequence of the exact sequence

0 I, (D) ® Ox((p +1)D) — I}Y*(D) ® Ox((p + 1)D) — Fp_nGrl}y,Ox (+D) — 0
given by [Ola23, (6.1)], and the fact Hh(Ox) = Ox(xD)/Ox. O

In the case of isolated singularities, the connection between this value and the lack of Poincaré
duality of D was noted in [Ola23, Remark 6.8].

We can also now show how the invariant HRH(—) behaves under Cartesian product.
Recall the notation p(A, F) = min{p | F,A # 0} for any (A, F') where F,A is a bounded below
filtration.

Lemma 4.5. Let Zy, Zs be two pure dimensional complex algebraic varieties. Then

HRH(Z; x Z5) = min{HRH(Z;), HRH(Z)}.

Before beginning the proof, we recall the structure of the external product for (complexes of)
mixed Hodge modules.

For any two mixed Hodge modules M; on smooth varieties X;, the underlying filtered Z-module
of M1 X My is M1 K My with convolution Hodge filtration
Fy(Mi KIM;) = Z FiMqy X Fj Mo,
i+j=p
and so
Gry (M B My) = €P Grf M; B Grf M,.
i+j=p
Given two complexes M? € D*(MHM(X;)), we have
WM R M) = @D HMTRMHIM;.
it+j=k
Thus, we have

GriHMMIRMS) = @ € GriH (M) R Grf 17 (M3).
atb=pitj=k
Now, for Z1, Z not necessarily smooth, consider the exact triangle in D*(MHM(Z;)):
QY (] = 1CF — Ky 1] 15
It is easy to see that we have
QY [d1] B Q%,[do] = QF 5, 1d1 + do]

ICY WICY, ~1CY . 4,

We make use of the following easy lemma, to relate the RHM defect objects.
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Lemma 4.6. Fori = 1,2, let A; = B; EZ—> C; X be an ezact triangle. Let S = cone(a; X ag).
Then there are exact triangles

ARCy — S — C KBy 15
1R Ay — S — B ROy

such that the compositions
A1|ECQ—)S—)31&CQ,

01&142—)5—)01&32
can be identified with ay Wide, and idc, X ag, respectively.

Proof. This follows from the octahedral axiom and the exactness of the functor —X M for any object
M. O

Proof of Lemma 4.5. By the local nature of the claim, we can assume without loss of generality that

both Z; are embeddable.

We consider the triangles

QY (] X 1cl - Ky 1] 5,

QY [do] 22 1CH, — K3, [1] 5,
o +1
Q§1X22[d1 + dQ] 111) IC§1><22 - ’CZ1><Z2[1] _— .

By uniqueness of the y-morphisms (using an argument similar to [Sai90, (4.5.14)]), we get x1Xy2 =
X12 up to non-zero scalar multiples on the connected components, so that we can identify

cone(x1 M x2) = K%, z,[1].
By Lemma 4.6, we have (after shifting by [1]) exact triangles

QL] R Ky, — Ky, g, — Ky, RICE 5,

(] ° o +1
Ky RQY [do] = KY, vz, — ICH BKY, — .

Now, apply to these triangles the exact functor Grf y,DR(—). Using that Z; and Z; are both
embeddable, we have the quasi-isomorphisms

(4.7) Grf, DR(M*®N®) = P Gr";DR(M*) K Gr¥,DR(N*),
i+j=p
for any M? € D*(MHM(Z;)), see [LV26, (B.1)].

Let 6; = HRH(Z;). We want to prove that GrljpDR(lC%MZz) = 0 if and only if p < min{d1, d2}.
Without loss of generality, assume this minimum is equal to d;.

First, assume p < §;. Then we have
Gr¥ DR(QY, (] K K3,) = € Gr¥,DR(QY, [d1]) K Gr¥,DR(KY,).
i+j=p
Using that the first term is non-zero if and only if 7 > 0, we have the inequality j <i+j <p <

01 < d9, and so the second factor on the right is zero for any such j. Similarly, we conclude that
Grf DR(KY, KICY)) =0, hence Gr DR(KY, , ;) = 0, as claimed.
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Conversely, assume we have vanishing Grf’ »PR(KY, . z,) = 0. We want to prove that p < d;. The

composition
K3, RQY[ds] = K%, .z, = K, RICE,

is identified with id;coz ) X x2. When we apply Grf’ pDR(—), this composition is zero, because it factors
through Gr” ,DR(KY, . ) = 0.

Decomposing along the direct sum (4.7) and using the fact that the morphism

G’ ;DR(QY, [d2]) — Gr¥ ,DR(ICY,)
is never zero (it restricts to the identity on the smooth locus of Z3), we conclude that
Grf,DR(KY,) =0

for all ¢ < p, which proves p < 6; = HRH(Z;), as claimed. O

For example, if Z, is a rational homology manifold, then HRH(Z; x Z3) = HRH(Z;). Even for
smooth morphisms which are not projections from a product, we will see in Lemma 6.4 that HRH is
preserved.

5. Characterization via local cohomology at a point and links. We can now relate HRH(Z)
to the local cohomology at a point x € Z. Using the results of [DS90], we relate HRH(Z) to the
mixed Hodge structure on the cohomology of the link.

Let S® = cone(tz), where ¢z: Q¥[d] — Dz(Q¥[d])(—d). If Z is embeddable into a smooth
variety X, then we saw above that HRH(Z) > k if and only if Fj,_41)7 is a quasi-isomorphism, which
holds (by strictness of morphisms with respect to the Hodge filtration) if and only if Fj_45® = 0.

Let i,: {x} — Z be the inclusion of a point. The local cohomology of Z at = is given by H* (i’ Q)
and denoted fo}(Z). For any neighborhood z € V C Z, if iy y: {&} — V is the inclusion, then

z;(@g = i!xy@{f . Thus, as far as local cohomology is concerned, we can replace Z with any open
neighborhood of z. In particular, we can choose an affine neighborhood, so that we can assume Z is
embeddable into a smooth variety. We will need the following lemma:

Lemma 5.1. Let ¢: M* — N*® be a morphism in D*(MHM(X)) where X is a smooth alge-
braic variety. Let i: Y — X be a closed embedding. Assume Fy¢ is a quasi-isomorphism. Then
Fliyi'(¢), Fyii*(¢) are quasi-isomorphisms. If Y is a smooth subvariety, then Fyi'(¢), Fyi*(¢) are
quasi-isomorphisms.

Proof. Tt suffices to prove the following: let C* € D*(MHM(X)) be such that F,C*® is acyclic. Then
Fi,i*(C*) and Fyi,i'(C*®) are acyclic. Indeed, this implies the lemma by applying this claim to the
cone of ¢ and using that ,i',i,i* are exact functors between triangulated categories.

Again, using that i,i' and i,i* are exact functors, this reduces to the claim when C' is a single

mixed Hodge module. Indeed, assume C* € DY (MHM(X)) and we use induction on b — a. We
have the natural exact triangle
Tep1C® — C° — HO(C®)[—b] 1,
where, by assumption, F}j applied to any term in the triangle is acyclic. Induction handles the outer
two terms. So we can assume C* = C € MHM(X).
As this is a local statement, we can assume Y = V(fy,..., f,) C X for some fi,..., f, € Ox(X).
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Let I': X — X x A] be the graph embedding along fi,..., fr. If 0: X x {0} — X x A] is the
inclusion of the zero section, then by Base Change (Example 1.3) we have isomorphisms o*I', =
141, o'l =i, Moreover, we know that FI'.(C) = 0 by definition of the direct image for mixed
Hodge modules (recall that we index like right Z-modules). Thus, we have reduced to the case that
Y C X is a smooth subvariety defined by ¢1,...,t.. The claim then follows by [CD23, Thm. 1.2] (or
[CDS23, Thm. 1]). O

Now we can prove the connection with the local description of being a rational homology manifold
using local cohomology at x € Z. We note that this invariant is related to the question of whether
Hf;l}(Z ) is one dimensional, which by a result of Brion [Bri99, Prop. Al] is equivalent to Z being
irreducible near z.

First, we prove a lemma which strengthens [PP25, Prop. 6.4]. It is simply a corollary of [PP25, Cor.
7.5]. We have the following exact triangles considering the RHM defect object and its dual:

K3 — QY4 2% 1cd 1,
104 % D4 (Q [d])(—d) = Dz (K3)(—d) =,
QY [dl % D2 (QY[d))(—d) — 5* ..
The octahedral axiom gives an exact triangle
K3[1] = §* = Dy (K3)(—d) 5,

and so because the first object has non-zero cohomology only in strictly negative degrees and the
third object only has non-zero cohomology in non-negative degrees, we have isomorphisms

HOKy =2 H IS foralli >0, H'Dz(K3y)(—d) = H'S® for all i > 0.
Lemma 5.2. We have the following inequality:
dim Supp(# 'K%) = dim Supp(H'Dz(K3)(—d)) < d — 2HRH(Z) — 3 — i.
In particular, dim Supp(H’S®) < d — 2HRH(Z) — 3 —i.

Proof. For the first inequality, the equality on the left holds by duality. We prove the first inequality
for K%, For ease of notation let k = HRH(Z).

First of all, [PP25, Cor. 7.5(ii)] shows that
H2k+27dK% =0.
The claim is local, so we can assume Z is quasi-projective. Note that HRH(Z) does not decrease

under restriction to a general hyperplane L. Using that *Kj = K5, [1] as shown in [PP25, Lem.
6.6], the argument of [PP25, Prop. 6.4] gives the first claim.

The dimension bound on the cohomology of S follows when i > 0 using H'Dz(K%)(—d) =
H!S® for all i > 0. For the negative cohomologies, the desired bound is

dim Supp(H S®) < d — 2HRH(Z) — 3 + 1,
and so follows from the isomorphism

Hois = H VK,



22 B. DIRKS, S. OLANO, AND D. RAYCHAUDHURY

which by the first inequality has dimension less than or equal to
d—2HRH(Z)-3—-(i—1) <d-2HRH(Z) — 3 +1,
using that ¢ > 0. O

Recall that the local cohomological defect is given by
ledef(Z) = max{a | H~*(QF[d]) # 0}.

It admits a local version ledef,(Z) = mingepcz ledef(U), where the minimum runs over Zariski open
neighborhoods of = in Z.

Remark 5.3. By the Hartshorne-Lichtenbaum Theorem [Har68, Thm. 3.1] [Ogu73, Cor. 2.10],
which has also been recovered by Mustata-Popa in [MP22, Cor. 11.9], we have the following bound
for the local cohomological defect:

ledef(Z) < d — 1 if and only if no irreducible component of Z is a point.

As we are working with Z purely d-dimensional with d > 0, this is automatic for us.

We begin with the following observation in the isolated singularities setting, which is a warm-up
to the proof of Theorem H:

Lemma 5.4. Let © € Z be such that Z \ {x} is a rational homology manifold. Then Z is irreducible
near x if and only if ledef,(Z) < d — 2.

Proof. If Z is a rational homology manifold, then [Bri99, Prop. Al] shows that Z is irreducible.
Moreover, ledef(Z) = 0 in this case. So we assume Z is not a rational homology manifold at x.

Let i,: {} — Z be the inclusion. Apply i\, to the triangle
QY [d] — Dz(QY[d))(~d) = 5*
to get
QY [d) = Q" (~d)[~d] = i,.5* .
This gives the exact sequence
0— HIiES5* — H?(Z) - Q(—d) — HY'S* — 0,
and so it suffices to prove that H4 '\ S5® = H%' S* = 0 if and only if lcdef(Z) < d — 2.

As Z \ {z} is a rational homology manifold, we know S* is supported at z. Thus, we can write
S* = i,,S' for some S’ € DY (MHM({x})) and so i.,S® = S’. Thus, it suffices to prove that

HILS" = 14S" = 0 if and only if ledef(Z) < d — 2.

Again, as i,,S" = S°, it suffices to consider H*®S* itself. But then by definition (using that S® # 0),
we have

ledef(Z) = max{a | H*(Dz(K%)) # 0} = max{a | H*S® # 0},

so the claim follows. OJ

In the non-isolated setting, we see that HRH,(Z) can also guarantee irreducibility, as well as
vanishing of some higher local cohomology spaces of Z at x.



A HODGE THEORETIC GENERALIZATION OF Q-HOMOLOGY MANIFOLDS: GENERAL CASE 23

Proof of Theorem H. Apply z;c to the triangle
o +1

QY [d) = Dz(QF [d))(~d) = 5* =,
which gives

Q7 [ » Q" (-d)[~d = i,5* I,
and thus, by the long exact sequence in cohomology, we get an exact sequence

0 — Hi, 8% — HI (Z) — Q(—d) — H%i,S* — 0

and for ¢ > 2, we get isomorphisms

M50 = HELN(Z).

By Lemma 1.10 and Lemma 5.2 we get (using that HRH,(Z) > 0):
HIiL.S* =0 for all j > d — 2HRH,(Z) — 2,
and so we get the desired vanishing. g

The cohomology of the link L, of Z at x can be described, following [DS90], by the cohomology
of the cone

cone(iQY — i5QY) € DP(MHM({z})).
In other words, if U = Z \ {x} with inclusion j: U — Z, we have equality
H*(Ly) = H*i 5. (Qff).-
Immediately from the definition, we get a long exact sequence of mixed Hodge structures [DS90,

Prop. 3.5]:
NN Hfz}(Z) — Hf({2}) = H¥(L,) — ...

As {x} is simply a point, we get isomorphisms of mixed Hodge structures

Q= H(L,), H[,(Z)=0, HML,;)= H@j}l(Z) for all k> 1.

More generally, if S = {Sa}acr is a Whitney stratification of Z, with iy: S, — Z the locally
closed embedding, j,: Uy, — Z the inclusion of the complement, and a: S, — * the constant map,
[DS90, Prop. 2.11] explains that the cohomology H*(L,) of the link L, of Z at the stratum S, is
given by the cohomology

H' (a0)xi% o x(Qu,)

and hence we get the mixed Hodge structure on this cohomology by
H'(aa)wit o (QF,)-
The following was pointed out to us by Laurentiu Maxim.

Lemma 5.5. In the notation above, for any o € I and x € S,, there is an isomorphism of mixed
Hodge structures

H},,(Z) = H=28m 51, ) (dim S,).
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Proof. Let T be a normal slice to S, at . To define this, near  choose an embedding i: Z — X of
Z into a smooth algebraic variety X. Then there exists a submanifold 7" of X of dimension equal to
codimy (S, ) such that the intersection 7'N S, = {z} is transversal.

The transversality implies that, locally, the inclusion map ip: T" — X is non-characteristic with
respect to any mixed Hodge module which is constructible with respect to S: indeed, Whitney’s (a)
condition implies T" has transversal intersection with any stratum Sg such that S, C 5’76, and so if
we remove the closures of strata which do not satisfy that property, we obtain this non-characteristic
property. Note that removing the closures of those strata replaces Z with an open neighborhood of

S«, which does not matter due to the local nature of the claim.

Non-characteristic restrictions satisfy (i)' = (i7)*[—2dim S,](dim Sy) (see, for example, [Saif0),

Lem. 2.25]). Here we use that the codimension of the embedding ip is equal to dim S,, by construc-
tion.

We have the following commutative diagram of embeddings

TN

{z} = ZNnT —> X
Nl

where i 01, = ip ok, =iy {2} = X.

Thus,

2QF =i QF = kyip(i.QF) = ki (1.QY)[~2 dim S,] (dim Sy
= #y (Qf ) [~ 2 dim S (dim S,
and we get the isomorphism of mixed Hodge structures
H'((iz)'QF) = H'™ 2% (1, QY 7) (dim Sa).
Finally, for ¢ — 2dim S, > 2, we can identify the space on the right with
Hi72dmSea=1(7 AT\ {z})(dim S,)

because we can take Z NT to be contractible.

In the Euclidean topology, we have a local “product neighborhood” U = (ZNT') x B of the point
x in Z where B is a small ball centered at  and with the property that UNS, = {z} x B. The link
L, of Z at S, is homotopy equivalent to U \ (UNS,) = (ZNT\ {z}) x B, hence to ZNT \ {z} as
B is contractible. Thus, we have an isomorphism

H72AmS (20 T)\ {z})(dim Sq) = H 7245 ~1(L,)(dim S,),
proving the claim. ]
Theorem 5.6. Let Z be a complex variety of pure dimension d and let x € Z be a point. Then the
following are equivalent for k € Z>o:
(1) HRH,(Z) > k,
9) FogHi(2) =42 "2 iy i ighborhood of © in Z
(2) Fr—a {y}( ) = C 2df07’a y in a neighborhood of x in Z,

1 =
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A ) < 2d
(3) Fp_qH"Y(L,) = {?C 0 <;d< for all y in a neighborhood of x in Z.
1 =

Proof. As the claim is local, we can assume Z is embeddable into a smooth variety. Let i,: {2} — Z
be the inclusion of a point x.

We have HRH,(Z) > k iff in a neighborhood U of z, the map
Fy—az: FraQF [d] = Fr_a(Dz(QF[d])(=d))

is a quasi-isomorphism, which is equivalent to Fj_4S®|y = 0, where as above S® = cone(¢z).
By Lemma 1.8, we have Fy_45°y = 0 if and only if Fk_dz’;S’ = 0 for all y € U, and the latter

claim is true if and only if Fk_di;(@g [d] — F.(Q"[~d]) is a quasi-isomorphism for all y € U, giving
the result. 0

Proof of Theorem D(3). This follows immediately from Theorem 5.6 and Lemma 5.5. O

We now specialize to the isolated singularities case. In [FL24a], the link invariants of Z at x are
defined by

(5.7) P = dimg G, HPT9(Ly).

We can restate the condition HRH,(Z) > k in terms of these invariants, and give a generalization
of [FL24a, Thm. 1.15(i)]. We first prove that, in the isolated singularities case, the only interesting
cohomology for L, appears in a range governed by ledef, (7).

Lemma 5.8. Let x € Z be an isolated non-rational homology manifold point in an irreducible variety
with ledef,(Z) = a and L, the link of Z at x. Then
H{,(Z2)#0 = i€ {2d}U[d—a,d+a+1].

or equivalently,

HY(L,)#0 = i€{0,2d —1}U[d—a—1,d+al.

Proof. The argument follows that of Lemma 5.4 above. As Z is irreducible, we know by that lemma
that a < d — 2.

We assume for now that a > 0. Recall that if K% is the RHM defect object (which by the
assumption a > 0 is non-zero), then a = max{i | H 'K}y # 0} = max{i | H'Dz(K%) # 0}. We
observed above that

HKy = H LS for all i > 0,
H'D7(K3)(—d) = H'S® for all i > 0,
and so we get the implication:
H'S* #£0 = i€[-a—1,a].

This implication clearly holds true if a = 0, too, because then S*® is the cone of a morphism
between two mixed Hodge modules on Z.

We have the triangle

H H e t+1
Qz[d] = D(Qz[d])(—d) = 5* —,
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where by the isolated non-RHM locus assumption, S® = i,S” for some S’ € D’ (MHM({z})), with
i: {x} — Z the embedding. By applying i', we get the triangle in D°(MHS)

{QU1d) — Q¥[—d)(~d) — 8" .

Thus, for all ¢ < d — 1, we have isomorphisms

WS = HIN(Z),

but note that H=15’ #0 = i— 1€ [~a — 1,a] as well. So we conclude that

H?;r}i(Z) #0 = i€ [—a,a+1].

The claim for link cohomology follows from the isomorphism

H'"N(Ly) = H{,1(Z) for all i > 2.

Proof of Corollary G. The first statement trivially implies the second.

For the first statement, note that ¢4=%9=9+ = ( for all i < k if and only if F¥"H9(L,) = 0 for
all i < k if and only if Fj,_qH9(L;) = 0. So, by Theorem 5.6, this shows that HRH,(Z) > k implies
those vanishings.

For the converse, we need to also check the following two statements:
(1) Fr_qHP(Ly)=0forpe[d—a—1,d—1]
(2) FraH* (L) =C

Note that Statement (2) is automatic for £ = 0. Thus, after we prove that Statement (1) holds
for k = 0, then we get Statement (2) automatically for all k. Indeed, Theorem H implies in this case
that dimc H2?1(L,) = 1.

Thus, we have reduced to proving that Statement (1) is true under the assumption Fy_4HP(L;) =
0 for p € [d,d + a.

We apply [FL24a, Prop. 2.8] and Serre duality [F1.24a]. The duality says that ¢4 = ¢d-pd=a-1,

Thus, our assumption ¢4=54-d+i = gives éi’2d*q*i*1 =0 for all i <k and ¢ € [d,d+ a]. In other
words, for p € [d —a — 1,d — 1], we have £"P~* = 0 for all i < k. Then [FL24a, Prop. 2.8] gives

igp—i,i < iei,p—i -0
=0 =0

and so P~5 = for all < k, too. Thus,
Fk—de(Lx) - Fk—pHp(La:) =0,
where the first containment uses that p < d — 1. This completes the proof. O

Remark 5.9. If x € Z is an isolated singular point and Z has local complete intersection singularities
near z, [FL24a, Thm. 1.15(i)] says that Z is k-rational near x if and only if Z is k-Du Bois near x
and (kd=F=1 — 0,

In the local complete intersection setting, by the Serre duality relation (P4 = ¢4=Pd=a=1 this
condition is equivalent to the vanishing ¢4=%* = 0.
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In fact, this argument shows that for any Z with an isolated singular point at x and satisfying
ledef,(Z) = 0, the result of Friedman-Laza holds.

6. Behavior under finite group quotients and étale morphisms. Using the criteria for
HRH(Z) > k in terms of Hfm}(Z ), we see easily that HRH descends under finite group quotients and
is preserved under étale morphisms.

The following corollary should be compared to [SVV23, Prop. 4.2 (2)].

Corollary 6.1. Let m: Z — W be the quotient of a variety Z by the action of a finite group G.
Then,

HRH(W) > HRH(Z).

In particular, if Z and W are in addition normal, and Z has pre-k-rational singularities, then the
singularities of W are also pre-k-rational.
Proof. Let © € Z such that w(x) is singular. Using [Bri99, Proof of Prop. Al], we have the
isomorphisms of mixed Hodge structures

H{,\(Z)% = HEo(2)C 2 Hip )y (W).

The assertion follows by taking Hodge pieces and applying Theorem 5.6.

The last assertion follows by combining this with [SVV23, Prop. 4.2 (1)]. O

Lemma 6.2. Let p: Z1 — Zs be a surjective étale morphism. Then we have HRH(Z;) = HRH(Zs).

Proof. We have an isomorphism of mixed Hodge structures for any =z € Z;
Hi2y(21) = Hipw)y (Z2),
and so the claim follows from Theorem 5.6. d
By Luna’s étale slice theorem [Lun73], the previous two lemmas show that the rational homology
manifold condition descends under geometric quotients, which is probably well known to experts.
Note that if the action does not give a geometric quotient, then the result fails (we learned this result

from Wanchun Shen): the hypersurface Z = V(2% + -+ +22) C A% is a GIT quotient which is not a
rational homology manifold by [DOR26, Eg. 7.7].

Corollary 6.3. Let G be a reductive group acting on a smooth variety X such that the quotient
Z = X/G is a geometric quotient. Then Z is a rational homology manifold.

Lemma 6.4. Let ¢: Z1 — Za be a smooth surjective morphism. Then HRH(Z;) = HRH(Z5).
Proof. As the question is local, we can reduce to the previous lemma and Lemma 4.5. ]

In a similar vein, we have the following about pre-k-Du Bois singularities under smooth morphisms.

Lemma 6.5. Let p: Zy — Zy be a smooth surjective morphism. Then Zi is pre-k-Du Bois if and
only if Zy is.

Proof. The question is local, so we can prove the claim in two steps. First of all, if ¢ is an étale
morphism, then O = *(Q%2)7 and because ¢ is faithfully flat, we see that the claim is true in this
setting.
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On the other hand, if p: Z; = Zo XY — Z5 is a smooth projection, where Y is a smooth variety, we
want to understand le in terms of 2% and O} = Qf,. To do this, locally embed i: Zy C W with W
a smooth variety. Let m: W xY — W be the smooth projection and let i xidy = ¢: Zo xY — W xY
be the closed embedding.

By applying the formula (4.7) with M*® = i*(@g2 and N* = Q¥ we get
QIEQXY = @ QZZ2 &Q{, = @ QZZz X Q%/’
it+j=k i+j=k
where the latter equality is due to the smoothness of Y. This follows from the fact that
QY y = 7(1:Q%,) = i.QF, R QY

and the equalities
QEQ XY = Gr€kDR(Q§IQ «v) [k,

Q. = G, DR(QY)[i],
), = G, DR(Q{)[5].

As Q{, is a sheaf, we see that ngzxY is a sheaf for all ¢/ < k if and only if Q%Q is a sheaf for all
¢ < k, proving the claim by definition of pre-k-Du Bois. O

We immediately obtain the following corollary.

Corollary 6.6. Let p: Z1 — Zs be a smooth surjective morphism between normal varieties. Then
Zo is pre-k-rational if and only if Z1 is pre-k-rational.

7. Application to partial Poincaré duality. This short subsection proves a partial Poincaré
duality result under the assumption HRH(Z) > k. Our goal is to understand how the condition that
Fy_qv7 is a quasi-isomorphism behaves under the direct image (az)x.

Proposition 7.1. Let f: X — Y be a morphism of embeddable algebraic varieties. Let p: M* — N*®
be such that Fpp is a quasi-isomorphism. Then F,f.p is a quasi-isomorphism.

Proof. By [Par23, Lem. 3.4], if C* is the cone of ¢, then our assumption implies
Grl DRy (f.C*®) = 0 for all £ < p,

and so, by Lemma 1.6, we get
F,f.C* =0.

Finally, as f, is an exact functor between triangulated categories, we have the exact triangle
FM® = f N = f.0° L

and the result follows by looking at the long exact sequence in cohomology, using strictness of
morphisms between Hodge modules. O

We can now prove the main result concerning Poincaré duality. We state the result using decreasing
Hodge filtrations, as is the convention for the mixed Hodge structure on singular cohomology.
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Theorem 7.2. Let Z be an embeddable complex algebraic variety and assume HRH(Z) > k. Then
for any ¢ € Z, the natural map

H™(Z) = H"(Z) — (HT(2)Y)(=d)
mnduces isomorphisms
FIFHYZ) - PUMATN(Z) - FTRHI(Z)Y.

If Z is proper with isolated non-rational homology manifold locus, then the converse holds.

Proof. This follows by applying H*(az)« to the map vz, where az: Z — pt is the constant map.

After taking some embedding i: Z — X into a smooth variety, the condition HRH(Z) > k implies
that the maps
Fy—qQZ[d] = Fi—alCY — Fi—aDz(QZ [d])(—d),

are quasi-isomorphisms. Applying (az)s« and using Proposition 7.1, we get that
Fi—a(az)QF ] = Fy_a(az).ICY — Fy_a(az).Dz(Q%[d])(~d)
are quasi-isomorphisms, too. By taking H ™!, we get the desired claim.

For the converse, assume Z is proper with isolated non-rational homology manifold locus. Then
we have the exact triangle

. 1
QY [d] = Dz(QY[d))(~d) = .5 —,
where i: Zygrs — Z is the inclusion of the singular locus. Note that HRH(Z) > k is equivalent to
GrljpDR(i*S) =0 for all p < k. By properness of 4, this is equivalent to i*GrljpDR(S) =0.
On the other hand, if we apply (az). to the exact triangle, we get

(az)«Q%[d] = (az):Dz(QY[d))(~d) — S

in D*(MHS). By looking at the associated long exact sequence of mixed Hodge structures, and using
strictness of the Hodge filtration, the isomorphism in the theorem statement is equivalent to the
vanishing GrfpS = GrljpDR(S) = 0 for all p < k, which proves the claim. O

8. Generic local cohomological defect. In this section, we provide a generalization of Re-
mark 3.8(4)(c) in the embedded setting. The key idea is that one can improve the important
codimension bound on the non-rational homology manifold locus in [PP25] by incorporating the
“generic” local cohomological defect, which we introduce next.

Let Z C X be an embedding of the purely d-dimensional variety Z into a smooth connected variety
X.

Recall that K7 is the RHM defect object, which lies in the exact triangle
Ky — QY — 1Y 1.
Let S = {Sa}aer be any Whitney stratification of X such that Z is a union of strata. Note that

K7 is constructible with respect to any Whitney stratification of Z, hence, with respect to S.

In particular, the perverse cohomology sheaves of Qz[d] have support equal to some unions of
strata in S, and so the function
x > ledef,(2)

is constructible with respect to this stratification.
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Definition 8.1. Let S = { S }aecr be a Whitney stratification as above and ledefgs, (Z) the value of
ledef on S,. We denote

ledefgen(Z) = max ({0} U {ledefs, (2) | dim S, = dim Zygs}).

This invariant can be detected through local cohomology in our embedded setting.
Lemma 8.2. Let Z C X be an embedding into a smooth variety X with codimx(Z) = c¢. Let {S4}
be a Whitney stratification of X as above. Then
ledefs, (Z) = max({0} U {i | Sa C SuppH% " (Ox)}).

Proof. This is immediate by choice of stratification. O

This invariant can also be detected without mention of a Whitney stratification.

Lemma 8.3. Let Z C X be an embedding into a smooth variety X, with codimx(Z) = c¢. Fori >0,
define

(i) = dim Supp HS(Ox) i>0
| dim SuppH(0x)/ICY i=0"

Then
ledefgen(Z) = max ({0} U {i | d(i) > d(j) for all j > 0}).

Proof. By definition, we have
Zurs = Supp(K7) = Supp(Dz(K?)) = Supp(H5(0x)/ICH) U | SuppHy™ (0x).
i>0

Note that, for any ¢ which satisfies d(i) > d(j) for all j > 0, we have d(i) = dim Z,rs. Thus,
the claim is immediate by the previous lemma and the fact that the support of Z,rg is a union of
strata. g

Now, we show that the value ledef,(Z) for x € S, is unchanged upon taking a normal slice.

Proposition 8.4. Let {S,} be a Whitney stratification of X as above and fit x € S,. Let T,, C X
be a normal slice through x, meaning a smooth subvariety of dimension dim X — dim S, such that
To NSy = {x} is a transverse intersection. Then

ledef,(Z) = ledef,(Z N'Ty,).

Proof. By replacing X with a neighborhood of z, we can assume the stratification {S4} is finite. By
further replacing X by X \ Ugcp Ss, where B = {y [ So € Sy}, we can assume S, is a minimal

stratum in the sense that S, C S, for all 7. As the support of each local cohomology is a union of
strata and closed, we see then that after this restriction, we have

ledef(Z) = ledefg, (Z) = ledef(Z2).
In this case, Whitney’s condition (a) implies that the normal slice T}, has transverse intersection

with all strata. If v: T, — X is the closed embedding, this implies that ¢ is non-characteristic with
respect to H’(K%) for all j € Z.

Thus, the spectral sequence

By = HOHI (KY) = H™5(KY)
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degenerates at Es, because the only non-zero terms must have ¢ = —dim S,, the codimension of the
embedding ¢. This gives equality

Hj—dim Sa o (K%) — H]K% ®ﬁX ﬁTa'
Again using that ¢ is non-characteristic, we have
V(K%)= Kyqr, [dim Sy ).

Finally, using that ledef(Z) = max{i | H 'K} # 0} and the same formula for ledef(Z N T,), we
get the desired equality. O

Putting these together, we can show that the bound codimz(Z,rs) > 2HRH(Z) + 3 can be
improved if one knows the “generic” local cohomological defect. This method of proof is inspired by
[Sai94, Rmk. 2.11].

Proposition 8.5. Let Z be a purely d-dimensional complexr algebraic variety and let {S,} be a
Whitney stratification of Z. Then for all x € S, we have

ledefs, (Z) < max{codimyz(S,) — 2HRH,(Z) — 3,0}.
In particular, we have
ledefgen(Z) < max{codimyz(Zyrs) —2HRH(Z) — 3,0}.
Proof. The first claim implies the second by first taking a such that ledefg, (Z) = ledefgen(Z) and

dim S, = dim Z,rg, and then noting that HRH(Z) < HRH,(Z). So it suffices to prove the first
claim.

For z € S,, take a normal slice T,, through x. The first claim is then immediate from the fact
that HRH,;(Z) < HRH,(Z NT,) and the inequality (from Remark 3.8(4d))

ledefs, (Z) = ledefz(Z) = ledefz(Z N T,,) < max{dim(Z N7T,) —2HRH,(Z NT,) — 3,0}.

This completes the proof.

As an alternative proof, one can use Lemma 5.2. Indeed, assuming HRH(Z) > 0 this lemma tells
us that

dim SuppH'Dz(K%) < dim(Z) — 2HRH(Z) — 3 — i,
and so choosing ¢ maximal so that S, C Supp(H'Dz(K%)), we get
dim S, < dim SuppH'Dz(K}) < dim(Z) — 2HRH(Z) — 3 — 1,
but by definition, such an i is ledefg, (Z2). O
Remark 8.6. When the locus Zyrs is isolated, we have lcdefgen(Z) = ledef(Z) (in particular, if
dim Z < 3 and HRH(Z) > 0, we always have equality). However, equality can also hold even when
ZuRrs is non-isolated, see the examples in §10.

D. EXAMPLES

This section is devoted to providing various examples with different features.
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9. Affine cones, toric and secant varieties. We first calculate the HRH level of affine cones
over smooth projective varieties following the treatment of [SVV23].

Proposition 9.1. Let X be a smooth projective variety of dimension n, and L be an ample line
bundle on X. Let

Z =C(X,L) = Spec | P H(X,L™)
m>0

be the affine cone with conormal bundle L. Then, for k < "TH, we have HRH(Z) > k if and only if
the following two conditions are satisfied:

(1) H'(Q%) =0 for alli # p,0 < p <k,
(2) HO(OX) Uei (L) Hl(Qﬁ() Uer(L) — Uei(L)

H*(QE) are all isomorphisms.

Proof. The blow up f: Z — Z at the cone point v is a strong log resolution of Z with £ = X.
Note that by our assumption, k£ < codimz(Zgng) = n + 1, whence the bottom map in (3.7) is an
isomorphism by [SVV23, Lem. 2.4]. In what follows, we use (3.7) without any further reference.

Let us first prove the assertion when & = 0. We have the distinguished triangle
Q) - Rf.O5 ® 0, — Rf.Ox .
Since Z is affine, using the arguments of [SVV23, Appendix A.1], we see that the above induces
(9.2) 0— T(HY(QY)) = H°(0;) & C — H(Ox) — 0,

(9.3) 0—T'(H(QY)) — H'(0z) - H'(Ox) =0 Vi>1.

By loc. cit., H'(O3) = Do HO(L™) and the map H°(Oz)®C — H"(Ox) in (9.2) sends (z, a) —

p(z) — a where 2 D,,>¢ HO(L™) — H°(Oyx) is the projection. Thus the composed map
I(H°(9Qy)) = H(0z) & C — H°(03)

is an isomorphism. Finally, by (9.3), for i > 1, T(H#(Q%)) — H'(O3) is an isomorphism if and only
if HY(Ox) = 0, which concludes the proof for k = 0.

We use induction on k. Assume k£ > 1 and note the distinguished triangle induced by the residue
sequence on Z:

(9.4) REQL — REOL(log X) — REQKT T
It is shown in [SVV23, Appendix A.2] that
(9.5) HQY) =P H LMo @ H O 0 L™)
m2>0 m>1
and the map
(9.6) T(H Q) - H'(2)

induced from
Qb — REOE - REOK
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realizes T'(H*(22%)) as the following direct summand of H Z(Q‘%) through (9.5):
PHI(QY) = P HI Ok o L™ o @ HI(Q o L™).
m>1 m>1
Thus, we are reduced to showing that the composition
(9.7) D(H' Q) — H'(QF) — H' (9% (log X))

(the first map is (9.6) and the second one is induced by (9.4)) is an isomorphism for all 7 if and only
if the two conditions in the statement are satisfied. If i % k — 1, k, then we see from our induction
hypothesis and (9.4) that the second map above is an isomorphism, whence the composition is an
isomorphism if and only if H(Q%) = 0. Note that the connecting map

HY(QY) — HTH(OE)

arising from (9.4) is the cup product Ue (L) map and lands in the direct summand H*™1(Q% ). This is
injective for i = k—1 by Hard Lefschetz, by our assumption on k. Thus the second map in (9.7) is an
isomorphism for i = k — 1, whence the composition is an isomorphism if and only if H*~ 1(Q’§()
Finally, by the above argument, (9.4) induces the exact sequence

0— H YO ) — HF Q) — HM Q3 (log X)) — 0.

It follows immediately from the description of T'(H*(Q%)) as a direct summand of H Z(Q%) that the
composed map (9.7) is an isomorphism for ¢ = k if and only if

Uei (L)

HEH (@) 22 ko)

is an isomorphism. That completes the proof. ]

Remark 9.8. As before, let X be a smooth projective variety of dimension n, L be an ample line
bundle on X, and Z = C(X, L). Since Z is singular only at the cone point, we have

ledefgen(Z) = ledef(Z)

UCl( )

—minlceN ‘ H{(X,C) — H™?2(X,C) are isomorphisms for all -1 <i<n —3 —c¢,
and injective for i = n — 2 — ¢ with the convention that H~1(X,C) =0

where the last equality comes from [PS24, Thm. 6.1]. In fact, when X C PV, setting Z = C(X) C
ANT! t0 be the affine cone, we have the following by [PS24, Thm. A]

ledefgon (Z) = ledef(Z) = min {c € Zuo | HI(PY,C) = HI(X,C)Vi<n—1— c} .

Example 9.9. Here are two explicit examples of affine cones with interesting properties:

(1) There are varieties with k-Du Bois singularities that satisfy HRH(Z) > k but their singularities
are not k-rational (in the sense of [SVV23]). For example, consider Z = C(P?, Op2(2)). Then Z is a
rational homology manifold by Proposition 9.1, but according to [SVV23, Prop. F|, its singularities
are 1-Du Bois but not 1-rational.

(2) Let X be a Godeaux surface, in other words, a surface satisfying p, = ¢ = 0, hH1(X) =9
and having ample canonical bundle wx. Thus, the cone Z = C(X,wx) satisfies HRH(Z) = 0 by
the above proposition. But the singularities of Z are not pre-0-Du Bois by [SVV23, Prop. F] as
h?(wx) # 0. This is an example of a variety with HRH(Z) strictly higher than its Du Bois level.
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Example 9.10 (Normal affine toric varieties). Let Z be a normal affine toric variety. By [SVV23,
Prop. E] and Remark 3.8, we obtain

+oo if Z is simplicial,

HRH(Z) = {

0 otherwise.

Example 9.11. The recent preprints [KV25b, KV25a] compute many invariants concerning the
trivial Hodge module (@g [dim Z] for Z a toric variety. Using this result, those authors provide an
example with ledefge,(Z) < ledef(Z) of dimension 4, which is the minimal dimension where such
behavior can occur. In fact, their example [KV25a, Eg. 4.3] is such that the inequality of Theorem C
does not hold with lcdef(Z) in place of ledefgen(2).

Example 9.12 (Secant varieties). Let X C PV be a smooth projective variety embedded by the
complete linear series of a sufficiently positive line bundle (i.e. one that satisfies (Q1)-property in
the sense of [ORS24, Def. 3.1]). Let X be its secant variety. Then by [ORS24] and Remark 3.8,

+oo if X 2 P!,
HRH(X) =< 0 if H(Ox)=0for alli > 1 and X 2 P!,
—1  otherwise.

This also follows from [CDOR26, Cor. B].

10. Ideals of generic, symmetric and skew-symmetric minors. In this subsection, we show
how the main theorem of [RW16] can be used to compute ledefgen (—) and to give a bound on HRH(—)
for determinantal varieties.

We will be interested in subvarieties defined by matrices of appropriate ranks of the following
spaces:

(1) (Generic) X = Mat,, ,(C) with m > n,
(2) (0dd skew) X = Mat,,(C)***", n odd,
(3) (Even skew) X = Mat,,(C)***¥ n even,
(4) (Symmetric) X = Mat,, (C)%™.

In cases (1) and (4), we let Z,, denote the subvariety of matrices of rank < p and in cases (2) and
(3), we let Z, denote the subvariety of matrices of rank < 2p. In every case, Z, is known to have
rational singularities by [Bou87]. Thus, HRH(Z,) > 0.

Following [RW16], we let D, be the intersection homology Zx-module associated to the trivial
local system on Z, o,. We let I'(X) denote the Grothendieck group of holonomic Zx-modules. For
p fixed, we write

Hy(q) =Y [}, (0x)] - ¢’ € D(X)[g).

Jj=>0
Finally, for a > b > 0, let (Z)q be the g-binomial coefficient, defined by

(“) _(1—¢")...(1- qa—b+1).

b (1—¢q)...(1—9q)

The following computation will be important below:
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Lemma 10.1. Let a > b > 0. Then

“ = ¢ (=Y 4 picher order terms.
b/ -4

Proof. We can write

<a> B (1 . q—4a) o (1 _ q—4(a—b+1))

b) g-a (1—g*)...(1—q*)

_ q—4(z§:1(a—b+i)) ' (ghe—1)... (q4(a—b+1) ~1)
g (@ =1)...(¢"=1)

—4b(a—b)(

=gq 1+ higher order terms)

which completes the proof. ]
Now, we can state the main result of [RW16], which gives a formula for H,(q) € I'(X)[q].

Theorem 10.2 ([RW16, Main Thm.]). In the notation above, we have the following formula for
H,(q) in the cases (1)-(4).

(1) (Generic) For all 0 < p < n, we have
P
s 1
Ho(q) = STID,] - gn-p)+n=s)om—n) (” s ) .
(@ =304 )

(2) (Odd skew) Write n = 2m + 1, then for all 0 < p < m, we have
p

m— m— _s) (M — 1-s
m@ZZmM“”w’W@« _5).
s=0 p q*

(8) (Even skew) Write n = 2m, then for all 0 < p < m, we have

p
2 —(mep) (M —1—s
Hyfa) = oD ) )
q

p—S
s=0
(4) (Symmetric) For all 0 < p < n, we have
LgJ n—p+20—1
H,(q) = (D2 - q1+(n7p+224+1)_(222+2> (L2J> |
=0 l ot

As min{j | Hij(ﬁX) # 0} = codimyx(Z),), these expressions immediately imply the following
well-known formulas for the (co)dimension of Z,, in X (see [BV88] and [Wey03]).
Corollary 10.3. In the notation above, we have the following formulas in cases (1)-(4).
(1) (Generic) In this case, we have
codimx (Z,) = (m —p)(n —p), and dim(Z,) = p(m +n —p).
(2) (Odd skew) In this case, we have
codimx (Zp) = (m —p)(2(m —p) + 1), and dim(Z,) = p(2(n —p) — 1).
(3) (Even skew) In this case, we have
codimy (Z,) = (m —p)(2(m —p) — 1), and dim(Z,) = p(2(n —p) — 1).
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(4) (Symmetric) In this case, we have

(n—p—i—l

codimy (Z,) = 5

1
), and dim(Z,) = 5p(2n —p+1).

We ignore p = 0 as in this case Z, is smooth, and everywhere below we assume p > 1. In fact,
in case (4), when p = 1, Theorem 10.2 implies Z; is a rational homology manifold (it is known that

ledef(Z;1) = 0, and by the argument of Proposition 10.4 below, ICz, = choldimX(Zl)(ﬁX) which by

Theorem D(1) implies Z; is a Q-homology manifold) so we will assume in case (4) that p > 2. More
precisely, in what follows, our assumptions are as follows:

e Incase (1), 1 <p<n.
e In cases (2), (3), 1 <p < m.
e Incase (4),2<p<n.

By definition, D), = ICz,, and so we can study for which Z, we have equality ICz, = HZdimX(Zp) (Ox).

Proposition 10.4. In the notation above, let ¢, = codimx (Zp).

(1) (Generic) We have equality ICz, = ’HCZ’;(ﬁX) if and only if m > n.

(2) (Odd skew) We have equality ICz, = HCpr(ﬁx) for every 1 < p < m.

(3) (Bven skew) We have inequality 1Cz, # HZ(@’X) for every 1 <p < m.

(4) (Symmetric) We have equality ICz, = chpp(ﬁx) if and only if n =p mod 2 (when p > 2).
Proof. By definition, one needs only check for which s < p the summand [D;] appears as a coefficient
of ¢°» using Theorem 10.2. The first three claims are immediate, using that the lowest degree term

of the g-binomial coefficient in each expression is the constant term. Note that in case (1), when
m = n, every [D,] appears as a coefficient of ¢ = ¢(m—P)(n=p),

For the case of symmetric matrices, we look at the lowest degree term in
n—p+24—1
q1+<”-pz“+l>—<”f>(t2J) ,
L -
which by Lemma 10.1, is at degree

(10.5) 1+<"_p+22€+1>—<2£;2>—45Q"_1)J;%_1J—e>.

We break into two cases depending on the class of n — p mod 2. We write the difference as

2%
n—p= ,
P= Yok 41

so that the expression in (10.5) can simplify into

1+ (2k+§£+1) - (2@2) —4(k—1) whenn—p=2k

14 (PF420F2) — (22) — 4tk whenn —p=2k+1’
and these are easily seen to simplify to

204+ k(2k+1) whenn—p=2k
(k+1)(2k+1) whenn—p=2k+1"
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This proves the claim, as the expression in the second case does not depend on £, meaning all [D,,_o/]
appear in ’HCpr(ﬁ x ), and the first case is minimized for ¢ = 0. O

Now we can compute ledefgen(Z)). To do this, in cases (1)-(3), we look for the highest index such
that [Dp_1] appears with non-zero coefficient. In case (4), we look for the highest index with [D,_o]
having non-zero coefficient. To get the defect, we subtract the codimension.

Proposition 10.6. In the notation above, we have the following formulas for ledefgen(Z)).

(1) (Generic) ledefgen(Z,) = m+n —2p — 2.

(2) (Odd skew) ledefgen(Zy) = 4(m —p —1) + 2.

(3) (Even skew) lcdefgen(Zp) = 4(m —p —1).

(4) (Symmetric) ledefgen(Zy) = 2(n —p—1) (we assume p > 2).

Proof. In the first three cases, we take s = p — 1 and use that

—s—1 1 — g2(n—p)
(Generic) : (n 5 ) = a-—g?) =1+4+¢>+ -+ @D,
q2

1 (1-¢%)
M =8 = 1 _ (1 - q4(m—p)) o 4 4(m—p—1)

In the symmetric case, we take £ = 1 and use that the maximal degree term in the g-binomial
coefficient (evaluated at ¢—*) is the constant term, so the g-binomial coefficient can be ignored in
this case.

In summary, the highest degree with [D,_1] (in cases (1)-(3)) or [Dp_o] (in case (4)) is
e (Generic) (n—p)2+(n—p+1)(m—n)+2(n—p—1),
e (0dd skew) 2(m —p)*+ (m —p)+2+4(m—p—1),
e (Even skew) 2(m — p)2 —(m—p)+4(m—p-—1),
e (Symmetric) 1+ (n—]23+3) - (;1) = (n_]23+3) -5

The claim then follows by subtracting codimx (Z,) from each of these expressions. O

In [RW16], a formula for the local cohomological dimension
led(X, Z,) = max{j | #, (6x) # 0}
is given. Using this and the computation at the end of the previous proof, we can compute the
difference ledef(Z),) — ledefgen(Z)).

Proposition 10.7. In the notation above, we have the following formulas.

(1) (Generic) ledef(Z,) — ledefgen(Zy) = (p — 1)(m +n —2p — 2).

(2) (Odd skew) ledef(Z),) —ledefgen(Zy) =2(p—1)(2(m —p — 1) +1).
(3) (Even skew) lcdef(Zy) — ledefgen(Zp) = 4(p — 1)(m —p — 1).
(n-p-1)(p-2) p even

S tric) ledef(Z,) — ledefgen(Z,) = .
(4) (Symmetric) ledef(Zp) — ledefgen(Zp) (n—p—1)(p—3) poddand p>3

Proof. This follows immediately from the computations of led(X, Z,,) in [RW16], which is as follows:
e (Generic) led(X, Z,) = mn — (p+1)? + 1,
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o (0dd skew) led(X, Zp) = (2™) — (225%) +1

e (Even skew) led(X, Z,) = (2;71) - (2p2+2) +1

. 1+ n+1\  (p+2

e (Symmetric) led(X, Z,) = 14 En)Q_) (pJEI)Q ) zi‘(’;n‘
2 2

The assertion follows by combining the above with Proposition 10.6. g

Using this, we can characterize which Z, are rational homology manifolds. Indeed, by Theo-
rem D(1) this is equivalent to lcdef(Z,) = 0 and ICz, = HCZ”p(ﬁ x). The inequality lcdefgen(Zp) <
ledef(Z,) shows that if lcdef(Z,) = 0, then the difference ledef(Z,) — ledefgen(Z),) is also 0, and so
we can use the previous proposition to simplify our computations.

Recall that in the next proposition we assume p > 1 in cases (1)-(3) and we assume p > 2 in case
(4).

Proposition 10.8. In all cases (1)-(4), the variety Z, is not a rational homology manifold.

Proof. For case (1), the difference ledef(Z,) — ledefgen(Z,) and ledefgen(Zp) vanish if and only if
m+n=2p+2. Asp <n—1, this gives 2p+ 2 < 2(n — 1) + 2 = 2n, so this equality is only possible
if m =n and p =n — 1. But for m = n, we have observed that H?p(ﬁx) #1Cz,.

For case (2), we have that lcdefgen(Zp) > 2 > 0, so Z, can never be a rational homology manifold.

In case (3), ICz, # HCZPP(ﬁX), so Zp cannot be a rational homology manifold.

For case (4), ledefgen(Z,) = 0 if and only if p = n — 1. But then ICz, # HCpr(ﬁx) as in this case,
pZ£n mod 2. O

We conclude this subsection with an application of Theorem C to give bounds on HRH(Z,). To
do this, we must compute codimz,(Z.rs). Note that Z,rs is equal to Z, 1 in cases (1)-(3) and
Zp— in case (4).

Lemma 10.9. In the notation above, we have the following formula for codimz,(Zpars)-

(1) (Generic) codimz,(Zynrs) = m +n — 2p + 1.
(2) (Odd skew) codimz,(Zpnrs) = 4(m — p) + 3.
(3) (Even skew) codimg,(Zpnrs) = 4(m —p) + 1.
(4) (Symmetric) codimz,(Zpnrs) = 2(n —p) + 3 (when p > 2).

Proof. This is immediate by computing the differences codimx (Z,_1) — codimx (Z) in cases (1)-(3),
and codimy (Z,—2) — codimx (Z) in case (4) using Corollary 10.3. O

Proposition 10.10. In the notation above, we have
(1) (Generic) HRH(Z,) = 0.
(2) (Odd skew) HRH(Z,) € {0,1}.

(3) (Even skew) HRH(Z,) € {0,1}.
(4) (Symmetric) HRH(Z,) € {0,1} (whenp > 2).

Proof. As Z, has rational singularities, we always have HRH(Z,) > 0, and we know Z, is not a
rational homology manifold for all p, so HRH(Z,) < oo.
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By Theorem C, we have inequality
ICdefgen(Zp) < Codimzp(zp’nRs) - QHRH(ZP) - 3.
The assertion follows from Proposition 10.6 and Lemma 10.9. [l

Remark 10.11. In the generic determinantal case, HRH(Z,) = 0 also follows directly using Theo-
rem D(1) and [Per24, Cor. 1.4]. For this reason, we believe it will be interesting to carry out a study
of the Hodge structures on the local cohomology modules analogous to [Per24] in the cases (2)-(4).

Remark 10.12. Some remarks are in order:

(1) Note that equality holds in Theorem C for generic determinantal varieties.

(2) We observed earlier that the equality lcdefgen(Z) = ledef(Z) holds when Zygrs is isolated.
However, we see above that equality can also hold when Z;rs is non-isolated. Indeed, take
for example m = 3,p = 2 in case (3) and apply Proposition 10.7.

(3) We also note that Proposition 10.7 gives many examples when lcdefge,(Z) < ledef(Z). The
smallest dimension of such Z that we have in these classes of examples is 10 (generic deter-
minantal with m =4,n =3,p = 2).

REFERENCES

[BBDS82] A. A. BeTlinson, J. Bernstein, and P. Deligne, Faisceauz pervers, Analysis and topology on singular spaces,
I (Luminy, 1981), 1982, pp. 5-171. MR751966 11, 6, 11
[BK81] Jean-Luc Brylinski and Masaki Kashiwara, Kazhdan-Lusztig conjecture and holonomic systems, Invent.
Math. 64 (1981), 387-410. 14
[Bou87] Jean-Frangois Boutot, Singularités rationnelles et quotients par les groupes réductifs, Invent. Math. 88
(1987), no. 1, 65-68. MR877006 134
[Bri99] M. Brion, Rational smoothness and fixed points of torus actions, Transform. Groups 4 (1999), no. 2-3, 127—
156. Dedicated to the memory of Claude Chevalley. MR1712861 15, 21, 22, 27
[BV88] Winfried Bruns and Udo Vetter, Determinantal rings, Lecture Notes in Mathematics, vol. 1327, Springer-
Verlag, Berlin, 1988. MR953963 135
[CD23] Qianyu Chen and Bradley Dirks, On V-filtration, Hodge filtration and Fourier transform, Selecta Math.
(N.S.) 29 (2023), no. 4, Paper No. 50, 76. MR4610959 19, 21
[CDM22] Qianyu Chen, Bradley Dirks, and Mircea Mustata, The minimal exponent and k-rationality for local com-
plete intersections, arXiv e-prints (December 2022), arXiv:2212.01898, available at . to appear
in Journal de 'Ecole Polytechnique. 115, 16
[CDO25] Qianyu Chen, Bradley Dirks, and Sebastian Olano, Partial Cohomologically Complete Intersections via
Hodge Theory, arXiv e-prints (November 2025), arXiv:2511.03042, available at .13
[CDO26] Qianyu Chen, Bradley Dirks, and Sebastidn Olano, Filtrations on Local Cohomology and Injectivity Theo-
rems, In preparation (2026). 12
[CDOR26] Qianyu Chen, Bradley Dirks, Sebastian Olano, and Debaditya Raychaudhury, Hodge theory of secant vari-

eties, arXiv e-prints (February 2026), arXiv:2602.04038, available at . 134
[CDS23] Qianyu Chen, Bradley Dirks, and Morihiko Saito, Verdier specialization and restrictions of Hodge modules,
arXiv e-prints (April 2023), arXiv:2304.13644, available at . P21

[DOR26] Bradley Dirks, Sebastidn Olano, and Debaditya Raychaudhury, Hodge theoretic generalization of Q-
homology manifolds II: Local complete intersections, In preparation. (2026). 13, 5, 27
[DS90] Alan H. Durfee and Morihiko Saito, Mized Hodge structures on the intersection cohomology of links, Com-
positio Math. 76 (1990), no. 1-2, 49-67. Algebraic geometry (Berlin, 1988). MR1078857 120, 23
[FL24a] Robert Friedman and Radu Laza, The higher Du Bois and higher rational properties for isolated singulari-
ties, J. Algebraic Geom. 33 (2024), no. 3, 493-520. MR4739666 15, 12, 25, 26
, Higher Du Bois and higher rational singularities, Duke Math. J. 173 (2024), no. 10, 1839-1881.
Appendix by Morihiko Saito. MR4776417 112
[Har68] Robin Hartshorne, Cohomological dimension of algebraic varieties, Ann. of Math. 88 (1968), no. 3, 403—450.
122

[FL24D)



http://www.arxiv.org/abs/2212.01898
http://www.arxiv.org/abs/2511.03042
http://www.arxiv.org/abs/2602.04038
http://www.arxiv.org/abs/2304.13644

40

[HTTOS]

[JKSY?22]
[Kat77]
[Kov25]
[Kov99]

[KV25a]
[KV25b)]
[Lun73]
[LV26]
[MP19]
[MP22]
[Ogu73]
[Ola23]

[ORS24]

[Par23]
[Per24]
[PP25]
[PS24]

[PSV24]

[RW16]
[Sai09)]
[Sail3]
[Saiss]
[Si90]

[Sai94]
[Sai99]

B. DIRKS, S. OLANO, AND D. RAYCHAUDHURY

Ryoshi Hotta, Kiyoshi Takeuchi, and Toshiyuki Tanisaki, D-modules, perverse sheaves, and representation
theory, Progress in Mathematics, vol. 236, Birkhauser Boston, Inc., Boston, MA, 2008. Translated from the
1995 Japanese edition by Takeuchi. MR2357361 16

Seung-Jo Jung, In-Kyun Kim, Morihiko Saito, and Youngho Yoon, Higher Du Bois singularities of hyper-
surfaces, Proc. Lond. Math. Soc. (3) 125 (2022), no. 3, 543-567. MR4480883 112

Mitsuyoshi Kato, Partial Poincaré duality for k-regular spaces and complex algebraic sets, Topology 16
(1977), no. 1, 33-50. MR450607 13

Séndor Kovécs, Complexes of differential forms and singularities: The injectivity theorem, preprint
arXiv:2505.09912 (2025). 12

, Rational, Log Canonical, Du Bois Singularities: On the Conjectures of Kolldr and Steenbrink,
Compos. Math. 118 (1999), 123-133. 12

Hyunsuk Kim and Sridhar Venkatesh, Lefschetz morphisms on singular cohomology and local cohomological
dimension of toric varieties (2025), available at . 134

, Local cohomology and singular cohomology of toric varieties via mized Hodge modules (2025),
available at . 134

Domingo Luna, Slices étales, Bull. Soc. Math. France Sur les groupes algébriques (1973), no. 33, 81—
105. 127

Pat Lang and Sridhar Venkatesh, Dévissage by zeroth (intersection) Du Bois complexes, In preparation.
(2026). 119

Mircea Mustatd and Mihnea Popa, Hodge ideals, Mem. Amer. Math. Soc. 262 (2019), no. 1268, v+80.
MR4044463 117

, Hodge filtration on local cohomology, Du Bois complex and local cohomological dimension, Forum
Math. Pi 10 (2022), Paper No. €22, 58. MR4491455 14, 12, 17, 22

Arthur Ogus, Local cohomological dimension of algebraic varieties, Ann. of Math. 98 (1973), no. 2, 327-365.
122

Sebastidn Olano, Weighted Hodge ideals of reduced divisors, Forum Math. Sigma 11 (2023), Paper No. e51,
28. MR4603110 117, 18

Sebastidn Olano, Debaditya Raychaudhury, and Lei Song, Singularities of secant varieties from a Hodge
theoretic perspective, Proc. Lond. Math. Soc. (3) 129 (2024), no. 4, Paper No. e12635, 34. MR4805266 112,
34

Sung Gi Park, Du Bois complex and extension of forms beyond rational singularities, arXiv e-prints (No-
vember 2023), arXiv:2311.15159, available at . 128

Michael Perlman, Mized Hodge structure on local cohomology with support in determinantal varieties, Int.
Math. Res. Not. IMRN 1 (2024), 331-358. MR4686653 139

Sung Gi Park and Mihnea Popa, Hodge symmetry and Lefschetz theorems for singular varieties, arXiv

e-prints (August 2025), arXiv:2410.15638, available at .13, 5, 14, 17, 21, 29

Mihnea Popa and Wanchun Shen, Du Bois complezes of cones over singular varieties, local cohomological
dimension, and K-groups, arXiv e-prints (June 2024), arXiv:2406.03593, available at . 112, 33
Mihnea Popa, Wanchun Shen, and Anh Duc Vo, Injectivity and Vanishing for the Du Bois Complezes of
Isolated Singularities, arXiv e-prints (September 2024), arXiv:2409.18019, available at .12, 14,
17

Claudiu Raicu and Jerzy Weyman, Local cohomology with support in ideals of symmetric minors and Pfaf-
fians, J. Lond. Math. Soc. (2) 94 (2016), no. 3, 709-725. MR3614925 134, 35, 37

Morihiko Saito, On the Hodge filtration of Hodge modules, Mosc. Math. J. 9 (2009), no. 1, 161-191, back
matter. MR2567401 12

, On the definition of mized Hodge modules, arXiv e-prints (July 2013), arXiv:1307.2140, available
at . 110

, Modules de Hodge polarisables, Publ. Res. Inst. Math. Sci. 24 (1988), no. 6, 849-995 (1989).
MR1000123 42, 6, 8

, Mized Hodge modules, Publ. Res. Inst. Math. Sci. 26 (1990), no. 2, 221-333. MR1047415 12, 6, 7,
9,11, 17, 19, 24

, On microlocal b-function, Bull. Soc. Math. France 122 (1994), no. 2, 163-184. MR1273899 131

, Mized Hodge Complezes on Algebraic Varieties, arXiv e-prints (June 1999), math/9906088, avail-
able at .12



http://www.arxiv.org/abs/2506.03026
http://www.arxiv.org/abs/2505.10417
http://www.arxiv.org/abs/2311.15159
http://www.arxiv.org/abs/2410.15638
http://www.arxiv.org/abs/2406.03593
http://www.arxiv.org/abs/2409.18019
http://www.arxiv.org/abs/1307.2140
http://www.arxiv.org/abs/math/9906088

A HODGE THEORETIC GENERALIZATION OF Q-HOMOLOGY MANIFOLDS: GENERAL CASE 41

[SVV23] Wanchun Shen, Sridhar Venkatesh, and Anh Duc Vo, On k-Du Bois and k-rational singularities, arXiv

e-prints (June 2023), arXiv:2306.03977, available at .12, 13, 27, 32, 33, 34
[Tig24] Benjamin Tighe, Symmetries and vanishing theorems for symplectic varieties, arXiv e-prints (October 2024),
arXiv:2410.07515, available at . T12

[Wey03] Jerzy Weyman, Cohomology of vector bundles and syzygies, Cambridge Tracts in Mathematics, vol. 149,
Cambridge University Press, Cambridge, 2003. MR1988690 135

DEPARTMENT OF MATHEMATICS, STONY BROOK UNIVERSITY, STONY BROOK, NY 11794-3651, USA
Email address: bradley.dirks@stonybrook.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TORONTO, 40 ST. GEORGE ST., TORONTO, ONTARIO CANADA,
M5S 2E4

Email address: seolano@math.toronto.edu

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF NEW MEX1CO, ALBUQUERQUE, NM 87131, USA
Email address: rcdeba@gmail.com


http://www.arxiv.org/abs/2306.03977
http://www.arxiv.org/abs/2410.07515

	A. Introduction
	B. Preliminaries
	1. Mixed Hodge modules
	2. Poincaré duality and higher singularities

	C. Hodge Rational Homology Manifold Level
	3. Definition and basic properties
	4. Characterization via filtrations on local cohomology modules
	5. Characterization via local cohomology at a point and links
	6. Behavior under finite group quotients and étale morphisms
	7. Application to partial Poincaré duality
	8. Generic local cohomological defect

	D. Examples
	9. Affine cones, toric and secant varieties
	10. Ideals of generic, symmetric and skew-symmetric minors

	References

