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ABSTRACT. Recently, the authors introduced and studied a singularity invariant of a complex alge-
braic variety Z, written HRH(Z) (for “Hodge rational homology” manifold level). In this paper, we
focus on local complete intersection subvarieties. We relate HRH(Z) to various well-known invari-
ants, like Bernstein—Sato polynomials and the Dimca-Maisonobe-Saito spectrum. In the hypersurface
case it turns out that HRH(Z) can be completely characterized by these invariants, though higher
codimension case is more subtle.

A. INTRODUCTION

For hypersurfaces, the condition of being a rational homology manifold admits a simple numerical
characterization. Suppose Z = V(f) is a hypersurface in a smooth variety X, and let bs(s) be
the Bernstein—Sato polynomial. Then Z is a rational homology manifold if and only if the only
integral root of by(s) is —1, with multiplicity one. Moreover, this is equivalent to the vanishing of
the unipotent vanishing cycles ¢y1(0x) [DS12, Thm. 3].

Hodge-theoretic weakenings of the rational homology manifold condition for singular varieties
[DOR26, PP25a] have attracted interest due to their connections with higher singularities [CDM22,
DOR26,PSV24] and failures of Q-factoriality [PP25b]. In this paper, we relate the invariant HRH(Z)
introduced in [DOR26] to other well-known invariants in the case where Z is a complete intersection.
Throughout, we let X be a smooth connected complex algebraic variety with dim X = n.

We now fix an embedding i: Z < X as a complete intersection subvariety of pure codimension r.
Moreover, we fix fi,..., fr € Ox(X) such that Z = V(fi,..., fr). In this setting, there are several
singularity invariants of Z defined through Z-module and mixed Hodge module theory. We will not
recall all of their definitions in the introduction, but we describe the main objects needed to state
our results.

We first discuss the hypersurface case, so we take for now » = 1 and f; = f. In this case, the
picture can be understood using the well-known properties of the V-filtration, reviewed in §1 below.
This case also serves as the model for the invariants that appear for local complete intersections.

In the hypersurface case there are three well-established singularity invariants to consider (their
local notions at x € Z being denoted by a subscript = as in Theorem A):

e ayz(f), the smallest (negated) integer root of the reduced Bernstein—Sato polynomial gf(s).

® Sppin z(Z, ), the smallest integer spectral number in the Steenbrink spectrum [Ste89)].

o p(¢f1(0x), F), the index where the first jump in the Hodge filtration on the mixed Hodge
module ¢ 1(0x) occurs.

Conventionally, these invariants are 4+oo if the set of which they are the “smallest element” is
empty. As stated above, az(f) = +oc if and only if p(ps1(Ox),F) = 400 if and only if Z is a
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rational homology manifold. Note also that up to a shift, p(¢y1(Ox), F) is the invariant a™™( f)
defined in [JKSY22]. The latter is the first integer jumping index of the microlocal V-filtration
[Sai94].

These are related to each other in the following theorem.

Theorem A. Assume Z is defined inside an n-dimensional smooth variety X by a reqular element
f e Ox(X). Then for any x € Z, we have

az.(f) —2 <HRH.(Z) = p(¢s1(Ox)z, F) +1n — 2 < Spyyin (2, ) — 2,
where the second inequality is an equality if x is an isolated singular point.

Remark 0.1. In [JKSY22], it was noted that in the isolated hypersurface singularities case, we have
QMY f) = Spyinz(Z, ),

which proves the last assertion in the theorem statement. We give another proof of this below (see
Remark 5.7).

The Bernstein—Sato characterization of rational homology manifolds is specific to hypersurfaces. In
higher codimension, the analogous statement is false: Torrelli’s example gives a complete intersection
which is a rational homology manifold, but for which the corresponding reduced Bernstein—Sato
polynomial has an integral root; see Example 7.2. To study local complete intersections, one must
also replace the unipotent vanishing cycles of a hypersurface; a natural replacement is the unipotent
Verdier specialization along Z. The results below develop the corresponding comparison picture for
local complete intersections, relating the resulting specialization invariant to HRH, Bernstein—Sato
roots, and the integral spectrum.

We now return to the local complete intersection case. The central construction we use to study
local complete intersections is the unipotent Verdier specialization of Ox along Z. This is a mon-
odromic mixed Hodge module Sp,(@x)% on X x A” which sits in a short exact sequence

0 = 1,QY, 4r[n] = Sp4(Ox)2 — Q% — 0,

where the left-hand side is the trivial Hodge module on Z x A” and the module Q7 is defined through
this short exact sequence, though it was observed in [Dir23] that it is related to another important
construction we will see below.

The first integer invariant we consider is p(Q%, F'), where F is the Hodge filtration on the underlying
Z-module of Q. In the hypersurface case, we have p(QZ, F) = p(¢s1(Ox), F) — 1.

The module Q7 is related to the integral spectrum of Z at x € Z, defined by [DMS11]. As in the
hypersurface case, let Sp,,;, z(Z, ) denote the smallest non-zero element of the integral spectrum of
Z at x.

The main result about these invariants is the following and is proved in Proposition 5.1 and
Proposition 5.4.

Theorem B. Let x € Z be a point in a local complete intersection subvariety of the smooth variety
X. Then we have the following inequalities:

(1) p(Q%, F) +n—1<HRH(Z).
(2) p(Q%, F) +n+1 < Spuinz(Z, ).

In the isolated hypersurface case, the integer spectrum completely determines HRH,(Z). This is
no longer the case in the isolated LCI case, but we still have the following inequality.
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Theorem C. Let Z have an isolated local complete intersection singularity at x € Z. Then
HRHw(Z) > Spmin,Z(va) — 2.

It is clear from Theorem B that Q% = 0 implies Z is a rational homology manifold and that
SPminz(Z,7) = +oo for all z € Z. However, this condition is too strong to be equivalent to the
rational homology manifold property of Z, as we see in Example 7.2 below. In any case, we can
characterize the vanishing Q% = 0 as we explain now.

In [Mus22, CDMO24], singularities of fi,..., f, € Ox(X) are related to those of the general linear
combination hypersurface g = Y ;| y;fi defined on ¥ = X x Aj. Let U =Y\ (X x {0}). The
hypersurface defined by ¢|y is used in [CDMO24, CDM?22, Dir23] to study higher singularities of Z.
We have the following characterization of the vanishing of Q% in terms of the rational homology
manifold property of V(g|rr) C U. We use the notation HRH(V (¢|r7)) = HRH(g|p)-

Theorem D. In the notation above, we have
Qr =0 < V(gly) is a rational homology manifold <= Pgl1(Ov) = 0.

Moreover, we have inequalities

(1) az(gly) < p(Q%, F) +n+r,
(2) az(glv) —r—1 <HRH(Z),
(3) HRH(g|y) — r + 1 < HRH(Z).

In fact, the results above follow from more precise statements tracking how the Hodge filtrations
on the different monodromic pieces of Q% relate to one another, measured by certain “missed jumps”
between them (see Remark 5.11). This also leads to criteria for when the inequalities above are
equalities (see Proposition 5.3, Corollary 5.12, and Corollary 5.14). Example 8.1 shows that these
missed jumps can behave in quite different ways. It would be interesting to understand whether they
admit a more systematic interpretation.

The tuple fi,..., f, has a Bernstein-Sato polynomial by(s) [BMS06] which is divisible by (s + r)
in this case, and so we can consider the reduced Bernstein-Sato polynomial gf(s) = bs(s)/(s + 7).
Define _

az(Z) =min{j € Z | by(—j) = 0},
and conventionally set az(Z) = +oo if there are no integer roots of gf(s). We can also consider the
local notions for z € Z, denoted with a subscript x.

To relate this invariant to the ones we have already discussed, we need to assume that Z has
rational singularities.

Corollary E. If Z has rational singularities, then
(1) az(2) < p(Q*, F) +n+r,
(2) az(Z) —r —1 < HRH(Z),
(3) aza(Z) —r+1 < Spyinz(Z, ©).

In particular, if Z has rational singularities, then az(Z) = +oo implies Z is a rational homology
manifold.

Remark 0.2. We pose Conjecture 5.20 on the structure of certain Bernstein—Sato polynomials.
The validity of that conjecture would illuminate the connection between dz(Z) and Q%, as in Corol-
lary 5.24.
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In fact, we show a more precise statement, but it becomes rather technical and is discussed at the
end of Section C below. We remark that even in the isolated hypersurface singularities case, it is
possible to have strict inequality

aZJ(Z) < Spmin,Z(va)v
see [JKSY22, Rmk 3.4d]. Moreover, the converse to the last statement of the corollary is not true
(Example 7.2).

Plan of the paper. Section B contains a review of the V-filtration, the Specialization construction,
and of the definition of the spectrum given by [DMS11]. Section C studies the integer invariants
HRH(Z), Spyinz(Z, ), az(Z), and p(Q%, F). The invariant HRH(Z) is characterized via the V-
filtration and Theorem A is proven in §3. We prove Theorem B (= Proposition 5.1 and Proposi-
tion 5.4), Theorem D, and Corollary E in §5. The proof of Theorem C is contained in §6. Examples
of various features are discussed in Section D.

Acknowledgments. We would like to thank Bhargav Bhatt, Qianyu Chen, Radu Laza, Laurentiu
Maxim, Mircea Mustatd, Sung Gi Park, Mike Perlman, Mihnea Popa, Sridhar Venkatesh and Anh
Duc Vo for many conversations on the topics in this paper.

B. PRELIMINARIES

1. V-filtration. To define nearby and vanishing cycles for mixed Hodge modules, Saito uses the
V-filtration of Kashiwara and Malgrange. As this is arguably the most important construction for
what follows, we remind the reader of its definition.

For the smooth variety X, let T' = X x A} be the trivial vector bundle over X with fiber coordinates
t1,...,tr. We have Ip = Px(t1,...,t,,04,...,0), where as usual [0y,,t;] = d;;, the Kronecker
delta. This ring carries a Z-indexed, decreasing filtration

V.-@T: ZP/377t66?|P57’Y€-@X7 |B| Z |7|+. )
By
so that, for example, t; € VP, O, € V~=19p, and

Vj@T . Vk@T - VjJrk@T.

If M is a regular holonomic Z7-module underlying a mixed Hodge module, then it admits a Q-
indexed V-filtration along (1, ...,t,). This is the unique exhaustive, decreasing, Q-indexed filtration
(VEM) e which is discrete’ and left continuous?, and which satisfies the following properties:

(1) For any o € Q, j € Z, we have containment VIigr - VM - VotiM.

(2) For a>> 0,j € Z>p, we have equality V/Zr - VM = VT M.

(3) For all a € Q, the VOZp-module VM is coherent.

(4) For s = —>_;_, Oy,t; and for any o € Q, there exists some N > 0 such that
(s+a)NVOM C U VM =V>eM.

B>a
In other words, s + « is nilpotent on Gr{;(M) = VM / V=M.

IMeaning there exists {o; }jez with limj_, 400 a; = f00 so that VM is constant for a € (aj, aji1).
Meaning VM = Ns<a VEM.
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Example 1.1. If 0: X — T is the inclusion of the zero section, then for any mixed Hodge module N
on X, the push forward o,/N underlies a mixed Hodge module on T'. Its Zp-module can be written

o N = @ Nog s,
aeN"
where g is a formal symbol which is annihilated by ¢1,...,%,.. Then
[—A]
V)\J+N = @ J\/’@f‘ég

|af=0

For (M, F) a filtered Z7-module underlying a mixed Hodge module on 7', we define Koszul-like
complexes

FpAX(M) =

VM S PEVFIMS .5 FpVX”M] :
=1

FpBX(M) = FAX(M)/F,A"X(M) =

F,Gri (M) & P FGET (M) 5 5 FpGr"‘/Jrr(M)] :
=1

F,CX(M) =

Fyer G (M) 25 @ Fporn GrE M) 25 2 chré(M)] .
=1

The last condition in the definition of the V-filtration leads to the following acyclicity results for
these complexes.

Proposition 1.2 ([CD23, Thm. 3.1, 3.2]). For all x # 0, the complezes BX(M), CX(M) are acyclic.
For x > 0, the complex AX(M) is acyclic.
When r = 1, this acyclicity means we have isomorphisms
t: VM2 VI M for a > 0
t: Griy(M) = Gr (M) for a # 0
Op: GrtH (M) =2 Grf (M) for a # 0.
For » = 1, one of the properties which the filtered module (M, F') must satisfy to underlie a

mixed Hodge module on T is that these isomorphisms are filtered isomorphisms in certain ranges:
specifically, Saito imposes that

t: F,VOM = E,V M for a > 0
Or: FpGritH (M) =2 F, 1 Gr{y (M) for a < 0.
Some immediate consequences of these conditions are the following;:

Proposition 1.3 ([Sai88, Sect. 3]). Let (M, F) underlie a mived Hodge module on T = X x A}.
Let j: X x G, — X x A} be the inclusion of the complement of the zero section. Then

(1) For any A > 0 and p € Z, we have
(1.4) FE,VAM = VAM N (5% (FyM)).
(2) For all p € Z, we have
FoM =0 (Fp—iVOM).

>0
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If M has no sub-module supported on {t = 0}, then the equality (1.4) holds with A\ = 0. In this
case, we have

F,M =" 0i(VOMN g™ (FpeiM)).

i>0
For r > 1, filtered acyclicity still holds in the corresponding ranges.

Proposition 1.5 ([CD23,CDS23]). For all x < 0, the complex CX(M, F) is filtered acyclic. For
X > 0, the complezes AX(M, F) and BX(M, F) are filtered acyclic.

The complexes B°(M), C%(M) are related to the restriction functors for mixed Hodge modules.
Proposition 1.6 ([CD23, Thm. 1.2] and [CDS23, Thm. 1]). Let M € MHM(T). Then BY(M, F),C%(M, F)
are strictly filtered complezes.

Let o: X — X x A} be the zero section. We have filtered isomorphisms
EyH o' (M) =2 F,# BY(M) for all j € [0,7],
F,Hio* (M) = E,HICO(M) for all j € [—r,...,0].

2. Specialization and Spectrum. The results of this paper make use of the Verdier specialization
functor, which we review here. For details, see [Sai90, BMS06, CD23].

Let Z C X be a (possibly singular) subvariety defined by fi,...,f, € Ox(X). This defines a
graph embedding I': X — T by = — (z, fi(z),..., fr(z)). Given M a mixed Hodge module on X,
we obtain I'y M a mixed Hodge module on T'.

The Verdier specialization of M along Z (or, of I',M along X x {0}) is a mixed Hodge module on
X x AL, where z1,..., 2 are the fiber coordinates. The module is denoted Sp, (M) = Sp(I'x(M)).
Its underlying filtered Z-module is

FpSp(Ta(M)) = @) F,Gry (T (M),

X€Q

where V°T',(M) is the V-filtration along ¢1,...,t, and FpGr{,(I'v(M)) = %1% The 2-

module action is given on m € Gr{\(I'«(M)) by
Pm = Pm, for P € 9x,
zim =t;m € Gr%C/H(F*(M)),
8, = O,m € Gry (D (M)).
This gives an example of a monodromic mized Hodge module on X x A’. Recall that a mixed
Hodge module is monodromic if its underlying Z-module is, which means that it decomposes into

generalized eigenspaces for the Euler operator 6, = >\, z;0,. If N is monodromic, for any x € Q,
we let

NX = U ker((6, — x + 1)), so that N = @NX.
j>1 =
The V-filtration along z1,..., 2, is particularly easy to understand for monodromic modules: in-
deed, it is given by
VAN =PNY, Grp(V) =N

X=A
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We have particular interest in the case M = Q¥[n]. We let I'.(Q[n]) = By in this case for
ease of notation. For Z C X a complete intersection (meaning fi,..., fr € Ox(X) form a regular
sequence), the module Sp(By) admits a morphism L — Sp(By), where L = QY. .. [n] is the trivial
Hodge module on i: Z x Al — X x Al. ’

Lemma 2.1. Let

(K, F) = ker((Grly (By), Flr]) ~5 @D(Gry (By), Flr — 1)),

i=1
Then (K, F) underlies i.Q¥[n — r].
Moreover, the Z-module L = KX Opr = Klz1,. .., 2] underlies L, with filtration given by
Fo L = (Fpr K21, -0, 20

Proof. The first claim follows by applying Proposition 1.6 to By = I',(Q¥[n]), using Base Change
[Sai90, (4.4.3)] to see that

o' T (Q¥ [n]) = i.i* Q¥ [n] = i.QY [n].
The second claim follows by definition, using, for example, [Sai90, Lem. 2.25]. O

The map L — Sp(By) is injective, and we let @ be the cokernel of the map. Then we have a short
exact sequence of monodromic mixed Hodge modules on X x AZ:

0— L — Sp(Bf) - Q — 0.

The monodromic pieces of £ satisfy £X = 0 for x ¢ Z>,. Thus, we see that Sp(By)X = QX for all
X ¢ Z>,. The interesting part of this short exact sequence is then

(2.2) 0—L—Sp(By)*—Q%—0

where for any monodromic mixed Hodge module, we use the superscript Z to denote the “unipotent
part”, which is the direct sum of the monodromic pieces with integer indices. We also use a super-
script « + Z to denote the filtered direct summand of a monodromic module which is obtained by
collecting all summands with indices in « + Z.

For Z C X a local complete intersection subvariety, we review the definition of the spectrum of Z
at & € Zging due to Dimca, Maisonobe and Saito. For details, consult [DMS11] and [Dir23].

Using the monodromy endomorphism and the mixed Hodge structure on the cohomology of the
Milnor fiber, Steenbrink [Ste89] defined, in the isolated hypersurface singularities case, the spectrum
of the hypersurface singularity. This is an invariant of the singularity given by a multiset of positive
rational numbers, encoding the eigenspaces of the monodromy operator.

In [DMS11], Dimca, Maisonobe and Saito defined the spectrum for any variety Z at a point x € Z
using the theory of mixed Hodge modules. The definition is rather technical, but when we assume
Z is a local complete intersection variety it is slightly simpler.

Let Z C X be a local complete intersection subvariety of pure codimension r. Let z € Z, and
locally around x we can write Z = V(f1,..., f,) where fi,..., f, € Ox(X) form a regular sequence.
Let £ € {z} x A] be a sufficiently general element, and set i¢: {{} — X x A to be the inclusion.
Then define the non-reduced Spectrum of Z at x by

Sp(Z.x) = Y maat®,

a€Q>o
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where

Mae = Y (~1)F dime Gl g, HFTiE(SP(B) ),
keZ

and we define the reduced spectrum by
Sp(Z, ) = Sp(Z, ) + (—)™ 7 *1.

This definition clearly extends to an arbitrary monodromic module M, where we write mq (M)
for the alternating sum

Mae(M) =Y (1) dime Griyy g 7 HFTig(MOT),
keZ

Moreover, if
0— M — My — M3 —0

is a short exact sequence of monodromic mixed Hodge modules, then we see that
Sp(Mz,z) = Sp(M1, z) + Sp(Ms, x).
For M a monodromic mixed Hodge module, we let its integer spectrum be denoted

Spz(M,z) = D mja(M)P.

JE€L>0
Applying the additivity to the short exact sequence (2.2) we get
Sp(Q,z) =Sp(Z,z) — Sp(L, z),
and in particular,

Sp2(Q,z) = Sp(Z,x) — Sp(L, ),

which by an easy computation of the non-reduced spectrum of L, gives
Sp(Q,x) = Sp(Z, z).

We end this subsection by stating a criterion for vanishing of integer spectral numbers, which is a
special case of [Dir23, Lem. 2.7]:

Lemma 2.3. Let M be a monodromic mized Hodge module. Assume Fp_l_dimXMZ = 0. Then for
all j € Zep, we have mj (M) = 0.

C. MAIN RESULTS

In this section, we prove the main results stated in the introduction. We begin with the hypersur-
face case, where the unipotent vanishing cycles module and its Hodge filtration capture the whole
picture. We then turn to local complete intersections and introduce several singularity invariants,
showing how they relate to each other and to the HRH invariant. The results beyond the hypersurface
case can be viewed as different ways of generalizing this picture.
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3. Hypersurfaces. Let Z be a hypersurface of an n-dimensional smooth variety X defined by f.

Let '
By =P oxols
J=0
as defined in §1, and
Fy_nBr = P 0x0}5.
i<k
Recall that by [DOR26, Thm. D(1)], Z is k-Hodge rational homology if
F W1 Hz(Ox) = FrnMz(0x).

The local cohomology is captured by the unipotent nearby and vanishing cycles and their corre-
sponding filtrations. More precisely, we have a short exact sequence

0— Gr%(By) & Grl(By) = Hy(Ox) — 0,

which is bi-strict with respect to the Hodge filtration and the weight filtration, where the weight
filtration of the first two terms is induced by their monodromy operators, and underlies the sequence
of mixed Hodge modules (see, for example, [Ola23, Thm. A])

0 = Q¥ [n] Y% v QY n](~1) — HL(QE[n]) — 0.

Recall the convention for the Hodge filtration on nearby cycles, when indexing the Hodge filtration
as for right Z-modules, is as follows:

Fppy1(Ox) = Fp1Gry (By),

and that the weight filtration is defined as the monodromy filtration for the nilpotent operator (N
or t0;) centered at n — 1. In general, the monodromy filtration satisfies (see [SZ85, Rmk. 2.3])

Woo14iGri (By) = Y (t0y) ker((10y)' %),
£>max{0,—i}

However, in our situation, (t9;)*: (Gri,(By), F) — (Gr{,(By), F[—£]) is strict for all £ > 1. Tt is
an easy exercise, then, to see

FyWo11iGri(By) = Y (t0) Fy_gker((t0,)'T+2).
£>max{0,—}
This discussion, by taking ¢ = 0, gives the containments
F,ker(td;) C FyW,,—1 Gry,(By) C Fpker(td;) + t(F, GrY,(By)),
and hence, the formula

1 FyWarGrly (By) + t(F, G (By)) _ Fypker(td)) + t(F,Cad (By))

FpWhiaHz(Ox) = 3 = :
t(Fp Gry (By)) t(FpGry (By))

Proof of Theorem A. Assume first that Fk_nGrQ,(Bf) = 0. This means that every element in
i1 Gry(By) = Fe_1-n(¥71(Ox)(—1)) lies in the subset kerd; = kertd; C W,,_1Gri{,(By) =
Wit1(¥71(QE[n]) (1)), where the containment follows by definition of the monodromy filtration
centered at n — 1. This implies that

Foo1 nH5(Ox) C WhiH(Ox),
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and therefore, HRH(Z) > k — 1.

Suppose now that Fy_1_,Wni1H5(Ox) = Fr_1-,HL(Ox). By induction on k, we have that
Fk_l_nGr(‘)/(B ¢) = 0. Thus, we have an isomorphism

Fr1-nGri(By) & Fy_1_nHy(Ox).

To prove the claim, it suffices by strict surjectivity of d;: (Gri,(By), F) — (Gr{,(By), F[-1]) to
prove that Fj_1_,Grl,(By) C ker(9;) = ker(td;). As Fy_1_,G1{,(By) = 0, we get

kalfn,}'[lz(ﬁx) = kalfn ker(N),
which finishes the proof. O

Suppose now that Z has an isolated singularity. Let F' be the Milnor fiber of Z. It is well-known
that
DR(GrY,(By)) = H" ' (F)
supported on the singular point. Moreover, the dimension of the Hodge filtration of this cohomology
is controlled by the spectral numbers. More precisely, if a; are the spectral numbers, then

#{i | as; =k} = dim G, H" " 1(F);

for p = n — k (and similarly for non-integer ones, see e.g., [Sai07, §3]). By using induction and
the definition of the Hodge filtration and the de-Rham functor, the following result follows from
Theorem A.

Corollary 3.1. Let Z be a hypersurface of a smooth variety that has an isolated singularity at x € Z.
Then,
HRH(Z) = Spmin,Z(Z,x) - 2.

Remark 3.2. The results in this section can be proved with the techniques of the upcoming sections.
The hypersurface case is a good illustration of objects introduced in the case of local complete
intersections. See Remark 5.7.

4. Reinterpretation using specialization. We now focus on the local complete intersection case.
Let Z=V(f1,..., fr) € X be a complete intersection subvariety of pure codimension r, where X is
a smooth irreducible variety of dimension n. We introduce in this section several integer invariants
associated to Z and show how they relate to each other. In the hypersurface case, we will see that
these numbers are all essentially the same, except for the invariant defined using the Bernstein—Sato
polynomial.

We have the short exact sequence of monodromic mixed Hodge modules on X x A”,
0— L — Sp(By)* — Q% — 0,

which in this case encodes the morphism .1 z. To see this, let 0: X — X x A’ be the inclusion
of the zero section. By Proposition 1.6 above, we see that o'(M) = o'(M?%) for any monodromic
module M.

We have by [Sai90, Pg. 269] that
0'(Sp(By)) = o' (By) = i.i'QX[n,

where we also use o to denote the zero section in X x A} for the middle term, and the last equality
follows by Base Change [Sai90, (4.4.3)].
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Applying o' to the short exact sequence, we get an exact triangle
o'L — i,i'Q¥[n] —» ¢'Q” RN
Recalling that L = i.Qzxar[n], it is a simple computation to check that
0'L = i.Qf [n — 2r](=r) = (L.QZ[d))[~r)(~r),
and so the morphism y: ¢'L — i*i!(@g [n] is (up to non-zero scalar multiplication on the irreducible

components of Z) the map ¢z[—r](—r). By looking at the long exact sequence in cohomology, the
only non-zero terms are the rightmost four:

0= H' ! (0'Q) = (1.QF [d) (=) % HZ(QX[n]) = H'(0'Q%) = 0
Proposition 4.1. In the notation above, we have the following:

(1) Fy_qvz is an isomorphism if and only if Fy_,H ' (c'Q%) = 0.
(2) Fyx_avy is an isomorphism if and only if HRH(Z) > k if and only if Fx_,H' (¢'Q%) =

In particular, Fy_,H"('Q%) = 0 implies Fy_, H "' (c'Q%) = 0.
Proof. Recall that Fy_g4vz is an isomorphism if and only if it is injective. This is true if and only

if Fi_q17 is injective. As 1¢z(—r) and y agree up to non-zero scalar multiples, this is equivalent to
Fj._,x being injective, which by the exact sequence is equivalent to the vanishing Fj,_,H" (o' Q%).

The other claim is shown similarly. O
We can rephrase the results of the proposition purely in terms of the V-filtration.
Proposition 4.2. In the notation above, we have the following:

(1) The map Fy_g7vz is an isomorphism if and only if

(Zt Fr_nCrl7Y( Bf> <ﬂ ker(y, : Fy_nGri (By) —>Fkn+1GrTV—1(Bf))> =0.

=1
(2) The map Fy_q7) is an isomorphism if and only if HRH(Z) > k if and only if

(Zt Fr_nGrl Y (By) > (ﬂ ker(dy,: Fy_n,Grl,(By) — FMHGrTV—l(Bf))> = F},_,Crl(By).

=1
In particular HRH(Z) > k if and only if

Fy_nGr},(By) = (thFk 2Grl ) (ﬂ ker(0y, : Fi—nGrl,(By) = Fi_py1Grl7 (Bf))>

Proof. These are immediate restatements of the conditions in the previous proposition, using the
definition of the underlying filtered Z-module of Q. U

Thus, we get a V-filtration characterization of rational smoothness in the local complete intersec-
tion case.

Corollary 4.3. In the above notation, Z is a rational homology manifold if and only if

Gry, (By) = (Zt Gry,~ ) (ﬂ ker(0y, : Gry,(By) — Gry, (Bf))> .
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In fact, we can say the following:

Theorem 4.4. Let Z C X be a complete intersection defined by fi,..., fr € Ox(X). The following
are equivalent:

(1) Sp(By)% is a pure Hodge module of weight n.
(2) N =0 on Sp(By)Z.
(3) Q% is a pure Hodge module of weight n.

Moreover, any of those equivalent conditions implies the following (all of which are equivalent to
each other):

(1) Z is a rational homology manifold.
(2) Z x A" is a rational homology manifold.
(3) L=QY, ,.[n] is a pure Hodge module of weight n.

If r =1, the converse holds.

Proof. The equivalence of the second collection of three conditions is obvious.

The equivalence of the first and second conditions follows from the fact that the weight filtration
on Sp(Bf)Z is the monodromy filtration for N centered at n. Either condition implies the third,
because QZ is a quotient of Sp(By)Z by definition.

To see that the third implies the first, recall that W,,L = L. Thus, for all i € Z, we have a short
exact sequence,

0— Grl.,L — Gr)Y.;Sp(By)? — GrlV.,Q% — 0,
and for ¢ > 0, we have an isomorphism GrmiSp(Bf)Z = GrmiQZ. Thus, W,Q% = Q% implies
Sp(By) is pure.
We see that the condition that Sp(B f)Z is pure of weight n implies L is pure of weight n.

To prove the converse, assume = 1. Then Z = {f = 0} is a rational homology manifold if and
only if ¢71(0x) = 0 if and only if N =0 on ¢1(0x). But then

Sp(By)” = €P G/ (By)
>1
clearly satisfies the vanishing N = 0. g

Remark 4.5. The difficulty in proving the converse of the above theorem in r > 1 is the fact that
we do not know if the inequality

min{i | (s + r)iGr{/(Bf) =0} >min{l | (s+7r— 1)4Gr(;1(Bf) =0}
is strict. This is true when r = 1.

The inequality cannot be strict in general: indeed, if Z is a rational homology manifold, then by
Corollary 4.3, we have

Gry/(Bf) = ker(s +71) + Z t;GryH(By),
i=1

and so there are two possibilities: Gr’{/_l(B £) = 0, in which case Q% = 0, or the inequality is an
equality.
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5. Integer invariants and relations among them. We can now introduce the second integer

invariant of this work, which is p(Q%, F)). Immediately we obtain the following:

Proposition 5.1. We have an inequality
p(QF,F) +n —1 < HRH(Z).
Proof. By definition, Fp(szF)_lQZ =0, so Fp(QZVF)_l}[TO'!(Q) = 0 by Proposition 1.6. O
Before introducing the next integer invariant, we study how the invariant p(QZ , I) relates to the
invariants p(QF, F') = inf{p | F,Q" # 0}.
Lemma 5.2. The following hold:

(1) p(Q% F) =p(Q", F) = p(Q", F) for all { > r.
(2) p(Q'=¢, F) =p(Q', F)+ ¢ for all £ > 0.
(8) For all k € [1,r) NZ, we have

p(QF F) < p(QF, F) < p(Q"™ F) + 1.

Proof. The filtered acyclicity of B7(Q, F) for j > 0, given by Proposition 1.5 above, tells us that
there are surjections

,

s ,
Dre ! R,
i=1

which inductively proves p(Qf, F) > p(Q", F) for all £ > r. The same filtered acyclicity tells us that
the map

T
Fij Ziy EBFPQj+1
i=1
is injective for all 7 > 0, so that
p(Q7,F) > p(QI*! F) for all j > 0.

These together show that p(Q", F) = p(Q°, F) for all £ > r.
The filtered acyclicity of C7(Q, F) for all j < 0 gives surjections

,
0 )
@ FpQJ+1 — FerlQJv
i=1
which gives the inequality p(Q7, F) > p(Q’*!, F) + 1. Moreover, it gives injections

Y .
FpQ]-H“ N @FP-H Qj—i-r—l
i=1
so that p(Q7, F) < p(Q/*t1, F) +1 for all j < r.
This proves almost all claims, except we need to show that p(Q°, F) = p(Q!, F) + 1.

The long exact sequence in cohomology for ¢* applied to the short exact sequence (2.2) gives
isomorphisms
HO0*(Q) = H 0" (Sp(By)) = H " (By).

and all three modules vanish, because By has no quotient object supported on X x {0}.
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Thus, H°(C%(Q, F)) = 0, giving a surjection
T
1 9 0
@ FpQ — Fp+1 Q )
i=1
and proving the last remaining claim. O
This leads to a natural condition for equality in Proposition 5.1.
Proposition 5.3. Assume p(Q"~', F) = p(Q* F) +1. Then
HRH(Z) = p(Q%, F) +n — 1.

Proof. The assumption tells us that F, gz mQ" " = p(Qz’F)Gr(/_l(Bf) = 0. Then
'
Foqe ' (01(Q) = Fyqe,m Q') Y ke Q" = Fpge.ry@ # 0,
i=1

proving that HRH(Z) < p(Q%, F) + n. O

The next integer invariant is the minimal integer spectral number of Z at a point x € Z, which
we denote by Spi, 7(Z, ).
An immediate application of Lemma 2.3 above gives the following lower bound. Here
p(Q%F, F) = min{p € Z | (F,Q"), # 0}
is the lowest non-vanishing index of the stalk of the Hodge filtration at x.

Proposition 5.4. Let x € Z be a point in the local complete intersection variety Z. Then

Spmin,Z(Za x) Zp( %VF) +n+1

The same condition in Proposition 5.3 above gives a condition which allows us to ensure equality
in the proposition above in the isolated singularities case.

Proposition 5.5. Let x € Z be an isolated singular point. Assume p(QL ', F) = p(Q%, F) + 1.
Then

Spmin,Z(Zﬂ J}) :p( %7F> +n+1

Proof. The assumption allows us to use [Dir23, Lem. 2.6], which tells us that

Suppy; (Fy(gz,7) Q%) = AL
Then the proof goes through in exactly the same way as the last step of the proof of [Dir23, Thm.
1.1]. O
Remark 5.6. We have the following: Q% = 0 if and only if p(Q%, F) = 400, which implies that
SPminz(Z, ) = +00 and that Z is a rational homology manifold.

It is easy to check that Q% = 0 if and only if Gr}}_l(B f) = 0. Example 7.2 below shows, then,
that Q% = 0 is too strong: there is a complete intersection variety Z which is a rational homology
manifold but with Q% # 0.
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Remark 5.7. As mentioned in the introduction, in the hypersurface case, the situation simplifies
immensely. Let Z =V (f) C X. It is well known that Z is a rational homology manifold if and only
if pr1(0x) =0, see for example, [JKSY22, Thm. 3.1]. By the previous remark, this is true if and
only if Q% = 0. In this remark, we give another proof of that fact.

We use the following notation as we have fixed a defining function for Z:

Spmin,Z(Zv $) = Spmin,Z(f’ ‘T)v
HRH(Z) = HRH(f).
If Q% # 0, then in this case we have p(GrY,(By), F) = p(Q%, F) + 1. Indeed, this follows immedi-
ately from the fact that
can = 0;: Gry,(By, F) — GrY,(By, F[-1])
is strictly surjective.

By Proposition 5.3, we see that HRH(f) = p(Q%, F) + n — 1 = p(p;1(Ox), F) + n — 2, which
shows that HRH(f) = +o0 if and only if p(¢f1(0x), F) = 400, proving the equivalence mentioned
at the beginning of the remark. Moreover, if Z has an isolated singularity at x € Z, then we get

SPuminz(Z, @) = p(Q%, F) + n+ 1 = p(os1(Ox), F) + n.
This gives another proof of the equality noted in [JKSY22, Formula (13)].

In [CDMO24], when defining the minimal exponent for the complete intersection subvariety
Z =V(fi,...,fr) € X, an auxiliary construction is used. This is the general linear combina-
tion hypersurface, defined by g = 371 yifion Y = X x A}, Let U = Y \ (X x {0}) with open
embedding j: U — Y and let 0: X x {0} — Y be the inclusion of the zero section. Then we have
the exact triangle

020" 061 (QF [0 +7]) = 01 (QF [0 +7]) = Juspgy 1 (QF [0 +7]) T

In [Dir23], the Z-module ¢, 1(0y) is compared to the Fourier-Laplace transform of Sp(By). This
comparison implies that 0*0!¢g,1((@5 [n 4+ r]) has a unique non-vanishing cohomology module in the
local complete intersection case, namely, the O-th one. This is due to the fact that o.0*Sp(By) has a
unique non-vanishing cohomology module, and the Fourier-Laplace transform interchanges the two
types of restriction to the zero section.

Thus, this exact triangle is actually a short exact sequence
0 = 020" g1 (QF [0 +7]) = 24,1 (QF [0 +7]) = Jupg), 1(QF [ +7]) = 0.

Each term in the short exact sequence is monodromic along the variables y1,...,y.. In fact, this
is the Fourier-Laplace transform of the short exact sequence (2.2). As a corollary of this fact, we get
the following.

Corollary 5.8. In the above notation, we see
Q% =0 if and only if ©qlu1(Ov) = 0 if and only if V(gly) C U is a rational homology manifold.

In particular, V(g|u) being a rational homology manifold implies Z is one, too.
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As explained in the proof of [Dir23, Prop. 3.4], there is an isomorphism
Fp‘Pg,l(ﬁY)r_lC = prkJrrGr]\ﬂ/(Bf)a

where the left-hand side is the corresponding monodromic piece. By the short exact sequence and
strictness of morphisms with respect to the Hodge filtration, there is also an isomorphism

(5.9) ij*sﬁgw,l(ﬁU)Pk = p*k+er,
which we can use to prove the following.

Proposition 5.10. Let p(¢,),1(0v), F) = min{p | Fppy, 1(Ov) # 0} = min{p | Fpj«(vg),1(O0)) #
0}. Then

P(@gly1(Ov), F) = . miril]{p(Q”_z,F) — 0} =p(QL,F) —r+1.

€[o,r

Proof. The last equality follows from Lemma 5.2, which implies
p(QL, F) <p(QY, F)+ ¢ —1forall £ € [1,7]NZ,
and so p(QY, F) —r 4+ 1 < p(Q" ¢, F) — ¢ for all £ € [0,r — 1].
Note that p(j.pg|,,1(Ov), F) = p(eg),1(OU), F).
We have the formula (5.9) from above
ij*¢g|y,1<ﬁU)r_k = pkaerk,

and so by definition, we get
P(#gly1(O0), F) = ggg{p(g"*’“, F)—k}.

Thus, we need to check that this minimum is achieved for k € [0,7 — 1] N Z. For k > r, we have
p(Q " F)=p(Q" F)+1+k—r,
and so
p(Q 7 F) =k =p(Q UV F)— (r-1),

and we get that p(¢y,1(Ov), F) = mingez_, p(Q" ", F) — k.

For k <0, we have

p(Q 7 F)=p(Q", F),
and so
p(Q" K F)—k>p(Q", F)—r,

proving the desired equality. ([l

Remark 5.11. Another way to phrase the result is the following: let
i(Z)=#{telr—1NZ|p(Q " F) = p(Q~", F)}
be the number of times when the lowest Hodge piece doesn’t jump in the interval [1,r — 1]. Then
p(Q%, F) = plgy),1(O0), F) + §(2).

Indeed, this follows from the observation
p(Q ™ F) = p(Q% F)+ £~ |{j <£|p(Q 7, F) = p(Q 7" F)},

so that p(Q" ¢, F) — £ = p(Q%, F) — (the number of missed jumps up to £). The minimum of this is
clearly when ¢ is maximal, proving the claim.
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Corollary 5.12. Let j(Z) be the number of missed jumps in the interval [1,r — 1] as defined above.
Then

(1) HRH(Z) > HRH(g|y) —r + j(Z) + 1.
(2) If p(Q"=Y, F) = p(Q%, F) + 1 (which is true if j(Z) =0), then 0 < j(Z) < r —1 and we have
equality
HRH(Z) = HRH(gly) — 7 + j(Z) + 1.

Proof. We have equality
p(Q%, F) = p(pg)y1(O0), F) + §(2),
and by Remark 5.7 the right-hand side is equal to HRH(g|i7) — (n + ) + 2+ j(Z). Thus, we have
HRH(Z) > p(Q%, F) +n —1=HRH(g|p) — r + j(Z) + 1,

as claimed.

For the last claim, equality holds by Proposition 5.3. ]

We now describe the relation of the Bernstein—Sato polynomial to the G-filtration when r = 1.
Let f € Ox(X) define a non-empty hypersurface. The module By = @,y Ox0fd; admits an
exhaustive filtration G*By indexed by Z (defined below also for » > 1). This has the property
that the Bernstein-Sato polynomial b¢(s) of f is the minimal polynomial of the action of —0;t on

Gr(By). As f defines a non-empty hypersurface, it is easy to see that (s+1) | bs(s) using the usual
description in terms of functional equations:

by(s)f* = P(s)f5t! for some P(s) € Zx]s].

The reduced Bernstein—Sato polynomial gf(s) = bs(s)/(s + 1) is an invariant of the singularities
of f. The minimal exponent is
a(f) = min{A € Q[ bp(=) = 0},
and so we can consider a similar formula, only considering integer roots:
az(f) = min{j € Z | by(—j) = 0}.
We clearly have an inequality a(f) < az(f).
The G-filtration has the property that
GryyGrl(By) # 0 if and only if (s 4+ \) | by(s).
To study the reduced polynomial, Saito [Sai94] introduced the microlocalization B ;= B9, 1).

This object carries a microlocal V-filtration and a G-filtration. Importantly, these filtrations satisfy:
the minimal polynomial of —9;t on Gr&(B;) is by(s) by [Sai94, Prop. 0.3], and

Gr{\/Gr%(gf) # 0 if and only if (s + \) | Zf(s).

Using the isomorphisms 8,{ : Gr{\/Grg(g §) = Gr‘A/_j Grg_j (B +), we see then that
az(f) > j if and only if G71Grl,(B;) = 0.

Another important aspect of the microlocalization functor is that the natural map

Grl(By, F) — Grl(B;, F)
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is an isomorphism, where F.gf = ®k§o+n ﬁxaféf.

Using this property and the fact that Fk_ngf - G_kgf, it follows that p(Grl,(By), F) > az(f)—n.
By Proposition 5.4, we get
aZVT(f) < Spmin,Z(fv ‘73)

Even in the isolated hypersurface singularities case, strict inequality az(f) < Spminz(f, ) is
possible [JKSY22, Rmk. 3.4d].

Remark 5.13. When Z = V(f1,..., f,) C X is defined by a regular sequence, the minimal exponent
is defined by

a(Z) = a(glv),
where the right term is the minimal exponent for hypersurfaces defined above [CDMO24]. Associated

to the tuple fi,..., fr, there is also a Bernstein—Sato polynomial [BMS06], related to the reduced
Bernstein—Sato polynomial of g, by [Mus22]:

by(s) = by (s).
Moreover, (s+7) | b¢(s), so we can consider the reduced Bernstein-Sato polynomial gf(s) =bys(s)/(s+
7). The minimal exponent satisfies @(Z) = min{\ € Q | by(—A) = 0} as well by [Dir23].

One might ask whether az(g|y) satisfies a similar formula, that is, whether it is equal to
dz(Z) = min{j € Z | by(—j) = 0}.

This equality would allow one to rewrite the results of Corollary 5.12 in terms of invariants of Z
rather than invariants of g|.

It is not true, however, that gf(s) = ~g|U(s), and so the question is slightly subtle. In general, we
have [Dir23, Lem. 5.2]:

br(s) = by(s) = byp (5) [ + 7+ )
i€l
where I C Z>( is some finite subset. So we can see that we have equality az(Z) = az(g|v) if either
one is strictly less than r.

There are two cases: either 0 € T or 0 ¢ I. If 0 € I, then we get

by(s) =by,(s) J] (s+7+i),

ieI\{0}
and so we have inequality az(Z) < az(g|v).
In the other case, we get N
~ by, (5)
b — glu .
1) = oy L+ 40,

i€l
and so we only get
az(gly) = min{r, az(Z)}.
This case is possible, as Example 5.21 shows below.

Corollary 5.14. In the above notation, let j(Z) be the number of missed jumps. Then
(1) HRH(Z) = az(glv) —r +j(Z) — 1.
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(2) If az(g|ly) > r, then we have inequality
HRH(Z) > az(Z) —r+ j(Z) — 1.

Proof. We have
aZ(Q’U) < p(‘ﬁghj,l(ﬁU)?F) =+ (n + 7’),
and so we get that
p(Q%,F) = j(Z) + (n+ 1) = az(glv),
giving p(Q%?, F) +n — 1> az(g|lv) +j(Z) —r — 1. Then the claim follows from Proposition 5.1.

If we assume az(g|y) > r, this implies that (s+7) { by, (s), and so we are in the case 0 € I. Thus,
we have inequality az(Z) < az(g|v). O

As a consequence of these results, we obtain Theorem D and Corollary E.

Proof of Theorem D. The first statement is Corollary 5.8. The first inequality follows from the proof
of Corollary 5.14, and the second inequality from the statement of the same corollary. Finally, the
last inequality follows from Corollary 5.12. O

Proof of Corollary E. The inequalities follow from Theorem D and the last line of Corollary 5.14.
The implication az(Z) = +oo implies rational homology manifold follows from the inequality
az(Z) —r —1 < HRH(Z). In the hypersurface case, the converse follows from the observation that
az(Z) = oo if and only if for all j € Z, we have GerGr(‘),(B ¢) = 0, but then by exhaustiveness of
the filtration G, this is true if and only if Gr(‘)/ (By) = 0, which is equivalent to the rational homology
manifold condition for hypersurfaces. ([l

Remark 5.15. We have

d—
HRH(Z) < +o0 if and only if HRH(Z) < TB
Combined with the inequality above, we see that if
~ d—3 . n+r—1
Falolo) > 5o - j(2)+1= " j(2),

then Z is a rational homology manifold.

Example 5.16. The previous remark is most clear when r = 2. Indeed, in that case, we have
j €{0,1}. If j = 0, then by Proposition 5.3, we see that HRH(Z) = p(Q%, F) + n — 1. Otherwise, if
j =1, then we see that if Z is not a rational homology manifold, we have the inequality

n—1

2

az(glv) <

Now, we give some partial results on the invariant az(Z). As in the hypersurface case above, the
polynomial bf(s) is controlled by the G-filtration on By. This is defined as follows: the ring Zr has
a Z-indexed filtration

Vk@T = Z‘Pﬁﬁtﬁag ‘ PB,’Y € 9)(7 |B’ 2 |7’ + k )
Byy
and so we can define an exhaustive filtration

G*B; = (V*r) - 6;.
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Then b¢(s) is the minimal polynomial of the action of s = —>"1_, 9;,t; on Grg(By). Moreover,
we have
(5.17) GryyGr(By) # 0 if and only if (s 4+ \) | by(s).

Thus, it is worthwhile to study the induced G-filtration on Sp(Bf)Z. We define it as
G*Sp(By)” = @ G*TFGr(H(By),

where the shift by k is to make it so that G*Sp(B f)Z is a filtration by sub-Zp-modules. This induces
G-filtrations on £ and Q by the short exact sequence (2.2). The G-filtration on L is rather simple
by [Dir23, Lem. 5.1]: it satisfies GL = £. In particular, for all j > 0, we have an isomorphism

Grg! (Sp(By)) = Grg (Q).
This immediately leads to the following;:
Proposition 5.18. Assume (s + 1+ j) | bs(s) for some j > 0. Then Q% # 0.

Proof. As (s + 1+ j) | bg(s), this means that GrOGGrT‘}+j(Bf) # 0. This is the 7 + jth monodromic
piece of Gr;’(Sp(By)), proving that

Grg (Sp(By)*) = Grg’ (Q%) #0,
and so Q% #0. O

Remark 5.19. The result is a bit surprising, in view of the equality

by(s) = by, (s) [J(s + 7 +1).
el

Indeed, the claim says that if there is any factor (s + 7+ j) | bs(s) with j > 0, then there is also

an integer root in (s), because V(g|y) is not a rational homology manifold in this case. So any

glu
non-zero element of I implies the existence of an integer root in g|U(s), and hence the existence of
another integer root in by (s).

This remark naturally leads to the following conjecture:
Conjecture 5.20. For any regular sequence fi,..., fr € Ox(X), we have
by(s) | bg|U(S)(S +7).
In other words, the set I is either empty or equal to the singleton {0}.

If r = 1, then we always have by(s) = by, (s)(s +1) by [Lee24]. For r > 1, the case by(s) = by, (s)
is possible, as we see in the following example.

Example 5.21. There is a reduced, irreducible complete intersection variety Z = V(f1, f2) with
bg(s) = by, (s). Indeed, if we let f1 = z? + 1% and fy = 2y + 2w, then Macaulay2 shows that

by(s) = by, (s) = (s + 1)(s +2) <s+;> <s+;> <s+§> <3+161>2 (s+163)2.

Note that, in this example, Z is not normal.



A HODGE THEORETIC GENERALIZATION OF Q-HOMOLOGY MANIFOLDS: LCI CASE 21

Remark 5.22. Note that if Z has rational singularities, then 0 € I. Indeed, [CDMO24, Cor. 1.7]
tells us that Z having rational singularities is equivalent to a(Z) = a(g|y) > r. But if

bg(s) = bg|U(S) Hiel(s +7r+41) with I C Zo,

then we have

(s+7) | by(s) = bg(s) = by, (s) [[(s + 7 +4),
i€l

which forces (s +17) | by, (s) and so a(g|y) < r, a contradiction.

Corollary 5.23. Assume Z has rational singularities. Then
HRH(Z) > az(Z) —r +j(Z) — 1,

where j(Z) is the number of missed jumps.

Proof. As Z has rational singularities, we have a(Z) = a(g|y) > r. Moreover, by the discussion
above, az(Z) = az(g|lv) > a(g|ly) > r. So the result follows by Corollary 5.14. O

In any case, we can collect our findings in the following corollary.
Corollary 5.24. The following hold:

(1) If (s +£) | bs(s) for some integer £ # r, then Q% # 0.
(2) If by(s) = by, (s)(s + 1), then az(Z) < 400 if and only if Q% # 0.
(3) If by(s) = by, (s), then Q% # 0.

Proof. For the first claim, if ¢ > r, then this is the result of Proposition 5.18.
For ¢ < r, use the equality

bs(s) = bgp, (s) [[(s + 7 +4),
i€l

where I C Z>q implies that (s +£) | by, (s). Then we use Corollary 5.8 and Remark 5.7 to conclude.

For the second claim, we have gf(s) = gg(s)/(s +7r) = ~g|U(s), and so az(Z) = az(g|v). So the
claim follows by Corollary 5.8 and Remark 5.7.

For the last claim, we have (s + 1) | by(s) = 59|U(s), so that az(g|y) < 4+o0o and again we use
Corollary 5.8 and Remark 5.7. O

6. The case of isolated singularities. In this section, we discuss a deeper relation between the
spectrum of an isolated local complete intersection singularity and the Hodge Rational Homology
degree.

Recall that, in this case, we have the Milnor fiber, which can be defined in the following way. Let
(Z, x) be the germ of the isolated singularity, and let p: (X, z) — A a smoothing with central fiber Z.
We then let the Milnor fiber F' be the topological space A}, for t # 0, and note that its cohomology
can be endowed with a mixed Hodge structure. The cohomology is nonzero only in degrees 0 and
d = dim Z, and is independent of the smoothing along with its Hodge filtration. For more details,
see [F1.24, §2.2 and §4].

Following Steenbrink and the notation in [FL24], let
sp = dim Gr%, HY(F).
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These invariants are deeply connected to the link invariants and can be used to describe HRH(Z).

Proposition 6.1. Let (Z,x) be an isolated local complete intersection singularity. Then HRH(Z) > k
if and only if sq_p — s, =0 for all0 < p < k.

Proof. We will use that
(6.2) Sd—p — Sp = (PP~ _ gpd=p
[FL24, Prop. 2.11(ii)], and
k k
(6.3) D sap>=D sy
p=0 p=0

and if equality holds, then ¢4—F=Lk — gk+ld=k=1 — ( [F1,24, Prop. 2.12].

Suppose HRH(Z) > k. Then by [DOR26, Cor. G, 0 = (PP = ¢pd=p=1 for p < k, and by
combining (6.2), (6.3), and using induction on k we get sq—, — s, =0 for all 0 < p < k.

Conversely, suppose s4—, — s, = 0 for all 0 < p < k. We proceed by induction. For k& = 0,

0,d—1 _ 40,d _ pd,0
0=s4—50="¢ — 0 =04,

since /%4 = 0. By [DOR26, Cor. G], we obtain the conclusion. Suppose now that we know the result
up until degree (k — 1). Then

Sup — Sp = PPA=k=1 _ ghd—k _ pd—kk _ p(h=1)+1,d=(k=1)~1,

By the second part of (6.3), we obtain that ¢?=%* = 0, and by [DOR26, Cor. G] we conclude. [

We note that in this setting, the spectral numbers are identified with the cohomology of the Milnor
fiber. Indeed,
Ma,; = dim Grh. HY(F)j,
where p = |d+ 1 — «, and A = exp(—2mia), since the pullback to a point £ € {z} x A™ corresponds
to picking a nearby fiber of a 1-parameter smoothing of Z (see [DMS11, Rmk. 1.3 (i)] for more de-
tails). Furthermore, spectral numbers partially recover the duality classically known for hypersurface
singularities.

Proposition 6.4. Let (Z,x) be an isolated local complete intersection singularity. Then, for o ¢ Z,
Moz = Md+1—a,x-
Proof. This is a consequence of duality applied to the module Q. We also show in the proof what

the construction yields for a € Z.

Since we are working locally around the isolated singularity = € Z, we have that Q is supported
on {z} x A", hence Q = iz and so if je: {{} — {x} x A", we have the identification

Q= JiN.
and
tDQ = j{(DN) = DjgN = D(jiN)(r)[2r],
the last equality following from the fact that j¢ is non-characteristic.
We get

Maw(Q) =Y (~1)FdimGrf,,_,  HFig(Q*)
keZ
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= Z dlmGr[ T—d— VHET *(NQ+Z)
kEZ
Note that for any mixed Hodge structure H, we have the relation
CrI' D(H) = DCrF, (H),
and in particular,
dim GrI D(H) = dim Gr%, (H).

Hence, we have

Mae(DQ) =Y (—=1)"dim Grf,y_, , H¥ 7if(DQ)*7)
keZ

= > (D dimGrfy) gy H (D (V) (r)[211))

kEZ
=Y (=DFdimGrfyy g, HF(DGEN )
keZ
= Z )FdimD Gry,, fa] H™ RGN
keZ
= Z dlm Grd+r+1 ]'Oz—| Hk T( (N_a+z))
kEZ

Write d+r+1— [a] = [pu] —d — 1 where u + o € Z. Thus,
2d+r+2—Jal = [pl.

Ifa€eZ,then p € Z and we get u=d+n+2— a.

Otherwise, we write & = p — ¢ with € € (0,1), then [a] = p and so we must have
p=|pul+e=2d+r+2—-p—-1+e=2d+r+1—-p+e=d+n+1-a.

Hence, we get

_ md+n+2*0‘vx(g) acZ
Maq(DQ) = {mmﬂ_w(@ a¢Z

Using the isomorphism Q7% = Sp(By)7% and D(Q7%) = Sp(B;)7%(n), we have

Sp(Q7%,x) = Sp(Sp(Bf)7%, ) = t™"Sp(Sp(By)*%(n),x) = t "Sp(DO7Z, x).

The result follows.

23

O

Remark 6.5. The same duality might not hold for my,, k& € Z [DMSI11, Rmk. 1.3 (iv)], and
depends on the Milnor fiber of a 1-parameter smoothing of Z. Furthermore, to compare the integer
spectrum numbers using the proof above, we would need to consider the spectral numbers of £ and

its dual.
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Proof of Theorem C. We show that if Sp;, z(Z,7) > k + 2, then HRH(Z) > k around x. By
Proposition 6.1, it is enough to verify s4_, — s, = 0 for all p < k. It is immediate to see that

Sp = E Me -

Therefore,
Sd—p — Sp = Z mgz — Z Ma,z = Mpt1,z — Md—p+1,a;

Be(p,p+1] o€ (d—p,d—p+1]

where the last equality follows from Proposition 6.4.
Suppose Spyinz(Z, ) > k + 2, that is, m1; = -+ = myy1, = 0. Then by (6.3) we have
k k
0< Z Sd—p — Z sp = —(Map1e + -+ Mi—kt12),

p=0 p=0

and thus, mgy1, = -+ = Mmg_g41,, = 0. Therefore, s4_, = s, for all p < k. ]

D. EXAMPLES

7. Thom-Sebastiani examples. Many of the singularity invariants are easier to control when
using defining equations in separate collections of variables (of “Thom-Sebastiani” type), as we see
now.

We will make use of the product formula for Verdier specializations, see [DMS11, Section 3| for
details. Given Z; C X;, we consider the subvariety Z; x Zy C X1 x Xo. Let Z1 =V (f1,..., fr) and
let Zo =V (g1,...,9p),s0 that Z1 x Zo =V (f1,..., fr,91,---,9p)-

We consider modules By, By and B ). Then [DMS11, Prop. 3.2] gives an isomorphism
Sp(B(f,9), ') = Sp(By, F') K Sp(By, F).
In particular, there are isomorphisms
(7.1) G (B(1g), F) = EP GryH(By, F)RGr{?(B,, F).
a1+az=a

Example 7.2 (An example of Torrelli). In [Tor09], it is noted that there exists a complete inter-
section variety Z which is a rational homology manifold but such that az(Z) < 4+o00. The example
follows from the observation that if f = 22 4+ y? + 22 and g = u? + v? + w?, then we have

by(s) = by(s) = (s +1) <5 + ‘3) .

Hence, V(f) and V(g) are both rational homology manifolds, and their product Z = V(f) x V(g) =
V(f,g) C AS is also a rational homology manifold.

The Thom-Sebastiani rule for the roots of the Bernstein—Sato polynomial [BMS06, Thm. 5] gives
5
bifg)(8) = (s +2) (s + 2) (s +3),

and so g(ﬁg)(s) has an integer root. In this example, az(Z) = 3. As 3 # 2, we see by Remark 5.19
above that this implies az(g|y) < +oo (it is not hard to check that it is also equal to 3 in this case).
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Thus, Q% # 0. Moreover, note that since az(g|y) = 3, then Corollary 5.14 recovers the fact that Z
is a rational homology manifold.

In fact, we can be rather explicit using the Product Formula (7.1) above. First of all, as f, g are
homogeneous with an isolated singular point, their V-filtrations are easy to compute (see [Sai09,
(4.2.1)]). As V(f),V(g) are rational homology manifolds, we have that Gri,(By) = Gr{,(B,) = 0 for
all 5 <0. Thus, we have

1
Gry(Bp) #0 = A € (5Z\2) U Zx1,
and similarly for Gr{-(B,).

Thus, we have

Gri/(Birg) = @ Gii(By) R Gry (By),
a€LZ\Z
where we know we cannot include any o € Z in the direct sum because such an o would have to
satisfy a > 0 and 1 — « > 0 in order to be non-zero.

By similar reasoning, we have

Gr{ (B1g) = @ Gr{ (By) K Gr2*(B,)

aE%Z
= (Gryy(Bp) R Gry,(By)) ® €D Gr{(By) B Gry(By).
a€lZ\Z

The claim is that this is the decomposition in Corollary 4.3 above. It is not hard to see that
2
Gr%,(Bf) X Gr%,([)’g) = ﬂ ker (8ti: Gr%/(B(ﬁg)) — GI‘%/(B(ﬁg))) y
i=1

using that Gr?/ vanishes for both By and B,.
Finally, for a € %Z \ Z, we have
}1Grfy (By) = G (B)),
and similarly for By, showing that

P G (By) R Gri *(By) = t1Gri(Byyg)) + taGry (Bizg))-
aclZ\Z

Recall from Remark 5.11, we say that the ¢-th jump is missed for £ € [1,r —1]NZ if p(Q" ¢, F) =
p(Q" 1 F). Note that in the above example, the first jump is missed: p(Q%, F) = p(Q"~!, F).

Example 7.3 (Failure of Thom-Sebastiani type rules). An example related to the above shows
that the property of being a (partial) rational homology manifold is not well-behaved under Thom-
Sebastiani sums of hypersurfaces.

Indeed, if f = 22+ -+ 22 and g = yJ +- - - +52, with n, m both odd, then V(f),V(g) are rational
homology manifolds. However, their sum f + ¢g has Bernstein—Sato polynomial

brao(s) = s-+1) (54 5™ ).
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and hence it has an extra integer root. In this way, the Thom-Sebastiani sum of two rational
homology manifold hypersurfaces need not remain a rational homology manifold.

We can use our constructions to obtain equality in [DOR26, Thm. C]. When Z is LCI with
HRH(Z) > 0, this inequality takes the form

(7.4) 2HRH(Z) +3< COdimz(ZnRs),

where the right-hand side is the codimension of the non-rational homology manifold locus of Z.

Indeed, if Z is a local complete intersection (2k 4 3)-fold with k-rational singularities and which
is not a Q-homology manifold, then Z gives an example of equality in (7.4). Indeed, in this case,
HRH(Z) = k, as if HRH(Z) > k + 1, this would imply Z is a rational homology manifold by the
inequality. Thus, the non-rational homology manifold locus is isolated.

Here are two more examples of this phenomenon:

Example 7.5. Let f = 22 + -+ + 23, for m € Z>o and Z = {f = 0} C A?™. Then bs(s) =
(s+1)(s+ m), and we have

az(f) =m = Spuin z(f) = HRH(Z) + 2.
As Z is a hypersurface, we have
ledef(Z) = ledefgen(Z) = 0.

Thus, (7.4) gives
0+ 2(m —2)+ 3 < codimyz(ZyRs).

But the right-hand side is dim Z = 2m — 1, as Z has isolated singularities and is not a rational
homology manifold. So again, we see that equality holds in (7.4).

Example 7.6. Equality for (7.4) also holds in the example of [JKSY22, Rmk. 3.4d]. Indeed, there
it is shown that for h = 2% + y° + 23y® + 2° + w3, we have SPminz(h) = 2, and so

HRH({h = 0}) = 0.

Equality holds because {h = 0} has dimension 3.

However, strict inequality is also possible in (7.4):

Example 7.7 (An example of strict inequality). Let f = ZQm ™ for m > 2. This defines a

=11
hypersurface Z of dimension 2m — 1 with an isolated singularity. Moreover, its minimal exponent is

so that Z is not a rational homology manifold. As f is weighted homogeneous, we have a(f) =
Spmin(f) = Spmin,Z(f)’ which gives

HRH(Z) = Sppinz(Z) — 2 = 0.
Thus, Zyrs has codimension 2m—1 in Z, which is strictly larger than ledefgen(Z)+2HRH(Z)+3 = 3.
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8. Examples with liminal singularities. Recall that a local complete intersection Z is said to
have ¢-liminal singularities for some non-negative integer ¢ if its singularities are £-Du Bois but not
(-rational (this is equivalent to &(Z) = r + £). Below we study the jumps when Z has [-liminal
singularities, or more generally when a(Z) is an arbitrary integer.

Example 8.1. The jumps are rather explicit when a(Z) =r + ¢ € Z.
For ¢ < 0, this condition is equivalent to 6y € VT“Bf \ V>’"+£Bf. In this case,

a(Z)=l1et(X, Z)=r+1¢
(where lct(—) stands for log-canonical threshold) and we have
p(Q Y F) =p(Q L F) = = p(Q% F) = —n.

The claim is that p(Q"* % F) = k —n for all k¥ > 0. Indeed, as § € V" By, we see that
F—nBy C V™ By using that Fy,_, By = @< Ox 0597 As aresult, Fp_yy_,By C V" FBy,
and so we get the desired claim. Thus, in this case, the first —¢ jumps are missed, and after that,
every jump is hit.

For ¢ > 0, this condition is equivalent to Fy_, By C V"B and Fyi1_nBy € V>T*1Bf. The last
condition implies that Fy_, Q" # 0, and in fact, it is easy to see that in this case, £ — n = p(Q%, F).
Moreover, by the same reasoning as above, we see that

p(Q" % F) = p(QF, F) + k for all k >0,
proving that, in this example, no jumps are missed.

In the case a(Z) = r + £ > r, the variety Z is £-Du Bois but not ¢-rational. As the difference
between these two is measured by the property that HRH(Z) > ¢, we know that HRH(Z) < ¢—1. By
Proposition 5.1, using that p(Q%, F) = £ —n, we see that we actually have equality HRH(Z) = ¢ —1,
which is guaranteed in this case also by Proposition 5.3, once we know that the first jump is not
missed.
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