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ABSTRACT

The Kari-Culik tilings are formed from a set of 13 Wang tiles that tile the plane
only aperiodically. They are the smallest known set of Wang tiles to do so and are
not as well understood as other examples of aperiodic Wang tiles. We show that a
certain subset of the Kari-Culik tilings, namely those whose rows can be interpreted
as Sturmian sequences (rotation sequences), is minimal with respect to the Z? action
of translation. We give a characterization of this space as a skew product as well as

explicit bounds on the waiting time between occurrences of m x n configurations.
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Chapter 1
Introduction

Before presenting precise, foundational definitions for the work in this dissertation,
we will give a brief overview and motivation for some of the ideas. Section 1.1 will be
fairly informal, since the definitions and concepts from Section 1.1 will be reintroduced

formally later in the dissertation.

1.1 Background and Results

Of principal concern to us are tilings of the plane by square tiles with colored edges.
That is, given the plane R?, we cover each point in R? by non-overlapping translated
copies of the unit square [0, 1]2. To make things more interesting (and non-trivial),
we decorate each copy of the unit square by coloring each of its four edges and then
insisting that two squares may lie adjacent only if the colors on their shared edge
match. With this restriction, a tiling of the plane by square tiles is called a Wang
tiling.

Definition 1.1 (Wang Tiling System). A Wang tiling system is a tiling by a set of
square tiles (of identical size) with colored edges satisfying the following properties:
1. two tiles may lie adjacent only if the colors on their shared edge match, and

2. tiles may be translated but not rotated, reflected, or otherwise transformed.

Since each tile in a Wang tiling system is square and of the same size, instead of
tiling the plane, we may think of Wang tilings as tiling the two-dimensional lattice
of integers, Z2. To see this, notice that a tiling of the plane using Wang tiles can

be represented by a tiling of Z? by first ensuring that each tile is of unit width and



has as its center a point (z,y) where z,y € Z. We then associate each point in Z2
with the tile whose center is at that point. Similarly, Wang tilings may sometimes be

thought of as tilings of Z. Some examples will make this clear.

Example 1.2 (Tiling of Z). Consider the set of Wang tiles T = {D} consisting of
a single tile whose left edge is green, right edge is blue, and top and bottom edges
are red. The set T can tile Z, as illustrated, but cannot tile Z? since only translated

copies of tiles in ¥ are allowed and not rotations or reflections.

Example 1.3 (Tiling of Z?). Consider the set of Wang tiles ¥ = {D, D} This set

of two tiles can tile the whole plane in the pattern illustrated.

It should be noted that given a set of Wang tiles T, it is entirely possible that T
cannot tile Z?2 or even Z. For example, if T consists of a single tile where every edge
is a different color, since this tile cannot be rotated, ¥ cannot tile any region larger
than 1 x 1. In general, the problem of deciding whether a set of Wang tiles admits a
tiling of the plane, introduced by Hao Wang in [1], is undecidable [3].

In working with Wang tilings, we are already translating individual tiles around,
so it seems natural to introduce the action of translation onto an entire tiling of the

plane and to turn a Wang tiling system into a dynamical system.

Definition 1.4. Given a tiling of the plane x, T'x is the translation of x left by one

unit and Sz is the translation of x down by one unit.



We may iterate the maps 7" and S as many times as we please (including applying
the maps 7!, translation right by one unit, and S, translation up by one unit).
Further, T" and S commute, meaning T'Sx = STx.

We may now define what it means for a tiling of the plane to be periodic.

Definition 1.5. A Wang tiling, =, of Z* is periodic if some non-trivial translate of

x equals x. That is, x is periodic if
T°S% =z
for some (a,b) # (0,0). If a tiling is not periodic, it is called aperiodic.

Example 1.6 (Periodic Tiling). Consider the set of Wang tiles T = {D,D} This
set of two tiles tile Z? periodically as illustrated. The tiling on the left is a translation
of the tiling on the right leftwards by two units. A black dot has been added for
reference (since this tiling is periodic, you would not be able to tell if it were translated

by one period unless some additional reference point were introduced).

Example 1.7 (Aperiodic Tiling). Consider the set of Wang tiles T = {D, D,E}
consisting of three tiles. The last tile is a copy of the first tile with a distinguishing
dot placed in the center. The tiling illustrated was obtained by randomly choosing
between the first and last tile where allowed. Since this choice was random, (with
probability one) there is no translate of this tiling that equals itself, making it aperi-

odic.




Related to aperiodicity is a concept called recurrence.

Definition 1.8 (Recurrent). A tiling x is called recurrent if every n xn configuration

that appears in x reoccurs infinitely many times.

Periodicity implies recurrence (since every n x n configuration reoccurs every pe-
riod), but recurrence does not imply periodicity. This distinction is subtle because if
x is recurrent, it indeed means that every pattern seen in x will repeat, but there is
no restriction on the spacing between repetitions of an n x n pattern, whereas if x
were periodic, every n X n pattern must repeat with regular spacing.

Considering now the tiling in Example 1.7, in some sense the aperiodicity is not
intrinsic. We introduced a third tile and placed it randomly, but if we used only the
first two tiles in T, we could have produced a periodic tiling. That is, ¥ can tile the

plane in both periodic and aperiodic ways.

Definition 1.9. A set of Wang tiles T is called aperiodic if it admits a tiling of the

plane and only admits aperiodic tilings of the plane.

It was unknown whether aperiodic sets of Wang tiles existed until Berger, a stu-
dent of Wang, produced an example in 1966 of 20,426 tiles that tiled the plane only
aperiodically [2]. Berger later reduced his tile set to one containing only 104 tiles,
and since then, many more tile sets that tile the plane only aperiodically have been
produced. Of note, in 1971, Raphael Robinson produced a set of 56 tiles that tile
the plane only aperiodically [17], and in 1995, Kari and Culik produced a set of 13
tiles that tile the plane only aperiodically. Currently, the Kari-Culik tile set is the
smallest set of tiles known to only tile the plane aperiodically.

All known examples before the Kari-Culik tilings forced aperiodicity by exploiting
a hierarchical structure. For example, the Robinson tilings force the formation of
square patterns of sizes 3x 3, 5x 5, 9x9, ... (every size of the form (2"+1) x (2" +1)).
If the Robinson tilings ever tiled in a periodic way, there would be a largest one of
these square patterns. Since there is no bound on the size of these square patterns,
the tiles cannot tile periodically.

However, the Kari-Culik tiles, shown below, have no known hierarchical descrip-

tion.
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Instead, the Kari-Culik tilings rely on number-theoretic properties to force ape-
riodicity (essentially relying on the fact that 2% # 3 unless a = b = 0). Though
the proof of the existence and aperiodicity of tilings by the Kari-Culik tile set is
straightforward, not much else about the structure of the Kari-Culik tilings is known.
Durand, Gamard, and Grandjean showed in 2013 that the set of all Kari-Culik tilings
has positive topological entropy [5], and this, along with some results by Arthur
Robinson in [16], gives the state of knowledge about the Kari-Culik tilings circa 2014.

This dissertation recasts a subset of the Kari-Culik tilings, K (', as a generalization
of rotation sequences, and exploits this rotation-sequence-like framework to produce
several dynamical system-related results about the subset K'C' and its associated
dynamical system. The main theorems pertaining to the Kari-Culik tilings presented

in this dissertation are as follows.

Theorem (3.23). The function ® : KC — {0,1,2}* given by projection onto the

top label of each tile is one-to-one almost everywhere and is at most sizteen-to-one.
Theorem (3.34). The set KC' can be parameterized by the set [1/3,2] x @R/(WZ).

Theorem (3.35). When parameterized by [1/3,2] x @R/(WZ), left translation on
KC can be written as a skew product and vertical translation is conjugate to an

irrational rotation by log2/log6.

Theorem (3.37). KC can be thought of as the closure of a line in the infinite-

dimensional torus (R/Z)%.
Theorem (4.11). KC' is minimal with respect to the group action of Z* by translation.

Theorem (5.28). Let n = n(log2/log6). FEwvery legal n x m configuration in KC

occurs in every B x A configuration in KC where

324

A — (W64mn4>n < 34-464m+-25 ) 34.464 and B — ¢om+3p4
0g



for sufficiently large m + n.
Further, for all m,n we have that a copy of every legal n x m configuration in KC
occurs in every B x A configuration in KC' where
324 19
A= <—64mn4) log 6 and B =6"""3p!
log 6
These theorems link number-theoretic results to the dynamical system associated
with KC and give a full characterization of KC' in terms of more familiar dynamical

systems.

1.2 Dynamical Systems

In its most basic sense, a dynamical system is a space of points coupled with a
transformation that moves the points around according to some directed parameter
(most often time). We will not deal with dynamical systems in this generality, but

instead we will work with discrete time dynamical systems.

Definition 1.10 (Dynamical System). A discrete time dynamical system is a pair
(T, X) where X is some set and T : X — X is a function.

The essential property of a dynamical system is that the domain and range of T’

are the same, allowing us to iterate T and observe how points move about.

Definition 1.11 (Orbit). If (T, X) is a dynamical system, the forward orbit of
r € X is the set O(z) = {x,Tx,T%z,...}. The n-orbit of = is the set O"(x) =
{x,Tx, T?x,...., T" *x}. If T is invertible, we define the two-sided orbit (sometimes
Just called the orbit) as O(x) ={..., T 'z, x, Tz, T?x,...}.

If there are multiple transformations on the same space X, we may specify which
one we are taking the orbit under. For example, the T-orbit of a point z would be
Or(z)={...,T 'z, z,Tx,T?*z,...} (assuming T is invertible).

Definition 1.12 (Periodic Point). In a dynamical system (T, X), we call a point
x € X periodic if T'x = x for some i > 0.

For ease of discussion, from now on, we will assume all dynamical systems are
invertible (that is, we will only consider dynamical systems (7', X') where T is invert-
ible).



Orbits give a notion of how a point moves over “time.” Another part of the story

are the invariant sets.

Definition 1.13 (Invariant Set). If (T, X) is an invertible, discrete time dynamical
system, then a subset A C X 1is said to be invariant if TA = A.

The orbit of any point is always an invariant set, and invariant sets can be thought
of as sets that contain the orbits of all their points. However, these notions are not
much use unless we can also couple them with a notion of distance. This leads us to

the first property we will insist upon in X, namely that it is a metric space.

1.2.1 Metric Spaces

Definition 1.14 (Metric). Given a set X, a metric on X is a functiond : X x X — R
so that for all x,y,z € X we have

1. d(z,y) > 0 with d(z,z) = 0;

2. d(z,y) = 0 implies x = y;

3. and d(z,y) < d(z,z)+d(z,y) (the triangle inequality ).

A pair (X, d) where d is a metric on X is called a metric space.

In a metric space (X, d), we have a notion of convergence. Namely, a sequence
(xy,) converges to a point x if d(z,,xz) — 0. But, just having a metric space often is

not good enough. What we really want is a complete metric space.

Definition 1.15 (Cauchy Sequence). A sequence (x,) in a metric space (X,d) is
called a Cauchy sequence if for all € > 0, there exists an N, so that n,m > N, implies

d(zp, ) < €.

Definition 1.16 (Complete Metric Space). A metric space (X,d) is called complete

if every Cauchy sequence in X converges in X.

Given a metric space (X, d), a convergent sequence (x,,) in X is Cauchy. However,
the converse may not be true for one reason: the point that (z,,) is “heading to” may
not be in X at all. For example, consider the open interval (0,1) and the sequence
xn, = 1/n. Clearly, 1/n is heading to 0 (under the usual notion of distance on the
number line given by | - |), but 0 is not in the set (0,1). Thus ((0,1),]-|) is not a

complete metric space.



Definition 1.17 (Open & Closed). In a metric space (X,d), let B(z) = {y € X :
d(x,y) < €} be the open ball of radius epsilon about x. We then define a set A C X to
be open if A is the union of (possibly infinitely many) open balls. The complement of
the set A is A°={x € X :x ¢ A}, and a closed set is defined to be the complement

of an open set.

For subsets of a complete metric space, there are alternate definitions of closed

and open sets.

Definition 1.18 (Closed). Let (X,d) be a complete metric space. A set A C X is

closed if (A, d) is a complete metric space.
Proposition 1.19. An arbitrary intersection of closed sets is closed.

Proof. Suppose that Ay, C X are closed subsets of the metric space X indexed by
A€ A Let A= (), Ax. Fix a Cauchy sequence x = (g, x1,...) where z; € A.
Since x is Cauchy in every Ay, x; — x € A,.

Since x € A, for every A € A, x € A and so A is complete. Thus A is also a closed
subset of X. m

Definition 1.20 (Open). Let (X,d) be a complete metric space. A set A C X is
open if (X\A,d) is a compete metric space. That is, an open set is the complement

of a closed set.

This is not the typical definition of a closed set and it only allows us to consider
subsets of complete metric spaces, but it captures the moral essence of what it means
to be closed in a metric space. More generally, closed sets are defined in terms of

open sets.

Definition 1.21 (Topology). A topology 7 on a metric space (X, d) is the collection
of all open subsets of X.
If A C X, the relative topology on A is the collection T = {ANB: B € 1}.

Topologies can be defined much more generally than presented here, but we will
not need such generality. Topologies are intimately connected to the metric they
came from and one can define convergence strictly in terms of the topology on a
metric space without ever using the metric (for a detailed introduction to the theory
of topology and metric spaces, see [11]). However, there are some counterintuitive

differences between metrics and topologies. For instance, given two different metrics



d,don X, they both may generate the same topology. This is not too hard to believe,
but what is strange is that while they both generate the same topology, they may

have different Cauchy sequences! In general,
metric spaces C uniform spaces C topological spaces.

An example that we will use later is Q°, where both the standard metric and the

Baire metric give the same topology, but Q¢ with the Baire metric is complete.

1.2.2 Minimality

Now that we have the notion of a metric space and closed sets, we can start defining
some interesting properties. For simplicity, we will now always assume any dynamical
system we talk about is also a metric space and if not specified otherwise, the metric

will be called d. The first property we will define is recurrence.

Definition 1.22 (Recurrent). A dynamical system (T, X) is recurrent if every open

set A C X has the property that x € A implies there exists some i > 0 so T'x € A.

Recurrence is nice because if a dynamical system is recurrent, it ensures that all
the pieces of the dynamical system are actually interesting. If a system were not
recurrent, in some sense there would be a strict subspace of the system that absorbed
all points and then continues mixing them around.

Of course, in a recurrent dynamical system, there can still be parts of the system
that have nothing to do with each other (for example, we could take two disjoint
recurrent dynamical systems and glue them together). This is a motivation for the

definition of a minimal system.

Definition 1.23 (Minimal). A non-empty dynamical system (T, X) is minimal if for
any non-empty closed subset A C X, TA = A implies that A = X.

Given a dynamical system (7', X), a minimal subsystem can be thought of as a
“smallest” closed dynamical system contained in (7', X )—there are no pieces that
can be broken off. However, the definition given above is not always the easiest to
work with or to use to prove that a certain dynamical system is minimal. Further,
minimal systems provide a link between the transformation on a space and the un-
derlying topology. For this relationship to be meaningful, we need T': X — X to be

continuous.



10

Definition 1.24. A function f : X — X on a metric space is continuous if f~1(A) =
{z € X : f(z) € A} is an open set whenever A C X is an open set.

From now on, we will assume that T is continuous. This allows us to produce

several equivalent definitions of a minimal dynamical system.

Definition 1.25 (Closure). Given a set A C X, its closure, denoted A, is the inter-

section of all closed sets containing A.
Note that by Proposition 1.19, the closure of a set is indeed closed.

Definition 1.26 (Dense). A subset A C X is dense in X if A= X.

Definition 1.27 (Minimality characterization II). A non-empty dynamical system
(T, X) where T is a continuous function is minimal if Ox = X for every x € X.

That is, the orbit of every point is dense.

The equivalence of these two definitions of minimality is straightforward. If there
were an orbit in X that were not dense, its closure A C X would not be equal to the
entire set and consequently (by continuity of 7"), A would be a closed, proper invariant
subset. Alternatively, if there exists a closed subset A C X so that TA = A, then by
invariance, Or C A C X and so the orbit of some points would not be dense.

We will soon see yet another characterization of minimality applicable in the

symbolic case.

1.3 Symbolic Dynamics

Although general dynamical systems on a metric space provide enough structure to
prove many interesting theorems, there are advantages to moving to a space where
orbits consist of sequences of symbols. Most dynamical systems can be translated
to a space of symbols that still preserves the important dynamical properties. This

brings us into the realm of symbolic dynamics.

Definition 1.28. Given a set X, a finite partition of X is a set P = {Fy, Py,..., P,}
so that X = J P, and P,N P; = () whenever i # j.

We motivate symbolic dynamics as follows. Suppose that (7, X) is a dynamical
system and that T is invertible. Let P = {P,, P, ..., P,} be a finite partition of X.
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Then, given a point x € X, we can write down a sequence 2’ = (x})2___ corresponding
to x where

=3 if T'zeP;
In this way, we have recoded z € X to 2’ € {0,...,n}? and Tz corresponds to Sx’
where

S(...,[Eo,l’l,...) = (...,I‘l,xg,...)

shifts all symbols to the left. We now have two dynamical systems, (7, X) and
(5,{0,...,n}%), and if the partition P was chosen in the right way, the dynamics of

both systems will closely mirror each other.

Definition 1.29 (Symbolic Dynamical System). A one-dimensional symbolic dynam-
ical system is a pair (S, X) where X C £% is an S-invariant set, £ is some finite set,
and S : X — X is defined by (z;)72_ o — (i11)72_ -

We call £ the symbols, letters, or digits of (S, X) and we call S the shift map.

Being able to refer to points in a dynamical system as sequences of symbols allows
one to explicitly construct examples with strange properties as well as give simpler

definitions than in the case of general dynamical systems.

Notation 1.30. If z = (..., z0,21,...) € £Z, then (x)f = (%, Tix1,...,x;) is the
We write w C x if w = (x)]

subword of x from position i to j. (z); is short for (z):.
for some i,j (possibly infinite). In this case, |w| = 7 — i+ 1 is the length of the word
w. Further, if A C Z, then x| is the restriction of x to the indices in A.

Given a symbolic dynamical system (S, X), we call £,,(X) ={w : jw| =n and w C
x for some x € X} the n-language of X and call L(X) = |J L,(X) the language of

X.

Definition 1.31 (Standard Metric on Sequences). Given a set of sequences X = £Z,

we define the standard metric on sequences to be d where

d(x,y) = nf{27" - (2)%, = (y)",.}.

The standard metric on sequences says that two points are close together if they
agree for a great many symbols about the origin. It turns out that the shift is
continuous with respect to this metric. Further, £* endowed with this metric is

complete and compact.
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Definition 1.32 (Minimality characterization I11). If (S, X)) is a non-empty symbolic
dynamical system, (S, X) is minimal if there exists an M, such that for every x and
every subword w C x with |w| = M, we have that every word in L,(X) is contained

mw.

Proof. We will show that the third characterization of minimality is equivalent to the
others.

Suppose for every n that Ox contains every word in £,(X). Then by the def-
inition of the standard metric, Oz is dense in X. Thus, it is clear that our third
characterization of minimality implies the orbit of every point is dense.

Of course, if the orbit of every point is dense, then every point must contain every
word in £,(X). The subtlety is that there must be an upper bound on how long it
takes to see every word in £, (X). Suppose z is a point such that there is no upper
bound on the waiting time for w € £, (X). Since X is a closed subset of a compact
metric space and therefore compact, there must be an accumulation point of Ox in
which w does not occur. Thus, not only does every point in a minimal symbolic
dynamical system contain every word of £,,(X), but there is an upper bound on how
long a segment must be to contain every word of £, (X).

O

Definition 1.33 (Subshift). If (S, X) is a symbolic dynamical system, a subshift is

a dynamical system (S, A) where A C X is a closed, invariant set.

Definition 1.34 (Full Shift). If (S, X) is a symbolic dynamical system, we call (S, X)
a full shift if X = £% for some finite set £.

Definition 1.35 (Subshift of Finite Type). If (S, X) is a full shift, we call (S, A) a
subshift of finite type (SFT) if (S, A) is a subshift and there exists some finite set of
forbidden words F so that

LA)={we L(X): fZw foral f e F}.

For a full introduction to symbolic dynamics and subshifts of finite type, see [10].

We will only discuss a few of the relevant highlights here.

Definition 1.36 (Nearest Neighbour SFT). A nearest-neighbour subshift of finite
type is a subshift of finite type whose forbidden words are all of length two.
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Definition 1.37. A block presentation of a subshift of finite type (S, X) is a subshift
of finite type (S',Y") such that there exists a continuous bijection ® : X — Y satisfying
boS=500.

Proposition 1.38. Given an subshift of finite type (S, X), there exists a block pre-
sentation of (S, X) as a nearest-neighbour subshift of finite type (S',Y).

Proof. Let ¢ be the length of the longest forbidden word in (S, X). Since (5, X) is a
subshift of finite type, £ < co. Let W = L£4(X) be the set of all words in X of length
¢. We may then consider the dynamical system (S’, W%), where S’ is the usual shift
on WZ. For clarity, define Y = WZ. (S')Y) is a block presentation of (S, X) via the
function ® : X — Y sending

T, Ty e ey (T, Ty X)), (T, Ty T )y

® is continuous and so Y is closed, making (S’,Y") a subshift. Further, if w,w’ €
W, then ww' is a valid word in (5,Y) if and only if w = (zo,...,z,) and w' =
(x1,...,21) for some g - - - 441 a valid subword of (S, X). Thus, a subshift of finite

type can always be block-presented as a nearest-neighbour subshift of finite type. [

Nearest neighbour subshifts of finite type are easier to work with and without loss
of generality, we may always assume to be working with one. The only consequence

of doing so is potentially increasing the size of our alphabet.

Proposition 1.39. If (S, X) is a subshift of finite type and X is non-empty, then X

contains a periodic point.

Proof. By Proposition 1.38, we may assume that (S, X) is a nearest-neighbour sub-
shift of finite type. Suppose (S, X) is non-empty, and pick a point z € X. Since
r = ---xox1--- is an infinite sequence of symbols, there must be some pair of con-
secutive symbols z;x; 1 that occurs twice in x. Let i, j be positions of the start of
such an occurrence. We then have that the word 2’ formed by repeating the symbols

()],, must be in X and by construction 2’ is periodic. O

Proposition 1.40. If (S, X) is a subshift of finite type and (S, X) is minimal, then
X = Ox for some periodic point x.
Proof. Since (S, X) is a subshift of finite type, Proposition 1.39 gives us that (S, X)

must contain a periodic point. Since for any periodic point x, Oz is a closed, invariant

set (since Oz is finite and invariant), by the definition of minimality, Ox = X. [
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Proposition 1.40 will stand in stark contrast to the analogous statement about

two-dimensional subshifts of finite type explored in the next section.

1.3.1 Z? Symbolic Dynamics

One-dimensional symbolic dynamical systems are well studied and we have a fairly
complete theory of many subsystems (for example, subshifts of finite type). However,
when we introduce another commuting transformation on our symbolic space, all bets

are off.

Definition 1.41. A Z*-symbolic dynamical system is a triplet (T, S, X) such that

X C £2 is a closed, invariant set and T,S : X — X are commuting maps given by

(Tx)|ij = 2livry;  and  (Sz)|ij = 2liji1

Here x|; ; is the symbol of = at position (i,j) € Z*.

The language of a Z2?-symbolic dynamical system is defined analogously to a one-
dimensional symbolic dynamical system except that instead of subwords consisting
of contiguous lists of symbols from points in X, now subwords consists of rectangular

configurations of symbols occurring in points in X.

Notation 1.42. Gien © € £%° and A C 7* by x|a we mean the configuration of

symbols of x at the indices in A.

By convention, when we write x|4, we only care about the relative position of
symbols at coordinates in A. That is x|4 = z|p is a valid comparison if B is some
Z2-translate of A. For example, if A = {0,1} x {0,1} and B = {3,4} x {7,8}, a
statement like |4 = z|p would make sense. However, if A = {0,1} x {0,1} and
B = {3,4} x {7,10}, the statement z|4 = z|p would always be false since A and B

cannot be translated to coincide.

Definition 1.43 (Language). Given a subset X C £7° and A= {0,1,...,m —1} x
{0,1,...,n— 1}, the m x n language of X is

Losn(X) ={w:w=T'Sz|4 for some v € X and (i,]) € Z*}.

The language of X is L(X) = Lixn-
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Definition 1.44 (Z>-Subshift of Finite Type). Given a Z?-symbolic dynamical system
(T, S, X), X is a Z*subshift of finite type (Z* SFT) if there exists a finite subset
F C L(£7) such that

LX)={we LED): f¢w foral f € F}.

Similar to one-dimensional subshifts of finite type, a nearest-neighbour Z? subshift
of finite type is one where the forbidden words are 1 x 2 or 2 x 1 rectangles, and any
Z? SFT can be recoded to a nearest-neighbour Z? SFT.

Notation 1.45. Given a point x € £%°, we denote by (x); the ith row of x. That is,

(x)z = I|Zx{i}-

Definition 1.46 (Standard Metric). Let d be the standard metric on sequences. We

define dzz - £2° x €2 = R to be the standard metric on Z? configurations where

dzz2 (2, y) = S,ug{?‘id((x)i, (v)i)}-
(S
Using the metric dzz endows £7° with the product topology. Where it is unam-

biguous, we will write d instead of dzz.

Definition 1.47 (Periodic in Z?). Given a Z*-symbolic dynamical system (T, S, X),
we say v € X is weakly periodic if T'S7z = x for some (i,7) # (0,0). We say z is
strongly periodic if T'x = x and S’x = x for some i, > 0.

We call X aperiodic if X contains no weakly periodic points.

Having multiple directions in which periodicity may exist can be a hassle. Fortu-

nately, if we restrict ourselves to Z? SFTs, weakly periodic implies strongly periodic.

Proposition 1.48. If (T, S, X) is a Z*> SFT, then the existence of a weakly periodic

point implies the existence of a strongly periodic point.

Proof. Suppose (T, S, X) is a Z? SFT that contains a weakly periodic point z. With-
out loss of generality, we may assume X is a nearest-neighbour Z? SFT and that
T'x = x for some ¢ > 0. Now consider ' = x|, ;—1}xz. Since only a finite number
of words may appear in the rows of 2/, we know that there must be a consecutive pair
of rows in 2’ that occurs twice. Let k, [ be the indices of two such rows. We may now

form a strongly periodic point in X by repeating x|(o,...i—1}x{k,...i1—1}- O
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The characterizations of minimality directly carry over from the one-dimensional
case, however we have contrasting propositions to Proposition 1.39 and Proposition
1.40.

Proposition 1.49 (Berger [3]). There exists a non-empty Z? subshift of finite type

that contains no (weakly or strongly) periodic points.

Proposition 1.50 (Raphael Robinson). There exists a non-empty, minimal Z* sub-

shift of finite type that contains no (weakly or strongly) periodic points.

As cited by Makowsky in [13], Proposition 1.50 is attributed to Raphael Robinson
who explained in private communications a way of making a robust version of the
Robinson tilings. This result has been accepted as a folk theorem, but this dissertation
does not depend on this result.

For a readable exposition of how a Z? SFT with no periodic points can exist, see

[9] where an example of Robinson is explained in detail.

1.3.2 Wang Tilings

In general, a tiling is a covering of R? by infinitely many translates of a finite number
of bounded polygonal regions that overlap only on their boundaries. A Wanyg tiling is
a restriction of this idea where R? is covered edge-to-edge by translations of identically
sized squares whose edges are colored. Two squares are allowed to lie adjacent to each
other if the colors (or labels) of their shared edge match.

We can avoid the technicalities of general tiling systems by noticing that Wang

tilings can all be viewed as subshifts of finite type.

Proposition 1.51 (Wang Tiling). Every Wang tiling is a nearest-neighbour Z2-
subshift of finite type.

To see Proposition 1.51, let £ be a set of Wang tiles. The set of all valid Wang
tilings may now be interpreted as subset of £%° and the rules of the Wang tiling
system translate directly to nearest-neighbour adjacency restrictions. Combined now
with the action of translation by one unit, a Wang tiling is a nearest-neighbour SFT.

When viewed as a subshift of finite type, the symbols of a Wang tiling are called

tiles.
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Chapter 2
Sturmian Sequences

Sturmian sequences are a particular type of minimal dynamical system with very
interesting combinatoric and geometric properties. They arise naturally in several
contexts including the Kari-Culik tilings and have many equivalent characterizations.

In this chapter, we develop tools for working with Sturmian sequences.

2.1 Equivalent Classifications

Definition 2.1 (Recurrent). A bi-infinite sequence s is said to be recurrent if for all

subwords w, w appears infinitely often.

Definition 2.2 (Complexity). For a sequence s, the complexity of s is the function

0s : N — N where o4(n) is the number of distinct subwords of s of length n.

The Morse-Hedlund theorem states that if s is a sequence that satisfies o4(n) < n

for some n, then s is periodic.

Definition 2.3 (Balanced). Let s be a sequence of integers. For any subword w, let
Yw be the sum of the digits of w.

We call s a balanced sequence if there exists a sequence (a,) such that
anp < Xw <a,+1

whenever |w| = n.

Definition 2.4 (Rotation Sequence). For parameters o, t € R, a rotation sequence
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with angle a and phase t is either the bi-infinite sequence R.j(a,t) given by r where
(r);=|G+Da+t] — |ia+t],

or the bi-infinite sequence Rrq(a,t) given by r" where
(r); =[G+ 1a+t] — [ia+t].

We will now list several equivalent definitions of Sturmian sequence.

Definition 2.5 (Sturmian Sequence I). A Sturmian sequence is a bi-infinite recurrent

sequence s such that og(n) < n+ 1.

Definition 2.6 (Sturmian Sequence IT). A Sturmian sequence is a bi-infinite recur-

rent sequence s such that s is balanced.

Definition 2.7 (Sturmian Sequence III). A Sturmian sequence is a bi-infinite rota-

tion sequence.
Theorem 2.8. All given definitions of Sturmian sequences are equivalent.
Notation 2.9. The set of all Sturmian sequences is denoted S.

For a proof of Theorem 2.8, see [7, 12]. Differing from some authors, we allow

Sturmian sequences to be periodic, and we will rely most heavily on Definition 2.7.
Definition 2.10. For a bi-infinite sequence s, define

a(s) = limsup % Z(S)’ a(s) = liminf % Z(S)l

N—oo N—o0 -
=1

and
. 1
a(s) = lim N ZEI ()i

is the average of the digits in s, if the limit exists.

Notice the a in Definition 2.10 can be applied to any sequence whose digits have

an average and not just Sturmian sequences.

Proposition 2.11. If s is a Sturmian sequence, then s = Ry.(a,t) or s = Rpy(a,t)

where a is the average of the digits of s.
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Proof. Since all three definitions of Sturmian sequence are equivalent, we know that
s = Ry j(a/,t') or s = Rpy(a”,t") for some o or o”. For simplicity, assume s =
R (o/,t"). Since the average of the digits of R|.|(¢/,1') necessarily equal o/, the

proposition is proved. O

The down side to rotation sequences is that their parameterization in terms of
angles and phases and a choice of R|.} or Ry is not in one-to-one correspondence
with Sturmian sequences. In particular, while the angle of a rotation sequence is
uniquely determined as the average of its digits, the fact that |a] + 1 = [a] if and
only if a ¢ 7Z, gives

R (e t) = Ryy(a, )

if ia +t ¢ Z for all i and so the choice of R|.; or R is not uniquely determined.
Further, if o € Q, there is an interval of phases that produce the same rotation
sequence.

We will address the non-uniqueness of R|.} vs Ry by introducing infinitesimals

into the phases.

Definition 2.12. Let € be defined as an infinitesimal such that 0 < ne < r for any

positive real number r and any n € NU {oo}. Define the set R = R + ¢Z, where
Z = 7,U{+oc}. Further, define R* =R & ¢.

Notation 2.13. Ifa € R, we use Re(a) to denote the real component of a and Inf(a)

to denote the coefficient of the infinitesimal component of a.
We will extend |-] and [-] in the natural way to functions on R.

Proposition 2.14. The sequence s is a Sturmian sequence if and only if s = R (o, t)
for some o € R and t € R.

Proof. Let s be a Sturmian sequence. If s = R|.|(«, t) for some o, € R, we are done.

If not, we must have s = Ryq(a,t) for some parameters a,t € R. However,
R, (1) = R (o, t —€)

for all real parameters «;,t.
Similarly, if s = R|.j(a,t 4 ne) for n € Z and ¢ € R, then either s = R||(a,t) or
s =R (o, t). ]
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It may seem strange that we take the phase to be in R when R* would suffice,
however taking the phase to be in R will be essential when we start talking about

generalized Sturmian sequences.

Definition 2.15. For a Sturmian sequence s, define t(s) = Re(t") where t' = inf{t €
R:s=Ry (a,t) for some a € R*},

We extend the ¢ in Definition 2.15 to apply to any rotation sequence with poten-
tially infinitesimal parameters. Later we will see that rotation sequences requiring
infinitesimal parameters can arise as limits of Sturmian sequences.

Again, in order to have o and t take real values, we must resort to a choice be-
tween R|.) and Ry, when representing our Sturmian sequence as a rotation sequence.

Further, while « is well behaved (i.e., continuous), ¢ is not.

Proposition 2.16. The map s — «(s), when restricted to S, is continuous in S

endowed with the product topology.

Proof. Since s € § implies that s is a balanced sequence, we see that the average
of the first n digits of s determines a(s) to an error bounded by 1/n. Thus « is

continuous. O

Proposition 2.17. The map s — t(s), when restricted to S, is not continuous in S

endowed with the product topology.

Proof. Consider the sequence
vi = R (V2/i, 1/2).

We have that t(y;) = 1/2 for all i, but y; = y = R|,;(0,0) and so t(y;) - t(y). O

2.2 Irrational Rotations and Continued Fractions

From Definition 2.7, we see that Sturmian sequences and rotations are closely related
via rotation sequences. Rotations, in turn, can be analyzed using continued fractions,

and so we will explore some of the theory of continued fractions.

Definition 2.18 (Rotation). A rotation by the rotation angle « is a function R, :
[0,1) = [0,1) defined by
R,(z) =2+ a mod 1.

A rotation is called an irrational rotation if o ¢ Q.
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For any «, (R,,[0,1)) is an example of a uniquely-ergodic, minimal dynamical
system, and we can now see that Sturmian sequences with angle « are just the
symbolic recoding of the system (R, [0,1)) with the partition P = {[0, @), [a, 1)}.

Definition 2.19 (Continued Fraction). Given a number o € R\Q, the continued

fraction representation of « is the sequence |ag; ay, as, as, . ..] such that
1
a = Qg +
1
a; +
1
as +
2 a3 + e

We define the nth convergent of a to be

1

4n 1
a; +

We always assume IZ—" 15 in lowest terms.
n

We can extend the definition of continued fraction to include a € @, but we lose

uniqueness of the continued fraction representation. For example,

1 1
and - =0+ —",
3 1

24 —
+1

Wl =

Lo+
=

giving both [0;3] and [0;2, 1] as valid representations of 5. We can fix this issue by
defining the continued fraction representation of a rational to be the shortest possible
representation. For simplicity, we may write a = [ag; a1, ag, . ..] to mean that « is the

real number with continued fraction representation [ag; a1, as, . ...

Proposition 2.20. If « has a continued fraction representation of [ao; ay, as, as, .. .|,
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then %, the nth convergent of «, is given by the recursive formula

Dn = nPn—1 + Pn—2 and Gn = AnQn—1 + qn—2
withp_o=0,p_1=1,q9=1, and g1 = 0. Further, p,,q, are relatively prime.

A proof of Proposition 2.20 can be found in [19]. I think it is remarkable that

there is such a simple recursion for the convergents.

Proposition 2.21. If a has convergents Z—: then for any n, either

&Sagpnﬂ or pn+1§a§&‘
an An+1 Qn+1 an
Proposition 2.21 is well known and has a proof in [19]. Since successive convergents

for a always approximate « better, Proposition 2.21, along with the fact that |a—% <
| — %| for j < ¢ implies that the even and the odd sequence of convergents are both
J

monotone sequences with one increasing and the other decreasing.

Definition 2.22 (Best Approximation). Given a number o € R, the best rational
approximation to o with denominator bounded by ¢ is the fraction p/q with ¢ < q
such that

o = 5| <o =3

Jor all 3 € Q with b < q. If there are multiple approzimations satisfying this property,

then the best approximation is taken to be p/q’ where |p| + |¢| is minimal.

Proposition 2.23. | Z—: is the nth convergent of a € R, then 1;’—: is the best rational

approximation to o with denominator bounded by q,,.

A proof of this proposition can be found in any standard number theory textbook,
for example [19]. It is worth noting that the converse to Proposition 2.23 is not neces-
sarily true. That is, for a number o € R, the continued fraction convergents of o may
not completely enumerate the best rational approximations of « (the denominators
of the convergents may grow very fast, but the next-best rational approximation may
have a denominator that does not grow as quickly).

We will call the best rational approximation to a number « a type 1 rational
approximation and we will call the convergents of o type 2 rational approximation

(noting that an approximation can be both type 1 and type 2).
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Proposition 2.24. ] Z—: 18 the nth convergent of «, then

1 1
—— <|a—-2| <
Qn(QnJrl + %1) n

Gt
For a proof, consult [3].

Definition 2.25. For a number a € R, let
, = mi —nk|}.
el = min{|a — ok}

| - || denotes the special case || - ||1.

Proposition 2.26. For a € R,

{g € N: [lgaf| < lac| for all a < q} = {g, : B* is a convergent of a}.

A formal proof of Proposition 2.26 can be seen in [3]. We will not give a proof,
but we will explore the geometry of rotations in relation to continued fractions.

Fix 6, and notice that we can view {||af|| : a € Z} as the set of distances of
af mod 1 from 0 on the unit circle. For illustration, we will fix § = [0;5,4,3,5,...] ~

0.1911357. The convergents of § are

w_ 0 p_ 1B
Qo 1 g3 68
p_l o 0
q1 ) g4 261
pz_ 4
@ 21
Notice that after 5 iterates, the rotation Ry defined by Ry(z) = x + 6 mod 1
obtains a new closest return to 0. That is, if O,, = {0,260, ... ,n#} is the n-orbit under

Ry of 0 (excluding 0 itself), then O, achieves a new closest return to 0 when n = 5.
Qs is illustrated in the figure below, with 50 mod 1 marked with a dot and rotations

are performed clockwise.
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At this point, Oy partitions [0, 1) into 5 intervals of width 6 and one interval of
width [|50||. It turns out, for a number a = [ap; a1, a, ...}, |||gnc|l/||gns10]]] = aniz
exactly recovers the continued fraction coefficients. We see this in the figure illustrated
by the fact that 4 intervals of width ||50]| fit in a single interval of width ||6]|.

Using the fact that |[|g.a||/||gnr1||] = @ni2 for a number a, we see that each of
the 5 intervals of width ||f|| can fit 4 intervals of width ||56]|. Observing Og, Oy, and
Og, we can see that the intervals of width ||0|| each have smaller intervals of width

50| “munched away” from the left side.

After this process is repeated a,11¢n + Gn—1 = @n41 times, we see a new closest

return time to 0. That is, Os; contains a new closest return time to 0.
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Oy partitions [0,1) into intervals of width ||216|], ||50]], and a few intervals of
width [|50| + ||216]|. Now the process repeats again, with each larger interval getting
chunks of size ||216|| “munched away” until a new closest return to 0 is obtained in
Ogs.

The process again repeats until the next closest return time in Oy4;. For illustra-

tion, below is Q2.

Given the link between rotations and Sturmian sequences, we see that for some
angle «, the backwards n orbit, O_,, partitions the set of phases in a way identical
to partitioning the set of phases by the first n symbols of a Sturmian sequence with
angle a.

For a fixed «;, it is clear the partition by the first n symbols of a Sturmian sequence
gives us a partition of [0, 1) by intervals exactly corresponding to “cutting” [0,1) by
O_,. In [18], a precise description of these intervals is given, which in general is

known as the Stienhaus 3-length conjecture.

Proposition 2.27 (Stienhaus 3-length Conjecture, Slater [18]). Fiz o € [0,1) and let

[0; a1, ag, ... be its continued fraction representation and let Z—Z be the nth convergent
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of a. Fizn =cqp+ qe_1+ 0 with1 < c < ag and 0 < 0 < q for some k. Then,
the partition P of [0,1) generated by {a,2a,...,na} mod 1 has intervals of exactly
three lengths

Lshort = HQka” limed = ||Qk—1a|| - C||koé|| Liong = Hka—laH —(c— 1)||Qka||-

Further, the number of intervals of length lsnort, lmed, and lipng ts n — qi + 1,0 41,

and q — { — 1.

Proposition 2.27 gives some precision to the previous pictures of [0,1) being di-
vided up by the orbit of § = [0;5,4,3,5,...].

Lemma 2.28. Let 7;—: be the convergents of a. If cqr + qr—1 < qx+1 for ¢ € N, then

I(ear + ge—r)all = llgr-rall = cllgrel.

Proof. Consider the quantities a = ¢z mod 1 and b = gr_1« mod 1 interpreted as
lying in the interval [—1/2,1/2). By Proposition 2.21, we have that exactly one of
a or b is negative. Further, the restriction on ¢ ensures c|a| < |[b] and so |ca + b| =

16| — c|a|| = |b] — c|al, which proves the claim. O

Proposition 2.29. Fiz o € Q° and let O,, = {«,2q,...,na} mod 1, a = min O,
and b = max O,,. Then one of ||a|| or ||b|| is lshort and the other lyeq as specified in

Proposition 2.27.

Proof. Assume o € Q¢ and let n = cqp+qr_1+¢ = m~+¥ with ¢ and £ as in Proposition
2.27. By Lemma 2.28, ||mal| = ||gx—1¢|| — ¢||gret|| = lmea. Further, ||gra| = lshot-
Now, by Proposition 2.21, when we interpret z = (cqra + qx—1)a mod 1 and

y = gz mod 1 as points in [—1/2,1/2), one is negative and one is positive. Thus if

lal| = |lgre|| = lsnors then [|b]| < ||mal] = lneq and visa versa. Finally, noting that
llal| = ||b]] = lshort implies @ € Q and that an interval of the partition generated by
O,, shorter than [,,.,q must be length Iyt completes the proof. O

Proposition 2.29 can be extended to work on rationals with the obvious exception

that we might have ||a|| = ||b]] = lshort-
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2.3 Properties of Sturmian Sequences

Recurrence was a required hypothesis for many of the equivalent definitions for Stur-
mian sequences. However, Sturmian sequences satisfy the much stronger property of

minimality.

Proposition 2.30. Let s be a Sturmian sequence with angle o, and let O = Os be
its orbit closure. Then O = {R|(a,t) : t € R} and O is minimal.

Proof. Fix a Sturmian sequence s with a(s) = o and let O = {R|.|(,t) : t € R}.
Since s is balanced and recurrent, any accumulation point of Os must also be balanced
and recurrent. Thus, any y € O is a Sturmian sequence. Since « is continuous and
a(s) = a(T's), we have that a(y) = a(s) for any y € O, and so by Proposition 2.14,
ye .

This shows that O C O’. Let W(n) be the maximum waiting time for a length-n
subword of s. As we will see in Theorem 2.33, W (n) < co. From the definition of
convergence, we have that every point in O has a waiting time bounded by W (n), so
since the set of subwords of y € O is identical to the set of subwords of points in Os,
O is minimal. However, the set of subwords of R|.|(«, ) is identical for all ¢ € R, and

R|. (o, t) is a Sturmian sequence for all t € R, and so O = O'. O

Corollary 2.31. Every Sturmian sequence s is the limit of rotation sequences of the
form R |(a, t) where o, t € R.

Corollary 2.31 follows from a proof very similar to that of Proposition 2.14.

Notation 2.32 (T). The torus R/Z is denoted by T and is assumed to have the

quotient topology unless otherwise specified.

Where convenient, we may think of the phases of a Sturmian sequence as lying in
T instead of R.
We can also very precisely bound the waiting times for any word as well as the

best periodic approximation to a Sturmian word.

Theorem 2.33. Fiz o. Let s = R j(a,0), and fix a subword w C s. Let A, be
the frequency of w in s and let W, be the maximum waiting time between successive

(possibly overlapping) occurrences of w. Then,



28

Proof. The lower bound follows immediately: if W,, < ﬁ, then the frequency of w
must exceed \,, a contradiction.

Fix o and w with |w| = n, and let P,, be the partition of the phase space [0,1)
such that ¢,¢' lie in the same partition element if the first n symbols of R|.(«,t) and
R (a,t') agree. That is (Ry(a, )" = (R (o, )5

Let [ag; a1, ...] be the continued fraction expansion of o and let Z—: be the conver-
gent of o such that n = cqi + qr_1 + £ with ¢, £ as in Proposition 2.27. By Proposition
2.27, P, consists of intervals of exactly three lengths: lgort; lmed, and liong. These

lengths are given by

lshort = ||Qka|| lmed = ||Qk—1a|| - C|Ishort| llong = ||Qk—1a|| - (C - ]-)|Ish0rt|-

Let O; = {0,a,2¢a,...,(i — 1)a} mod 1 be the i-orbit of 0 under rotation by «.
Let I,, € P, be the partition element such that (R|.(a,t))5~" = w for any ¢ € I,,.
Since |I,| = Ay, the upper bound will be proved if we can show that O1 11| +w| T 1
for any t € I, intersects [, in at least two places. Equivalently, we may show that
O1/|1,|+|w| intersects any interval containing 0 of width || in at least two places (one
of those places being 0).

We will consider cases based on |I,|. Suppose |I,| = lmed OF liong. In either of
these cases, 1/|1,,| > gy, which follows quickly from the bound |1,| < [lgx-1a]l < -

Let m = g, + |w| < 1/|L,| + |w|. Let a = min(O),\{0}) and b = max(O),\{0}).
By Proposition 2.29, ||la|| and ||b]| are lgnort and lpeq. For simplicity, assume ||b]| = lgnort
and [|a|| = lmea- Under this assumption, gyo mod 1 =1 — ||gxr||. Thus, a — ||grc|| €
Olw|+g. = Om. Since the distance between a — ||gzc|| and b is lyeqa < |1, any interval

of width |/,,| containing 0 must intersect a non-zero point of O,, C O1/|1, |4 w|-

Finally, consider the case where |I,| = lghore. In this case, 1/|I,| > qri1. Let
m = Qg1+ |w|. Let a = min(Oy,|\{0}) and b = max(O,,\{0}). By Proposition 2.29,
|la|| and ||b]| are lgport and lyeq. For simplicity, assume ||b]| = lgport and ||a|| = lieq-

Under this assumption and by Proposition 2.21 we have that gz mod 1 = ||ggs1¢]].

Thus, we have the following relation,
Om = OQk+1+|w| = OQk+1 U (Olwl + ”q}€+1a|l)7

showing that both ||gzr1¢| and b + ||gx+1c|| are in O,,. Since the distance between

|lgk+1¢]| and b+ ||ger1x]] is b = lsport = |Lw], the claim is proved. O
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Theorem 2.33 may be interpreted as a type of higher block balanced property.

Definition 2.34. If w is a subword of some Sturmian sequence, define

g(w) = inf {g:w C R (p/q,0)}.

p,qEN

Notice that g(w) is the shortest period of a periodic Sturmian sequence that

contains the word w.

Proposition 2.35. If w is a subword of a Sturmian sequence,
q(w) < |wl.

In other words, w is contained in a periodic Sturmian sequence with period < |w|.

Proof. Fixn. Let P = {P, Py, ...} be the partition of [0, 1]? generated by the relation
(Oé, t) ~ (0/7 t,) if (RH (av t))g_l = (RH (O/7 t,))g_l'

That is, (a, t) ~ (o, t') if the sequences R|.|(c,t) and R.j(a/, ') start with the same
n-word.

If we can show that every P; contains a point (p/q,t) where ¢ < n, then we will
have shown that for any Sturmian word w with |w| = n, we have g(w) < |w|.

Fix a and consider now the partition X, = {Xo, X1, ...} where t ~ ¢/ if (R|j(a, )57 =
(R (a,t'))g~". Notice that this is a partition into half-open intervals whose endpoints
are the point {0, —«, ..., —na mod 1}.

Notice now that X, is precisely the fiber of P along the line {a} x [0, 1], and so
the boundaries of the partition P are the set

{—iamod 1:0<:<nanda«ae€|0,1]}.

This set is identical to the set of graphs of lines of the form L,(a) = —aa mod 1 for
0 < a < n or equivalently, L,;(a) = —aa + b for 0 < a,b < n restricted to [0, 1.
Computing, we see the intersection between the lines L, and L, occurs at

b —b 'b— ab’
and Lop(a) = ©w-a

o =

a —a a —a

Since |a’ — a| < n, we see that the corners of every P, have rational coordinates with
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N[

o
W=
o=
Wi

—_

Figure 2.1: The partition P when n = 5.

denominator < n. To complete the proof, notice that except for the two extreme
cases (the two triangles with vertical edges), every edge of every polygon in P has
negative slope. Therefore, every polygon must contain a point (e,t) where e is the
a-component of some corner and ¢ € [0, 1]. For the remaining two partition elements,

it is easy to check that one contains (0,0) and the other contains (%=1, 1). O

2.4 Generalized Sturmians

Although the set of all Sturmian sequences that share a common angle is closed, the

same cannot be said if we take a union over all angles.

Definition 2.36. The set of generalized Sturmian sequences, S, is the closure of S

under d, the usual metric on sequences.
Proposition 2.37. S is strictly bigger than S.

Proof. Consider the sequence of Sturmian sequences
Sn = RH (1/%, —1/(271)),

and observe that s,, = s=(...,0,0,1,0,0,...), the sequence of all zeros with a single

1 at position 0. Since s is not recurrent, s is not Sturmian, however s € S. ]
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From Proposition 2.37, it is clear that we cannot write every element in S as a
rotation sequence with real parameters, however, allowing infinitesimals in the angle

as well as the phase will allow us to represent S as rotation sequences.

Proposition 2.38 (Infinitesimal Representation).
S={R|(a,t):a € R* and t € R}.

Proof. Let I = {R||(a,t): o € R*,t € R}. We will first show that I C S.

Fix y € I with parameters oy = a+e€ and t, = t+ne or oy = a—e and t, = t+ne.
To be concise, we will write o, = o &+ € and consistently use + or — in the following
equations.

Consider the sequence z; € S where
1 n 1 n
(zi)k = (k—l—l)(aj:g)—i-th; — k(ai;)—i—t—l—;

n=+(k+1)
{

:L(k+1)a+t+ nikJ.

J—Lka—kt—l— -
)

Comparatively,
(We=|(k+Da+t+(nEt(k+1))e] — |ka+t+ (nE k).

Since |-] is continuous off the integers, it is clear that if (ka+1t), (k+1)a+t) ¢ Z
then (z;)r — (y)r. Further, 1/i becomes arbitrarily small as i — oo, and so (z;), —
(y)x for all k.

We will now show S C I. Fix y € S. By Corollary 2.31, we may find y; — y with
v = R j(ay,, ty,) €S (note ay, and t,, are real). We then have that o, — o, where
oy, is the average of the digits of y, and by passing to a subsequence if necessary, we
may assume t,, — t, € [0, 1].

Define

di(1) = koy, + t;

and note that by passing to a subsequence, we may assume for every k that [dy(7)]
is eventually constant in ¢ (This is clear since o, — «, and t,, — t, imply that
{|dk(2)] : i € Z} has at least one accumulation point). Let dp = lim;_,o d(i) =
ko, +t,,.

We now see that if dji1,dy € Z, |dp+1(i)] = |det1] and |dg()] — |di], and so
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the kth coordinate of y agrees with the kth coordinate of R (ay,1,).

If di, € Z, we see that because |di ()] is eventually constant, di(i) — dj must
converge one-sidedly (We will notate one-sided convergence from above as d (i) \, dy
and from below as di(i) 7~ dy).

Let K =A{k:dy € Z}. If di(i) \y dy, for all k € K or di(i) / dy for all k € K,
then y = R|.|(ay, ty, +€) or y = R|.j(ay, t, — €) respectively.

If not, |K| > 2. Let ¢ be the minimum gap between numbers in K and note that
dy, dj+q € Z implies o, = 2 € Q. From this we may deduce that K = {ko+tnq:n € Z}
for some k.

Fix ky € K so that dy, (i) ~\ di, and either dy,44() 7 diytq OF diy—q(i) 7 diy—qg-
Assume dy,14(7) / diy+q (since the other case follows similarly).

This means koo, +1,, converges from above, but (ko + q)ay, +t,, = (koo +1,,) +

qoy, converges from below. From this we conclude that o, o, and that if n > 0,

di(i) 7 di
for all k£ = kg 4+ ng > ko and
di(7) ¢ di
for all k£ = kg — ng < k.
Thus, upon inspection, we see y = R|.| (o, — €, t, + kge). ]

Using infinitesimal representation, we can now write the generalized Sturmian
sequence (...,0,0,1,0,0,...) as R, (¢, 0).

Although Proposition 2.38 gives a parameterization of generalized Sturmian se-
quences, it suffers from non-uniqueness just as the parameterization of Sturmian
sequences by rotation sequences does. Further, the topology induced on the parame-
ter space R* x R by d, the standard metric on sequences, is quite unwieldy. However,
if we restrict ourselves to generalized Sturmians whose angle is irrational, we have

near-uniqueness in our representation as a rotation sequence.

Notation 2.39.
So={s€S:a(s) eQ} and  Sge={s € S :a(s) ¢ Q}.

Since s € S is still a balanced sequence, a(s) is defined, and so Notation 2.39 is
well defined.
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Proposition 2.40. For y € Sy, the following properties hold:
1. yes;
2. if t, is a phase for y, Re(t,) is uniquely determined and is equal to t(y);

3.y = Ryj(aly),tly) +€) ory = Ryj(a(y),t(y) — €) and this representation
is unique if na(y) + t(y) € Z for some n, and y = Ry (a(y), t(y) +¢€) =
R (aly), t(y) —€) if naly) +t(y) € Z for any n.

Proof. First note that if r € S with a(r) ¢ Q, then (r) is uniquely determined and
so property 2 holds as well as property 3. Suppose s € S and Re(a(s)) ¢ Q. By the
prior observation, it will be sufficient to show that s € S.

By Proposition 2.38, we may write
s =Ry (aEet+ne).

If ma+1t ¢ Z for all m, then R j(a = €,t +ne) = R (L ¢,t), and so s € S.
Otherwise, ma +t € Z for precisely one m. In this case, if £m + n is positive,
s =R (a,t) € S and if £m + n is negative, s = Rpj(a,t) € S. O

Proposition 2.40 shows that Spe C S, and so by restricting our attention to Sgpe,
we can avoid many technical issues in our analysis of generalized Sturmians (this is

one reason many authors define Sturmian sequences to be aperiodic).

Definition 2.41. Let ¢, : S — N be defined such that
¢n(s) = min{q € N : (s)",, is a subword of R|.|(p/q % €, €Z) for some p € N}.

Note that g, is defined so that s € Sg implies lim, o gn(s) < oo (because s is
periodic) and s € Sge implies lim,, o ¢,(s) = 0o (because s is necessarily aperiodic).

Further, by an application of Proposition 2.35 we see
qn(s) <2n+1

for any s € S.

Definition 2.42. Define a metric d on S in the following way.
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If y = z then d(y, z) = 0. Otherwise, let n = sup{i : (y)", = (2)",} and define

. 1 1
d(y,z) = =

Proposition 2.43. d is a metric.

Proof. Reflexivity, non-degeneracy, and symmetry are clear. The triangle inequality is
also deduced quite quickly. Fix z,y,2 € S. Suppose that d(y, 2) = 279, d(y,z) = 27,
and d(z,z) = 27¢ and note that either b < a or ¢ < a. Suppose b < a. Since for

i <n, q(y) =q(z) and ¢;(y), q:/(z) are monotone in 7 we have

A 1 1 1 1 A A

W= o ok T o W) @)
If ¢ < a, then

A 1 1 1 1 A "

d(y, z) = e < e < e + ) - d(y, ) + d(z, 2).

]

In fact, d is an ultra metric which means it satisfies a stronger version of the
triangle inequality: J(x,y) < max{a?(x, z), a?(z, y)}.

Note that since ¢,(y) < n, we have that d(y,z) < d(y,z) for all y,z € S, and
that d is constructed so that sequences whose angles are heading towards a rational

number diverge. This leads to the following proposition.

Proposition 2.44. Sy is a complete metric space with respect to d and the topology

induced by d is the relative topology induced by d.

Proof. We will first show that the topologies induced by d and d are the same. Since
OZ(y, z) > d(y, z), the topology induced by d is at least as fine as that induced by d,
so we need only to show that a sequence that converges in d converges in d.

Let y;,y € Sge with y; KN y. Let 2n; be be the largest window about the origin
where y; and y agree. By convergence in d, n; — oo. Since y € SQC, qn(y) — o0 as
n — co. Because of this, gy, (1;) = 00 as i — oo and so d(y;,y) — 0.

Next, we will show that Sge is complete with respect to d. First, consider a Cauchy
sequence ;. Being Cauchy in d implies that you are Cauchy in d. We may therefore

conclude that y; — y € S. What remains to be shown is that y € Sge.
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Suppose y € Sg. This means that ¢,(y) is bounded for all n. Thus d(yz,y) >
0. O

Proposition 2.45. Both a and t are continuous on Sg- with respect to d.

Proof. By the balanced property of sequences in Sge,  is determined up to an error
of 1/n by the first n digits of a sequence, and is therefore continuous.

We will now prove the continuity of ¢ using the properties of ¢,. Fix a and observe
that for a Sturmian sequence s with a(s) = «a, if ¢,(s) = ¢, then (s)", determines
the phase of s up to an interval of width 1/q. We now have that for an arbitrary
Sturmian sequence s, (s)", determines the phase of s up to an interval of width
2/qn(s) +1/(2n + 1), where 1/(2n 4+ 1) comes from our bound on «(s). Proposition
2.35 gives that ¢,(s) < 2n 4+ 1 and so in fact (s)”,, determines the phase of s up to
an interval of width 3/¢,(s).

Fix s € Sge and § > 0 and choose n so that ¢,(s)/3 > 1/4. Now, (s)",, determines
the phase of s up to an interval of width §. Call this interval Is. We now have that
for any y with d(s,y) < 27"V (ie., any y with ()", = (s),)), t(y) € I5, and so t is
continuous.

0

2.5 2-d Sturmian Configurations

We will now explore configurations on Z? where every row is Sturmian.

Notation 2.46.
Q= {y : every row of y is in S}

and

Qe = {y : every row of y is in Sge}.

We may abuse notation by saying x € €} if the rows of x are generalized Sturmian
sequences for some two letter alphabet. That is, the rows of # do not have to be
Sturmian sequences on the alphabet {0,1}. This will allow us to more cleanly talk
about the Kari-Culik tilings where Sturmian sequences on the alphabet {1,2} arise.

Extend d to a metric on by

do(y, z) = sup 2711d((y)s, (2),),

1€Z
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which gives the product topology on €2 with respect to the topology induced by d on
the fibers. When unambiguous, we will write d instead of dg. Further, extend a and
t to 2 by

and

as well as @ and « in the analogous way (in the future, we will be applying @ and «
to non-Sturmian sequences). We will call a(y) the vector of angles of y and t(y) the
vector of phases of y.

Note the following relations
aoTl =« and aoS=95oq

toT =t+amod 1 and toS =950t

where T, S are the horizontal and vertical shifts on Qg and S’ is the shift on vectors
indexed by Z.

Proposition 2.47. Qg s complete with respect to d.
Proof. This follows directly from the definition of d. O
Proposition 2.48. Both a and t are continuous on Qge with respect to d.

Proof. The Cartesian product of a finite number of continuous functions is always
continuous in the product topology. Further, a function in the product topology
is continuous if and only if all projections onto a finite number of coordinates are
continuous. It follows that countable Cartesian products of continuous functions are
continuous in the product topology.

The proof is complete by observing that a,t : Qge — RZ are countable Cartesian

products of continuous functions (with respect to CZ) O]

Definition 2.49. For y € Q, define P(y) C TZ by

P(y) = {na(y) + t(y) mod I forn € Z},

where the closure is with respect to the product topology.
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Definition 2.50. Let QfQ?f C Qqe be the set of points whose rows have rationally
related angles. That is

a((y):)
a((y);)

A priori, the set P(y) may tell us very little about y, however, when we restrict

QfQﬁﬁz{yEQQc: GQforalli,jeZ}.

to y € Qgt (those points in Qge whose rows have rationally related angles), P(y) will

allow for an easy comparison between points. We see that
PoT =P and PoS=50oP

where S’ is the shift operator on T%.
The set QE@ will play an important role as a naturally occurring object in the

analysis of Kari-Culik tilings.
Definition 2.51. For vectors a,t € R%, define the line with direction o through the

point t as

L(a,t) = {fa+t mod T : ¢ € R}.
Proposition 2.52. Ify € Qg!, then P(y) is the closure of the graph of a line mod I.
Specifically,

Further, P(y) is one dimensional in the sense that proj”, P(y) = proj”,, L(a(y),t(y))

s a one-dimensional line, where proj”, s projection onto the —n to n coordinates.

Proof. Notice that L, = proj”, L(a(y),0) is a one-dimensional subgroup of T2
under addition. Since the coordinates of a(y) are rationally related, L,, is closed.
Further, notice that G, = proj™, {ia(y) mod 1 : i € Z} C L, is a subgroup of
L, under addition. Since every coordinate of a(y) is irrational, G,, is dense in L,
showing L, = G,,.
Let L = L(a(y),0) and G = {ia(y) mod 1 : i € Z}. From the definition of the

product topology, we now conclude
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]

Proposition 2.52 gives a relationship between orbits of points in QfQ?;“ and lines,

and we will exploit this later on.
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Chapter 3

The Kari-Culik Tilings

Recall that a Wang tiling is a nearest-neighbour Z? subshift of finite type whose
rules are typically given by labeling the edges of square tiles and insisting that two
tiles may lie adjacent only if their shared edge labels match. Currently, the smallest
known set of Wang tiles that tile the plane only aperiodically is the Kari-Culik tile
set. Discovered in 1995, it has only 13 tiles. We call the set of Kari-Culik tiles K and
note that rotations and reflections of tiles in K are allowed. The Kari-Culik tiles are

listed in Figure 3.1.

0 0 1 0 1 1
0 FIRN NS 22 9 19 2L 9 12 1
3 3 I3 3l 3 3 I3 3l 3 3l 3 3
1 1 1 2 2 2
0' 0' 1 1 2 2 1
-1 -1 [0 ofo -1 11 o0 (1 -1 |0 o o -1
0 0 0 1 1 1 0

Figure 3.1: List of the 13 Kari-Culik tiles.

A detailed exposition and proof of the Kari-Culik tiling’s aperiodic properties can
be found in [6]. For completeness, we will give a brief recap of the proof given by
Eigen et. al. in [0], which somewhat differs from the original proof given by Kari and
Culik.
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3.1 Aperiodicity of the Kari-Culik tilings

The explanation of aperiodicity we will give relies on some number-theoretic prop-
erties of the Kari-Culik tiles. Namely, every tile satisfies the soon-to-be-introduced
multiplier property and the tiles are constructed so that if one averages the bottom
labels of the rows of a Kari-Culik tiling (treating 0’ as 0), the sequence of averages

behave like an orbit under an easy-to-understand homeomorphism.

Definition 3.1. & : §2° — {0,1, 2}Z2 s projection onto the bottom labels of tiles in
R followed by mapping the symbol 0 to 0.

Notice that for any Kari-Culik tiling, the rows fall into two distinct categories:

012
37373

has left-right edge labels in {0,—1}. We will call these rows, as well as the tiles in

those where every tile has left-right edge labels in { } and those where every tile
each row, type % and type 2 respectively. The convention in this paper will be to refer
to the labels of a tile in R in clockwise order starting with the bottom label. That is,
the labels a, b, ¢, d of a tile will correspond to the figure:

C

b d

a

Part of the cleverness of the Kari-Culik tilings is that every tile satisfies the fol-

lowing.

Definition 3.2 (Multiplier Property). A Kari-Culik tile with bottom, left, top, and
right labels of a, b, c,d satisfies the relationship

Aa+b=c+d (3.1)

where X € {%,2} corresponds to the type of the tile. We also refer to A as the
multiplier of the tile.

Proposition 3.3. Fiz a Kari-Culik configuration x and let ro = ®((x)o) and r =

®((x)1). Then, if the average of ro exists, it satisfies the relation
)\04(7’0) = Oé(?"l)

where A € {3, 2} is the type of (x)o.
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Proof. This is a direct result of the telescoping nature of the multiplier property when
rewritten as Aa — c = d — b. Notice that in any row, every tile is the same type and
therefore has the same multiplier. Let a; be the bottom labels and ¢; be the top labels

of (z)p. Summing along a central segment of length 2n + 1, we have

/\'Zai—Zci:d—b (3.2)

and b, d are bounded, dividing both sides of Equation (3.2) by 2n + 1 and taking a

limit produces the desired relationship. O

Proposition 3.4. For a Kari-Culik tiling x, a((®(x));) € [1/3,2] and a((P(z));) €
[1/3,2] for all i.

Proof. Fix i and let a = a@((®(z));). Inspecting the tile set, we see that the largest
symbol on the bottom of any tile is 2 and so a < 2. Now, let a = a((®(x));). To
see that a > 1/3, we will consider rows by type. For a row of type %, the smallest
symbol appearing on the bottom is 1, and so o > 1 > 1/3.

For a row of type 2, notice that the bottom labels may contain 0 or (', but not
both (if a row of type 2 had both 0 and 0’ on the bottom, the row below it would
need to have tiles of both type % and type 2). If the bottom labels only contain 0,
then the row below (z); must be of type % Inspecting the type % tiles, we see that
no more than two consecutive 0 symbols may occur as top labels and so (z); cannot
have more than two 0 symbols in a row as bottom labels giving « > 1/3. Finally, by
inspecting the tile set, we notice that as bottom labels all occurrences of 0" must be

isolated. Thus, if the row below (x); is of type 2, « > 1/2 > 1/3. O
We will now introduce a map that is intimately related to the Kari-Culik tilings.

Definition 3.5. For z € [1/3,2], define

r —

{ 2 ifxell/3,1) and  f(z) = doz =

2¢  ifxe1/3,1)
1/3 ifze(l,2]

xz/3 ifx e l,2]
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Definition 3.6 (Conjugate). We say two maps g : X — X and h :' Y — Y are
conjugate if there exists a continuous bijection ¢ : X —Y so that g = ¢ *ohoo. In

this case, ¢ 1s called a conjugacy.

When two maps are conjugate, we can study the easier-to-understand map and

then use the conjugacy to carry desired properties over to the more difficult map.

Proposition 3.7 (Liousse [I1]). The map f is conjugate to an irrational rotation by
log2/log6.

Proof. An explicit conjugacy ¢ : [1/3,2] — [0, 1] is given by ¢(x) = %. O]

Proposition 3.8 (Durand, Gamard, and Grandjean [5]). For a Kari-Culik tiling ,
a((®(x)):) = a((®(x)):) = a((®(x)):) for alli.

Proof. Fix a Kari-Culik tiling x and notice that a single row of x must be made
entirely of type 3 tiles or entirely of type 2 tiles. Further notice that if a((®(x));)
exists for some 7, then by the multiplier property, it exists for all 7.

Suppose @ = @((P(z))o) # a((P(x))o) = a. By compactness, we may find accu-
mulation points 7,z of Or(z) such that a((®(7))p) = @ and a((P(x))o) = a. That
is, the averages exists, which implies the vectors a(®(7)) and a(P(z)) exist.

Observe that for a number v € [1/3,2] with v # 1, if 7 satisfies Ay € [1/3,2] for
some A € {3,2}, then \ is uniquely determined. Since a(®(z)), a(®(z)) € [1/3,2]%,

if neither vector contains 1 as a component, then they satisfy the equations

(@(@(@)))ir1 = f(((®(@)))i)  ((®(2)))irr = F(((P(2)))s),

where f is given by Definition 3.5.

Since f is conjugate to an irrational rotation (and this conjugacy is continuous),
given any two points a, b, there exists some 7 so that fi(a) > 1 > fi(b) or fi(a) <1<
fi(b). Now, using the observation that if a(®(Z)); < 1, the type of (Z); is 2 and if
a(®(T)); > 1, the type of is 3, we deduce that for some i, (T); and (z); are of different
types. However, the type of (Z); = type of (z); = type of (x); for all i (by virtue
of taking accumulation points of the horizontal orbit only), which is a contradiction.
We conclude @ = a.

Finally, to handle the case where 1 is a component of a(®(Z)) or a(®(x)), notice
that the branch of f taken exactly corresponds to the multiplier of a row. Thus,

(a(®(7))); and ((P(x))); must always take the same branches of f, which allows us
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to complete f to a well-defined function f, : [1/3,2] — [1/3,2]. Using f, now leads

to the same contradiction. O
Corollary 3.9. For a Kari-Culik tiling z, o((®(x));) € [1/3,2] for all .
Proof. This is a direct result of Proposition 3.4 and Proposition 3.8. O

Corollary 3.10. Fizx a Kari-Culik configuration x and let r; = ®((x);). Then,

a(ris1) = flo(rs))
provided a(r;) # 1.

Proof. Since a(riy1) = Aa(r;) for some A € {3,2}, the constraint that both a(r;1), o(r;) €
[1/3,2] uniquely determines A when «(r;) # 1. O

Even if a(r;) = 1, there are still only two options for a(r;;;) and as shown in
Proposition 3.7, orbits under f are aperiodic, ensuring that a choice can only be

made at most once.

Theorem 3.11 (Kari, Culik, Eigen, et al). The Kari-Culik tile set admits no periodic

points.

Proof. Recall that if a Z2 SFT admits a periodic point, it admits a doubly periodic
point. That is, there exists some rectangular configuration that can be repeated to
fill the plane.

Suppose such a rectangle exists and fix it, labeling the top labels a;, the left b;,
the bottom ¢;, and the right d; and let A, B, C, D be the respective sums of the side
labels. Further, let \; be the multiplier of the ¢th row.

A=>a;

Qi—1| Qi | Qj41

Ci—1| ¢ |Ci+1

C:ZCZ'
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When rewritten as A\c — a = d — b, notice that the multiplier property telescopes
when summing across a row. Let b be the vector with components b; and let d be the
vector with components d;. Summing across columns, the multiplier property again

telescopes, which leaves us with the equation

— -

AC—A=7-(d—D)

where A = [\, 7 is a vector whose entries are sums and products of A; and - is
the dot product. Since we assumed that this rectangular configuration could be used
to tile the plane, we have a; = ¢; and b; = d;, which implies A = C' and d = b.
Expanding the equation with these substitutions yields

AC =C.

Since C' # 0 for blocks larger than 2 x 2, we conclude that A = 32—:1 = 1, which is
impossible if n,m > 0. Finally, by inspection we verify that there are no periodic

points with period 2, and so there cannot exist a periodic point. O

Theorem 3.12 (Kari, Culik, Eigen, et al). The Kari-Culik tile set admits uncountably

many tilings of the plane.

Proof. For a detailed version of the proof to Theorem 3.12, see [6]. We will give an
outline of the proof and later present a slight generalization.

Fix z € [1/3,2]. We will show how to produce a valid tiling from x. Define the
Kari-Culik tile 7., to be the tile with edge labels given by the following.

[nf(x)] = [(n—1)f(z)]

Ael(n=Dz] = [(n=Df(@)] | Tgn | Aelnz] - [nf(z)]

Replace a bottom label of 0 with 0/ if f~'(z) € [1/3,1/2] and a top label 0 with 0/ if
x € [1/3,1/2]. It can be checked that 7, ,, is always in R Further, the following is a

valid configuration.
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Tr,n—1 Ten |Te,n+1

Tf=1(@)n

Since this is defined for all n € Z and every = € [1/3,2] has a bi-infinite orbit under
f, a tiling corresponding to every x is ensured. Further, given x and 2’ with x # 2/,
the zeroth row of the constructions coming from x and 2z’ will differ in some place,

ensuring distinct =, 2" € [1/3,2] construct distinct tilings. O

3.2 Sturmian Kari-Culik Configurations

Until recently, it was unknown whether fundamentally different Kari-Culik tilings
than those arising from the construction used in the proof of Theorem 3.12 ex-
isted. However, Durand, Gamard, and Grandjean recently showed that the Kari-Culik

tilings have positive topological entropy.

Definition 3.13 (Entropy). Given a subshift X C A% | the topological entropy of X

18
| wn(X
Hiop(X) = lim —ngn ( )|

n—00 n2
Topological entropy measures the exponential growth rate in the number of con-
figurations verses a configuration’s diameter, and subshifts with positive entropy are

considered to be “big.”

Theorem 3.14 (Durand et al [5]). The set of all Kari-Culik tilings has positive
topological entropy.

They do this by showing there exists substitutive pairs, that is pairs of 2 x 2
configurations with identical edge labels, occurring with positive density in any Kari-
Culik tiling. This shows that the number of globally admissible m x n Kari-Culik

configurations grows exponentially, yielding positive entropy.
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Proposition 3.15. The set Q0 (the set of all Z* configurations whose rows are Stur-

mian) has zero topological entropy.

Proof. The number of Sturmian sequences on two symbols of length n is of order
n® [1]. Thus, the number of n x n configurations occurring in € (restricted to two

symbols) is (n?)™. Since ;ni; — 0 as n — oo,  has zero topological entropy. O

Corollary 3.16. There exists a Kari-Culik tiling that does not arise from the con-

struction given in the proof of Theorem 3.12.

Proof. Notice that a Kari-Culik tiling vy, arising from the construction given in the
proof of 3.12, satisfies ®(y) € . By Proposition 3.23, ® is finite-to-one, and so
®~1(02) has zero entropy. Since the set of all Kari-Culik tilings has positive entropy,
there must be a Kari-Culik tiling x so that ®(z) ¢ Q. O

Durand et. al. likely knew Corollary 3.16, but did not explicitly state so in [5].
Despite the existence of tilings not in ®~1(Q), we will restrict our study to this set.
That is, we will study the set of Kari-Culik tilings whose rows have bottom labels

that form generalized Sturmian sequences.

Definition 3.17. Let
KC = {KC tilings y : ®(y) has rows in S}

and
KCge = {KC tilings y : ®(y) has rows in Sge}.

Using observations about the multiplier of tiles and the averages of sequences of

bottom labels, we can refine our classification of rows of the Kari-Culik tilings.

Definition 3.18. Let © € KC and r; = (x); be the ith row of x. We define the
general type of r; based on the tiles in r;_1,r;, ;11 n the following way.

Type % r; 1s of general type % if r; consists of type % tiles.

Type 2.1: r; is of general type 2.1 if r; consists of type 2 tiles and r;41,7;_1 both
consist of type % tiles.

Type 2.2t: r; is of general type 2.2t if r; consists of type 2 tiles and r;11 consists
of type % tiles while r;_1 consists of type 2 tiles.

Type 2.2b: r; is of general type 2.2b if r; consists of type 2 tiles and r;_1 consists

of type % tiles while r; 11 consists of type 2 tiles.
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We consider a pair of rows whose top row is of general type 2.2t and whose bottom

row is of general type 2.2b as type 2.2.

Since general type % exactly corresponds to type % and we have no previous
definition for type 2.1, 2.2¢, 2.2b, or 2.2, without ambiguity we may from now on refer
to the general type of a row as simply the type of that row. Further, every row is
exactly one of these types. That is, we never have three consecutive instances of a

type 2 row.

Proposition 3.19. Let x € KC and r; = (x); be the ith row of . The general type
of r; is unique and the tiles that may appear in r; are contained in exactly one of the

following (non-disjoint) sets based on general type.

Type L: 0 0 1 0 1 1
M3 o Tl o2dl ol Al oz 4
3 3| [3 3| [3 3| [3 3] (3 3] (3 3
1 1 1 2 2 2
Type 2.1: 1 1 2 2
P o -afl1 off1 1o o
0 1 1 1
Type 2.2t:
1 2 2 1
4 ol f1 o oo A
1 1 1 0'
Type 2.2b:
1 1 0’ 0"
1 ollo a1 -1 o 0
1 0 0 0

A pair of rows whose top tiles are type 2.2t and bottom tiles are type 2.2b taken

together and considered as type 2.2 consists of the stacked tiles:
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1 2 2 1

-1 of (1 -1f (O o [0 -1
1 1 1 0
1 1 1 (0}

-1 0] |-1 0] |0 -1f (-1 -1
1 1 0 0
2 1 2 1

-1 -1f |0 -11 |0 0] [-1 0
1 0 1 1
1 0 1 1

0 -11 10 of [-1 0] 10 -1
0 0 1 0

Proof. Fix a Kari-Culik tiling x. Let r; = (x); be the ith row of z and let ),
be its multiplier. Let « be the average of the bottom labels of r;. We will show
something slightly stronger than is stated in the proposition, namely that except for
a € {1/2,2/3,1}, a uniquely determines the type r;.

1

If « € (1,2], then A = %, and so r; must consist of tiles of type 3, making r; of

general type %

If o €(1/2,2/3), riy1,7;—1 must be of type %, and so 0’ cannot occur as a label,
making r; of general type 2.1 and leaving the only available tiles those listed as type
2.1.

If o € [1/3,1/2), the rows r; and r;,1 are both of type 2 and r;_; and r;,5 are of
type % Thus, r; must be of general type 2.2b and must consist of the tiles listed as
type 2.2b.

Finally, if « € (2/3,1), r;_1 is of type 2 and r;,; and r;_» are both of type %
Thus, r; must be of general type 2.2t and consists of the tiles listed as type 2.2t.

The tiles listed as type 2.2 consist of the ways to stack type 2 tiles to be compatible
on tops and bottoms with type % tiles and so correspond exactly to the cases where
2.2t and 2.2 tiles arise in consecutive rows.

In the remaining cases of o € {1/2,2/3,1}, the type of r; is not strictly determined
by «, but nonetheless the tiles in r; fall into one of the four categories and the

classification is unique. n

The tiles listed as type 2.1 have non-trivial intersection with the tiles listed as

type 2.2t and type 2.2b tiles, however the condition that no two rows of type 2.1
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occur consecutively ensures that the categorization is unique. We call the pairs of
tiles listed as type 2.2 stacked tiles. When we think of a row of a Kari-Culik tiling as
being type 2.2, we may think of its multiplier as being 4 (since it is composed of two
consecutive rows with multiplier 2).

We will now formalize the construction of an infinite Kari-Culik tiling given in the

proof of Theorem 3.12.

Definition 3.20 (BC Property). A pair of vectors (a,t) € [1/3,2)% x [0,1]% satisfies
the BC property (Basic Construction property) if

A= e {4,2)

i = o
and
2t; =t;py mod 1 if \; =2
t; =3ty mod 1 if \; = %
for all i.

Given a pair of vectors (a, f) satisfying the BC property, we can construct a point
y € KC' via the following procedure. The tile at position m,n in y has bottom, left,
top, and right edges given by

bottom = [(n+ 1)y, +tm] — [nam + tn ]
left = X|na, +tn] — [Anay, + tn, ]
top = [(n+ Damir +tmia] — [n@mi1 + tga]

right = A|[(n+ 1oy, +tn] — A+ 1)am, + tn]

where A\ = o, /1. Further, if either the bottom or the top label is computed to be
0, then 0 is replaced with 0" if a,,,—1 € [1/3,1/2] (respectively a,, € [1/3,1/2]). We
can also do the same construction using [-| instead of |-]|. We call a tiling constructed

in this way a Basic Construction with parameters (d, f)

Proposition 3.21 (Robinson [16]). If (&,t) satisfies the BC property, then the re-

sulting Basic Construction using either |-| or [-] is an element of KC.

Proof. First observe that if y is the result of a Basic Construction, then ®(y) consists
of rows that are rotation sequences and therefore Sturmian. Further, by definition,

the top labels of each row of y are guaranteed to be compatible with the bottom
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labels of the next row, and the right labels of each column of y are guaranteed to be
compatible with the left labels of the next column.

The remainder of the proof involves checking for all ranges of «,,,t,, that the
resulting bottom, left, top, and right labels correspond to an actual tile in K. The
details of this are straightforward, and after substituting ¢,,.; = 2t,, mod 1 or t,, =
3tm+1 mod 1 depending on the ratio ay, /@41, it requires only examining what cases

result from the choice of .t or au,, tyma- O

Proposition 3.22. If y € KCqe and (d,t) = (a(®(y)),t(®(y))) are the angle and
phase vectors of y, then y is the result of a Basic Construction arising from (o‘i,f}

using either |-| or [-].

Proof. First note that since y € KCge, the rows of ®(y) are Sturmian sequences and
therefore rotation sequences (since rows in S\S are excluded).

We will first show that (&, ) satisfies the BC property. Fix k € Z. Since Corollary
3.10 already shows that @ is determined by f and ay, (that is agy; = f(ag)), we only
need to show that either 4., = 2¢; mod 1 or t; = 3t;,1 mod 1 in accordance with
ag. For simplicity, call & = oy, t = t, and ¢’ = 1. Let A = ay /a1 be the type of
the kth row of y and let a;, b;, ¢;, d; be the bottom, left, top, and right labels of the
ith tile in (y)x. We divide the proof into two similar cases depending on .

Case A = 1/3: We will assume the Sturmian sequences (®(y))x and (P(y))gs1
may both be represented using R .|, but note that for every combination (R|.|,R|.),
(R, Rp), (Rr1,R.), and (Rpq,Rpq) of ways to represent (®(y))r and (®(y))k+1,
upon replacing || with [-] where appropriate, the same argument still works. By
Corollary 3.10, a1 = Aax = Ao, and so we have the following relationship for the

bottom and top labels:

g = |(i+1)a+t] - lia+t]  and cz-:V””“*Z)’t/J—VO‘*?’t/J.

3 3

Exploiting the telescoping nature of the Multiplier Property (shown in Equation (3.2))

and summing from ¢ = n to m — 1, we get

(3.3)

(bn—dm)%—%(LamHJ ~lan+t)) Lo‘m”t'J - LO‘“%J .

3 3
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Since a ¢ Q, we can pick n, m so that

3t 3t’
%:km—i—em and %:kn—sn

where k,,, k, € Z and ¢,,, €, are arbitrarily small positive numbers. Upon this choice,
the right side of Equation (3.3) simplifies to k,, — k,, + 1. By rearranging and substi-
tuting into Equation (3.3), we get

|3(km +em) + (t —3t") ] — [3(ky —en) + (t = 3t") | = 3(km — kn) +3 — 3(bp — din),
but since b, — d,, is bounded above by 2/3, we conclude
|3(km +em) + (t—3t") ] — [3(kn, —en) + (t = 3t")| > 3(kym — kn) + 1. (3.4)

If (t —3t" mod 1) = v # 0, choosing &,,&,, << v gives a contradiction (with the left
hand side of Equation (3.4) yielding 3(k,, — k,)). Thus, t = 3" mod 1.

Case A = 2: Since this case is nearly identical to the A = 1/3 case, we will omit
the details, noting only that in this case the relationship between bottom labels and
top labels is reversed. That is, in this case fix & = ag41 and rewrite oy = /2.

We have now shown that (a, f) satisfies the BC property. To complete the proof
and show that y arises as a Basic Construction, we need to show that every Sturmian
sequence in ®(y) can be written with exclusively R|.; or exclusively Rr;.

Notice that since every component of @ is rationally related to ag, we have either
& € Q% or @ € (Q°)%. By assumption however, & € (Q°)% and so nd + t € Q7 for at
most one n. Further, since the components of ¢ are rationally related, for each n we
have either nd + ¢ € Q% or nd 4t € (Q°)”. Define

Tin = NQy + tz

Suppose that the ith row of ®(y) requires R|.} or R} to be written as a rotation
sequence. This implies that for some n we have r;, € Z. Fix this n. By our
observation that ma + t € Q for at most one m, we may conclude that rjn ¢ Z for
any n’ #n and j € Z.
Let
B = {i: (®(y)); requires R|.} or R},

and notice again that by the uniqueness of n (with n still being fixed as above),
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B ={j:rj, € Z}. We will now show that B consists of a contiguous sequence of
integers.

Exploiting the fact that (&, t) satisfies the BC property, we may conclude Titin =
27jn OF Tiy1n = 5(rjn + 1) where i € {0,1,2}. This implies that if |r;,|3 > 0 then
|7i+1.n|3 > 0 where | - |3 is the 3-valuation. That is, for ¢ € Q, if

g= ] o™
p

prime

is the prime decomposition of ¢ with n, € Z, then |¢|5 = —ns.

If b€ Band b+ 1 ¢ B, this means r,,, € Z but 7541, ¢ Z and S0 |1p11n]3 > 0
(since multiplying by 2 keeps us in Z, the only way to leave Z is to divide by 3).
However, |ry11,|3 > 0 implies that rp, ¢ Z for all ¢ > 0. We conclude that B
cannot contain any gaps.

Since B consists of a contiguous set of integers, it will complete the proof if we
show that there do not exist two adjacent rows in ®(y) where one requires R|.} and
the other requires Rp.j. We will conclude the proof by showing that the rules of the
Kari-Culik tiling forbid such an occurrence.

Suppose s = R|,|(a,t) # Rry(a,t) = s and o ¢ Q, and notice s and s’ differ only
by a transposition of two adjacent coordinates. For simplicity, assume s and s’ differ
at coordinates 1 and 2 and that a(s) € [0, 1] so that s and s’ consist of the symbols
0 and 1. We then have

S = ---50515283 " and S/:"'80828183"',
and in particular s; # sp. Since s and s’ are both valid Sturmian sequences, we may
conclude that sy = s3, since if sy # s3 either s or ' would contain both a 1,1 and a
0,0. Further, since s requires |- |, we know s; > s,.
In general, we will call a length four word w,; = wowwaws or Wy = Wowswiws
a straddle word of a Sturmian sequence if

i+3

i+3
7 %

wowwawz = (R (e, 1)) and  wowyw wz = (Rpj(a,t))
for some i (or vice versa). The previous argument shows that if w,, is a straddle
word, then wy = w3 and w; # wsy. It also shows that if a Sturmian sequence requires

R, or R, it necessarily contains a straddle word.
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Now, consider a row r of y where the sequence of bottom labels requires R|.| and
the top labels require Ry (or vice versa) and let w’ and w® be the straddle words for
the labels on the top of r and the bottom of r respectively. Since the top sequence
requires R|.; and the bottom sequence requires R, we conclude that w} > w} and
wh < wh (or vice versa if the roles of |-] and [-] are reversed). We will call a pair
of straddle words like these, whose middle two symbols satisfy opposite inequalities,
misaligned.

We will complete the proof by observing that misaligned straddle words cannot
occur in y.

By enumerating all pairs of length-four words (w!,w’) that arise as tops and
corresponding bottoms of rows of type 2.1, we see that out of the 64 possibilities,
only four have the property that w! # w! and w® # wf (which is necessary to be a
straddle word). Out of those four, none are misaligned. Similarly, in a row of type
%, of the 96 possibilities, 24 differ in their middle symbols and out of those, none are
misaligned straddle words.

Now consider pair of rows of type 2.2. Out of the 128 possible sequences of length

4, there are exactly two ways to obtain misaligned straddle words, namely:

1 2 1 1 1 1 2 1

0 -11-1 11 0]0 -1 0 -11-1 0[0 0]0 -1
0 1 1 o' 0 1 1 0'
0 1 1 o' 0 1 1 o'

0 0[0 -1-1 0]0 0 -1 -1 0[0 -1f-1 -1
0 0 1 0 0 1 0 0

This gives misaligned straddle pairs of (w!, w®) = (1211, 0010) and (w?, w®) = (1121,0100).
Since we are considering a type 2.2 row, the Sturmian angle for the sequence of bot-
toms must be in [1/3,1/2]. Thus, there cannot be three 0s in a row. We therefore
conclude the symbol before the word w® = 0010 must be a 1 and the symbol after
the word w® = 0100 must be a 1. Since we are considering 0010 and 0100 as straddle
subwords of some pair of Sturmian sequences and these Sturmian sequences must
agree everywhere except for a single transposition of symbols, we conclude w® = 0010
and w® = 0100 must be subwords of 100101 and 101001. By a similar argument, the
top straddle words must be subwords of 211212 and 212112. Thus, the stacked tile
to the left or right of the designated blocks must have a bottom label of 1 and a top
label of 2. Inspecting the two stacked tiles with this property reveals that neither of



54

them are compatible with the potential misaligned straddle words shown, and thus

misaligned straddle words cannot appear in y. O]
Theorem 3.23. (I’|K0Qc 1s one-to-one and O is at most sizteen-to-one.

Proof. Fix z € KC and consider a row r of x. Let r* be the Sturmian sequence
formed by the top labels of r and let r® be the Sturmian sequence formed by the
bottom labels of . Further, let of = a(r*) and o’ = a(r?), and if w' = (r)] is a

subword of rf, then w’ = (rb)z is the corresponding subword of r°.

Notice that by the multiplier property (Equation (3.1)), r is completely determined
by (rt,r?) and a single left label of one of the tiles in 7.

Define ®, by ®5(r) = (rf,7%) and extend ®, to work on subwords of r. By our
previous observation, if there is a subword 7/ C r such that ®,'(®y(r')) contains
a single element, then 7 is completely determined by (r!,7°). We will show that if
x € KCqe, this is always the case. Moving forward, we analyze r separately depending
on its type.

Case r is of type 3: In this case, we know o' € [1/3,2/3] and o’ € [1,2].

0 1
0 J—1 9
3 3|<—3 3

1 2

0 1
L 2l —>2 1
3 3| <— 3 3

1 2

1 0
2 g—>1 2
3 3| <— 3 3

1 2

. . " 1
Figure 3.2: Transition graph for type 3 tiles.

Figure 3.2 shows the transition graph moving left to right in a type % row. Notice
that there is only one way for 11 or 00 to appear as top labels in a type % row. In
particular, if w® = 11 then w® = 22 and if w' = 00 then w® = 11 and |®;'(11,22)| =
|®51(00,11)] = 1. Thus, if r* contains the word 11 or 00, r is uniquely determined.

If r* contains neither 11 nor 00, then of =1/2 and r* = --- 101010 - -. Analysing
further, if w! = 01 then w® € {12,21,11,22}. We note that |®,*(01,11)| = |®;'(01,22)| =
|®57(01,21)] = 1 and |®;"(01,12)| = 2. Thus, ® on a row of type 1 is only non-unique
if o' = 1/2 which further implies o’ = 3/2.

Case r is of type 2.1: In this case, we know o! € [1,2] and o’ € [1/2,1].
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Figure 3.3: Transition graph for a type 2.1 row.

Figure 3.3 shows the transition graph moving left to right in a type 2.1 row. Notice
that there is only one way a type 2.1 row can contain 0 as a bottom label. This means
7 is uniquely determined unless a® = 1 (since a® < 1 implies a zero occurs in 7°) and
consequently r® = ... 111---. If w® = 1 then w' € {1,2} with |®;'(1,1)] = 1 and
D512, 1)] = 2.

Case r is of type 2.2: In this case, we know o € [4/3,2] and o € [1/3,1/2] (since
we interpret our multiplier as 4 in this case).

Because o’ € [1/3,1/2], we know that r® cannot contain 11 (since if it did,
a(r’) > 1/2). Therefore, it must contain 100 or 10101 as a subword. Further, if
a® € (1/3,1/2), r* must contain 10100 as a subword. Let w® € {100,10101,10100}.

Below is a list of all pairs (w!, w®) such that |®;*(w?, w®)| > 1.

(w', w) = (211,100), which can be obtained in exactly two ways, namely

2 1 1 2 1 1

0 0[0 1)-1 0 -1 1)1 0[0 1
1 0' 1 1 1 0
1 0 1 1 1 0

1 0[0 0[o -1 1 0[o 1-1 1
1 0 0 1 0 0

2 2 2 2 2 2 2 2 2 2

1 1)-1 1-1 1]-1 1-1 1 0 0[o 0[o ofo 0[0 0
1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1

1 0[0 1-1 ofo 1-1 0 1 0[0 1-1 0[0 1-1 0
1 0 1 0 1 1 0 1 0 1
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and (w’ w®) = (22211,10100), which can be obtained in exactly two ways,

namely
2 2 2 1 1 2 2 2 1 1
o o oo oo -1 o0 YIRS | B T S | 5 R 0] [ R |
1 1 1 0 1 1 1 1 1 0
1 1 1 0 1 1 1 1 1 0
1 o -1 oo oo -1 1 oo -1 oo -1 -1
1 0 1 0 0 1 0 1 0 0

Considering the pair (w?,w’) = (22211,10100), we see that 22211 is not a gen-
eralized Sturmian sequence (since it contains both 11 and 22 as subwords), and so
this situation never occurs. This means if ®, is not invertible, a® = 1/3, which
corresponds to the first case, or a® = 1/2 which corresponds to the second case.

As a result of our case-by-case analysis, we see that if a® ¢ {1/3,1/2,1,3/2}, then
r is uniquely determined and so when restricted to K Cqe, ® is one-to-one. Further,
since for a® € {1/3,1/2,1,3/2} we have ®, is at most two-to-one, we conclude in

general that ® is at most sixteen-to-one (since f prevents a® from taking any particular
value in {1/3,1/2,1,3/2} more than once). O

Computer code for enumerating the valid configurations used in the proof of
Proposition 3.23 is included in Appendix A. In light of Theorem 3.23, we will treat
points in K'C' and points in ®( K C') interchangeably, differentiating only when needed.

Proposition 3.24. For x € KC', we have
a(Sz) = f(a(x)),
where f is applied component-wise and if v € KCge,
t(Tx) =t(z) + alx).

Proof. This immediately follows from Corollary 3.10 and the definition of a rotation

sequence. L]

3.2.1 Parameterization of KC

We will now produce a parameterization of points in KCge in a similar fashion to
the way a Sturmian sequence may be parameterized by an angle, phase, and choice

of floor or ceiling function.
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Definition 3.25 (Inverse Limit). Given a sequence of groups G, for n € N with

surjective homomorphisms h,, : G, — G,_1, the inverse limit of the groups G,, is

L={x¢ HG" shi(z;) = @iy for all i}
i=1
and 1s denoted L = @Gn. The group operation on L is defined by applying the group

operation on each G, component-wise and L is endowed with the product topology.

We will be consider the special case of the inverse limit of the groups Z/(¢"Z)

where the homomorphism h,, acts by h,(z) =  mod ¢" .

Definition 3.26. Suppose T = @R/(q”Z) is the inverse limit of the sequence of
groups R/(q"Z) for some q € N. For any d € N such that d|q, define

My:1T—1
by Md(’i(),il,ig, .. ) = (dig,d’il,di% .. ) and
Myg:T—1T

by Ml/d(i(b ila Z.Q) e ) = (%)(ZI/Q7 Zl2/Q7 2.3/(]7 e )

Proposition 3.27. Let 7 = @R/(q”Z) and suppose d|q. Then My and M ,q are

bijective group homomorphisms on I.

Proof. Notice that for a point x € Z, component-wise multiplication, M,, by any
integer a is always group homomorphism. Further, M, as defined is a group homo-
morphism, and M;,q = M, o M,,, whenever ¢ = da.

To show M, is bijective, it is sufficient to show that My(x) = 0 has only the
trivial solution. Suppose x = (xo,z1,...) € Z satisfies My(z) = 0. The consistency

condition on the coordinates of z ensures
dz; = 0 mod ¢

which implies

L 4y i1
r; = 0 mod (d>q

which further implies

z; =0 mod ¢ 1,
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but z;_; = x; = 0 mod ¢*~'. Thus z = 0.
To complete the proof, observe that My o M4 = id is the identity and that My

is bijective. Therefore,M; 4 must also be bijective. O

Definition 3.28. Let
T = @R/(G”Z)

be the inverse limit of the groups R/(6"7Z) as n — oc.

Corollary 3.29 (of Proposition 3.27). My, Ms, My/9, M1z : T — T are bijective

homomorphisms.

The proof of Corollary 3.29 follows from Proposition 3.27. From now on, for t € T
we may write at or ¢/a instead of M,t and M .t. Further, for r € R, we may define
scalar addition A, : T — T by

Au(to,t1,...) = (to +7 mod 1,¢; + 7 mod 6,t, +r mod 62, ...)

and we may write ¢ + 7 instead of A, ().

Proposition 3.30. Let Z C MR/B"Z) X l'LnR/(Q"Z) be defined by

7= {((ao,al, .. .), (bo,bl, .. )) L ap = bo}

Then we have I is isomorphic to T as a group.

Proof. First note that Z/(2"Z) x Z/(3"Z) = Z/(6™Z) via the Chinese remainder
theorem.
Next, observe that @R/(b"Z) = 0,1) x @Z/(b”Z). The right hand side is a

group via the map
(z,9) + («,y) = (x + 2’ mod 1, (y ®py') @ |z + 2'))

where @, is addition in @Z/(an) and @ (1&1 Z](b"Z)) X Z — @Z/(an) is given
by (ro,71,...) &1 = (ro+ 1, +1,...).

Since the coordinates of a = (ag, ay,...) € @R/(an) must satisfy a; = a;41 mod ',
we see that a;,1 = a;+7j; 10" for some 0 < j;,1 < b. Thus the sequence (0, ji, job, j3b?, ...) €
im Z/(b"Z) and the point aq € [0,1) is all we need to reconstruct a.
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Endow [0,1) X @Z/(Z"Z) X I'&nZ/(S”Z) with a group operation similarly to
before. It is now clear, since the first coordinates of each component of Z must agree,
that

T20,1) x imZ/(2"Z) x im Z/(3"Z) = [0, 1) x lim Z/(6"Z) = T

]

Definition 3.31. Define proj; : T — R/(67Z) to be projection onto the jth coordinate
of T.

Notation 3.32. Extend f from Definition 3.5 to a function f :[1/3,2] x T by

f(a,t):{ (20,20 ifaellf3 1)
(a/3,t/3) ifaell,2]

Notice that f : [1/3,2] x T — [1/3,2] x T is a bijection. Morally, we will show that
[1/3,2] x T is a parameterization of K C. However, since trouble arises for generalized
Sturmian sequences with rational angles and Sturmian sequences whose phase vector
contains zero, we focus our attention to the sets ([1/3,2]\Q) x T x {R|.}, Ry} and
KCle.

Lemma 3.33. Let Oy be the orbit of 1 under f, and let
X ={(a,t) : (a,t) satisfies the BC property and 1 ¢ &}.

There ezists a bijection W : ([1/3,2]\O;1) x T — X that respects the dynamical
relationships. That is, for (a,t) € ([1/3,2]\O1) x T such that W(a,t) = (a,t), we

have
W(a,t 4 a) = (@, + & mod 1) and Wo fla,t) = (o(@), o).

Proof. Defining W is straightforward. Fix (a,t) € ([1/3,2]\O;1) x T and define
W(a,t) = (a@,1) where (ay,t;) = (id x proj,) o fi(a,t). The definition of f acting
on ([1/3,2]\O;) x T ensures that (a,t) satisfies the BC property and respects the
desired dynamical relationships.

The map W is clearly one-to-one in the first coordinate. Further, if t,¢' € T
with ¢ # t', we have that proj;t # proj;t' for some j. From this we deduce that
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proj, o fj/(t) # proj, o fj/(t’) for some 77 > j, and so W is one-to-one. After the
construction of W1 it will be evident that it is onto.

Constructing W1 is slightly more difficult. Fix (a, t) € X. Let A; = Jap. Let
| - |2 and | - |3 be the 2-valuation and 3-valuation respectively.

Let j(i) = min{n > 0 : |A,|s = i} and define the subsequences (t§3))l ©o and
(A)22g of ()2, and (A;)2, by

6 =t and AP = Ay

Similarly, let j'(i) = min{n > 0 : \A n|2 = i} and define the subsequences (151(2))?20
and (A2 by t12 =t ;) and A® = A_,;). We've constructed 2 and )
be the values of ¢ corresponding to where we “divide a by 2 or “divide o by 3”
respectively.

To construct W~1(&, ), first consider the point 23 = (2%, 2 .. ) e ImR/(3"Z)
defined inductively in the following way. Let z((]g) = tég) = té2) . Fix j and suppose for
all © < j we have

AD 4 od 1.

(2 K3

Let p be such that A§-3) = %Af’_)l. We now have that 3t§ = 2”15( )1 mod 1 and so

along with our induction hypothesis there exist unique 7', 7" € {0,1,2} so

3t = 2749, 44/ mod 3

A O _ t<3>

P17 , =" mod 3.

Define zj(.?’) = J(?i)l + 13771 where r € {0,1,2} is the unique solution to 2Pr” — ' +
T2pA§:i)13j_1 = 0 mod 3. Note that since QPAE?:)I?)J'_I € Z and contains no multiples of
3, such an r always exists. By construction, zj(-g) satisfies z]( )1 = 2(3) mod 3771, We
will now verify that A§-3) z](-3) — tg-?’) = (0 mod 1.

Substituting, we see

(3),3) (3 (3) ®3) _ 43 @) (,3) j— (3)

Finally, multiplying by 3, we have

2pA ( —1—7“3] = 3t§.3) = QPAE?’_) (2~ (®) L3 — 2pt§?’_)1 — 7" mod 3
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= 2P <A( ) zj(B)l = tg-?’_)l + TAE»?’_)13j’1> — =" 4 r2pA§3_)13j’1 =0 mod 3

as desired.
We have shown that z(® exists and is unique. In an analogous way, construct
2 e LR/ (2"Z). Finally, since Zé ) = z02 , by the Chinese remainder theorem we
may produce z = (2, 21,...) € T such that z( ) = 2 mod 3 and z = z; mod 2°.
It is worth noting now that by construction, z; is the unique simultaneous solution
to

where z; € R/(6°Z) and z;_; = z; mod 6.

Having established existence and uniqueness of z, we may define Wﬁl(&’,tﬁ) =
(e, ). The fact that W' is an inverse is now immediate by construction: if |A;]3 =
k > 0, then A;proj,(z) = t§3) mod 1, and if |[Ajls = k& > 0, then Ajproj,(z) =
¢ )- mod 1. O

=J

We restricted the domain of W to ([1/3,2]\O;) x T instead of [1/3,2] x T because
the function f could be defined so that f(1) = 1/3 or f(1) = 2, and both ways would
be consistent with the rules of the Kari-Culik tilings. As such, this presents a small
obstruction to W being a bijection on [1/3,2] x 7.

To allow for a clearer statement of Proposition 3.34, we will extend notation so
that f(a,t, R) = (/,¢, R) where (o, 1) = f(a,t).

Proposition 3.34. There exists maps K : [1/3,2] x T x {R|.|,Rp1} — KC and
K': KCqe — [1/3,2] x T x {R|.}, Ry} so that K o K' =id and for any y € KClye,
K’ satisfies the following relationships:

K'(y) = (o, t, R)
K'(Ty) = (a,t + a, R)
K'(Sy) = (a,t,R)

for some (a,t,R) € [1/3,2] x T x {R[.|,R}.

Proof. This proposition is a corollary of Lemma 3.33.
Let X = {(a,t) : (d,t) satisfies the BC property}. Observe that by Proposition
3.22, we have explicit maps A : X x {R|.|,Rpq} — KC and A" : KCge — X x
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{R[.|,Rq} so that Ao A" = id. Ignoring the choice of R|.; or R, we also have if
A'(z) = (a,1), then A'(Tz) = (d,f+ d mod 1) and A'(Sz) = (0(d),0(t)), where o
is the shift on bi-infinite vectors. Thus, the proof is complete by noting that Lemma
3.33 gives us an invertible map W : [1/3,2] x T — X that respects the dynamical

relationships. O

Where convenient, we will think of K : [1/3,2] x T — KC and K’ : KCge —
[1/3,2] x T without worrying about the choice of R|.; or R.. Considering the rela-
tionships outlined in the proof of Proposition 3.34, we may now deduce the following

theorem.

Theorem 3.35. KCye is a skew-product. That is, if K' is the map defined in Propo-
sition 3.34 and y € KCqe, we have the following relationships:

K'(y) = (a,1)
K'(Ty) = (a,t + «)
K'(Sy) = f(a,t).

We have established that KCge can be parameterized by [1/3,2] x T, and that
using this parameterization, K Cge can be viewed as a skew product. Using this fact,
we will be able to easily prove the minimality of the actions T, S on KC'. However,
we will first explore another way to characterize elements in KCgq. that satisfy the

BC property.

Definition 3.36 (Respecting f). A vector @ € [1/3,2]% respects f if
ip1 = flo).
Further, we say a point y € Q0 (the set of all points with Sturmian rows) respects f if

a(y) respects f.

The BC property has an alternate characterization in terms of the function P

defined in the previous chapter.

Theorem 3.37. (Geometric Characterization of KCqe) Suppose y € KCge is the
result of a basic construction arising from (07,13. Then, (o?,f) has the BC' property if
and only if

(i) a respects f, and



63

(ii) 0 € P(y).
Proof. For simplicity, call the two conditions of the BC property BC; and BCj.

((i) <= BCy)
Notice that @ respects f if and only if o1/ € {3,2}.

(BCy, BCy = (i), (1))

Suppose (@, f) satisfies the first and second conditions of the BC property. Let X
be the set of points satisfying the BC property equipped with the product topology,
and let W : [1/3,2] x T — X be the map from Lemma 3.33. Note that W is
continuous when 7 is equipped with the product topology. Define (a,t) = W~(a, f)
and note that («a,t) € ([1/3,2]\Q) x T.

Fix n. Since a € Q°, we know that the set m contains a point ¢, € T
whose first n coordinates are simultaneously zero. Similarly, by continuity of W,
{(W(a,t +ia)} = {(a,1+id)} contains a point (&,%,) such that the first n coordi-

nates of t,, are simultaneously zero. Since ¢, € P(y), P(y) contains a point where the

first n coordinates are simultaneously zero for arbitrary n. It now follows from the
definition of the product topology that 0 € P(y).

((i), (i1) = BCy, BCY)

Conversely, assume 0 € P(y) and fix n. By Proposition 2.52, the projection of P(y)
onto a finite number of coordinates is the graph of a line, and since 0 € P(y), that line
contains 0. Because £ € P(y), there is some v, € R so that ()", = (y,@)", mod 1.
Since @ respects f, we immediately have that A@ mod 1 satisfies BC, for any ) € R,
and so ()", satisfies BC,.

Because n was arbitrary, we have that in fact ¢ satisfies BCh, which completes the

proof. O
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Chapter 4

Minimality of KC

We have defined what it means for a dynamical system with only one transformation
to be minimal, namely that any non-empty set X such that TX = X must be the
whole space. If we have two transformations, the definition of minimality is quite

similar.

Definition 4.1 (Minimality with Respect to Multiple Transformations). If (S, T, <, T)
1s an invertible topological dynamical system with S,T : Q@ — Q and SoT =T o S,

then (S, T, ) is minimal if any non-empty closed subset X C Q with the property
that S*T*X = X for all a,b € Z must be Q.

If the underlying topological space is clear, we simply refer to the action of (S, T)
as minimal.

In light of Theorem 3.35, we will first consider the minimality of the Z? action of
(T,5) on [1/3,2] x T where T and S are defined by

~ ~

T(a,t)=(a,t+a) and  S(a,t) = f(a,t).
However, trouble arises when considering (o, t) with o € Q. To deal with this, we
will introduce a different metric.

Definition 4.2. Define the metric dg : R x R — R by dr(z,y) = 0 if z = y.

Otherwise,
ds(w,y) = d(Ry(2,0), Ry (y,0) )

where d is as in Definition 2.42.

Proposition 4.3. Q¢ with the subspace topology is completely metrizable using dg.
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The proof of Proposition 4.3 follows from the fact that Sge is a complete metric
space with respect to d and Sge is precisely the image of R\Q under R|.}. (It may be
helpful to recall that Sge = Sge).

A simple application of Proposition 4.3 shows that the space ([1/3,2]\Q) x T is
completely metrizable (it can be endowed with a metric that makes it a complete

metric space).
Proposition 4.4. The Z? action of (T, S) on ([1/3,2)\Q) x T is minimal.

Proof. We first claim that since o ¢ Q, the second coordinate of Oz (a, t) is dense in
T. For any k, it is clear that the second coordinate of Oz(a,t) is dense modulo 6.
That is, the second coordinate of id x proj,(Oz(a,t)) is dense in in proj, (7). We
therefore have the second coordinate of Oz(«,t) is dense modulo 6° for any i < k.
Denseness now follows from the definition of the product topology on 7.

Using this observation, it is clear that for any («,t’), (a,t) € ([1/3,2\Q) x T, we
have (a,t) € Oz (a, t!).

To complete the proof, fix (o/,t'), (o, t) € ([1/3,2]\Q) x T Since the orbit of any
point under f : [1/3,2] — [1/3,2] is dense, we may find a point (a,t") € Og(c/,t').
Using our previous observation, (a,t) € W. Since 7' and S are continuous,

(a,t) € O(a/, 1), and so the orbit of every point is dense. O

Definition 4.5 (Gs). A set is called a Gg set if it is a countable intersection of open

sets.
Definition 4.6 (Residual Set). A set is called a residual set if it is a dense Gs.

If the function K : ([1/3,2]\Q) x T — KCg. were continuous, this would give us
a quick proof of the minimality of K Cge. Unfortunately this is not the case, but the

set of points where K is continuous is a dense Gg.

Proposition 4.7. The set of points of continuity of K : [1/3,2] x T — KC is a
dense residual set G and K(G) dense in KC.

Proof. Let Ay = {0,...,m —1} x {0,...,n — 1}. Suppose E C [1/3,2] x T is an
open set on which K is not continuous. Then, for some m,n € N, F must contain
a point (a,t) so that K (o, t, R|.)|anun 7 K(o,t,Rp7)|A,,- Any point («,t) that

satisfies this is a point of discontinuity, and any point of discontinuity satisfies this

mXn

condition for some m, n.
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Define

Ban = {(Oé, t) : K(Oé, t’ RL'J)|Am><n # K(&7t7 R|'-|)|Am><n}7

and notice that since the only points of discontinuity of |-| and [-] are Z, B,x, is a

C

o «n 15 a dense open set. Let

closed, nowhere dense set implying that B

G= () B

m,neN

We now have that by construction, the set of continuity points of K is the dense
residual set G. Further, since K (B

mxXn

appears in KC, K(G) is dense in KC. O]

)| a,,., contains every m x n configuration that

Corollary 4.8. If O C KC is a non-empty open set, then K~1(O) contains a non-

empty open set.

Proof. Let G be a dense set of points of continuity of K whose image is dense. Fix an
open set O C KC. Since K(G) is dense, K(G)NO # () and so O is a neighbourhood
of the image of a point of continuity of K. Thus K~*(O) is a neighbourhood and so

contains an open set. ]

Lemma 4.9. Suppose (X,0) and (Y,5) are dynamical systems and that g : X — Y
is a surjective map that satisfies goo = doq. If the set of points of continuity of g is

a dense set G and g(G) is dense in'Y, then (X, o) minimal implies (Y, &) minimal.

Proof. We will first show that if D C X is dense, then g(D) is dense. Fix y € Y and
some neighbourhood N, of y. Let G' be a dense set of points of continuity for g such
that g(G) is dense. Then, N, N g(G) # 0 and so N, is a neighbourhood of the image
of a point of continuity. Thus g~!(N,) is a neighbourhood of some point. Since D
is dense, DN g~ '(N,) # 0, and so g(D) intersects every neighbourhood and must be
dense.

To complete the proof, fix y € Y, and by surjectivity of g find z € X so g(z) = v.
Suppose X is minimal. We have that Oz is dense, and so g(Ox) = Og(x) = Oy is
dense. O

Proposition 4.10. (K C) = ®(KCye).

Proof. Fixy € ®(KC), A={0,1,...,m—1} x{0,1,...,n— 1}, and the cylinder set
C={x€®KC):x|a=uyla}. Cisopen and so by Corollary 4.8, K~'(C) contains
an open set. Thus, there is some (o, t) € K~}(C) where a ¢ Q. O
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Theorem 4.11. KC' is minimal with respect to the group action of Z? by translation.

Proof. We will first show that every orbit of every point in KCqe is dense in KC",
the subset of KC' where ® is one-to-one, and then that the orbit closure of any point
in KC intersects KCge. Finally we will show that KC’ is dense in KC. Here we
must take special care to differentiate between KC and ®(KC).

By Proposition 3.34, we have that

K(([1/3, INQ) x T x {RH,RH}) — KCye.

Now, by Proposition 4.7, K satisfies the conditions of Lemma 4.9. Thus, since Propo-
sition 4.4 states that ([1/3,2]\Q) x T is minimal with respect to (T, S), Lemma 4.9
gives us that the orbit of every point in K Cge is dense in K Clge.
Let
KC'"={x € KC : a(x) does not contain 1/3,1/2,1, or 3/2}.

and recall that the proof of Theorem 3.23 shows that & is one-to-one exactly on KC".
Thus, since ®(K Cye) is dense in ®(KC'), by continuity of ®, we may conclude that
the orbit of any point in K Cqe is dense in KC".

Next, we will show that for any y € KC, we have Oy N KCq- # 0. Fix y € KC
and let a(y) = (..., ap, a1,...). Choose f be the function

22 ifzef1/3,1)
f(x)_{a:/?) if z € [1,2]

or

Fla) = { 20 ifz € [1/3,1]

x/3 ifxe(l,2]

such that f(a;) = ;1. Since the orbit of every point under f is dense, we may find
y' € Oy so that a(y’) contains only irrationals. However, since a(y’) contains only
irrationals, ¥’ € KCge and so O(y') is dense in KCge showing that Oy is dense in
KCgqe.

To complete the proof, we will now show KC’ is dense in KC. We will do this
by considering cases. Suppose y € KC\KC". This means for some j, a((y);) €
{1/3,1/2,1,3/2}. For simplicity, assume this occurs at 7 = 0 and let a = a((y)o).

Case a = 3/2: If a = 3/2, the sequence of bottom labels must be ---121212- - -.

Looking at the transition graph in Figure 3.2, a sequence to bottom labels of - - - 121212 - -
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can be realized in two ways. Call the configuration using the tiles in the bottom of
the diagram configuration A and the configuration using the tiles in the top of the
diagram configuration B, and notice that if « = 3/2+¢ for 0 < § small, then the row
will contain arbitrarily long runs of tiles in configuration A. Similarly, if o« = 3/2 — ¢,
the row will contain arbitrarily long rows of tiles in configuration B.

Case o = 1. Looking at the transition graph in Figure 3.3, we see that if a =1,
a bottom sequence of ---111--- can be obtain in two different ways. Call these
configurations configuration A and configuration B. Notice that we can force the
bottom labels of the row to contain arbitrarily long sequences of 1’s separated by 0’s
by picking & = 1 — ¢ for some small 0 < §. Further, the only way this can happen
is by alternating arbitrarily long occurrences of configuration A with arbitrarily long
sequences of configuration B.

Similarly for cases a = 1/2 and a = 1/3, a small perturbation of « will produce
arbitrarily long occurrences of each type of configuration. Since KC’ contains all

perturbations of angles of points in KC, KC" is dense in KC. O]
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Chapter 5
Explicit Return Time Bounds

We will now give explicit bounds on the on the size of the smallest rectangular con-
figuration in K'C' that contains every m x n sub-configuration. The strategy will be
to analyze the parameter space [1/3,2] x T to find intervals of parameters that have
short T-return times and then bound the S-return times to such intervals. These

return time bounds will then carry forward to (KC,T,S).

Definition 5.1. Let P,,,, be the partition of [1/3,2] xT given by mxn configurations
in KC. Specifically, (a,t) ~ (/,t") if for A ={0,...,m —1} x {0,...,n — 1} we
have

K(Oé,t,RH)‘A = K(Ozl,t/,RH)‘A.

Definition 5.2. For a partition P of [1/3,2] x X, let mo(P) be the restriction of P
to the fiber {a} x X.

We will familiarize ourselves with the structure of P,,,. Let us consider P ,,.
Putting the inverse-limit space T aside for a moment, let P, be the partition of
[1/3,2] x [0,1) such that (a,t) ~ (o, ') if (Rp(c, )y = (R (/)5

After considering pre-images under rotation by an angle «, we see that, as in
the proof of Proposition 2.35, 7, (P,) is precisely the partition generated by intervals
whose endpoints are consecutive elements of C, = {0, —«, —2a, ..., —namod 1}. We
view C, as the places [0,1) needs to be “cut” to produce 7,(P,). Now, varying «,
we see that P, is produced by cutting [1/3,2] x [0, 1) by the set of lines L = {(z,y) €
[1/3,2] x [0,1) : y = —iz mod 1 for some i < n}.

Recall for the next definition that proj; : 7 — R/(67Z) is projection onto the jth

coordinate of 7.
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0
/3 2/3 1 2

Figure 5.1: The partition P;.

Definition 5.3. For j € N, define the o-algebra %; = (id x proj;)~"(#) on [1/3,2] x
T where A is the Borel o-algebra defined on [1/3,2] x R/(6'Z).

Informally, a partition P being Z%;-measurable means that for a point (a,t), a
and ¢ mod 67 are all you need to determine in which element of P it lies. Rephrased,
P gives no extra information after the jth coordinate of 7. Consequently, Py, , is
ZABj;-measurable for all j > m. Further, we may interchangeably talk about a %;-
measurable partition of [1/3,2] x T and a Borel-measurable partition of [1/3,2] x
R/(67Z). Where a distinction is needed, we will say that a partition of [1/3,2] x T
coming from P, a partition of [1/3,2] x R/(67Z), is the B;-measurable extension of
P or just the measurable extension of P.

Let A =[1/3,2] x [0, 6") which we will identify with [1/3,2] x R/(6°Z). Given a fi-
nite collection, L, of lines in A, we form a partition of A up to a Lebesgue measure-zero
set by taking the connected components of L. We call this the geometric partition
generated by L.

Let’s consider how P, ,, and our description of P, arising from lines relate.

Definition 5.4. Let L = {(z,y) € [1/3,2]xR/(jZ) : y = —iz+ymod j for some 0 <
i < a} be the set of lines with slopes in {0, —1,—2,...,—a} and offset .

We can now view P, as being the Zj-measurable extension of the partition on
[1/3,2] x [0,1) generated by L, ,. Further, the boundary points of id x proj;(Pi)
are precisely the set | J;_q, LY.

Consider f‘l(Pl,n). Since f~1:[1/3,2] x T — [1/3,2] x T either multiplies by 3

or divides by 2 (and does so in each coordinate if we view f as acting on (R2)N), we
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see

ngz) =
= {(3z,3y mod 67) : (z,y) € LY, N ([1/3,2/3) x R/(6¢'Z))}
=LY, n([1,2] x R/(6’Z)) c LY

n,31 n,3i

Fl—1
f‘[1/3,2/3}><]R/(6jZ)(

and

2 J+1
f|[2}3,2]><R/(6j+1Z) (Lg,i ) -
— (2,4 mod 6) : () € L¥" N (12/3,2] x R/(672)))

272

= L%, n([1/3,1] x R/(6'Z)) c LY ,.
2 ’2

Hlustrated in Figure 5.2 is a truncation of pr0j3(f”'73171).

4a 40 40

N
‘N

N

0.0
JUER VERE ] 1

00
3 12 a3 1

=

Figure 5.2: From left to right, the projection of Py 1, f~*Py.1, f~2Py.1 onto the third coordinate,
truncated to lie in [1/3,2] x [0,4), and colored by whether the symbol at the zero position is 0, 1,
or 2.

Definition 5.5. Define rnd, : R — Z by rnd,(z) = n € Z whenever © € (n — 253 —
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log v + log 2 loga)'

log 6’ log 6 - log 6

_ log3  loga log2  logay - : :
Note that (n — 285 — 155, n + {25 — 1255) is an interval of length 1, so rnd, is

defined everywhere but the countable set of endpoints.

Lemma 5.6. Suppose a ¢ Q. Then, f~(a,t) = (350, 55t) and [ (a) = 35 where

a:j—b%%j and b = rnd, Gzigj) %%j.
Proof. The proof of Lemma 5.6 follows directly from solving the system a+b = j and
3o € [1/3,2] with the restriction that a,b € Z. We will include the derivation here.
Since o ¢ Q, 3y ¢ {1/3,2}, and so we may solve the simpler inclusion ;o €

(1/3,2). Using the fact that a = j — b, we may solve for an integer b so that

¥ o e (1/3,2).

20

Taking logs and rearranging slightly, we see that we must have

jlog3 —blogb = (j —b)log3 — blog2 € (—log3 — log ,log 2 — log «).

Dividing by log 6 shows that we must have j

which is precisely satisfied by rnd,,(j }ggg).

log3 = (_10g3 __loga log2 loga>
log 6 log 6 log 6’ log 6 log6 /7’

]

Proposition 5.7. Let B be the boundary of id x proj,,(Pm.n,) and let and b =
ndj-m(q)(mlog3/log6). Then m.(B) is

6m
)
k<2bem

Proof. Because the boundary of Py, , is the boundary of \/i~, f~*(P1,,), we see that
To(L5™, ) arises from applying f~™ to Wf—m(a)(LSL";:b). This holds for every k, which
TL,T )
Complthes the proof. O
Iterating f~! and observing how it moves the boundaries of partition elements

motivates us to define the following refinement of Py, ,,.

Definition 5.8. Let &, ,, be the %,,-measurable extension of the partition generated
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by L where
L= |J LY.
k<2mem ’

Proposition 5.9. &, ,, is a refinement of P, .

Proof. For a fixed a, let b, be the b from Proposition 5.7, and notice that b, < m.
It now immediately follows that the set L defining X, ,, is a superset of the set of
boundaries of id x proj,,(Pp,»), which completes the proof. O

Definition 5.10. For a partition P of R into intervals, let kP be the coarseness of
P. That s,
= inf I).
KP inf length(1)

If P is a Bj-measurable partition of T, then kP = kproj;(P).

Given (a,t) € [1/3,2] x T, we would like to bound j such that (’);(oz,t) =
{(a,t), (v, t),..., T (e, t)}, the j-orbit of (o, t) under T, intersects every partition

element of 7, (Pp,n). We can address this in the following way.

Definition 5.11. Let Dj(a) be the smallest n such that proj,(O%(a, t)) is (-dense in
R/(6°Z) for any t.

Note that the density of proj;(OZ(«, 1)) is equal to the density of proj;(O%(«a, t')),
and so when computing Di(«) we only need to consider a single .

For a fixed «, we consider points in K C' whose 0th row has rotation number a.
Consider the n x m configuration that arises based at (0,0) corresponding to («,t)
for some ¢t. We now see that for any ¢ € 7, the maximum 7T-waiting time to see an
occurrence of this n x m configuration in the point corresponding to («,t’) is bounded
by

D Py (@) < D, 0 (@)

Proposition 5.12. k7, (Ppn) > k7o (Xpn) > minf|a — %}] :q < n}.

Proof. Since X,,,, is a refinement of Py, 1, K70 (Pmn) > £7a (X)) follows trivially.

Let )Em,n be the geometric partition generated by the lines L = J;_om L:L . -

)M

Recalling our description of &, ,, in terms of lines, we see that L corresponds exactly
to the image under id X proj, of the boundaries of the partition elements in X, ,,.
This shows that

/{ﬂa(fmm) = Ko (Xmn)-
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Thus, we will focus our attention on ‘)em,n-
Upon inspecting L, we see partition elements in ﬂa()?m,n) have endpoints in the
set B = {35, —a+ 5=,...,—na+ 5= mod 1: k < 2™},

Fix o and observe k7, (X, ) = d is now given by the minimum distance between

two points in E, which is

d=|—ia+ L — (—ja+ ) +p| = laa + 55 + ),
for appropriate p,a,b € Z. Since ¢ = |o + %| for some p € Z, a < ¢, and
—k < b < k, the results follow immediately. m

Having obtained a lower bound ¢ for xma(Pum.n), we will now bound above the

time it takes an orbit to become ¢-dense.
Definition 5.13. Define
G = {a: la — £ > 1 for ¢ < a and p,q € N}.

Note that G** could be empty, but a simple estimate shows that G is non-empty
if b > a?.

Proposition 5.14. o € G implies {0, a, 2a, . .., (kb — 1)a mod k} is %-dense in
R/(kZ).

Proof. For x € R, let ||z||, represent the distance of x from kZ. Suppose GF®b =£ (),
fix a € G*¥** and let ¢ € N be the smallest number such that

1
lgarlls < 3

Let p € Z be such that ||qa||x = |go — kp|. By the pigeonhole principle, ¢ < ka. By

assumption, we have |a — *2| > 1 and so
q
lgedlle = [go — kp| > £.
It would suffice to show that the points

X = {0, [lgelk, 2llqatll - - -, ([b/q] k — 1)|[qex|1}
={0,q9a,2qa,...,([b/q] k — 1)ga mod k}
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are é—dense since they form a subset of {0, «,2q,..., (kb — 1)a mod k}. Since con-
secutive points in X are separated by a distance of less that %, we need only show
that the last point satisfies ([b/q] k — 1)||ga||x > k — 1/a. But this is implied by the
fact that §||qoz|| r > 1, which completes the proof. O

Proposition 5.15. a € G implies {0, o, 2ax, . . ., kac mod k} is %-sparse inR/(kZ).

That is, no two points are within 1/b of each other.

Proof. Suppose G** #£ (). Fix a € GF* and note that to prove %-sparsity of
{0,,2cx, ..., kaa mod k} we only need to show [|ral|x > 5 for all 0 < r < ka.

Choose p, ¢ to minimize |qo — kp| subject to 0 < ¢ < ka. We then have that ||ra||,
is minimized by

lgarlle = lgo = kpl > |a — 22| > 4,
with the last inequality following by assumption. O

The previous propositions show a symmetry in G**. Namely, if o € G*°, then
the b-orbit of rotation by « is 1/a-dense and the (a + 1)-orbit of rotation by « is
1/b-sparse.

Mo 1
Corollary 5.16. If a € G? then kmo(Xpn) > 3.

Proof. Fix o € G¥"™*. By Proposition 5.12, 7o (Xmn) > min{|la — 52| : ¢ <

n and p,q € N}. By the assumption that o € G2"™" we have |a — 23,’%(1| > . O]

Proposition 5.17. If a € G2"™* N G6"%< then

D" (men)(Oé) S 6mC.

KTa

Proof. Fix v € G*"™'NGS "¢ Since v € G*"™P, Corollary 5.16 implies £ma (X n) > ¢

and so K7, (proj,,(Xmn)) > % By Proposition 5.14 applied to G5"%¢ we have that
E ={0,a,...,(6™c — 1)a mod 6™} is ¢-dense in [0,6™], and so F intersects every

partition element of 7, (&X,.), which completes the proof. ]

We have identified a’s that give us good return times, but G2"™* N G5"%¢ could
be empty. Next we will find constraints on b, ¢ to avoid this and guarantee us some

useful properties.

Definition 5.18. Given a set X and a collection of sets C, we say (X,C) has the
intersection property if for all I € C, XNI # 0. If X C R, we say X is é-fat relative
to C if for all I € C, X NI contains an interval of width §.
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Definition 5.19. Let F,, be the partition of R whose elements are of the form |a,b)
where a,b are consecutive points in {§ :q < n}. That is F, is the partition of R into
half-open intervals whose endpoints are consecutive Farey fractions with denominator

bounded by n.

Proposition 5.20. Let p : [1/3,2] x T — [1/3,2] be projection onto the first coor-
dinate. Let X C R. If (X, Fomy) has the intersection property, then for any element
Ee€ Xy, XNp(E)#0.

Proof. Let X, = id X projy(X,.») and note it is sufficient to show that if (X, Fym,)
has the intersection property, then for any element F € )Emm, we have X Np(E) # 0.

Recalling the description of /'?m,n in terms of lines, we see that fmn consists of
polygonal regions whose corners have coordinates of the form %} for some ¢ < n.
Since every element of X, ,, contains an open set, we see that for all P € &, ,,, there
exists I € Fom, so that I C p(P) (possibly ignoring some points along the boundary

of P), which completes the proof. [

Proposition 5.21. If b > 4a?, ¢ > 4b, and d > 4¢* then G** N G is 2-fat relative
to F,.

Proof. By definition G is constructed by removing balls of radius 1/y centered at
points § with ¢ < x. If ¢,¢ < x, then |§ — fli:| > riz Thus, if y > 422, not only will
G™Y intersect every element of F,, but it will do so with diameter at least

1 2 1

22y 2%

Suppose a, b, ¢, d satisfy b > 4a?, ¢ > 4b, and d > 4c%. Every gap in G&? is of size

% < ﬁ and every interval in G¢? has size at least # Thus, the intersection of G&¢

with an interval of width % must contain an interval of width at least

. 1 1 2 > mi 1 2 1 1 S
mn<{ —, — — — mn<{ —, — — — » = —
2¢27 20 2c2 | — 2¢27 2 (2 2¢2 —

Noticing that the smallest interval in G4 is of size at least % > le completes the

ISH

proof. O

We can now identify a set of a’s that have good waiting times.

Definition 5.22. Let Wyym = G%* N G where a = 2™n, b = 22m+2p2 ¢ =

6m22m+2n2’ and d = 64m+3n4'
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Notice that the parameters a, b, c,d in W, ,, were carefully chosen to satisfy the

conditions of Proposition 5.21 and Proposition 5.17.

Theorem 5.23. Let ¢ be an n x m configuration in KC and A = {0,...,m — 1} X
{0,...,n—1}. Then there exists an interval I. C Wxm of width 2/(6*™3n) so that

for every o € I, and every t € T, there exists a j < 6°™3n? so that
KoT(a,t)|a=c

Proof. Given the framework we have established, the proof is straightforward.
Proposition 5.21 tells us that W, is 2/(6*™"3n?)-fat relative to Fom,, and
so by Proposition 5.20, we have that there exists an interval I. C W, «,, of width
2/(6*™3nt) so that for every a € I, there exists t € T so K(a,t)|a = c.
Fix I, and a € I.. By Proposition 5.17,
D o (@) < 66t — M HEpt

and so we will see ¢ in less than 6°""3n* applications of T, which completes the

proof. O

Theorem 5.23 gives the bulk of the proof of Theorem 5.28. If we have an n X m
configuration ¢ in mind, we know there is an open interval I. of angle parameters
where we will see ¢ in a horizontal orbit of no more than 6°™*3n* steps. Since orbits
under S are dense in the first coordinate, we know that if we bound how long it takes
for an S-orbit (equivalently an f-orbit) to become |I.|-dense, we have a bound on the

minimum size of a rectangle that contains the configuration c.

5.1 Asymptotic Density of Orbits Under f

Definition 5.24 (Irrationality Measure). For a number a € R, the irrationality

measure of « is

p

1
n(a) = inf {7 Do — —' < — for only finitely many p,q € Z} )
q q

Proposition 5.25 (Rhin [15]). For ug,uy,us € Z and H = max{|uy|, |uz|}, we have
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that if H 1s sufficiently large,
|ug 4 uy log 2 + ug log 3| > H 616,
and if H > 2, we have the universal bound

|lug + uplog 2 + uglog 3| > H™ 132,

Corollary 5.26. n(log2/log6) < 8.616 and |{252 — 2| > 14888 if g > 2.
Proof. Let x = %222 — § . By algebraic manipulation, we deduce

zqlog6 = |(¢ — p)log2 — plog3|.

And so by Proposition 5.25 and the fact that max{|q — p|, |p|} < ¢, we have that

616 " which produces a bound of x > 1(;{/;(;%66. Alterna-

asymptotically, zqlog6 > ¢ 7
tively, we may use the bound zqlog6 > ¢~ '33, which holds for all ¢ > 2. O

Proposition 5.27. Fiz > 0 and let k; > (@

C, the ke-orbit of any x € [1/3,2] under f is {-dense. That is

V861610 Then, for sufficiently small

{o, f(2), f(x),... f* 7 (2)}

is (-dense for any x € [1/3,2]. Further, if ky > (ﬁ)l‘m’ log6 and 1/¢ > 2, then the

ke orbit of any point x € [1/3,2] under f is {-dense.

log 2
log6*

Proof. Let ¢ be the conjugacy from Proposition 3.7 between f and rotation by
We have that |¢'| attains a maximum value of %. Thus, to ensure an orbit segment

under f is ¢-dense, we must have that the image of an orbit segment under ¢ o f o

¢7' = Rz is “‘?,’gﬁ—dense. Let n = n(log2/log6) be the irrationality measure of
log 2/ log 16()%6Fix 0 > 0. We then have, by the definition of the irrationality measure,
log2/log6 € GFF for all sufficiently large k. Applying Proposition 5.14 and using
Corollary 5.26 to bound 1 now completes the proof of the first claim.

For the second claim, note that Corollary 5.26 implies that % g Ghk'"?logb for
any k > 2. The proof then follows similarly. ]

Theorem 5.28. Let n = n(log2/log6). FEwvery legal n x m configuration in KC
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occurs in every B x A configuration in KC where

324 4 4\ 34.464m+25 34.464 5m+3, 4
A= (——=6""n < GO Aot and B =6"""n
log 6
for sufficiently large m + n.
Further, for all m,n we have that a copy of every legal n x m configuration in KC

occurs in every B x A configuration in KC' where

A= <%64mn4) - log 6 and B =6"""3p!
log 6

Proof. Let C ={0,...,n—1}x{0,...,m—1} and let ¢ be a legal n x m configuration.

Fix I. C Wixm as in Theorem 5.23. We now have that for any (a,t) € I, x T,

K o TV (a,t)|¢ = ¢ for some j < 65™+3n4,

Since I, is of length at least 2/(6™*3n*), by Proposition 5.27 with £ = 2/(6*™*3n?),
we see that for any (a,t) € [1/3,2] x T, we have S%(a,t) € I, x T for some
J < (3-6"%3p1/(210g6))".

We now have a bound on how many applications of T and S it takes to land in a
particular element of P, ,,, which gives bounds on A and B.

Alternatively, using the second part of proposition 5.27 with ¢ = 2/(6*™"3n?) we
get a bound for all m > 2. n

5.1.1 Alternative Bound on the Return of n x 1 Words

Fix a particular length n Sturmian word w, and suppose w occurs in R.|(a,0). By

Theorem 2.33, we know the waiting time for w is bounded by n + 1/|I|, where
I={t: Ry(a,t))g " =w}

is the interval of phases t such that w occurs as the starting word of R.|(c, t). Thus,
bounding || would bound the waiting time for w. Of course, I is just an element of

7.(P,), and as we have seen in Proposition 5.15, if & € G** then |I| > 1/b.

Proposition 5.29. If a € G™™, the mazimum waiting time for a length-n subword
of R.j(,0) is n 4 m.

Proof. This is a direct application of Theorem 2.33 and 5.15. O
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Proposition 5.30 (Refinement of Theorem 5.28). Fiz § > 0 and let w be anx1 con-

figuration in KC. Then, for large enough n, w occurs in every A, x B, configuration

in KC where A,, = 2**n'7232+% gnd B, = 4n® + n.

Proof. By arguments similar to those leading up to the proof of Theorem 5.28, for
any length-n word w, there is an interval I, C Gn4* $o that for a € I, and any t,
R|.|(a,t) contains w in every block of size at least n 4 4n* and |I,| > 1/(4n®). We
also have a bound of (12n?/ log 6)861670 < 22451723243 for how long it takes an f-orbit

to become 1/(4n?) dense. Combining these facts completes the proof. O
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Appendix A

Code for Enumerating Kari-Culik

Configurations

Below is Python code that enumerates all misaligned straddle words that can occur in
the Kari-Culik tileset. The main function is enumerate misaligned straddle words ()
which when given a set of tiles will first create all possible words of length four with
compatible left-right edges, then filters those words to make sure the top and bottom
labels form valid Sturmian subwords (by testing that they are balanced), and then it
filters to and only returns the set of words whose tops and bottoms are misaligned
straddle words.

The output from the code is

There are 0 pairs of misaligned straddle words of type 1/3
There are O pairs of misaligned straddle words of type 2.1

There are 2 pairs of misaligned straddle words of type 2.2

Il from __future__ import division, print_function
from math import x*

4| from collections import defaultdict

from fractions import Fraction

4| F = Fraction

1l class Tile(dict):
" A class to represent a Wang tile """

def __init__(self, top=’’, left=’’, bottom=’’, right=’’, stacked_middle=None)

dict.__init__(self)

11 self[’top’] = top
self[’left’] = left

1: self [’bottom’] = bottom
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41

41

4¢

ot

83

self [’right’] = right

self [’stacked_middle’] = stacked_middle

self.type = Fraction(1,3) if self[’left’] in [’0/3’,’1/3°,°2/3’] else
Fraction(2,1)
def __hash__{(self):

return self.__repr__().__hash__Q)
def __repr__(self):

return self.__str__()
def __str__(self):

return " [{} {} {} {}]".format(self[’left’],self[’top’]l,self[’bottom’],
self[’right’])

# initialize the basic tilesets

TYPE_13 = [Tile(’0’,°0/3°,°1°,°1/3°),Tile(?0’,21/37,717,72/37),Tile(’1°,72/37,71>

E ’0/3,) s
Tile(’0°,°0/37,727,°2/37),Tile(’17,71/37,727,70/37) ,Tile(’1°,72/3>,72>

,21/37)1
TYPE 2 = [Tile(llo}"’ll_lﬂ,IIOII’||_1II)’Tile(uoill’lloﬂ’IIOH,IIOII),Tile(ﬂlll,lloﬂ’IIOII’||_1II)

Tile("l“,"—l","l",“O"),Tile("2“,"—1","1","—1"),Ti1e("2“,"0","1","0"),
Tile("l“,"O",“O’",“—l")]

BLANK_TILE = Tile()

KC_TILES = TYPE_13 + TYPE_2

def create_stacked_tileset(input_tiles):
"""creates a tile set formed by stacking tiles from input_tiles on top of
eachother 1in

every possible way"""

ret = set()
for top_t in input_tiles:
for bottom_t in input_tiles:
if top_t[’bottom’] == bottom_t[’top’]:
ret.add(Tile(top=top_t[’top’], bottom=bottom_t[’bottom’], left=
top_t[’left’]+" "+bottom_t[’left’], right=top_t[’right’]+" "+bottom_t[’right’
], stacked_middle=top_t[’bottom’]))

return ret

# initialize the type 2.1 and 2.2 tiles

# 1f two consecutive rows of tiles of type 2 appear, we can group those tiles
into one stacked tileset, TYPE_R22

TYPE_22 = list(filter(lambda x: x[’top’] != "0’" and x[’bottom’] != "0’",
create_stacked_tileset (TYPE_2)))

# if TYPE_2 tiles are sandwitched between two rows of type 1/3, they must be
these tiles

TYPE_21 = list(filter(lambda x: x[’top’] != "0’" and x[’bottom’] != "0’", TYPE_2)
)

#
#### tools for enumerating tiles ####
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#
def

def

def

def

def

create_adjacency_graph(tiles):
"""returns a dictionary giving tiles that follow to the right of a given
ret = {}
for t in tiles:

ret[t] = set()

for t2 in tiles:

if t[’right’] == t2[’left’]:
ret[t].add(t2)

return ret

enumerate_tiles (graph, length=4, ret=None):
"t returns a list of all walks on the graph of length ’length’ """
# no more tiles to add
if length <= 0:

return ret
# base case, we’re just starting out
if ret == None:

ret = [[t] for t in graph.keys ()]

return enumerate_tiles(graph, length - 1, ret)
# we have initial lists, we’re going to append to
new_ret = []
for row in ret:

prev_tile = row[-1]

for poss_tile in graph[prev_tile]:

new_ret.append(row + [poss_tile])

return enumerate_tiles(graph, length - 1, new_ret)

enumerate_misaligned_straddle_words(tiles):

"wmn

and return a list of ones that contain misaligned straddle words """

g = create_adjacency_graph(tiles)
all_words = enumerate_tiles(g, length=4)
misaligned = []
for word in all_words:

tops = proj(word, ’top’)

bottoms = proj(word, ’bottom’)

if is_straddle_word(tops) and is_straddle_word(bottoms) and (
straddle_alignment (tops) != straddle_alignment (bottoms)):
misaligned.append(word)

return misaligned

balanced (1,n=2):
"t returns whether sums of n consecutive labels differ by at most one
sums = set ()
for i in range(len(l)-n+1):

s = sum(int(w) for w in 1[i:i+n])

sums .add (s)

return max(sums) - min(sums) <= 1

is_sturmian(l):

84
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gtven a tile set, enumerate all words of length 4 that can be comstructed

"wn
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121

123

131

135

134

131

def

def

def

"wn "

returns whether the sequence 1l t¢s Sturmian
for n in range(1l,len(l)):
if balanced(l, n) == False:

return False

return True

is_straddle_word(l):

"t returns whether or mnot 1l 4is a straddle word.

I.e., 2t is length 4, Sturmian, its first and last

symbols agree and its middle symbols disagree.
if len(l) != 4:

85

raise Error("A straddle word must be length 4. \"{}\" isn’t".format(1l))

if is_sturmian(l) and (1[0] == 1[3]) and (1[1] '= 1[2]):
return True

return False

straddle_alignment (1):
"mt returns the alignment of a straddle word, ’left’ or ’right’
depending on which symbol is bigger, the left, or the right of the middle
if 1011 > 1[2]:
return "left"

return "right"

proj(l, determined=’top’):
""" Project onto the determined label """

return [x[determined] for x in 1]

# detect if we’re being exzecuted as opposed to imported as a module

if

__nhame_ ==

"__main__":

misaligned = enumerate_misaligned_straddle_words (TYPE_13)

"

print ("There are {} pairs of misaligned straddle words of type 1/3".format(

len(misaligned)))

misaligned = enumerate_misaligned_straddle_words (TYPE_21)

print ("There are {} pairs of misaligned straddle words of type 2.1".format(

len(misaligned)))

misaligned = enumerate_misaligned_straddle_words (TYPE_22)

print ("There are {} pairs of misaligned straddle words of type 2.2".format(

len(misaligned)))

code/enumerate_misaligned.py



86

Bibliography

1]

8]

C. A. Berenstein and D. Lavine. On the number of digital straight line segments.
Pattern Analysis and Machine Intelligence, IEEE Transactions on, 10(6):880—
887, Nov 1988.

R. Berger. THE UNDECIDABILITY OF THE DOMINO PROBLEM. ProQuest
LLC, Ann Arbor, MI, 1965. Thesis (Ph.D.)-Harvard University.

R. Berger. The undecidability of the domino problem. Mem. Amer. Math. Soc.
No., 66:72, 1966.

D. C. Cooper. Review: Hao wang, proving theorems by pattern recognition i.
J.Symbolic Logic, 32(iss. 1):119-120, 1967.

B. Durand, G. Gamard, and A. Grandjean. Aperiodic tilings and entropy. In
18th International Conference on Developments in Language Theory, DLT 2014,
Ekaterinburg, Russia, 2014.

S. Eigen, J. Navarro, and V. S. Prasad. An aperiodic tiling using a dynamical
system and Beatty sequences. In Dynamacs, ergodic theory, and geometry, vol-
ume 54 of Math. Sci. Res. Inst. Publ., pages 223-241. Cambridge Univ. Press,
Cambridge, 2007.

N. P. Fogg. Substitutions in dynamics, arithmetics and combinatorics, volume
1794 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 2002. Edited by
V. Berthé, S. Ferenczi, C. Mauduit and A. Siegel.

G. H. Hardy and E. M. Wright. An introduction to the theory of numbers. Oxford
University Press, Oxford, sixth edition, 2008. Revised by D. R. Heath-Brown
and J. H. Silverman, With a foreword by Andrew Wiles.



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

87

A. Johnson and K. Madden. Putting the pieces together: understanding Robin-
son’s nonperiodic tilings. College Math. J., 28(3):172-181, 1997.

D. Lind and B. Marcus. An Introduction to Symbolic Dynamics and Coding.
Cambridge University Press, 1995.

I. Liousse. PL homeomorphisms of the circle which are piecewise C!' conjugate

to irrational rotations. Bull. Braz. Math. Soc. (N.S.), 35(2):269-280, 2004.

M. Lothaire. Algebraic combinatorics on words, volume 90 of Encyclopedia of
Mathematics and its Applications. Cambridge University Press, Cambridge,
2002. A collective work by Jean Berstel, Dominique Perrin, Patrice Seebold,
Julien Cassaigne, Aldo De Luca, Steffano Varricchio, Alain Lascoux, Bernard
Leclerc, Jean-Yves Thibon, Veronique Bruyere, Christiane Frougny, Filippo
Mignosi, Antonio Restivo, Christophe Reutenauer, Dominique Foata, Guo-Niu
Han, Jacques Desarmenien, Volker Diekert, Tero Harju, Juhani Karhumaki and

Wojciech Plandowski, With a preface by Berstel and Perrin.

J. A. Makowsky. On some conjectures connected with complete sentences. Fund.
Math., 81:193-202, 1974. Collection of articles dedicated to Andrzej Mostowski
on the occasion of his sixtieth birthday, III.

J. Munkres. Topology. Featured Titles for Topology Series. Prentice Hall, Incor-
porated, 2000.

G. Rhin. Approximants de Padé et mesures effectives d’irrationalité. In
Séminaire de Théorie des Nombres, Paris 1985-86, volume 71 of Progr. Math.,
pages 155-164. Birkhauser Boston, Boston, MA, 1987.

E. A. Robinson, Jr. The tilings of Kari and Culik. Presented at Numeration:
Mathematics and Computer Science, CIRM, Marseilles, 2009.

R. M. Robinson. Undecidability and nonperiodicity for tilings of the plane.
Invent. Math., 12:177-209, 1971.

N. B. Slater. Gaps and steps for the sequence nf mod 1. Proc. Cambridge Philos.
Soc., 63:1115-1123, 1967.

B. M. Stewart. Theory of Numbers. The Macmillan Company, New York, 1964.



	Supervisory Committee
	Abstract
	Table of Contents
	List of Figures
	Acknowledgements
	Dedication
	1 Introduction
	1.1 Background and Results
	1.2 Dynamical Systems
	1.2.1 Metric Spaces
	1.2.2 Minimality

	1.3 Symbolic Dynamics
	1.3.1 Z2 Symbolic Dynamics
	1.3.2 Wang Tilings


	2 Sturmian Sequences
	2.1 Equivalent Classifications
	2.2 Irrational Rotations and Continued Fractions
	2.3 Properties of Sturmian Sequences
	2.4 Generalized Sturmians
	2.5 2-d Sturmian Configurations

	3 The Kari-Culik Tilings
	3.1 Aperiodicity of the Kari-Culik tilings
	3.2 Sturmian Kari-Culik Configurations
	3.2.1 Parameterization of KC


	4 Minimality of KC
	5 Explicit Return Time Bounds
	5.1 Asymptotic Density of Orbits Under f
	5.1.1 Alternative Bound on the Return of n1 Words


	Appendices
	A Code for Enumerating Kari-Culik Configurations
	Bibliography

