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Spectral analysis of N-body Schrédinger
operators*

By P. PerrY, I. M. Sicar and B. Simon

Abstract

For a large class of two body potentials, we solve two of the main problems
in the spectral analysis of multiparticle quantum Hamiltonians: explicitly, we
prove that the point spectrum lies in a closed countable set (and describe that set
in terms of the eigenvalues of Hamiltonians of subsystems) and that there is no
singular continuous spectrum. We accomplish this by extending Mourre’s work
on three body problems to N-body problems.

1. Introduction

In this paper, we study the spectral properties of the Hamiltonian operators
of multiparticle nonrelativistic quantum mechanics (Schrédinger operators). To
describe N particles moving in » space dimensions, we write a point in R as
(ry,.... 1) with r, € R*. If A, is the Laplacian with respect to r, and if the masses
are m,..., m,, then the kinetic energy is (in units with A = 1)

(1.1) H, = - § (2m,)"'A,.

i
i=1

For each pair vy = {i,§} C {1,..., N}, we let r, = — r, and suppose we are
given a measurable function V, on R”. We will use V, interchangeably for the
function and for the corresponding multiplication operator V.(r,) on LY R™*). In
addition, after we remove the center of mass motion or restrict to various
clusterings (see below), we will continue to use the symbol V, for the obvious
function or multiplication operator even though the underlying space changes.
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The full Hamiltonian is
(1.2) H=H, +V,
(1.3) v=> v,

¥

Conventionally, one does not study H but rather an operator H which has
the trivial center of mass motion removed. Explicitly, one writes

(1.4) LHRY") = K @ Koy

where K consists of functions of the r, and ‘}CCM consists of functions of
R = Z,m;r, /Zm,. Under this decomposition

(1.5) H =H,®1+18T,,
(1.6) V=Vvel.

{(1.6) is an example of our convention of using V, and V for the “same” operator
on different spaces.) In (1.5)

-1
I, =~ (2Em.-) Ap
and H, has various forms depending on the precise coordinate system used; e.g.

if we use the N — 1 coordinates x, = 7. — r,, i = 1,..., N — 1, then H,, has the
form

N
(1.7) Hy=— 3 (2u) A, +2my) '3 v, v,
i=1

il
Clearly
H=H®1+18T,

where H is the operator on & given by
(1.8) H=H, + V.

It is operators of the form H we will study here. Notice that as m,, — o0,
(1.7) has a nice limit; while we will not be explicit about this, our methods below
extend to treat operators with one mass infinite without any significant change.

(Parenthetically, we remark that there is an altemative way of describing
reduction of the center of mass [35, 4]: let 7 be the plane of codimension » given
by the condition X;m,r, = 0. Then C is just L7, d¥Y*x), V is the obvicus
function and H, is the Laplace-Beltrami operator associated with the metric
obtained by restricting the metric £(2m,)(dx,)* on LX R} to 7.)
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There are three main problems associated with the general spectral analysis
of H:

(1) Prove that the point spectrum of H can only accumulate at thresholds.

(2) Prave that the singular continuous spectrum of H is empty.

(3) Prove asymptotic completeness.

(Below, after introducing some notation, we will define thresholds and
asymptotic completeness; we note here that proving (1) for H and for the H’s
associated to subsystems proves that the thresholds and the union of thresholds
with point spectrum are closed countable sets.)

In this paper, we will solve problems (1) and (2) for very general classes of
potentials V. We note that prior to our work, these problems were only solved
when N = 4 for V'’s with very special analyticity properties or with restrictions
on the sign or size of V’s. (We give a mare complete history at the conclusion of
this introduction.) For example, even if all the V, are in Cj°, there have been no
results on these problems when N = 4; our conditions on V allow arbitrary Cj°
functions as well as much broader classes.

Our work was motivated by and depends heavily on ideas in a remarkable
paper by Eric Mourre [24]. Mourre develops an abstract theory and then shows
its applications include Schrodinger operators with ¥ =2 or 3. To describe
Mourre’s abstract theory, we define the scale of spaces 3, ¥, [, 90, H_, K _,
associated to a self-adjoint operator H on a Hilbert space, 3C. ¥, is just D(H)
with the graph norm

Wl 4y =[HHGI® + pi2] 2

., is D( H|'/*) with its graph norm and 3C_, 3C_, are the duals of 3, |, JC 4
defined via the 9(-duality so that

W,y CH,,CHCH_ |, CH,

(thus ¢ & JCis associated to a linear functional in 3C_, by L,(n) = (¢, n) with the
Y -inner product; when H = —A on L* R*), these are the familiar Sobolev
spaces). Mourre proves the following abstract theorem:

TreoreM 1.1 ([24]). Let H be a self-adjoint operator which is bounded from
below on a Hilbert-space I and let X, be its scale of spaces. Let A be a second
self-adjoint operator so that:

(a) D(A) NI, is dense in I ,;

(b) e'** leaves IC ,, invariant and for each ¢ € 3y, sup , < lle* ¢l 1y
< 00,

() The quadratic form i[H, A], defined on D(A) N K . ,, is bounded from
below and extends to a bounded operator, B, from 3, to K.
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(d) The form defined on D(A) N 3C,, by (B, A] extends to a bounded
operator from I}, to W _,.

(e) For some open interval A, there exists « > O and a compact operator K
so that

(1.9) E,BE, = aE} + E,KE,

where E, is the spectral projection for the interval A associated to H. Then
(i) Any point spectrum of H in A has finite multiplicity.
(iiy There is no accumulation point of point spectrum of Hin A,
(iii) There is no singular continuous spectrum of H in A.

Among other things, we want to extend Mourre’s result in what appears to
be a partly technical way but what is in fact a particularly significant way for
applications:

Tueorem 1.2. Let H, H,, be two self-adjoint operators which are hounded
from below on a Hilbert space K. Suppose that D(H) = D(H,,) so that the scale
of spaces I, is the same for H and H,. Suppose that hypotheses {(a), (b) of
Theotem 1.1 hold and that

(¢') The quadratic form i(H,, A] defined in D(A) N 9, , is bounded
below and extends to a bounded operator, B,, from K, to K.

(c") The quadratic form i[H, A] defined on D(A) N I, extends to a
bounded operator, B, from 3, to }_,.

(a') There is a common core C for A and H, so that A maps C into 3.

(d') The quadratic form defined on C by [B, A] extends to a bounded
operator from 3, to JH_,.

Moreover suppose that (e) holds for E,(H), B. Then the conclusions (i)—(iii)
of Theorem 1.1 remain true.

In our applications, H and H, are N-body Schrédinger operators and A is the
generator of dilations, i.e.

(1_10) (em;\f)(xf) — ea(N_l)”ﬂf(e“xf)
so that
N—1
’ A = 9,9
{1.10%) iA = fgl xiaxf—l-ax_f x, |

In sections 6 and 7, we will prove Theorem 1.2 in this special case. Where we use
the special properties of this particular A and H, (which allows for some
simplifications), we will explain how to use results in [24] to handle the general
abstract case.
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We can see the distinction between Theorems 1.1 and 1.2 by considering
the two body case. Then [iA,V] = (x- ¥}V (distributional gradient) and a
necessary condition (sufficient if » < 3) for a multiplication operator to be
bounded from ¥ , , to I is that the corresponding function be uniformly locally
square integrable. Thus, Theorem 1.1 requires that ¥ V at least be locally 1.2,
However, one can write

[iA,V] :[aa—x,xV] — V.

Since 9 /dx is bounded from 3 _, to ¥C_, and from 3, to I, |, the latter will
be bounded from 3., to ¥ _, if xV is bounded from I, to IC (it is then
automatically bounded from 3C, | to J_,). Thus:

ProposiTION 1.3. Let V be a function on R* and let I} be the (Sobolev)
scale associated to —A. Suppose that V = VU + VE with x-(v V) bounded
{resp. compact) from X, to I, xV@® bounded (resp. compact) from 3, to I}
and V® bounded (resp. compact) from X ., to I_,. Then [iA,V] is bounded
(resp. compact) from K, to K _|.

We can now describe the hypotheses we will place on our potentials:

Definition. We will say that a potential V obeys Hypothesis M if and only if
V=V 4+ y3 4+ v where:

(iy Each V@ is compact from 3, , to ;
Gi) xV® is compact from 3, to I;
(iii) x>V is bounded from K _ , to I;
(iv) x ¥ V® is compact from ¥, to 9C;
(v) x* v V® is bounded from I, , to 3(;

{(vi) x vV is compact from 3C_, to I(;

(vii) x> v v V? is bounded from ¥, , to I.

Hemarks. 1. (i) and (iii) imply (ii).

2. We emphasize that this is a compactness condition on L3 R*). If we think
of V& as a function on LA R*" ™) with Nz 3, we will no longer have
compactness.

3. In only one place do we require the double commutator [ A,[A,V]]. If
that could be removed, then one could set V¢ = 0 and dispense with all
conditions except (i), (ii), (iv). Of course these hypotheses are chasen precisely to
have:

ProposiTioN 1.4. If V obeys hypothesis M, then as operators on L*( R*),
i{V, A] is compact from ¥, to H_| and i[[V, A], iA] is bounded from 3C_, to
Iy
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The proof is easy.
We can now state our main theorem:

Tueorem 1.5. Let H be an N-body Hamiltonian with potentials, V., obey-
ing hypothesis M. Then:
(i) The set of thresholds of H (defined below) is a closed countable set.
(ily Any non-threshold eigenvalue is of finite multiplicity, and these eigen-
values can only accumulate at thresholds.
(ili) H has no singular continuous spectrum.

Conclusion (i) of this theorem will hold inductively given conclusion (i1) for
subsystems and the definition of threshold. Given Theorem 1.2, this focuses
attention on basic estimate (1.9) which we will call a “Mourre-type” estimate.
Theorem 1.5 will follow from Theorem 1.2 if we prove that for any real number
A which is not a threshold, (1.9) holds for A, some open interval containing A .
We will prove (1.9) in Section 4, under the hypothesis that every subsystem has
finitely many point eigenvalues, each of finite multiplicity. We prove (1.9) in the
general case, which is considerably more complicated, in Section 5. Our proof
will require two special technical devices we develop here: the notion of
a-compact operators in Section 2 and a systematic expansion in subsystems in
Section 3. We base this expansion on geometric ideas from [39]; for the case
discussed in Section 4, one can choose a combinatorial expansion described in an
appendix. In addition to these devices, we exploit some of the ideas Mourre used
in his study of three-body systems and we use the virial thearem which we prove
in Section 6 (the virial theorem is also crucial in the proof of Theorem 1.9).

Next, we would like to describe the combinatorial notation we will need
associated with breakups of the N particle into clusters. We will use the symbols
a,b,e,... for partitions of {L,....,N},ie.a=(A,,..., A} where the A’s are
disjoint non-empty subsets of {1,..., N} whose union is all of {1,...,N}. When
we write ¢, we intend to mean a general partition with k elements. Thus a,
stands for the unique partition of ane cluster and a ,, the unique partition with N,
one element, clusters.

The partitions have a natural lattice structure; we write a C b if each cluster
A, € ais a subset of some cluster B, € b. Thus a is a minimal element and a, a
maximal element. The set of all partitions is a lattice with this order: the glb
a M b is the family of non-empty intersections A, N B, with A, € a, B, € b. The
lub @ U b can be described as follows: draw lines between each pair in {1,..., N}
in a common cluster of a and then between each pair in a common cluster of b.
The connected components of {1,..., N} after this is done are the clusters in
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a U b. (We note that in the combinatorial literature, what we call a C b is often
written a D b thereby interchanging our U and M; in [36], [30], one of us has
used the symbol a {>b where we now use a C b).

The symbol ¥ will be used as already indicated for a pair {i, j}. We will also
use it for the partition with N — 1 clusters with v as one cluster and N — 2
singlets. A symbol like y = {i,j} C « therefore means that i and j are in the
same cluster of a.

Later we will have rather involved combinatorial sums. A symbol like

means that a, is a fixed “variable”” and one is to sum over all a, (there is only one
al)yay,...,a,_, obheyinga, D a, D ---Da,_; D a,,ie variables within boxes
are fixed; others are summed.

We define, as usual, for each a:

(L.11) Vieg)= X V,
‘YC
(1.12) Ha)=V—-V(a)= 2 V,
701@
(1.13) H(e)=H—Ia)=H, + V(a);

i.e. I{a) is the potential between clusters of a.
There is a natural tensor product decomposition

(1.14) Y =%°® %K,

associated to each a (we should really write @, but don't). 3%, the g-internal
space, is a square integrable function of the r, with y C a and 3, the a-external
space consists of functions of R, — R, where for each A, € a,

R, = Emkfk/ 2 my

keA, keA;

is the center of mass of the cluster A.. The reason for taking 3, in this way is
that with this choice,

(1.15) Hy=H:®I+1®T,
for suitable operators HZ on ¥ and T, on 3(,. Since

(1.16) Via)=Vve®I,
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we see that
{1.17) H{a) =H'QI+I®T,.
Occasionally, we will use the symbol
T(a)=IRT,.
The celebrated HVZ theorem ([44], [40], [13], [7], [32]) asserts that
(1.18) au(H) = U o(H(a))

Eigenvalues of some H® with a % a, are called thresholds. Notice that the
thresholds for H? are eigenvalues of some H? with b C a so that these thresholds
are also thresholds for H. As a result, conclusion?i) of Theorem 1.5 holds
inductively if one proves (ii) for the H®. Therefore, by induction, in proving
Thearem 1.5, we can suppose that (i) is true rather than prove it!

Ifb D a, then any vy C a is a ¥ C b, so that we can write

(1.19) =9 ® UKL

where ‘}Cf consists of the functions of R; — R, for those clusters A,, A, € a,

which are subsets of the same cluster in b. Consider the Hamiltonian H(a), i.e. a
Hamiltonian with interactions between distinct A, € a removed. Then, as above

(1.20) Ha)=H{(a)"®1+1®T,

under the decomposition H° ® IC,. One fact about (1.19) we will need is that
the operator H(a)? on 9C?, defined by (1.20), has the form

H(a)"=H'®1+ 18Ty

under the decomposition (1.19). Since T has purely absolutely continuous
spectrum if a # b, we conclude that spectral measures of H(a)? are convolutions
of spectral measures of H? and absolutely continuous measures. Hence:

ProposiTion 1.6, Let a C b. The operator H(a)? on 3, given by (1.20), is
purely absolutely continuous.

There is one last piece of notation we wish to introduce now. For each
a # a,, P? is the projection on 3¢ anto the point spectrum of H®. We let

(1.21) pPe=1-p°
(1.22) P(a)=P°®I; Pla) = P° QI
Thus, since J° = C, we have that P(a,) = I and

{1.22a) P(a,) = 0.
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For the special case a = a,, we make a special convention
(1.22b) P(a,) = 0.

With this notation, we can describe the asymptotic completeness problem
referred to above; for each @ # a,, one can prove the existence of the limits
F=s— lime'tHe ~itHIp(g)

t—> o0
under rather general conditions on the potentials [20] and moreover [20], for
a # b, RanQ; L RanQ, . One defines
Ky = © Ran)
aF=a,

and similarly with (in, +) replaced by (out, —). 9, describes those (scattering)
states which in the past break into bound fragments A,,..., A, moving asymptot-
ically freely. Asymptotic completeness is the assertion

(]‘23) E}Cin = SC(}ut = (J{’ac(H)

with 3, (H) the absolutely continuocus subspace for H. The stronger assertion
with 3(,, in (1.23) replaced by the orthogonal complement of the span of the
eigenvectors of H is often called “asymptotic completeness”. This stronger
assertion is equivalent to a positive solution of problems (2) and (3) listed at the
start of this section. We emphasize that in this paper, we only solve problems (1)
and (2) and have nothing to report on problem (3). In the two-body case (with
V3 = 0) and slightly strengthened falioff hypotheses, our estimates solve (3) as
is well-known (e.g. [32]) but additional estimates will probably be needed before
one can solve (3) in the general N-body case.

The structure of “particles” is not really essential ta our work. For example,
Morawetz [23] has considered the “Union Jack™ problem in two dimensions: let
V(x,y) be O (resp. 1) if jx| <1 or jy|<1l or jx—y|<lor [x+y|<1
(otherwise) and consider —A + V. While this is not a three-body problem, it is
very similar in structure. Indeed, if V, are functions on R*= obeying hypothesis M
and if T, are a finite family of linear maps from R’ to R*«, one can analyze

—A+ D V(T x).

The methods of this paper {with thresholds suitably defined} also prove the
analog of Theorem 1.5 for such operators. The three-body case corresponds to the
situation where any two Ker T, intersect in {0}, as happens in the Union Jack
problem. In general, if there is a set of k — 1 Ker T,’s whose intersection is not
{0}, but any set of k Ker T,’s intersect in {0}, the problem will have the structure
of an N-body problem with N =k + 1.
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Finally, we close this introduction with a brief discussion of some previous
work on the problems solved here and the related problem of asymptotic
completeness which remains open.

The solution of the main problems for the case N = 2, often with very
strong hypotheses on V, was elucidated in the late 1950’s by T. Kato and his
students and by a number of Russian mathematicians, most notably Povzner and
Birman. There have been twenty years of development and refinement culminat-
ing in the weighted L*-space analysis of Kuroda [19] and Agmon [1]; see [30],
(32] and their notes for references. (Very recently, Enss [8] has invented an
intriguing and elegant new approach to the problems.) In Section 8 of this paper,
we will obtain weighted L% estimates for N-body systems with patentials obeying
hypothesis M, which are essentially as good as those obtained by Agmon and
Kuroda in the two-body case.

The first general results for N =3 were obtained by Faddeev in his
celebrated book [9] which gave solutions of problems (2) and (3) for potentials
which roughly had r ~27¢ falloff at infinity (there is a gap in his solution of
problem (2) filled in later by Sigal [33] and Yafeev [43]). Faddeev also assumed a
technical condition that only held for “almost all V,’s”: explicitly, that for each v,
the dimension of the negative spectral subspace for H* + aV" was independent
of a for |a| small. (There has recently been work on removing this condition
[22].} In our work (as in Mourre’s [24] in the case N = 3), no assumptions of this
type are needed for any subsystem.

In Faddeev's work, he used a great deal of information about the N = 2
problem to solve the N = 3 problem. In general, one needs to know a lot about
subsystem Hamiltonians H?, a # a,, to analyze H using an extended Faddeev
approach. Some results along these lines, i.e. analyzing H assuming various
teatures of H?, can be found in the work of Hepp [12] and Sigal [33].

We will not attempt to describe all the work on embedded eigenvalues
(problem (1) for discrete eigenvalues is solved by the HVZ theorem) yielding
partial solutions, but see [10], [42].

For general N, the solutions of problems (1}—(3) fall into three classes: (i)
Weak coupling, (i} Repulsive potentials, (iii) Analytic potentials.

For weak coupling all three problems have been solved: indeed, H and H,
are unitarily equivalent under unitaries given by s — lim,_ . ne'*¥e 7!#. Weak
coupling results of this type exist only if » = 3. The potentials are required to
have roughly r ~>~¢ falloff, explicitly for some p, q with p < /2 < g, all V, e
LP N L% and all ([V,|l, + IV, sufficiently small (how small depends on
v, p,q, N). There are a number of results of this sort for N = 2 of which we
mention Schwartz [32], Prosser [27] and Kato [17]; Hunziker [14] obtained the
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N = 3 case and Iorio-O’Carroll [15] the general N case. In this last paper, a major
role is played by ideas of Kato [17].

Solutions of Problems (1) and (2) (and, with extra hypotheses, also of
problem (3)) were obtained by Lavine [20], [21] under hypotheses that each V., is
repulsive, i.e. i A,V,] = 0. Again ideas of Kato [17], [18] played an important
role.

In both the weak coupling and repulsive potential cases, H has only one
channel, i.e. no H® with a # a,, has eigenvalues. The only previous results about
(1)—(3) from first principles for many channel systems are for “dilation analytic”
patentials introduced by Combes [5] and analyzed in the N-body case by
Balslev-Combes [3] (see [37], [38] for further results}) who solved problems (1)
and (2). Solutions of problem (3} for this class of potentials with extra hypotheses
(“generic couplings”, r ~?7* falloff) were found independently by Hagedorn [11]
for N = 3,4 and by Sigal [34] for all N. Rather than be precise about the
definition of “dilation analytic” we nate that it requires a kind of analyticity of
the potential away from ¥ = 0; e.g. if V is spherically symmetric and dilation
analytic then V(7) = f{| r|) where f is analytic in a sector |arg z|< § (> 0) and
limy; oo jarg s4<5 | f(2) |= 0. Coulomb and Yukawa potentials are dilation analytic;
Gy functions are not.

Our summary would not be complete without mentioning Mourre’s work
[24] which we have already explained was our major motivation. Mourre only
handled the case N = 2,3. In the latter case he solved problems (1) and (2)
allowing rather long range potentials although he did require smoothness (e.g.
V.(F) = [In2 + |r|*] ~* is allowed!) and no hypotheses on generic coupling were
needed. We should also mention that Mourre relies in part on his own earlier
work and on a train of ideas invalving positive commutators including the work
of Putnam [28], Kato [18] and especially Lavine [20], [21] on this subject.

It is a pleasure to thank E. Mourre for sending us his paper, for encouraging
this work and for many discussions.

2. a-compact operators

In the kind of analysis we will make, and, in particular, in getting rid of the
second term on the right of (1.9), a useful role is played by the fact that if K is
compact, H is any operator and A, is not an eigenvalue of H, then

(2.1) lim [| KEs, -, 5, «.o(H Il = 0.

This is easy because s — im E, _, 5 ,,(H) = 0.
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Here, we will deal with a slightly more subtle but related idea. Let V, be a
two-body potential and let H, be an N-bady free energy operator (with center of
mass motion removed). We claim that

(2.2) lim 1V, Eqy, 5, +ol Hy)Il = 0

If N=2, (22) follows from (2.1) if we note that V,(H, + 1)~ is compact
when N = 2. To prave (2.2), one notes that H, = HY ® I + I ® T in the usual
way described in Section 1. Then by “diagonalizing” T,, one can view
V.E, _., +o(H;) as a “fibered operator”, whose fibers are V. E;; _, . 4(H/
+ £.(p,)) and then (2.2 follows from the fact that there is a uniformity in A, in
(2.1); we describe the details below.

In this section, we will abstract and formalize these ideas; throughout, the
reader should think of (2.2) as a motivating example. We will use freely the
notion of “constant fiber direct integral” and “decomposable operator”, de-
scribed, e.g. in Section XIIL.16 of [32].

Fix a partition a and let U(t) denote the family of translations of the
clusters in a (with the center of mass motion removed); i.e. if ¢ has kclusters

Al,..., A, then t runs through sets of k vectors ¢, € R* with

k

34 Im)=0

i=L  Viea,
and

k
ey =1 I u()
F=lieA;

where

(UGS Y(x;) = flx; + 8t}

translates particle i. We denote by p, the infinitesimal generator of U,. p, should
be viewed as the set of differences of momenta of the clusters in a.

The various momenta in p, commute and so a simultaneous diagonalization
is possible by the spectral theorem. By the Plancherel theorem, the spectral
measure is just Lebesque measure on R*~9* and the corresponding fibers in a
direct integral decomposition are constant. Indeed, under the decomposition
He @ I, each Uy(t) is of the form I ® U,(t) and the U,(t) generates a maximal
Abelian algebra on 3C,, so that the fibers of the above decomposition are
naturally associated to 3C¢. We therefore write

221
(2.3) I = f %2 dp,.
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As is usual, we do not distinguish between the operators p, and the variables p,
in the integral decompasition since the operator is multiplication by the variable.
We note that the kinetic energy T, is a function, £, of the operators p,, i.e.

(2.4) T, = t,(p,).

Definition. A bounded operator, A, on I is called a-fibered (written
A € %(a)) if and only if A commutes with all the translations U (¢).

On account of the decomposition (2.3), any a-fibered operator, A, is
decomposable (Thm. XIIL.84 of [32]) with fibers A(p,) bounded operators on
IC?. Note that

(2.5) 1Al = supll Alp, )l o

p«ﬂ
Definition. Let A € %(a). We write A € Cont(a), (resp. A € Cont(a))
(resp. A € GP(a)) if the fibers, A(p,), are norm continuous (resp., if also

lim, _..1A(p, )l = 0) (resp. if p, - A(p,) is 2 norm-C* aperator-valued fune-
tion of compact support).

ProrosiTioN 2.1, Let a C b and let A € 5(a). Then A € ¥(b). The same
remains true if ¥(-) is replaced by Cont (-} or C°(-).

Proof. Every operator U (t) is a U(t) so %(b) C %(a} is obvious. For the
other results, we note that one can write p, = (p’, p,) corresponding to the
decompoasition ¥, = HE ® I, (complementary to (1.19)). If A (p,) denote
the a-fibers of A and A(p,), the b-fibers of A, then A,(p,) as an operator on
e =3 ® Hr = [® H7dp! is fibered with fibers

{(2.6) [Ab(Pb)](Pg) :Aa(psaﬂb)-

From this and (2.5), the results on C5°(-) and Cont ( -) follaw. O

Remark. The propositidn is false if %(-) is replaced by Cont(-), for (2.6)
and (2.5) show that norm continuity of A, in p, requires continuity of A,
uniformly in p°.

CoroLLary 2.2. If A € ¥(a) and B € %(b), then AB € %5(a \J b). The same
remains true if 5(-) is replaced by Cont_{-) or C(-).

Our key definition is

Definition. An operator A is called a~compact (written A € Com{a)) if and
only if A € Cont_{a) and each fiber A(p,) is a compact operator an J?).
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A related but distinet notion of a-connectivity has been introduced recently
by Polyzou [26]; a-compact operators are a-connected in his sense (see Lemma
A-4).

We note that if C is a compact operator on 3* and C = C ® I according to
3 = H* @ K,, then by our definition, C is not acompact (although C(H, + 1)~
will be a~<ompact). This seems a strange choice to make. Below we will explain
our reason for it. Clearly, by (2.5):

Prorosrrion 2.3. Com(a) is norm closed.
ProposiTion 2.4. If A € Com(a) and B € Cont(a), the AB € Com(a).

Definition. An operator A is called a-finite (written A € Fin(a)) if and only
if A e C(a)and for a fixed finite rank (orthogonal) projection P on e,

(2.7) (PRIA=A(P®I)=A
(or, equivalently,

(2.8) PA(p,) = A(p,)P = Alp,)
for all p,).

The following approximation result is very important in the development of
the theory:

ProposiTioN 2.5. Fin{a) is norm dense in Com(a).

Proof. By a standard (functional analytic) approximation argument (g%(a)
N Com(a) is dense in Com{a). Given A € C*(a) N Com(a) and ¢, find by
continuity, points p{,..., p{™ € R ™Y g0 that for any p,

_max [ A(n,) ~ A(p)l =7

By compactness of each A(pf") we can find a finite rank orthogonal projection P
on H¢ with

IA(p®) — PA(pP)PI =5
for all i. Then (P ® INA(P ® I} € Fin{a) and

lA— (PO IJA(PB I} =e. a

Remark. We can now explain why we define a-compact in such a way that

{C = C® I} are not a-compact. For a<ompact operators ta be approximable by
operators obeying (2.7) for a fixed finite rank projection, we cannot require only

that A € Cont{a) with compact fibers. We need something like a requirement
that A(p,) have a limit at infinity. But with only that requirement, Proposition
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2.4 would not hold. We note that in the applications, operators C = C ® I often
enter and we will have to arrange for some extra (H, + 1) 7! factors to make
them e~<ompact. These are a nuisance to have to add but present no serious
problem.

The following result is a version of an idea that has run through much of the
N-body literature; the earliest version we know is in a paper of Combes [4].

Tueorem 2.6. If A € Com(a) and B € Com(b), then AB € Com{(a \J b).

Proof. By Proposition 2.5, it suffices to prove the result when A  Fin(a)
and B e Fin(b). That AB € Cont(a U b) is then just Corollary 2.2. We must
therefore only show that the fibers are compact. Writing A = A(P ®,I) and
B = (Q ®,1)B, with P (resp. Q) a finite rank operator on 3¢ (resp. 9Py and
using Proposition 2.3, we see that it suffices to show that (P ®,I)(Q ©,I) have
compact a U b-fibers.

Clearly, we can suppose that P and Q are bath rank 1 and without loss of
generality we can suppose that Ran Q lies in some convenient total set. We now
proceed to pick that total set. We claim we can pick distinct y,,..., v, C b so that
(a)eachy, ¢ a,(b)aUb=ally - Uy, (¢) Forany y,,aJ y, -+ Uy, U
Y., YUy, #aUb (ie for each cluster G in a U b, we write C, = A,
U UA, (A distinet clusters of @) and then pick m — 1 pairs contained in b
and in C, so that joining those pairs with pairs in some A; connects all of C,). Let
¢ be a set of coordinates internal to b so that rﬂ,...,rﬁ,{ is a complete set of
coordinates for 9C® with { orthogonal to r, . Suppose that RanQ consists of
multiples of a product function

A ) 6(n,) - filn)e(§) = f(r,)e(€).

Then, we can write Q = Qf(jg where (Q,h)(r,,{) = ff(ry)f(r;) h(r,/,{}dr, and
Qg is similar. By an elementary change of variables, (P R INQ; 1) is seen to
have Hilbert-Schmidt a U b—fibers. O

Remark. Polyzou [26] proves an analog of this fact for his “a-connected”
operators.

Example. Let N = 3, with m, = o0, my = my. Let a = {{1,2},3}, b=
{1,{2.3}}. Use coordinates r,, r. Then if Q is a projection onto a function f, we
have that Q ®,1 has an “integral kernel™:

fley — 1) flrg — fé)a(%(fz +ry) — i + fc:])

with § a Dirac-delta function. If P is the projection onto a function f, then P @1
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has integral kernel
i(r)ilr]) 8(r; — 1))
and (P ®@,1)(Q @,1) has kernel:
2i(ry)i(ry + 15 — 1) flrg + 15 — 20} fr) — 137},
which, by a change of variables, is easily seen to be L%; but notice that this kernel
is not separable, i.e. a finite sum Zh (6, #,)h, (s, 75 }. Thus, it is not true that a
product of A € Fin(a) and B € Fin(b) lies in Fin{a U b).

The point of introducing the notion of acompact operators is to obtain
various extensions of (2.2):

TueoreMm 2.7. Let a # a,. Suppose that A € Com(a). Then as A runs
through all intervals

(2.9) li}r_r'lo | AP(a) E(H(a))ll =0

where | A | = Lebesque measure of A.

Remark. It is only because of our convention that P{a,) = 1 that we need
to say a # a,. If we replaced P(a,} by the projection onto the absolutely
continuous subspace for H (= H(a,)), (2.9) would remain true.

Proof. By the simple approximation argument, Proposition 2.5, we may
suppose that A € Fin{a). Since A = A(P ® I}, it suffices that

(2.10) l}i{t}}gll(P@ I}P(a) Ey(H(a))l = 0

for any finite rank operator P on 3C°. Clearly, it suffices that P be rank 1, say the
projection onto a vector ¥ € 4% But the operator in (2.10) is fibered under the
decomposition .= {® 3(*dp, and its fibers are PPE,(H® + t(p,)). Using
(2.5) and letting ¢ = P%);, we see that (2.10) is implied by:

(2.11) Li{l(}'sup{HEﬁ(H")(t:H: |Al=a} =0,

Let du be the spectral measure for ¢ associated to H?. Since | EJ(H®)¢?
= fadp(y), we see that (2.11) is equivalent to

(2.12) f du(y) = 0.

Iﬂl 0

But, since 4 is an interval, (2.12) is equivalent to the uniform continuity of

Fy) = fy dp{x}.

— o
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Since F is continuous (since ¢ € RanP? and P? contains all eigenvectors) on the
extended reals [ — o0, o0], this uniform continuity is obvious. O

TueoreMm 2.8. Let a c b and let A € Com(h). Then

(2.13) |ii|m0 |AEL(H{a))Il = 0.
Proof. T]:aink of H(a) as an Nbody Hamiltonian H. By Propasition 1.6, the
operator P?( H) associated to His 0 so P*(H) = L. Thus (2.9) for His (2.13). O

Remarks. 1. If b = a|, then, as we have already noted, (2.9) only fails
because of the definition we gave P(a,). Thus (2.13) remains true even when
b=a,.

2. (2.2) is implied by (2.13) if we note that

V,E(H,) =[V,(H, + 1) E(H,)|[(H, + 1)E(H,)].

TueoREM 2.9. Let A € Com(a) and let C] be a sequence of (bounded)
selfadjoint operators on H.° going strongly to zero. Let

Cla)=Ci®1.
Then
(2.14) lim [|AC,(a)ll = 0.

n— o0
Proof. By a limiting argument, we need only prove (2.14) for A=P & I
with P rank one. But then (2.14) is equivalent to
lim |[PC¢ 4« = 0,

n—w

which is a direct consequence of the strong convergence of (C#)}* = C?. O

3. Expanding in subsystems: The geometric method

For fixed partition a, the Hamiltonians H{b) with a D b have the potentials
V, with y C a but y ¢ b dropped, and thus they can be viewed as describing the
interactions of subclusterings of b. An important element in our analysis will be
the possibility of expanding functions, f{ H{a)), into combinations of the f{ H(b))
with b Ca. Of course, one cannot expect to write f{H(a)) in terms of the
F(H(b)) with no error but one can hape for the error to be small; the natural
notion might be compact errors. Since, for all b C a, f{H(b)) is a-fibered (see
Prop. 2.1), it is too much to hope for a compact error in general; the natural
thing to look for is an acompact error. Thus, our goal is an expansion of the
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form:

(3.1) f(H(a)) = K(a) + X c(b,a)f(H(b))
be[a]

where K (a) is acompact. (The symbol Ebg is defined in §1.)

The existence of an expansion like (3.1}, even with operator-valued ¢’s is
very significant; for example, it implies the hard part of the HVZ theorem, i.e.

(3.2) o (H)C U o(H(a)).

d?t‘dl

For {following [39]) note that if f has support disjoint from U, ., o(H(a)), then
{3.1) and compactness of K (a,) show that f{H(a,)) is compact and thus (3.2)
follows.

The simplest version of (3.1) has the c(b,a) as real numbers. As we will
show in the appendix, this requirement determines the expansion uniquely. In
that appendix, we will also construct such an expansion. The proof of HVZ that
results can be viewed as a variant of the Weinberg-van Winter equation proof of
Hunziker and van Winter. The big disadvantage of this “combinatorial” ap-
proach is that all b with b C a enter in the sum in (3.1). For our purpose, this is a
severe defect: we could use the method of the appendix to provide an alternative
to the arguments in Section 4 but we have not succeeded in doing what we do in
Section 5 without the geometric expansion of this section.

Our goal in this section will be to construct an expansion of the form (3.1)
with the property that the only b’s which enter in the sum are ones that have
only one additional cluster. The price one pays for this desirable feature is that
the ¢’s are now (multiplication) operators. We follow the construction of Simon
[39] who developed (3.1) in the case a = a, (so K,(a) is compact). The name
“geometric method” comes from the fact that the basic input is the observation
that H(a) and H(b) look alike in the region where all r with y Ca, y € b or
¥ C b,y € a are large and one exploits regions in r-space.

Lemma 3.1, For all pairs a, ., C a, where a, (resp. a,.,) has k (resp,
k + 1) clusters, there exists a function j(a, . |, a,) so that the following hold:
() 0=j=1;§e CHRW Yy,
(1) f(agy,,a,) is a,-fibered;
G#5) (9F)(@yrys @ )(Hy + 172 is @, -compact;
(iv) If y Ca; but y € a,, then (H, + 1)_1V~rf(ak+l!ak)(H0 + 17 s
a,-compact if V, is compact from the two body I, , to the two body .
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(v} We have that
(3.3) 2 ilagn,a) =1

ak"'lc

for each a,.

Proof. Pick a coordinate system for RV~ consisting of some r’s with
y C a, (call them 7,) and some § which are differences of centers of mass of
clusters in a,. We will take the j’s to be only functions of the r, so that (ii) holds.
We will initially define the j’s on the “sphere” where £ 1> = 1. We will extend
to r’s with $_r2 > 1 by requiring j to be homogeneous of degree zero there and,
in the interior of the sphere, we will extend in an arbitrary way so that (i} and (v)
hold. By construction, v§ will be homogeneous of degree —1 in the 7, so
|9 4] =< C(1 + 2,r2)” "% from which (iii) follows. Thus, it only remains to prove
that the j's can be chosen on the sphere in such a way that (iv) holds. We will
make a choice so that y Ca, and vy € a,,, and f(a,.,a,)(r) # 0 (with
3r? = 1) implies that r, = d,, > 0 where d is a constant depending only on N.

Given j's with this property, verify (iv) as follows: Since V, is hy-compact,
we can find for each ¢, an R so that

IF(jr,| = R)V,(H, + 1) "l <e

where F( A) is the characteristic function of the set A. But by the above property
of the j’s, F(|r,] < R)j(a,., a,) is supported in the set of r’s with (T % =
min(1, Rd ;). From this we obtain the required compactness condition {iv).
Finally, we note that the existence of i’s on the unit sphere with the
requisite properties follows from a geometric argument identical to that pre-
sented in [39] (see also [32], Section XIIL4). O

Remark. The above choice has the property that (Af)(H, + 1) 7! is a;-
compact so that

(Hy + 1) '[Hy, il = —2(9)(H, + 1) [(H, + 1)77 9]
—9(H, + 1) Af
is a,-compact.

Lemma 3.2. Let f € CP(R). Let the j obey the hypotheses of Lemma 3.1
and let each V, be compact from the two body 9., to the two body K. Then

f(akﬂsak)[f(H(ak)) - f(H(ak-f—L))]

is a,-compact.
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Proof (following [39]). Suppase we prove this if f{x) = (x — z) ! with Re z
large in absolute value and negative. Then, by writing out derivatives as Cauchy
integrals we obtain the a,compactness for f{x) = (x — z) "% By use of the
Stone-Weierstrass theorem any f e C5° is a uniform limit on [e, o0) of polynomi-
als in (x — a + 1} 7% Therefore, we are reduced to the case where flxy =
(x — z)~ !, But, then:

f[(H(ak) - Z)_1 - (H(ak+l] - z)—l] =5 +5

where
5, = (H(ak) - z)—lf( )y v, (H(ak+1) - z)_l
Cay
‘}’.&ak+l
and

Sy = (H(a,) = 2) 7 [H{ay). i} {(H(a,) = 2} " ~ (Hla,,,) —2)7").
Since
[H(Gk), ?] :[Hos f]

and Vi(H, + 1)~" is a,-compact (see (jii) of Lemma 3.1), S, is a;,-compact. By
(iv) of Lemma 3.1, S, is a,-compact. O

Tueorem 3.3. Let f € C°(R) and let the i’s obey Lemma 3.1. Then

(3.4) f(H(ﬂk}) = Kf(ak) + E f(akﬂ:ak)f(H(akﬂ))
ak+1C

where:
(3.5) Ke(a,)= X f(ak+1:ak)[f(H(ak)) _f(H(ak+l)}]

ey | 8

is a;-compact.

Proof. The validity of the expansion follows from (3.3); the g, compactness
from Lemma 3.2. 1

The final fact we will need about the expansion is that K, is actually
a-compact from I, to J. As a preliminary to this, we note that:

LemmMa 3.4. Let b C a;. Then for all f e C:
[f(ak+1’ak)!f(H(b))]

s 4 -compact.
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Proof. As in the proof of Lemma 3.2, we need only consider the case
flx) = (x — 2)". Thus, since (H(b) —2)™' is a,-tibered with continuous
fibers, we only need that

(Hy + 1) [Houjl(Ho + 1)
is a,~compact. This is noted already in the proof of Lemma 3.2. ad

Tueorem 3.5. The operator, K (a,), of (3.5) obeys: K{a,)[H, + 1] is
i, -compact.

Proof. Write f = gh with h(x) = (x — z)~' and write
i(ay . a)[f(H(a) = f(H(ay, )] = U + G + U,
with
U = f[g(H(ﬂk)) - g(H(ak+1))]h(H(ak))1
Uy :[fag(H(ak+l))][h(H(ak)) - h(H(akH])]'
U = g(H(akH))f[h(H(ak” - h(H(ak+1))]'

Now U|[H, + 1] is a;-compact, by Lemma 3.2 and U,[H, + 1] is @, compact
by Lemma 3.4. To see that U;{H, + 1] is a,-compact, we follow the proof of
Lemma 3.2, using the remark following the proof of Lemma 3.1. O

4. Moutre-type estimates for N-body systems: finitely many channels

In this section, we will prove the key estimate (1.9) under the extra
hypotheses that each P is of finite rank (since P*' = 0 by convention, this is a
hypothesis on subsystems only). Given Theorem 1.2 (which we prove in §6, 7)
and Proposition 1.4, this proves Theorem 1.5 under this extra hypothesis. In the
next section, we remove the finite rank hypothesis.

Alas, it will be useful to have two more pieces of notation. For functions f.e
we write

fCg
to indicate that 0 < f<g=<1 and g(x) =1 on the set where f{x) # 0 so
fg=1f
Below, we will have sequences of functions
iChC-C fn
with £, identically 1 near some fixed point A, and we will have operators O, and
O, depending on f,..., f,. We write
0, = G,
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to mean that for any e, one can find f,,..., f,, (with 1, identically one near A,)
and a compact operator K so that

”Ol - OQ_ KH = E,
= is an equivalence relation. We use the syrmbol
0,70,
to mean that

O\(Hy + 1) = Oy(H, + 1).

The symbol O, = O, means that given ¢, one can choose f’s, K compact and Q
with [Q[l < esothat O, + K+ Q = O,.
The following will be needed in both this section and the next:

Proposition 4.1. Let A, be fixed and not a threshold of H and let
a' < 2dist( A, thresholds). If

(4.1) A(H)Bf,(H) = a'f,(H)*

then (1.9) holds for any a < o,

Remark. The proof does not use the restriction on a’. We state it above,
since it is only under that restriction that we will prove (4.1} (and only under that
restriction that we believe (4.1) will hold). A careful look at our proof shows only
the distance to lower lying thresholds matters.

Proof. By the meaning of = , we can find an open interval A about Ag and
f, identically one an A so that

LBfy = “!flz +K+Q

with [[Q]l < a’ — a. Multiply on both sides by E,(H) and use A(HYE(HY =
E,(H) to see that

E,BE, = o' E, + E,KE, + E,QE,.

But since [|Q[| < a' — a, we have that

EQE, < (o' — a)E,,
s0 (1.9) holds. O
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Now consider f, C - - - C fy. Fix a jcluster partition @, and expand:
f(H(a,)) = f(H(a))P(a;) + f(H{a,))P(a;)
(4.2) = f(H(a))P(a,) + f(H(a))P(a,)f. (H(a)))
= f(H(a,))P(a,) + f(H(a,)}P(a;)K, (a))
(4.3) + 2 f(H@)P(a)ia; na)fo(Ha )

aii'lc

In (4.2), we use ff,,, = f since f, C f,., and in (4.3), we use the expansion
(3.4). Tterating this and using the fact that P(a,) = 0, we find that

ProposiTion 4.2. Forany f; C fo-+- C fy:

(4.4) f(H(a))) = Ez[w(a f(H(a,))P(a,)

i=1l a,
+ Na,)f(H(a )P (a)K, (a))]
where N(a|) = 1 and for i = 2:
(4.5) N(a,) = > fL(H(a1])F(aL)f(aaual)
a,a,3 - :
X fz(H(az)P(ag)f(as,az) jla e y)

and K (a} is given by (3.5)

An important point about (4.4) is that there are a priori bounds on N and K
which come from combinatorial factors alone since each term in the defining

sums (3.5) and (4.5) is bounded with norm at most 1 for N and at most 2 for K.
Explicitly:

(4.6) 1Ks(a,)ll =2 E @t 1)

i=1
if a, has clusters with n,..., n, particles, and
(4.7) (IN(a )}l =<2 ¢ hil (i — 1)L

Now given any f, we can use the fact that K, (ay_,) is a5 _ -compact
(Thm. 3.3) and Theorem 2.7 to choose fy,_, with such a small support that
fN_I(H(aN___l))f(aN_l)Kf-N(aN_l) is as small as we like. Proceeding to choose
fy-1s---» fo successively, we can arrange that all K, (a,) terms with i = 2 are as
small as we wish (using the a priori bounds on N}. Because of the requirement
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a # a, in Theorem 2.7 (coming from our convention that F(al) = 1), we cannot
assume that this term is small but it will be compact since “a,-compact” is the
same as compact. Thus, noting that K (a,)(H, + 1) is a compact (Thm. 3.5),
we have:

ProposiTion 4.3. For any ﬁxea' Fro

(4.8) f(H(a))) EEN fi(H(a))P(a,).

i=1 g,

Since B = i[H Al is bounded from ¥ _ , to 3C_,, (4.8) implies that
(4.9) f(H(a)) =3 T Na,)f(H(a,)P(a,)P(b,)f(H(B,})N(b,)*,

tja.b

(4.10)  fi(H(a,))Bf\(H(a,)) = 2 E N(a,)f(H{a;})

><P(a{)BP(b,.]ﬁ(H(bf)]N(b,)*.

Next note that Q(a;) = (H(a,) + i) 'P(a;) is a~compact and thus by
Theorem 2.6, Q(a, YO(b;)* is @, U b-compact. Suppose that @, # @, U b,. Then,
by Theorem 2.8, we know that E (H(a NQ(a,)O(b,) will have sma]J norm so
long as A is small enough. Moreover, since Q(a, )Q(b,) is fixed and independent
of the choice of fy,_,,..., f], we can initially choose f,, with such a small support
that E; f,, = fy. Thus we are guaranteed that

f(H(a))P(a,;)P(b)f(H(b,))
= (H(a,) + 1) f(H(a,))E(H(a))Qa)O(b;) f;(H(b,))(H(b,) + i)
has any a priori desired degree of smallness for those a, b with a, # a, U b,

Similarly, we can handle pairs with b, #a, U b, Since a=a U b and b=
a U b, imply a = b, we have proved

ProrosiTioN 4.4.
fiH(ay))" = 3 ZN(a,)f(H(a,))P(a,)f(H(a,))N(a,}",

and given any a priori requirement on smallness, the only requirement on f,, is
that its support is sufficiently small.

Now let W =iV, A] and write
B=2H(a)+ 3 (W, —2V,)+ 3 W, =2H(a) + 3C,

yCa yZa ¥
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and note that
(Hy + i) 'CAH, +i)"

is y-~compact. Thus
-1

(H(a) +1i)'Q(a)BO(b)(H(b) + i)

is a sum of terms which are either a U b-compact or a U & U y compact for
some ¥ C a. Therefore since (x + i)ﬂf;(x) is bounded only depending on supp fy,
we have, by mimicking the proot of Proposition 4.4:

ProprosiTioN 4.5.

filH(a,) )Bfl H{a, ) E EN(G H(ﬂ])P(ai)BP(a{)ﬁ(H(a;))N(ai)*-

i=1 a;

Each P% is finite rank, so we can write

n(al')

(4.11) peo= 3 oo,

i=1
where the p’s are projections onto eigenspaces for distinct eigenvalues (we will

change this convention slightly in the next section), Aj. Let pf(a,) = pf* ® L.
Notice that by (4.11) and Proposition 4.4, we clearly have

ProOPOSITION 4.6.

N nia,)
fL(H(al)JQ - 2 E '21 N(ai)ﬁ(H(ai))pj(ai).ﬂ(H(ai))N(ai)*'

i=1
Next suppose that we have picked supp f, 5o small that
{(4.12) AP+ x#E A tx

for all x € supp fy, all a, and all j # k. This is possible since inf, . |A} — A%

= d > 0 and we can choose the support of f, contained in (?\0 - % JAg T g

(4.12) assures us that

{4.13) £+ T(a)} (X + T(a,)) =0

which is relevant since

(4.14) £(H(a,)p,(a,) = pyla ) (X + T(a,)).
Now write

B =B(a;) + > w,
yia;
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with B(a;) = i[H(a,), A]. Since
Qla,)(H(a,) + i) 'W (H(a,) + i)'

isy U a,.(:; a,)-compact, we can {as in the proof of Prop. 4.5) replace B by
B(a,) in the sum in Proposition 4.5. For j # k, we write:

f.(H{a,))o,(a)B(a;)p, (e, )f.(H{a,))
= p(a;)f, (NI + T{a,) ]B(a. Vi{Xy + T(a;))pila,)
= p,(a,)B(a,)fi (A} + T(a,)) Xy + T(a,))pifa,)
(4.15) = 0.
In the first step we used (4.14), in the last step (4.13) and in the middle step we
wrote (B @ I = i{[HH @ I, A]),
(4.16) B(a,) = B*® I+ 2T(a,)

which commutes with f{X} + T{a,)). Finally, we note that the Virial theorem
for H*: (see Section 6) implies that

plBYpi =0
so, by (4.16) we have that
(4.17) p,‘(ai)B(ai)pj(ai) = 2pf(ai)T(ai)pj(ai ).

Putting all this together (i.e. Prop. 4.3, the replacement of B by B(a,) in that
proposition and then {4.15) and (4.17)), we have

ProrosiTION 4.7.

fi(H(a,)}Bf\(H(a,))
ni{a,)

E 2 2 Nia H(a ))Pf(ai)Q'T(ai]pf(ai)fi(H(ai)]N(ai)*‘

i=1a; j=1
As the final step, we note that since T(g;) =0
T(a )£ (X + T(a,)) = et £ (N + T(a,))
where
¢ = min{x = 0|(AX% + x) € supp £,}
= dist(supp £, A% ).

By shrinking supp f,, O supp f; enough, we can be sure that ¢ = }«’ for any fixed
o < 2dist(A,, thresholds) (since A% is a threshold). As a result we have proved:
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TueoreM 4.8. If each p* (i = 2) is of finite rank, then (1.9) holds in the
following sense: there is for any non-threshold A\,, and any « < 2dist(A,
thresholds), an open interval A about N, for which (1.9) holds.

5. Mourre-type estimates for N-body systems: General case

In this section, we will prove the key estimate (1.9) without the hypothesis
that each P is finite. Let us begin by explaining why the simple device exploited
by Mourre [24] to handle an infinite number of bound states in his analysis of the
three body case will not work. Let us change notation slightly from the last
section and pick orthogonal rank 1 projections pf (i = 1,...,n{a); n(a) may be
infinite) so that

P =30,
piH® = Hp? = N He

with A% eigenvalues of H?. It is no longer true that the A% are distinct if a is fixed.
Our shift from the last section is made since we want each operator

Py =3 o
i=1

with n < o0 to be of finite rank and some eigenvalue of H*® might have infinite
multiplicity (this could only happen if it is at a threshold of H?; we don’t know if
such bizarre behavior can actually occur!).

We define
P(a)=P’®1,
pe =1 P% Fa)=1-P(a)
as usual. For any f, C f, C --- C f, and any n,,..., n,, there is an expansion

analogous to (4.4) with P(a,) replaced by P, (a,) in both (4.4) and (4.5). One can
show (see below) that (4.8) still holds with P(a,) replaced by F,(a,) if one
chooses the f’s and n’s successively, i.e. ny, fy, then ny |, fi,_, ete. The
problem comes with controlling P, (a;), P, (b;) terms. To explain the problem
suppose that a, < b; so that j < i. Suppose i = j + L. In Section 4, we controlled

(5.1) ﬁ(H(ai])Pnl(ai)Pnf(bf)-ﬂ(H(bf))

by shrinking the support of f,. This could be accomplished since P(b;) was fixed,
so we arranged for (3.1) to be small at the stage where f, was chosen independent
of any later choice. The problem now is that F.( b,) depends on the choice of n,.

n, must be chosen to be certain that various P( b,)K, terms are small and so n,
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depends on f,. Thus, we must pii:k f; after n, to arrange for (5.1) to be small but
we must pick n, after f, for the PK terms to be small.

The only way we have found out of this conundrum is to give up on
expanding f, alone as we do in Section 4, but instead expanding f? and f, Bf,.

We begin by noting that the final steps in Section 4 go over without change,
that is:

ProposiTion 5.1. If (with = meaning, now, for suitable choice of f, and
n)

52)  fi(H@)f = 3 IN@)f(H(a )P, (a ) f(Ha))N(a,)"

and

N
(5.2) fi(H(a,))Bfi(H(a,)) = 21§L GEN(“{))‘;(H(GJ)

x Pn{(ai )T{a, )Pnf(ai fi(H{a,))N(a)*
for suitable operators N (perhaps different from 4.5) and for f’s obeying:
(5.3) fix+ Af(x+u) = 0
for all x and all \, u which are distinct eigenvalues among the numbers
{A¥|k = 1,...,n,}, then (1.9} holds in the precise sense stated in Theorem 4.8.

Remark. (5.3) allows us to eliminate the terms in (5.2'), p,(a,)T(a,)p\(a,)
with A% 7= X and then to follow the proof of Theorem 4.8.

To save having to report too many formulae, we introduce the symbol B to
denote either B or 1. We begin with an expansion based on repeated use of
Theorem 3.3.

ProposiTioN 5.2. Forany n(,...,nyand f; C---C fon

(5.4) filH(a))B*f(H(a,)) = a, + a3 + a4
where:
(5.5)

a = Lgl Eb N(ﬂe)ft(H(ae))Pni(aa)B#Pn,(ba)ft(H(bz))N(bz)*:

&y =y, Ty,

0, = 3 3 Nlafi(H(a) B, (a)K, (a,)B*P. (b)fi( H(b,)IN(b,)*,

1=1 a, b
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N—1
=2 2 May Mo (Hlay,,))B*K, (b))* P, (b)) f{(H(b))N(b,)*,

=1 a8

=X 3 Na,)f(H(a)))[P, (a,)B*P,(b,) + P {a,) B*P, (b,)]

{=1a, b
* f{H(b;))N(b,)

with K{(a) given by (3.5) and with N(a,) given by (4.5) except that
P(a),..., Pa,_|) are replaced by P, {ap),.... B, (a, )

Proof. Basically, we have, after some expansion, a term like (5.5) but
without the P, (a,) and P, (b,); we insert P, (a,) + P, (a,) and a similar b, sum.
The P — P terms are put into a,, the P — P and P — P terms into a,, and we
expand the P — P term using (3.4). The terms with K’s are put into e, and the
leftover term is of the form we started with. Having explained the strategy, let us
give a formal proof

Define o, i = 1,2,3, by the formula for a, except that I, (or 1) are
replaced by Elz {or TN, Le

= E N(a, )fL(H(aL ))E:L(G'L )B#P;L(bL M (H(b))N(b,)
aby,
We claim that
(5.6) filH(a,))B*f\(H{a,}) = ar +af + a5 + af
for each L. (5.4) is just (5.6) for L. = N, since PnN(aN) = 0 {of necessity we take
ny = 1; recall that JC** = C) which implies that af = 0. (5.6) is proved induc-
tively. Since the sum in of=" is empty, af*=" = 0. Since we will still take
Pla,) =0, &7 = =" = 0; and trivially «F=" = LHS of (5.6). Thus sup-
pose that (5.6) holds for a given L and let us prove it for L + 1.
Writing
fL(H(aL )JP;L(GL) = f}_(H(aL ))Fn,,(ai. )fL+l(H(aL))
and expanding f, , (H(a,)) via (3.4), we see that
@y = ("‘Ia’aﬂ "" aﬂa) + af

where

2 2 N(a;,\)f \(H(a,, ))B"P (b )f(H(b, ))N(b, )*

ap. by Gpay by

Now write

K(bL]fL(H(bL)) = fL+I(H(bL)JPnL(bL)fL(H(bL))
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and expand f, . ( H(b, )) via (3.4) to obtain

ok = (aly — o) + o
where
ag = , Eb N(ap oy )fei(H(ap, ))B*f  ((H(by ))N(by )"
et B
By induction, we have that
(3.7) LHS of (5.6) = aF + k™! + af + af.

Now, in a%, replace B* by

(Pn,.ﬂ(a.{,ﬂ) + P (aL+l)) ( a; . ,(b i(b;_))

and note that the P — P term is a-*' — o', that the P — P plus P — P term is
ol "' — al and that the P — P term is a5 ™! so

(5.8) ab = (ab*t —ab) + (o™ —ab) + otTL
(5.7) and (5.8) yield {(5.6) for L + L. ad

If we expanded the P terms in s in the way we did in Section 4, we would
obtain the P, (a,)F, (b,) terms with k 7 [ that we indicated give one trouble.
Thus, the key to our proof is a more careful expansion of a,;. We will write down
the expansion and informally indicate its proof; a forinal inductive argument of
the type just given is left to the reader.

ProrosiTioN 5.3. Given functions ¢! C ¢l C - C ¢Y) with f; = ¢{"
and integers m(1),...,m{N — 1) with m(1) = n, we have:

{(5.9) f!(H(a!'))Pn;(ﬂ!)B#Fn;(b.f]ﬁ(H(bL])
:f!(H(GI))Pn,(ai)B#[Bl + By + B85 + B fi(H(b,)),
where

B, :[Pm,m(b:) - Pnl(b!.)]‘l

N-1
B2 = E 2 PmJ(Hk;(ka]q’(!;j-k(H(ka))A(kasb!)!
k,—
by C

b | ]
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where
A(bumb:): 2 [Pm,(!+k—l](b!+k—1)

b£+k Cbr+k-lc C

g (H b)) B ()]

N-—{
By = 2 2 ¢'!+k(H(bI+k))A(bl+k9bhal)’

k=1
By Ch by

by, C g

where for k = 2, A is defined as is A except for the added condition in the sum
by Cap Fork=1

A(buu bi.a)) = Alb . by) = Ema(n(bf)-

Finally
N—t-1 _
B = ‘I“ (b ] m,(h(bf] + E [Kﬁ’j“l(ka)Pm,(Hk)(ka)
i kaC
bf+k€z
XL H b)) A s b)]
with K given by (3.5).

Proof. First replace fnr(b!) by Pm( n(by) noting that the difference is exactly
the B ,-term. Now write

lem(bz)‘i)(cn(H(b:)) (ffll(H(b )) m(f}(b ¢(“(H(b )

and expand ¢} (H(b,)) by (3.4). The K-term is the first term in f, and we have
in addition ‘

2 HL{HB))AD, by
leC

Those terms associated to b,, ,'s with b,,, C a, we place in f;; the others we
multiply by P ary{HB ) + Py (H(B)). The Ptenms are put into the
sum B, and the P terms are expanded to give the k = 1 contribution to S, and a
remaining sum indexed by b, ,. These terms are treated as above. Since
eventually some b, ., C a,(for by, C a;), the procedure terminates. a
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We have gained two things by the last two expansions:

(a) We have decoupled the functions, ¢, entering in the P — P expansion
from the functions f entering in the P — P expansion. Thus, for example, the
need to pick f;,, then n; and then f;,, again (!) will be met by picking f,, |,
then n, and then ¢{} .

(b) By expanding both parts of f, B*f, we can have conditions like b,,, ¢ a,
which will play a major role.

We can now state the major new technical result of this paper:

TureoreM 5.4. For N-body systems obeying Hypothesis M, (1.9) holds in the
sense that given any non-threshold point X, and any o < 2dist(X, thresholds),
(L.9) holds for A a small neighborhood about \,,.

Proof. By Proposition 5.1, we need only verify (5.2), (5.2'). We begin with
the expansion (5.4) and successively pick ny = 1, f,,,ny_1,... . Suppose that
! 2 2 and we have picked all n’s and f’s up to f,, ;. We describe how to pick n;
and f; so that various terms are at some desired level of smallness. (For [ = 1,
P = 0, so only the a, terms are present and these are compact.} By Theorems 2.9
and 3.5,

[(Hy + DK, (B[ 205 B, (b)]] - 0

as n; — 00, so we can pick n, so that the a, terms at level I with ITm replaced by
P, — P, have a desired smallness. As usual, using Theorem 2.7, we can, by
choosing f; to have sufficiently small support, be sure the rest of the a,-terms at
level ! are small. When we finally pick f; we will be sure to have at least this small
support. Since n, is already chosen, we can be certain that f; is chosen so that
(3.3) holds for i = L

In a moment, we will show how to pick f; so the a, terms are small. Having
done this, we control the off-diagonal terms in &, (e, # b,) by noting that since
a, and b, have the same number of clusters a, # a, \U b, if a; # b,. Thus, as in
the proof of Section 4, the off-diagonal terms in (5.5) can be made small by
shrinking f, further. Moreover, we can write

Pnf(az)BPn,(ai) = 2Pn,(ar)[2T(a£) +trnt Yz] Pn,(az)

with
Yl = E W}f’
y&a,
Y, = BU® I

By (5.3) and the Virial theorem, the y,-term is zero as in Section 4. By shrinking
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support of f; we can be sure that fi(H(a,))P,(a,)v P, (a,) f{H(q,)) is small by
exploiting y U a,-compactness.

Thus, to prove (5.2), (5.2”) we need only show that the [th-level terms in a,
can be made small by shrinking the support of f;. To do this, we expand these
terms using Proposition 3.3.

By the arguments above, we can arrange, while making successive choices
m,(N), ¢, myN — 1), ¢%)_,..., ¢}, to have the B, -terms be small. If b, , C a,,
then

(H(a,) + 1) ", (a))B*(H(byy) + )

is a,-compact. Since b,,, # a, (k = 1!), we can, by choosing ¢!, arrange for
the smallness of the f;-terms (recall that n, is picked before the ¢’s) by Theorem
2.8.

Ifb, ., ¢ a, then

(H(af) + i)_ZPnJ(al)B#Pm(!+k)(bi+k )(H(b£+k)) +i)_2

is @; U by, 2 a,-compact,so the S-terms can be arranged small at the time f; is
chosen. Thus, by choice of the ¢,’s and m,’s and a preliminary choice on the size
of supp f;, we can arrange for all the 8,, f,, B, terms to be small. The off-diagonal
B, terms, i.e. with a, # b,, are controlled as we controlled the off-diagonal «,
terms (recall that m (1) is picked before f;).

Thus, we must show that by shrinking the support of f;, we can arrange for
the

Pn,(a! )B#[ Pm;(!](af) - Pn,(ai)}

terms to be small. When B¥* = 1, this product is zero since m, (1) = n,. Since
T(a,) commutes with P, (a;), this contribution in
B=23T(g) +Bu®I+ 3 W,
¥¢e,
is similarly zero. The W, terms are treated by the same y U a,-compactness
arguments used before. Finally, if we pick supp f; so that (5.3} holds for i = [ and
for A, p distinct elements of {AY |k = 1,..., m(I)}, then the B* ® [ are zero; for
distinct eigenvalues, we use f(T(a,) + p)fi(T(a;) + A) =0 and we use the
Virial theorem for identical eigenvalues. O

6. The Virial theorem

As we already noted (Prop. 1.4), if H is a Schrodinger operator with
potentials, V., obeying hypothesis M and if A is given by (1.10"), then B = i[H, A]
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is bounded from I, | to ¥ _,. Our main goal in this section is the proof of:

THEOREM 6.1 (Virial theorem). Assume V is A-bounded and the distribu-
tional derivative X - vV is bounded from ¥, to H_, and let Hp = Eg,
¢ €3, ;. Then (¢, Bg) = 0.

Since formally,
(¢,Bo) =i(¢,[H—E,Al¢) =i[((H— E)¢, Ap) — (Ad,(H— E)9)] = 0

(the only problem is ¢ may not be in D(A)), this result is formally obvious and
was used extensively in the physics literature for many years without any attempt
at rigorous proof. The first rigorous proof was given by Weidmann [41] for
potentials V' where one could justify taking derivatives of e'**Ve ~i*4. Another
approach of controlling boundary terms in an integration by parts was exploited
by Kalf [16]. Here we will use the new approach of Mourre [24] of approximating
¢’s by vectors in D{A) (1 3 _,. Our only claim to originality is in the fact that
considerable simplication is possible if special properties of A, H,, are exploited.
We begin with a technical point: namely, most commutator calculations are
done on & and B should be viewed as being defined by density from an a priori
definition on &, but we want to know that for any ¢, ¢ € D(A) N I, ,:

(6.1) (¢, BY) = i[(Ho, Ay) — (Ad, Hy)].

We define for A real and non-zero:
(6.2 R, =iM(A +ix) "

Lemma 6.2. For A # 2, R, maps I}, to I, and as maps from I}, to
(}C+2=

(6.3) s - limR, =1I.
Proof. As maps from § to &:

(6.4) i[H,, A] = 2H,,

$0

Hy(A +iX) =[A + (A — 2)i] H,.
Thus, if A # 0,2:
Hy(A+iX) "' =(A+ (A —2)i) 'H,,
50

(6.5) HoRy = A(A — 2)_1(R}\—2)Hﬂ‘
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Since
1Ryl < lial,
we have that
(6.6) | HyRyolf < A(A — 2) "I Hyolh.

This implies the boundedness of R on 3, and, by the duality, on 3 _,. From

(6.7) 1 — R, = (iA\) 'AR,,

(6.4), (6.5) and simple commutation relations with (M, + 1)7', we see that

{1 — B))oll g — Oford €& C {|AY € K . ) from which (6.3) follows. {3
Proof of Theorem 6.1. We define the mollified dilation generator

A, = AR,.
We will show that
(6.8) i[H, A, » B ash - a0
as maps from ¥, to 3 _,. Indeed, compute

A, = iA+A(A + k)
Therefore
(6.9) i[H, A,] = R,BR,.

This implies (6.8) in virtue of Lemma 6.2 and the condition on the potential (the
latter implies that B is bounded from JC_ , to 9C_,). Since (¢,[H, A, ]9} = 0 for
each eigenfunction ¢ of H, (¢, B¢) = 0 follows. O

The above proof used the special commutation relation i[H,, A] = 2H,,.
Theorem 1.2 requires a Virial theorem under the hypothesis of that theorem.
Such a Virial theorem can be proved by mimicking Mourre’s paper: the hypothe-
sis on [H,, A] yields a bound similar to (6.3), i.e. that R, is 3, , » 3,
bounded uniformly as A — co. This is proved in Mourre’s paper [24]. Since the
9, , associated to H is the same as that associated to H,, we have the same
bound for H even though we have less regularity than Mourre. Now the proof is
identical.
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We have already used the Virial theorem for subsystems in the proof of
(1.9). In addition, we have, following Mourre [24]:

Proof of (i) and (ii) of Theorem 1.2, By (1.9) and the Virial theorem, if
H¢p = E¢ with E € A, we have that

(6.10) (0, Ko} < —al9,9).
Since K is compact, the set of ¢’s obeying (6.10) is a compact set. Such a set
cannot include an infinite orthonormal set so (i) and (ii) follow. a

7. The absence of singular continuous spectrum

In this section, we will prove conclusion (iii} of Theorem 1.2 (and thereby
complete the proof of Thm. 1.5). We emphasize that not only is the strategy of
this proof taken from Mourre’s paper [24], so is much of the tactics. We provide
the details in part for the reader’s convenience and, in part, because of some
small changes necessitated by our weaker hypotheses.

Since we have already proved (ii), A has only a discrete set, D, of
eigenvalues. We will prove for A € A~ D that

(7.1) sup H(|A| +1)_1(H—)\_i#)_l(|A| +1)_1H<°°
Q=]

with a bound uniform as A runs through compacts of A D. Given the conditions
we have for (1.9) to hold, we will have proved:

Tueorem 7.1. For Schridinger operators with hypothesis M, (7.1) holds for
any A which is neither a threshold nor an eigenvalue and it holds uniformly on
compact subsets of the allowed set of \.

Suppose that (1.9) holds for some set A. Then for any A’ C A:
(7.2) E,BE, = aE, + E,KE,.
since (1.9) can be multiplied by E,. on each side. Now let A, € A not be an
eigenvalue. Then as |A’| - 0 with A’ centered about A,, we have E,. —» 0
strongly. As a result | E, KE,.|| = 0, so by picking A’ small, | E,. K[l < a/2 so

that «E,. + E; KE, = }aE,. Now change the meaning of « by a factor of 2
and multiply by a function f{ H) supported in A’. We conclude that:

Lemma 7.2. For any A € A\D, we can find f € C°, f identically 1 near A
so that

(7.3) f(H)Bf(H) = af(H)".
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Henceforth, we fix f and s%ppose thaat 0<f=<landf=1lon{A—§;,A+
8] =1 Wewill let I = }\—Eﬂ,}\+§° .

We define D = (| 4] + 1)~Y, M?® = f(H)Bf(H) (this is non-negative by
(1.3)),

(7.4) Giz)= (H—ieM? —z) "
(we will prove this exists below when ¢ > 0, Im z > 0) and
(7.5) F.(z) = DG,(z)D.
Following Mourre [24], we will prove {7.1) by showing that for suitable £,
(7.6) sup I F(z)lf < oo,
Reze!l, 0=Imz=1
O=e<e,

and this will be accomplished by proving the differential inequality
k

(7.7) diﬁ < (I Ffl + e YHEIY? + 1)
and then integrating.

Even though there is still (to us at least) a somewhat magical aspect to
Mourre’s proof, we feel a word of explanation may make the consideration of
G,(z) and dG,/de a little less mysterious. Let us recall one mechanism for
exploiting positive commutators of bounded operators: Let us imagine, for a
moment, that i[H, A] = « with A bounded and a > O (this is not possible but

this argument is only heuristic}. Then

o (B~ A= ie) ol = (¢, (H ~ X% ie) "i[H, A (H — A = ie) "¢
=a, +a,,
where
a, = i{A¢,(H—Axie) o) —i((H— A= ie) o, Ad),
a,= 72e(¢,(H~ A\ Fie) "A(H— AT ie) o).

The @, term can be bounded by the square root of the quantity to be bounded
while the a, term can be bounded by the quantity to be bounded times
2 | e[il All. (This incidentally shows that i[ H, A] = a cannot hold for A bounded
and a > 0 since H would then have empty spectrum.) The point is that A need
not be bounded to control a,, only || A¢ | < oo is needed for that. The bad term
is a, and this comes from the fact that it is (H — A+ ie} Y[H,Al(H— A=
i)~ ! that occurs, not (H — A = ie) H{H, Al(H— A = ie) "L But it is a texrm
just like this that occurs in dG,/de! With this motivation, we begin the formal
proof. The next lemma uses mainly ideas of Mourre [24].
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Lemma 7.3. (a) For e = 0 and Im 2z > 0, (H — ieM? — z) is invertible and
Gz)is C'in e on (0, 0) and continuous on [0, o0).

(b) The following estimate holds for suitable ¢, > 0:
(78) L AH)G(z)oll < Ce™'72|(¢, G (2)9)|2
uniformly for all z with Rez € I and all ¢ with 0 < ¢ < ¢,

(c) For z, € with the properties listed in (b)
(7.9) IG(2)l < Ce " (1 — AH)G(2)ll <C.

(d) (7.9) remains true if the 3 — W operator norm is replaced by the norm
as operators from ¥ to K _,.

Proof. {a) Let z = p + i8. Then

I(H —~ ieM? — 2)¢112 = [[{H — ieM? — u)o1% + 82116112 + 28] Mg |2
This proves that H — ieM* — z is invertible from its automatically closed range
to D(H) so long as § > —2¢||M|[2 Since (H — ieM? — 2)* = H + ieM® — 2*
obeys an identical estimate, Ker(H — ieM?® — z) = {0}, so the range is all of H.
Since M” is bounded, H — ieM? — z is an analytic family of type (A) and thus
G (z} is, for z fixed, analytic in a neighborhood of ( — 48 {M || ~2, 00} from which
the required smoothness holds. For later purposes, we note that this analyticity
implies that
dG, .

(7.10) de iG.M*G,.

(b) It is in this step only that the basic estimate (7.3) enters. By (7.3)

[ FH)G(2)6l1> = (¢, G(2)*f(H )G (2)$)
=< (2ae) " (9,G(2)*(2eM*)G (2)¢)
< (ae) '[(¢.G.(2)0)|
which is (7.8). The last step uses
G(z)*(2eM?)G (2) = G (2)*(2eM? + 2Im 2)G,(2) = [ G,(2)* — G,(z)]

(¢) We begin by writing
(1= f(H))C(z) = (1 = f(H))Gy(z)[1 + ieM?C,(z)].
Since (1 — f{H)}Gy(z) is bounded for Rez € I (by 2/8, with §, given in the
definition of I), we conclude that
(7.11) 1L = fIH))G(2) = {1 + el G,(3)11)




N-BODY SCHRODINGER OPERATORS 557

since M is bounded. In particular, the first estimate in (7.9} implies the second.
To prove the first estimate, we write

1G(2) + 1= | AH)G(z) + (1 — AH)C2)l + 1
< Ce~ 172G (2)I1M? + Gl + el G (2)II) + 1
(by (7.8) and (7.11))
< 2Ce VG, (2)h + 1)+ S(IG {2} + 1),

so long as Cye =<} and C, + + < Ce™'/% Thus if £ <g, = min(3C,, CH G,
+ £)7?), we have that

IGA2)ll = 16C2% !
as required.
(d) Returning to the proof of (7.11) and noting that [I(H + i)(L —
fOHY)Go(2)Y is bounded, we see that

I(H + i)[1 — F(H)]G () = G(L + ell G (2)1),

which given (7.9) for K - ¥ norms implies the second estimate in (7.9) for
K — I, , norms. Since, f € G,

N(H + i) f(H)G(z)l = CIG(z)II,

so the first estimate holds for 3 - 3, , norms. 0O

The next pair of lemmas are the main estimates in this section which go
beyond Mourre's paper and are the key to our being able to use weakened
regularity hypotheses on [A, H].

Lemma 7.4. Let f € CF. Then [A, f(H)] is bounded as a map from ¥ _, to
(}C-hl‘

Proof. In the calculations below, we ignore domain questions resulting from
the fact that A is unbounded. To handle this, one can replace A by AR, as in
Section 6, use i| H, AR,] = R, BR, and obtain bounds on [AR,, f(H)) as maps
from ¥ _, to I, , uniform as A — oo.

Write, as forms on D(A) N D(H):

e THHA — Apith :[eitHAe—itH - A] ettt :[fre"SHBe_”Hdsle“H
0
and conclude by the hypothesis on B ((¢”'} in Thm. 1.2) that

II[A’Q“H]Hz,—l =ct

where || - ||, , is the norm as a map from ¥, to X, Since

g(H) = (2m)"7* [a(s)e " ds
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we conclude that for any g € G,
(7.12a) I[A, g(H)]], _, <o
Next, note that .
[A,(H+ i)' = —i(H+ i)' B(H + i)™
so that
(12b)  [A,(H+ 7], < oo [A 7|, < .
Now, any f{H)} with f € C;° can be written as

fH) = (H+i) "g(H)(H+i)™"
for g € G and

[, ()] =[A(H+ ) g(HYH+ )+ (H+ i)
X[A,g(H)|(H+ i) + (H+i) 'g(H)[A,(H+ )7

By (7.12b), the first and third terms take ¥ _, to I, . By (7.12a), the middle
term takes 3 to 3, | and then by iteration, we obtain the 3 _, to 3C, , result. O

Lemma 7.5. [A, M?] is bounded (as an operator on ).
Proof.
(4, M?] =[A, f(H)]BA(H) + f(H){ A, BLF(H) + f(H)B[ A, f(H)].

By hypothesis (d') of Theorem 1.2, the middle term is bounded. In the first term,
f(H) takes Jto IC,,, B takes ¥, , to ¥ _, and by Lemma 7.4, [ A, f{ H)] takes
H_, to I, O

Remark. [A, M?] can be shown to map 3 _, to I
Lemma 76, |G DIl = C(1 + V2| F,|I172),

+1-

Proof. Taking ¢ = Dn}g in (7.8), we find that ( f = f{H))

| FG. DIl < ce V2 FIIY/2
Since
(1= F)G, DI <cl{l — £)G,I

is bounded by (7.9), the result is proved. O
Lemma 7.7. The differential inequality (7.7} holds.
Proof. By (7.10)

dF
(—i) de = DGeMZGeD =Q Tt Q, +Q;
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where ( f = f(H)),
0, = —DG,(1 — }B(1 - £)C,D,
Q, = DG (1 — f)BfG.D — DG _fB(1 — f)G,D,
Q, = DG,BG,D.

Since B is bounded from ¥, to K _,, and (1 — £)G, is bounded from I to
K oo 19,1l < o0 and

(O, Il < cll{(H + i)fG.DIl < ¢’G,DIl = ¢”(1 + &~ 2| F, /%)

by Lemma 7.6.
To control Q;, we write

Q; =0, + 0Os,
Q, = DG,[H — ieM? — 2, AlG,D,
Q. = ieDG [M?, A]G,D.

Expanding the commutator in Q,, we get two similar terms, one of which has a
norm

(7.13) IDAG, DIl < (| DANIG,DI =< c(1 + & 2| F,I'/*)
by Lemma 7.6. Finally, by Lemma 7.5:
1051l < el GDIIT < ¢*(e/2 + IIE IV = c'(1 + I|Ef]).
Putting all these estimates together, we get (7.7). O

Conclusion of the proof of Theorem 7.2. As indicated, all we need to prove
is (7.6). By (7.9), we begin with the bound

IF(2)ll < Ce™ .
Putting this in the differential inequality, we find
. dF

so that integrating towards & = 0 from & = £, ([ F_(z)I! is bounded by (7.9)), we

< Ce ™}
de !
obtain

I F(¢)ll = Clne.

Putting this into (7.7) and again integrating, we find (7.6). 1

E. Mourre [25] kindly showed us the following method of improving (7.1) to
obtain:
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THEOREM 7.8 (MouRre [25]). Under the hypotheses of Theorem 1.2,
(7.14) sup [I(|A] + 1) (H~X—ig) '(A| + D)%l < o

A=p=1

for any fixed ¢ > §. (7.14) holds uniformly as A runs through compacts of A\ D.

Proof. We include here Mourre’s proof with his kind permission. Let
D, = (|A| + 1)"%¢|A| + 1)* ! and replace F, by

FE =DG.D,.
We claim that

(7.15) < Ce 71 + e VEE MV + IE])

!E
To prove this, we first note that the proof of Lemma 7.6 used no properties of D
so that

IG.D,ll = e(L + e /2 E|1/2),
Since '
dD,
'z

we conclude that

= (1= ) [A](L+[AD A +e|AN > =e 01 — o),

|

is bounded by the right side of (7.15).
We can estimate D, dG, /deD, as in Lemma 7.7. The only place that the
form of D entered was in (7.13) which gets replaced by

ID,AG, DIl < IDAING.D,Il < ce (1 + e 2 E ).

We have thus proved (7.15).
Given (7.13), suppose that we know that

IEN < Ce™

dp,
de

dD
£G.D. + DG
dE £EE £ E

with vy < 1. By (7.15),

E

de

JdF < Ce U701 + ¢ V2712

which upon integration yields

IF || < C(1 + e~ v/2"1/2+e),
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Since @ >3, this is an improvement and so after a finite number of steps
beginning with [|F|l < Ce™" (by (7.9)) we find ||F.| is bounded, so (7.14)
follows by taking ¢ = 0. O
8. Weighted L? estimates
Let L*(R") be the weighted L%-space:
L2 = £l + )" fe 12},

For two body Schrodinger operators within a general class of potentials, Agmon
(1] and Kuroda [19] showed that for any @ >

(8.1) sup I(H—Xx—iw) 'll, _, <o
Q=p=l ’
where ||-[l, ; is the norm as an operator from L. to L. A must avoid the

threshold zero and any eigenvalues. & > 1 is optimal in the sense that (8.1) fajls
for H= —Aif @ <} (but (8.1} can be “logarithmically” improved using Besov
spaces [2]). In this section we want to show how to obtain (8.1) for general
N-body Schradinger operators. We will also prove sufficient Hélder continuity to
ensure that boundary values exist. In Mourre’s original paper [24], he remarked
without proof that for the three body operator where he obtained (7.1}, (|A] +
1)~* could be replaced by (|x] + 1)~'. We found an interpolation argument
allowing improvement to « > % and then learmed of Mourre’s unpublished
improvement leading to (7.14) which allows & > ;. We will prove:

THeorEM 8.1. Let H be an N-body Schrodinger operator with potentials
obeying hypothesis M. Let & be the (closed) set of thresholds and eigenvalues
and fix & < a < 1. Then:

(a) sup I(H = X —ip) 'l _, < o0

0<p<l
for all X ¢ B, uniformly in compact subsets of R \ B.
(b) For such A, X',

ICH =X —ip) ™ = (H =N = i) Nl oo < GIA = N[ p— ]’

for any 6, 6 < 2(a — 4); for all 0 < p, ' <1, with C, uniform as \, X’ run
through a fixed compact subset of R\ 9.
(c) As maps from L% to L? |, the norm limit

(H—X—i0) "= lim(H— A —ig) "'
wll

la, —o

exists if A ¢ B and with this definition, (H — z)~ ! is Hilder continuous (as
maps of L2 to L. ) on {z|Imz>0orze€ R\ B).
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Remark. The value of 8 in (b) is presumably not optimal.
As a preliminary, we note that:
Lemma 82, For0 = a < 1:
(A]+ 1)7(H+ i) (a2 + 1) =],
is bounded.

Proof. We need anly prove the case @« = 1 and then use complex interpola-
tion. Thus, we need only bound

(px}H+i) x> +1)"*=5 +5,
where
S, =[p(H+ i) | [x(x2 + )77,
which is bounded, since D(H) = D(H,) and
S, = p[x, (H+ i) '|(x® + 1),
which is bounded since
plx,(H+ i)' = —2ip(H + i) 'p(H+ i)
is bounded for the same reason. tJ
Proof of Theorem 8.1. (a) Writing
(22 + )"¥H+i)"(H—2)"YH+ :')—1(x2 + 1)~
=LA+ D7H = 2) (A + )7,
and using Theorem 7.8 and Lemma 8.2, we see that
(H+i) "(H—2) " (H+i)™
is bounded from L2 to L% _ uniformly in z in the required sets. Since
(H—z) '=(H+i} '+ (z+i)(H+i)°
+(z+ i (H+ i) (H-2)H+i)

we have the required result,

{b) By interpolation and part (a), we need only consider the case a = 1.
Using the operator F(z) of Section 7, and the device used in part (a), we need
only prove

(8.2) 1Fy(z) — Fy(z')ll < C|z — 2"/
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for |z — z' small. Since F(z) is bounded, (7.7) implies that
(8.3) IF.(2) — Fy(z)ll < Ce'/?

uniformly in z in the required regions.
Now, for £ < g,

’d F(z)|= IIDGX(z)DIl
=1G.DI* =C(1+ e MIFI) = Ce™
by Lemma 7.6. Thus
(8.4) (F{z) — F(z')l = Ce™ 'z — 2.
With & =|z — z* [>/%, (8.3) and (8.4) yield (8.2).
(¢} follows from (b). O

Appendix: Expanding in subsystems: The combinatorial methods

In this appendix, we want to describe an expansion of the form (3.1) with
the ¢’s combinatorial coefficients. Related ideas have appeared in a paper of
Polyzou [26].

Definition. f(H(a)) (truncated f) is defined inductively in N — #(qa)
(#(a) = number of clusters in a) by:

(A.1) fH(a))= X f(H(b))
=

Thus f(H(ay)) = flH(ay)) (H(ay) = H,) and (A.1) determines fr( H(a))
given fr(H(b)) for all b Ca. Clearly, by induction:

Lemma AL
fr(H(a})y= Y d(b,a}f(H(b)) withd(a,a)=1.

vele]

Remark. The exact formula for d is irrelevant, but it can be obtained
combinatorially. In fact, if

= {A,}i_,andit b, = (Be bh|B CA,)},
then

IIE::-

d(b,a): d(bl,A )
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and
d(b.,A.):{l . if #(b,) =
T DT ) 1] it (D) =
Also clearly:
Lemma A2,
f(H(a)) = fy(H(a)) + E c(b,a)f(H(b))
where
c(b,a) = 3 d(bh, b").

Le]cve o]
The final aspect of the basic expansion requirements is contained in

TueoreM A.3. fr(H(a)) is a-compact.

Proof. By the same argument used in the proof of Lemma 3.2, it suffices to
consider the case where f(x) = (x — z) ! with Re z large in absclute value and
negative. By choosing Re z large in absolute value and negative, one can be sure
that the standard diagrammatic expansion ([31]) for (H(a) — z) ! converges for
all a. Define the cluster, a( D}, of a diagram, D, to be the partition obtained by
looking at the connected components of D. If the “value” of a diagram D is the
operator O( D), then clearly:

(H@) -z} '= 3 o(D),

a(DCa

so, by induction and definition of f;:

fr(H(a)) = 2 O(D).
. a{Dy=a
That each O( D) is a(D)-compact is the standard diagrammatic argument ([31]).
d

Remark. As in Section 3, one can show that f.( H(a))(H + 1) is a-compact.

This completes the proof of existence of an expansion of the form (3.1} with
the ¢’s numbers. We want to demonstrate its uniqueness. As a preliminary, we
pick for any b C a,aone parameter family UZ(#) of unitary translation operators
with the fol]ow:mg properties: U7 translates differences of centers of mass of
clusters of b (so it is bfibered) and only translates those intercluster c.m.’s for
distinct clusters in b which are subclusters of the same cluster of a, so U acts as



N-BODY SCHRODINGER OPERATORS 563

U¢ ® 1 under the decomposition 3¢ @ J(,. Finally, all such distinct clusters are
translated so that

(A.2) s —r]ilgVY(HO + 1)U () =0

forall y withy Ca,y ¢ b.
LEMMa A 4. Let b ga and let ¢ C a. Then

§ _tl_i'";Usf(t)_lf'r(H(C)]Ug(‘)

exists and equals f(H(c)) if ¢ C b and equals 0 if c Z b.

Proof. If ¢ C b, Ug(t) commutes with f(H{(c)) since U{ is bfibered. If
¢ C b, then by looking at diagrams and using (A.2), we obtain the required
s — lim result if f{x) = (x — z) ! with Re z large in absolute value and negative.

Using the standard argument of [39] (see Lemma 3.2) any f can be accommo-
dated. O

TueoreM A.5. Let K be a linear combination of fr(H(b))s with b Ca
Suppose that K is a-compact; then K = 0.

Proof. Write K = 3, _, f( H(b)). Since s — im U?(£) 'K U (¢) = 0 for any
¢ C a on account of the g“compactness, we have by Lemma A.4, that

2 fF(H(B)) =0

be
forany ¢ C a. By induction, ff(H(c)) = 0. O

This theorem implies that any expansion of the form (3.1) with K compact
and real number ¢’s musthave K (a) = f(H(a)}); (see also Polyzou [26], Thm. 1).
Added Notes

1. As far as the Virial theorem alone is concerned, an approach very close to
Mourre’s and our kinds of extensions was discovered independently by H.
Leinfelder in “On the Virial Theorem in Quantum Mechanics,” to appear in
Int. Eqn. and Op. Th.

2. E. Mourre and P. Perry have noted that H — ieM? is not as mysterious as
we indicated in Section 7. If we ignore the regularizing factor, we have
H + ¢[H, A] which is up to terms of order £ formally e™ “*A®*, the complex
dilated Hamiltonian. This links this method of Mourre to his earlier paper
Commun. Math Phys. 68 (1979), 91-94.
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3. The proof we gave of Theorem 6.1 in the preprint of this paper was more
involved than the one given here. Independently of us, T. Kato found the simple
proof we give here.
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