MAT137

(Section L0501, February 12, 2020)
o For today’s lecture: slides 11.5-11.8

o For next day’s lecture, watch videos 12.1-12.6 .

o Contents: Sequences.
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Recall: A sequence defined by recurrence

Consider the sequence R, defined by

Ry =1

Vn e N, Rn+1 =

Compute Ri, Ry, Rs.
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Is this proof correct?

Let R, be the sequence in the previous slide.
Claim: {R,}%2, — —1++3

o Let L= lim Rn. o L L2
Ro+2 o L(L+3)=L+2
® Roii= (
R, +3 0 1242l -2-0
® lim Ru:— lim gn+§ e L=-1+3
e nee it @ L must be positive, so L = —1 + /3
O

v
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A corrected proof

Consider the sequence R, defined by

Ry =1

Vn e N, Rn+1 =

@ Prove R, is bounded below by 0.
@ Prove R, is decreasing (use induction)
© Prove R, is convergent (use a theorem)

© Now the calculation in the previous slide is correct, and we can get
the value of the limit.

Sourav Sarkar MAT137 February 12, 2020 4/10



A famous sequence and da Vinci's painting

Consider the Fibonacci sequence (or Pingala sequence) F, defined by
Fo=1,FR=1
Vn22, Fn: n71+Fn72

©@ What are the first few terms of the Fibonacci sequence?
@ Define for all n € N

Fn+1
R, = —.
n Fn
© Assume lim,_, o, R, = L exists and L > 0.

Q Find L.

@ L is a famous ratio in mathematics!!
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Calculations

. nl + 2e"
© nllﬁnclo 3nl + 4en

2" + (2n)?
Q@ Iim 74_( n)
n—oo 20+l 4 p2
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Big Theorem: TRUE or FALSE

Let a, and b, be positive sequences.

QIFa,<<b, THENVmeN, a, < bn,
@ IF a, << b, THEN 3m &€ N s.t. a,, < b,

Q IF a, << b,
THEN dng e Nst. VmeN, m>ny = am < by

Q@ IFVYmeN, a,, < b,, THEN a, << b,
Q@ IFdme Nst. a,, < by, THEN a, << b,
Q IFdng e Ns.t. Vme N, m> ng = an < b, THEN a, << b,
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Composition law

Write a proof for the following Theorem

Let a, be a sequence. Let L € R.

a, — L
@ IFL™ )
f is continuous at L

® THEN {f(an)}>>, — f(L) .

@ Write the definition of your hypotheses and your conclusion.
@ Using the definition of your conclusion, figure out the structure of the proof.
© Do some rough work if necessary.

@ Write a formal proof.
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Composition law

Write a proof for the following Theorem

Let a, be a sequence. Let L € R.

a, — L
@ IFL™ )
f is continuous at L

® THEN {f(an)}>>, — f(L) .

Critique your proof!
@ Does your proof have the correct structure?

@ Did you introduce all your variables in the right order?
Did you introduce all your variables?

© Did you explain what you are doing?
@ Can the proof be fully understood without looking at your rough work?
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An application of the previous theorem
Prove that
\/2+\/2+\/2+...:2

@ Explicitly write the expression as the limit of a sequence {a,},en (Hint: try
to define by a recurrence)

@ Show that 0 < a, <2 for all n € N.
© Show that {a,}pen is increasing.
@ Conclude that a := lim,_,4, a, exists.

© Use that lim a, = lim a,.1 and that f(x) := /2 + x is continuous at a to
n—o0o

n—oo
solve for a.
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