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Kakeya sets K C F", F-finite field, |F| = g.

Def. K Kakeya if V direction x € F" Jdy € F" s.th. the line

Lyx={y+t-xteF} CK.
Thm. |K| > C,-q", C,:= C(n) (does not depend on g !).

Def. K is (9, v)-Kakeya set if 3 subset £ C F" s.th. |[£| >0 -q"

and V direction x € L3 y s.th. {y+t-x|te F}NK|>~v-q.



The size of (9,7) — K sets

Main Prop. K is (8,v)-Kakeya, d := |g-min{d,v}| —2 =

-1
K| > <d j; " 1 > = #ofmonomials € F[xy, - - , x,] of degree d.

Proof (next 4 pages). If otherwise:

K| < (dﬁle). n2lg- 5 homogenous g € F[xi,...,x,] \ {0},

deg(g) = d and Vx € K, g(x) =0.

K':={c-x|x € K,c € F} C {g(x) = 0}, since g(cx) = c9g(x).



Claim 1: Vy € £,g(y) = 0 <= L as on page 2, i.e.
VyeLl,FzeF " sth. {z+t-y[teF}NK|>~v-q>d+2.
Proof: = J a1, ,aq+1 € F\ {0}, sth. z+a; -y € K.

Put w; == a,-_1 -z+ysothat w; € K' = g(w;) =0.
Thenifz=0=g(y)=0and if z#0 = w; # w; for i #j
= univariate gy ,(t) := g(y + t - z) has d + 1 zeros (roots)

— gy-=0= g(y)=0.



The Beautiful Shwartz-Zippel Lemma:

feF[ X ] deg(f)=d>1= |{x e F"|f(x) =0} < d-qg"L.
Pf. Say n>2,d < q. Let g+ h:=f, g homogenous, deg(g) = d
and deg(h) < d; p € F"\ {0} s.th. g(p) # 0. Split F” into g" !
parallel lines {x + t - p|t € F} and denote £, , := f(x+t - p)

= deg(fip) < d, fxp # 0 (since coeff. of t7 is g(p) # 0).

= |{t € F|fep(t) = 0}| < d=|{x € F"|f(x) =0}| < d-q" L.



Claim 2: Ve > 0,|K| > C,.- ¢"“.
Claim 1: £ C {x € F"|g(x) = 0}. Since d = |g - min{d,v}] — 2
— d/q < plus |£]| > 0 -q" = ?! with the Beautiful S-Z.
= |K| > (?1"]1) as claimed. O
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Corollary of Main Proposition for § =~ = 1:

Kl = (13017) = 2@ + Onl@" ) = Goq"h

A product of Kakeya sets is also a Kakeya set =—|K|" > C,,q""~

= |K|> Gy q" V" = Ve>0, |K| > Coeq" "
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Proof of: |K| > C, - q". If otherwise =

3K, |K| < (9771 "2 3 p c F[ % ]\ {0}, deg(P) < q — 1,
s.th. Pl[x =0. Set P =: Z,(";ol P:, P; is homogenous, deg(P;) =i
— VycF"IbecF sth. P(b+ty) =0,V teTF.
P(b+ty)isof deg<gq—1int = P(b+ty)=0forallt

= coeff. of t971is 0 = P,_1(y) = 0.



Proof that |K| > C, - ¢" continued:

y € F" was arbitrary = P,_1 =0
= inductively, P4_»,...,P1 =0.
— P=Py=0i.e P =0, contradiction.

Conclusion:

n

+n—-1 1
K| > (q > = 4"+ On(q"



