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A manifold M is called path connected if any two points p,q € M
can be connected by a curve in M, i.e. if there exists a continuous
map v: [0,1] — M such that y(0) = p,v(1) = q.

Prove that a manifold M is connected if and only if it’s path
connected.
Let M, N1, N2 be manifolds (possibly with boundary). Let f =
(f1,f2): M — Ny x No where f;: M — N;. Prove that f is smooth
if and only if both f; and fy are smooth.
Let M = R?/ ~ where (x1,y1) ~ (22,%2) iff 21 — 29 and y; — y are
integers. Let m: R? — M be the canonical projection map.

Consider the following collection of local parameterizatioon
Yaped: (a,0) X (¢;d) — M given by Yuped = 7|(ap)x(c,aq) Where
a,bc,de R 0O<b—a<1,0<d—-—c<1.

Prove that this collection of maps gives M? a structure of a smooth
2-dimensional manifold and that M is diffeomorphic to St x S1.

Hint: In this problem as well as in problem (4) you can use the
following general observation (prove it first!) which immediately
follows from the Inverse Function Theorem:

Suppose U C R” is open and f: U — R" is smooth, 1-1 and the

matrix of partial derivatives [gg L (p)] is invertible for every p € U.

Then V = f(U) isopen in R" and f: U — V is a diffeomorphism.
Look at the surface of revolution M? in R3 obtained by rotating the
circle of radius 1 centered at (2,0) around the vertical axes.

(a) Verify that it’s given by the equation

(Va2 +y2 -2+ 22 =1
and that M is a smooth manifold.
(b) Prove that M is diffeomorphic to S' x S?.
Let f: M — N be a diffeomorphism between manifolds with bound-
ary.
Prove that f(OM) = ON and floy: OM — ON is a diffeomor-
phism.




