Definition 0.0.1. A smooth atlas on X is called mazximal if it is not con-
tained in any other atlas.

Two atlases A = {a: Vo = Ustaca, and A = {by: Vo — Uy baear
on X are compatible if their union is still an atlas.

A and A are said to define the same smooth structure on X if they are
compatible.

Example 0.0.2. Let M = R and let Ay, As be two atlases on M each
consisting of a single map A; = {¢1}, A2 = {¢2} where ¢;: R = R (i=1,2)
are given by v1(z) = x,19(x) = 23. These atlases are not compatible

because 1y ! o9y (x) = Yz is not smooth at 0.

Theorem 0.0.3. Let X be a set that admits a smooth structure.

(1) Any atlas A on X is contained in a unique mazimal atlas Amax
(2) Two atlases A and A’ are compatible iff their mazimal atlases Apmaz
and Al,.. are equal.

Therefore, two atlases define the same smooth structure iff their

mazximal atlases are equal.

Proof. (1) Let A on X. Let V C R” be open. We will say that a map
¥: V — X is compatible with A if AU+ is still an atlas, i.e. if the
following conditions hold

e : VU =14(V) is a bijection.

e The sets "1 (U,) and ¢ !(U) are open in R" for any a.

e The transition maps ¢! 01, and ;! ot are smooth.

Let A,qe be the union of all maps compatible with A. It’s ob-
vious that A C Anqe and that any atlas compatible with A is
contained in A,z

We claim that A,,.; is an atlas. To see this we need to verify
that for any two maps in Amnee ' V' — U" and ¢": V" — U" we
have

o W =4/ 1 (U") and W = ¢~} (U’) are open in R" (Exercise)

e The transition map ¢" ' o¢/': W' — W” is smooth. To see

this let p € U' NU”. Then p = ¢'(p') = ¢"(p") for some
p e W, p" € W"”. Then p € Ua for some .
Therefore near p' we can rewrite " ' o/ as ¢/ ' o) =
(¥ o gba) o (V5! 09'). Since both 9"~ ! o1, and Yzl o
are smooth where defined we conclude that 4" ' o1/ is smooth
near p’ as a composition of two smooth maps.

This proves that A,,.. is an atlas and hence it’s the unique maximal

atlas containing A.

(2) Homework.
O

Definition 0.0.4. Let U C R be open and let F: R™ — R¥ be a smooth

map. A point ¢ € RF is called a reqular value of F if for any point p on the
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level set {F = ¢} we have that the differential dF,: R" — R¥ is onto, or,
equivalently, if the matriz of the differential [Df,] = [gf; (p)] has rank k.

Remark 0.0.5. If ¢ is a regular value of F': U — R* where U is an open
subset of R™ and the level set {F = ¢} is non-empty then n > k.

Example 0.0.6. Let ¢ is a regular value of F: U — R* where U is an
open subset of R"HF .

Then M = {F = ¢} has a natural structure of a generalized manifold of
dimension n defined as follows.

Let p € M. Since c is a regular value the matrix of partial derivatives

[Dfp] = [gg’ (p)] has rank k. Therefore, we can find k linearly independent

columns in [D fp].

By possibly renumbering the coordinates in R”** we can assume that the
last k columns are linearly independent. let = = (z1,...,x,) be the first
n coordinates in R™* and let 4 = (y1,...,yx) be the last k coordinates.
Then the implicit function theorem say that there exists an open set W,
in R"** containing p such that W, N {F = ¢} is equal to the graph of a
smooth function y = y(z) mapping V — R* where V C R™ is open.

This defines a parameterization v,: V, = U, = W N {F = ¢} given by
x +— (x,y(x)). Note that the inverse map U, — V,, is given by ¢,(z,y) =
and is a restriction to U, of a smooth map defined on all of R™* by the
same formula (z,y) — x.

We claim that the collection {1, },en defines a smooth atlas on M. (note
that this atlas is never countable if M # ().

To see this we need to check that for any p,q € M the sets wp_l(Uq) and
Yy 1(U,) are open (Exercise) and the transition maps w;l o1 and ¢, Lo,
are smooth where defined. To see the latter recall that ), and v, are
smooth and I and (U I are just restrictions of the coordinate projection

maps R"* — R” which are smooth as well. Therefore the compositions
wq_l o1, and d)p_l 0 1)4 are smooth too.

One can also show that M is Hausdorfl and admits a countable atlas
(Homework).



