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Solutions to selected problems from homework 5

Recall that given a smooth manifold with boundary M™ we call a
set S C M a submanifold (with boundary) of M of dimension k
if for every p € S there exist an open set U containing p and a
diffeomorphism x: U — V where V is an open set in H" such that
z(UNS) =V nHF for some H* c H".

Let M = H? = {(z,y) € R? : y > 0} and let S = {(z,y) €
R? : y = 22}. Prove that S is not a submanifold in H? but it is a
submanifold in R2.

Let M be a manifold with boundary and let N be a manifold without
boundary. Let f: M — N be smooth and let ¢ € N be a regular
value for both f and fl|gas.

Prove that S = f~!(c) is a smooth submanifold with boundary in
M and 0S8 C OM.

Solution

By the corresponding result for manifolds without boundary we
already know that S Nint(M) is a k-dimensional submanifold on
int(M) without boundary. Thus, we only need to analyze the what
S looks like near p € SNOM.

First observe the following. Let f: R¥ — R™ be smooth. Let
z=(z1,...2),y = (y1,...,ym) be standard coordinates on R¥ and
R™ respectively. Let n =k +m

Let T be the graph of f over the half-space x1 > 0. Le. let T =
{(z, f(x)) : ©1 > 0}. Then T is a smooth k-dimensional submanifold
in the half-space R} = {(z,y) € R" : 23, > 0}. Indeed, the map
F: R"™ — R™ given by F(z,y) = (x,y — f(z)) is a diffeomorphism
(with inverse (z,y) — (z,y + f(z)) and F(T') = {(z,0);z1 > 0.

We will show that S has the above form locally near p € SNIM.
By considering appropriate local coordinates near p we can assume
that M =R} = {zx € R";21 >0} ,p=0and N =R™.

Since c is a regular value of f we have that df, has maximal rank,
i.e. the n x m matix

dfy) = (52 )

has rank m. Therefore it has m linearly independent columns of (p), ...

ox;
Since c is a regular value for f|gy; we know that in fact the Slame
holds true for the function f(0,zs,...,x,) i.e. we can assume that
none of the indices ji,...,Jm are equal to 1. Thus, after possibly
relabelling coordinates from 2 to n we can assume that the last m
columns in [df], are linearly independent. By the inverse function
theorem that means that near p the level set {f = ¢} has the form
1

of

’ 8:E]"m

(p).



{(z1,...,xp, h(x1,...,2)} : © — 1 > 0} for some smooth h which is
a submanifold by the observation above.
Let U,V C H™ be open sets containing p = 0 and let f: U — V
be a diffeomorphism such that f(p) = p. Let v = (v1,...,vy,) be a
vector in R™ with v, > 0.

Let dfy(v) = w = (wy,...,wy).

Prove that w,, > 0.

Solution

Let v(t) = tv. Then by the chain rule, df,(v) = (f o v)'(0).
Since f(0) = 0 and f(y(t)) € H™ for any t > 0 we must have that
(f ov)'(0) € H™. Therefore w, > 0. To see that this inequality
must be strict recall that it was proved in class that f|opgn» is a
diffeomorphism from O0H™ N U to 0H™ NV which implies that df,
gives an isomorphism of R"~1 x {0} to itself and the same is true for
its inverse. Therefore df, can not sent vectors from R™\(R"~! x {0})
to R"~! x {0} and hence we can not have w,, = 0.



