(1) Let V = R* with the standard basis ej,...,eq. Let w = eb34,
Express w as a linear combination of {¢’} I—=(i1,i2,i3) - the canonical
basis of all 3-tensors o R*. Recall that for I = (i1,iz,i3) ¢! =
el ®e? @ e,

(2) Prove that HDR(R2) = 0.

Hint: Let w = a(x y)da; + b(z, y)dy be a closed 1-form on R2.
Consider f(z,y) fo a(s,0) ds+f0 x,t)dt.

(3) A Riemannian metric on a manifold M™ is a smooth section (-, -) of
the bundle of 2-tensors on M such that for any p € M, (-, -),: T,M x
T,M — R is an inner product on T, M.

(a) Prove that any smooth manifold admits a Riemannian metric.

(b) Two vector bundles By — M , By = M are called isomorphic
if there exists a diffeomorphism F': Fy; — FEj such that the
following diagram commutes

Ey Ey
M

and F: m;'(x) — 7, '(z) is a linear isomorphism for every
zeM.

Prove that for any smooth manifold M it holds that T'M is
isomorphic to T% M.

Hint: use part a).




