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2. Note that Hhp(R?) = Z,ende. Therefore, it suffices to show that any closed 1-form w € kerd
is exact.
Suppose that w = adz + Bdy is closed, where a, 3 € C®(R?).
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Let f = / a(s,0)ds +/ B(z,t)dt. We show that df = w. Indeed,
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= adzx + Bdy = w.

df =

14-6(a) Because (z,y,z) = F(p,0, ) = (psinpcosb, psin psinb, pcos ), we have

F*(dx) = sin g cosOdp + p cos ¢ cos Ody — psin ¢ sin Od
F*(dy) = sin psinfdp + p cos psinfdp + psin ¢ cos 6db
F*(dz) = cos pdp — psin pdep.

Therefore, F*(w) = F*(zdy A dz + ydz A dz + zdx A dy) = p®sin odp A df.

14-6(b) From above, in spherical coordinates, dw = 3p® sin ¢dp A dp A db.
Note that dw = 3dz A dy A dz. Then

F;
F*(dw) = 3F*(dx A dy N\ dz) = 3det (gy) dp A\ dp N df
x

= 3p? sindp A dyp A df.

14-6(c) In the coordinate chart (¢, 6) on S?, 1*(w) = sin pdp A df.
14-6(d) From above, on S$? — {N = (0,0,1),S = (0,0, —1)}, because sinp # 0, we have that +*(w) is
nonzero.

To see that ¢*(w) is non-vanishing on the entire sphere, we need to check at N,S. Let e; =
(1,0,0),e2 = (0,1,0) € Tn(S?) € Tn(R?) (vesp. Ts(5?)).



At N = (0,0, 1),
U(w)(er, e2) = w(di(er), du(e2)) = dz A dy(er, e2) =1 # 0.

Similarly, at S = (0,0, —1),
f(w)(er,ea) = —1#0.

Therefore, we conclude that ¢*(w) is a non-vanishing form on S2.



