
MAT 1300F Topology I
Assignment 8 Solutions

Nov. 24, 2015

2. Note that H1
DR(R2) =

ker d ∩ Ω1

imd ∩ Ω1
. Therefore, it suffices to show that any closed 1-form ω ∈ ker d

is exact.

Suppose that ω = αdx+ βdy is closed, where α, β ∈ C∞(R2).

Then

dω =

(
∂β

∂x
− ∂α

∂y

)
dx ∧ dy = 0⇒ ∂β

∂x
− ∂α

∂y
= 0.

Let f =

∫ x

0
α(s, 0)ds+

∫ y

0
β(x, t)dt. We show that df = ω. Indeed,

df =
∂f

∂x
dx+

∂f

∂y
dy

=
∂

∂x

(∫ x

0
α(s, 0)ds+

∫ y

0
β(x, t)dt

)
dx+

∂

∂y

(∫ y

0
β(x, t)dt

)
dy

=

(
α(x, 0) +

∫ y

0

∂β

∂x
dt

)
dx+ β(x, y)dy

=

(
α(x, 0) +

∫ y

0

∂α

∂y
dt

)
dx+ β(x, y)dy

= αdx+ βdy = ω.

14-6(a) Because (x, y, z) = F (ρ, θ, ϕ) = (ρ sinϕ cos θ, ρ sinϕ sin θ, ρ cosϕ), we have

F ∗(dx) = sinϕ cos θdρ+ ρ cosϕ cos θdϕ− ρ sinϕ sin θdθ

F ∗(dy) = sinϕ sin θdρ+ ρ cosϕ sin θdϕ+ ρ sinϕ cos θdθ

F ∗(dz) = cosϕdρ− ρ sinϕdϕ.

Therefore, F ∗(ω) = F ∗(xdy ∧ dz + ydz ∧ dx+ zdx ∧ dy) = ρ3 sinϕdϕ ∧ dθ.

14-6(b) From above, in spherical coordinates, dω = 3ρ2 sinϕdρ ∧ dϕ ∧ dθ.
Note that dω = 3dx ∧ dy ∧ dz. Then

F ∗(dω) = 3F ∗(dx ∧ dy ∧ dz) = 3 det

(
∂Fi

∂xj

)
dρ ∧ dϕ ∧ dθ

= 3ρ2 sinϕdρ ∧ dϕ ∧ dθ.

14-6(c) In the coordinate chart (ϕ, θ) on S2, ι∗(ω) = sinϕdϕ ∧ dθ.

14-6(d) From above, on S2 − {N = (0, 0, 1), S = (0, 0,−1)}, because sinϕ 6= 0, we have that ι∗(ω) is
nonzero.

To see that ι∗(ω) is non-vanishing on the entire sphere, we need to check at N,S. Let e1 =
(1, 0, 0), e2 = (0, 1, 0) ∈ TN (S2) ⊂ TN (R3) (resp. TS(S2)).



At N = (0, 0, 1),

ι∗(ω)(e1, e2) = ω(dι(e1), dι(e2)) = dx ∧ dy(e1, e2) = 1 6= 0.

Similarly, at S = (0, 0,−1),
ι∗(ω)(e1, e2) = −1 6= 0.

Therefore, we conclude that ι∗(ω) is a non-vanishing form on S2.


