MAT 257Y Practice Term Test 3

(1) Let A be a Jordan measurable set.
prove that for any ¢ > 0 there exists a compact
Jordan measurable set C' C U such that f A\ 1 <e

Hint: Consider the lower Riemann sum for [ 4L
Solution

Let P be a partition such that [,1— L(f, P) <e.
Then

L(f,P) = ZQEP molvol(Q) = ZQGP,QCA Lvol(Q) =
fC 1 where C' = UQGP,QCAQ-

This means that fAl — fol = fA\Ol < €.

(2) Let ¢; be a partition of unity on an open set U. let

K C U be a compact set.

Prove that all but finitely many ¢; vanish on K.

Solution

By definition of a partition of unity, for every point
p € K there exists ¢, > 0 such that all but finitely
many ¢; vanish on B(p, €p).

We have that Uyex B(p,€,) O K. By compactness
of K we can choose a finite cover of K by the balls
B(pi, €;) and the result follows.

(3) Let ¢: [0,1] — (R™)" be continuous. Suppose that
ci(t),...,c"(t) is a basis of R" for any t.

Prove that (c}(0),...,c"(0)) and (c*(1),...,c*(1))

have the same orientation.

Solution

Let f(t) = det[c!(t),...,c"(t)]. Then f(t) is con-
tinuous and never zero. therefore f(¢) > 0 for all ¢ or
f(t) <0 for all ¢ by the intermediate value theorem.
In either case f(1)/f(0) > 0. Let A be the transition
matrix from (c'(0),...,c"(0)) to (c!(1),...,c"(1)).
then A = [c1(0),...,c*(0)] ' (1),...,c*(1)]. hence
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det(A) = f(1)/f(0) > 0 which means that (c'(0), ..., c"(0))
and (ct(1),...,c¢"(1)) have the same orientation.
(4) Let C be the triangle in R? with vertices (0,0), (1,2), (=1, 3)

Compute [,z +y.
Hint: use a linear change of variables.

Solution

Let’s make a change of variable
x| |1 =1 |u
yl |2 3 v

1

orr = u—v,y = 2u+3v. we have that det [2 _3

5. Therefore [, z+y = [, 5((u—v)+(2u+3v)) where
U= {(u,v)|u>0,v>0,ut+v < 1}. Therefore using

Fubini’s theorem we compute

1

/U5((u — ) + (2u+30)) = /01 /Ol_u 5(3u -+ 20)dudu —
= 5/01(3uv + 02§ du = 5/013u(1 —u) + (1 — u)’du =

1
= 5/ —2u? + u+ 1du = 5(—2/3u’ + u?/2 + u)|j = 25/6
0

(5) Let T € T%(V).

Prove that Alt(T) = 0 if and only if 7" is symmetric.

Is the same true if T € T3(V)?
Solution

If T € T%V) then by definition Alt(T)(u,v) =
5(T(u,v)=T(v,u)). Thus Alt(T) = 0 mean T'(u, v) =
T(v,u) for any u,v € V, i.e. T is symmetric.

The same is false if £ > 2. For example T' = e] ®
es Qe+ 2e5Qe] ez +e;®e; @e] 1s not symmetric.
However, Alt(T) = (ej Aes Ael—2ei Aeb Aeh+ el A
es Nes) =0.



3

(6) Let T C T*(V). Let T;; be coordinates of T" with
respect to basis eq,...,e, and Tl-j be coordinates of
T with respect to basis €1, ..., €,. Let A be the tran-
sition matrix from e to e.
Prove that [T] = A'[T]A.
Solution
We have € = e+ A so that & =}, e;A;;. Therefore
Tij =T(6i,¢5) = T(Q g enAri, Dy e1Ais) = Dy AT (ex, €1) Ay =
Zk,l AT Ay = (ATA);
(7) Let f: R" — R" be a C* diffeomorphism. Let w =
dx' A ... Adz". Suppose ffw = w.
Prove that volU = volf(U) for any bounded open
set U.
Solution
by a theorem from class f*w = det[df]w. this
means that det[df] = 1 and the statement follows
by the change of variables theorem.
(8) Let f: R*> — R3begiven by f(x,y) = (z*+cos(zy), e*™, xy?).
let w = e™dx A dz + 2xdy A dz — sin(zy)dy A dz
Compute f*w.
Solution
frw = el reos)©) g2 4 cos(zy)) A d(zy?) +
2(z% + cos(zy)) — sin((z? + cos(zy))e*™)|d(e*¥) A
d(zy?) = @ Teos@)(€) (25 —y sin(zy) ) dz—z sin(zy ) dy) A
(y2da+2xydy)+[2(2*+cos(zy) ) —sin((z? +cos(zy) ) )] (2ye**Y da+
2xedy) A (y2dx + 2xydy) = el teos@(E™) (94 —
ysin(zy))2zy+x sin(xy)y?)dr Ady+[2(x*+cos(zy) ) —
sin((z? + cos(zy))e*™)|[2ye**2zy — 2we**y?|dx A dy



