MAT 257Y Solutions to Term Test 3

(1) (15 pts) Give the following definitions

(a) A k-tensor on a vector space V.

(b) Cross product on R".

(c) A partition of unity on on open set U subordinate to an open cover U,,.

Solution
k times
(a) A k-tensor on a vector space V isamap T: V x ... x V — R which is linear
in every variable, i.e
T(vi,... 01,00 + 00! Vi1, .. v8) = aT (V1,00 V1,V Vi1, o, V) +
bT'(v1, ... V1,0, Vg1, ..., v) forany i =1,... k.
(b) Cross product on R". For vq,...v, 1 € R" we define v; X ... X v,, as the unique
U1
vector v € R" such that (v, w) = det v' | for any w € R".
n—1
w

(c¢) A partition of unity on an open set U subordinate to an open cover U, is a
sequence of functions ¢;: R"™ — R with the following properties
(1) ¢; is C* for any .
(i) For any i there exists « such that supp(¢;) C U,
(iii) ¢; > 0 for any 1.
(iv) for any p € U there exists € > 0 such that B(p,€) intersects only finitely
many supp(¢;).
(v) Doy pi=1onU.
(2) (10 pts) Let U C R" be open. Let f,g: U — R be continuous and |f| < g. Suppose
f;fct g exists.
Prove that er.xt f also exists.
Solution

Let ¢; be a partition of unity on U. Then by definition of extended integral,
21 Jurlgléi < o0

Therefore
Sy Syl floi <3020 [ 19l < oo and hence f;xtf exists by the definition.

(3) (15 pts) Let eq, e9, €3, e4 be a basis of a 4-dimensional space V.
Let w = Alt(e] ® e + €5 ® e}) and n = 25 + €5.
Find w A n(es, e3, e4).



Solution

We have w = & (ej Aes+e5Ae}). Hence wAn = (ef Aes+esAel) A(2e5+e5) =
(61 A62A262+€1/\62Ae3+€3/\€4/\2€2+63/\€4/\63) — % >{/\62/\63—|—€3/\64/\62
e; Ney Nes+ey ANes Ney.
Therefore wAn(es, €3, e4) = seiAesA€s(ea, €3, €4)+esNEsNE] (€2, €3, €4) = 0+1 = 1.
(4) (15 pts) Let U = {(x,y) € R?* such that 0 < 2*+¢y*/4 <1,y >0, —y/2 < x < y/2.

Compute fU Y.

Hint: use the appropriate change of variables.

DO [ =D | =

Solution
First we make the change of variables y = 2v,x = u, i.e. f(u,v) = u,2v. Then
det[df] = 2 and hence by the change of variables formula [,y = [,2-2v = [, 4v
where V' = {(u,v) € R?| such that 0 < v®* +v? < 1,y > 0, —v < u < v}. making
another change of coordinates u = r cos@,v = rsinf or g(r,0) = (rcosf,rsinf) we
see that det[dg] = r and [, 4v = [, 4r-rsinf = [ 4r?sind
where W = {0 <r < 1,7/4 < 0 < 3r/4}. By Fubini’s theorem we compute
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/4 /4
(5) (15 pts) Let vy, ... v, 1 be vectors in R™.
Show that v; X v9 X ... X v,_1 =0 if vy,...v,_1 are linearly dependent.
Solution
Let v =v; X v X ... X v,_1. By definition,

U1
(v, w) = det "'1 =0
w
because the rows of this matrix are linearly dependent.
Thus (v, w) = 0 for any w € R". In particular for w = v we get 0 = (v,v) = |v|?
which means that v = 0.
(6) (15 pts) Let e, e be a basis of a vector space V of dimension 2. Let T € T2(V)
be given by e} ® e] + €5 ® e5.
Prove that T can not be written as S ® U with S,U € TY(V).
Solution
Suppose €] @ e] +e5 @ e; =S5 @ U for some S = aej + bes, U = ce] + dej. Then
S@U = (ae; + bes) @ (cej + des) = acel @ e} + bees ® ef + adel @ e} + bdes ® e =
e] ® el + e5 @ e;. This means that ac = 1,bc = 0,ad = 0,bd = 1. It’s easy to see
that this system has no solutions. for example, abed = (be)(ad) = 0-0 = 0 and on
the other hand, abcd = (ac)(bd) = 1-1 = 1. This is a contradiction.



(7) (15 pts) Let w =€ mdm - @dy be a 1-form on R?\{0}.
let f: R* — R*\{0} be given by (u,v) = (cos(2u + v), sin(2u + v)).
Compute f*(dw).
Solution
First recall that f*(dw) = df*(w). We compute f*(w) = eldcos(2u + v) +
cos(r/2) dsin(2u + v) = edsin(2u + v). therefore, f*(dw) = df*(w) =

1+€cos2(2u+v) sin(2u+v)

d(edsin(2u + v)) = e(d o d) sin(2u + v) = 0




