
(1) let T be a k-tensor on V . Prove that T is alternating if and only if
T (v1, . . . vk) = 0 for any v1, . . . vk such that vi = vj for some i 6= j.

(2) let σ ∈ Sk+l be the following permutation(
1 . . . k k + 1 . . . k + l

l + 1 . . . l + k 1 . . . l

)
Prove that sign(σ) = (−1)kl.

(3) Let e1, . . . en be a basis of a vector space V .
Let T = (e∗1 + e∗3)⊗ e∗1 and S = (e∗1 + e∗2)⊗ e∗2.
Compute T ⊗ S and Alt(T ⊗ S).

(4) Let e1, . . . , en be a basis of a vector space V .
Let η, θ ∈ Ak(V ). prove that η = θ iff η(ei1 , . . . , eik) = θ(ei1 , . . . , eik)

for any 1 ≤ i1 < i2 < . . . < ik.
(5) Let I = (i1 < i2 < . . . < ik) and J = (j1 < j2 < . . . < jk) where

1 ≤ il, js ≤ n. Prove that

e∗i1 ∧ e
∗
i2 ∧ . . . ∧ e

∗
ik

(eJ) = δIJ

(6) Prove that det(AB) = det(A) · det(B) for any n× n matrices A,B.
Hint : Fix B and consider f(A) = det(AB).
Use that dim Λn(Rn) = 1.

(7) Let x, y, z ∈ R5. Let

F (x, y, z) = 2x2y2z1 + x1y5z4, G(x, y) = x1y3 + x3y1, h(w) = w1 − 2w3

(a) Write Alt(F ) and Alt(G) in terms of elementary alternating
tensors.

(b) Write Alt(F ) ∧ h in terms of elementary alternating tensors.
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