PROBLEMS
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same form for a particular solution. For example, if g(¢) = tsinz + 2 co
for Y () would be ST, the fo

Y(t) = (Agt + A,)sint + (Byt + B,) cost,

provided that sin 7 and cos ¢ are not solutions of the homogeneous equation.

In each of Problems 1 through 12 find the general solution of the given differential equatio,

" _ / =l 2
;- ¥ 2y,—3y—3e’ . 2. y"4+2y +5y =3sin2¢
n B 2y — 3’2y3t= —3te 4. y"+2y =3+4sin2s
5. y”+9y=te +26 6. YV +2y +y=2e"
’ .

7. 25 +3éy +y=t +3s1n2t " 8. y' 4y =3sin2¢ +tcos 2t

9. u" + wou = cos o, o’ # w; 10. " + wfu = cos w,t
11. y +y +4y =2sinht  Hint: sinht = (¢ —e™")/2
12. y" —y"—2y =cosh2t  Hint: cosht = (e' +¢7")/2

In each of Problems 13 through 18 find the solution of the given initial value problem.

13. y'+y' =2y=2t, y0)=0, y(©) =1

14. y'+4y=r"+3¢,  y0)=0, y(©0) =2

I5. Y'=2y'+y=te'+4,  yO) =1, YO =1

16. y" —2y —3y = 3te¥, y0) =1, y(©0) =0

17. y" +4y = 3sin2t, y(0) =2, y(0) =-1

18. y" 42y +5y =4e ' cos2t, y0) =1, y(©0)=0

In each of Problems 19 through 26:
l(Ia;)edDetermine a suitable form for Y (¢) if the method of undetermined coefficients is 0
(b) Use a computer algebra system to find a particular solution of the given equation.

19. y" 43y =2t* + 1% +sin3t » 20. y'+y=1t(1+sins)

21. y" =5y +6y =e' cos2t + e (3t + 4) sint

22. y"+2y' +2y=3e"" +2¢ " cost +4e't*sint

23. ¥ —4y +4y =22 + 4te* + tsin2t

24. y"+4y =1*sin2t + (6t + 7) cos 2t

25. y"+3y +2y = e'(t* 4+ 1)sin2t + 3¢~ cost + de'

26. y"+2y +5y =3te cos2t — 2te ¥ cost

27. Determine the general solution of

N
Yy + A%y = Zam sinmrnt,
m=1
where A > Oand A # mm form=1,..., N.
28. In many p!lysical problems the nonhomogeneous term may be specified by different !
mulas in different time periods. As an example, determine the solution y = ¢ (f) of

Z 0<t=m,

;3
t >m,

4 =0
Y +y—[ T b

satisfying the initial conditions y(0) = 0 and y’(0) = 1. Assume that y and y’ are @
continuous at = 7. Plot the nonhomogeneous term and the solution as functions of ti
Hint: First solve the initial value problem for ¢ < ; then solve for ¢ > 7, determining!
constants in the latter solution from the continuity conditions at r = 7.

.~ p 29. Follow the instructions in Problem 28 to solve the differential equation

e LR f g 0<t<nr/2,
y +2y+5y‘l 0, £ w2

with the initial conditions y(0) = 0 and y'(0) = 0.

Behavior of Solutions as # = . In Problems 30 and 31 we continue the discussion started
with Problems 38 through 40 of Section 3.5. Consider the differential equation

ay” + by +cy =g, (i)
where a, b, and ¢ are positive.

30. If Y, (¢) and Y, () are solutions of Eq. (i), show that Y, (¢) — Y, (1) — 0ast — oo. Is this

result true if b = 0?
31. If g(r) = d, aconstant, show that every solution of Eq. (i) approaches d/c ast — oo. What

happens if ¢ = 0? What if b = 0 also?
32. In this problem we indicate an alternate procedure7 for solving the differential equation

y' + by +cy=(D*+bD+c)y=g), (1)

where b and ¢ are constants, and D denotes differentiation with respect to ¢. Let r; and r,
be the zeros of the characteristic polynomial of the corresponding homogeneous equation.
These roots may be real and different, real and equal, or conjugate complex numbers.

(a) Verify that Eq. (i) can be written in the factored form

(D —r)(D—r,)y=g(@),
where | +r, = —b and r\r, = c.
(b) Letu = (D —r,)y. Then show that the solution of Eq (i) can be found by solving the
following two first order equations:

(D —r)u=2g),

In each of Problems 33 through 36 use the method of Problem 32 to solve the given differential

equation.

33. y’ —3y —4y =3e* (see Example 1)

34. 2y” +3y +y=1>+3sint (seeProblem?7)
35. y'+2y +y=2e" (seeProblem 6)

36. y" +2y =3+4sin2t (see Problem 4)

(D —ry)y =u(l).

iation of Parameters

In this section we describe another method of finding a particular solution of a non-
homogeneous equation. This method, known as variation of parameters, is due to
Lagrange and complements the method of undetermined coefficients rather well. The
main advantage of variation of parameters is that it is a general method; in principle at
least, it can be applied to any equation, and it requires no detailed assumptions about

’R. S. Luthar, “Another Approach to a Standard Differential Equation,” Two Year College Mathematics Journal 1 0
(1979), pp. 200—201; also see D. C. Sandell and F. M. Stein, “Factorization of Operators of Second Order Linear
Homogeneous Ordinzry Differential Equations,” Two Year College Mathematics Journal 8 (1977), pp. 132-141,
for a more general discussion of factoring operators.
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Chapter 3. Second Order Linear Equqg

EXAMPLE

1

the form of the solution. In fact, later in this section we use this method tq derive
formula for a particular solution of an arbitrary second order linear nonhomogepe
differential equation. On the other hand, the method of variation of parameters ”
tually requires that we evaluate certain integrals involving the nonhomogeneoyg
in the differential equation, and this may present difficulties. Before looking at
method in the general case, we illustrate its use in an example. "

Find a particular solution of
y" +4y =3csct.

Observe that this problem does not fall within the scope of the method of
determined coefficients because the nonhomogeneous term g() = 3 csc involve
quotient (rather than a sum or a product) of sin ¢ or cos ¢. Therefore, we need a differ
approach. Observe also that the homogeneous equation corresponding to Eq. (1) is

y'+4y =0,
and that the general solution of Eq. (2) is
y.(t) = ¢, cos 2t + ¢, sin2t.

The basic idea in the method of variation of parameters is to replace the constants
and ¢, in Eq. (3) by functions u (¢) and u,(t), respectively, and then to determine the
functions so that the resulting expression

Yy = u,(t)cos 2t + u,(t) sin 2t

is a solution of the nonhomogeneous equation (1).

To determine u, and u, we need to substitute for y from Eq. (4) in Eq. (1). Howes
even without carrying out this substitution, we can anticipate that the result will b
single equation involving some combination of u,, u,, and their first two derivati
Since there is only one equation and two unknown functions, we can expect that th
are many possible choices of u, and u, that will meet our needs. Alternatively,
may be able to impose a second condition of our own choosing, thereby obtainingt
equations for the two unknown functions u, and u,. We will soon show (follow
Lagrange) that it is possible to choose this second condition in a way that makes
computation markedly more efficient.

Returning now to Eq. (4), we differentiate it and rearrange the terms, thel '
obtaining '

y' = —2u, (1) sin 2t + 2u,(t) cos 2t + u'y(t) cos 2¢ + u(t) sin 2t.

Keeping in mind the possibility of choosing a second condition on u, and u,, let
require the last two terms on the right side of Eq. (5) to be zero; that is, we require

u} (t) cos 2t + uy(¢) sin 2t = 0.
It then follows from Eq. (5) that

y' =.=2u,(t) sin2t 2u,(t) cos 2t.

»n of Parameters

181

Although the ultimate effect of the condition (6) is not yet clear, at the very least it has
simplified the expression for y'. Further, by differentiating Eq. (7), we obtain

y" = —du, (t) cos 2t — 4u,(t) sin2¢ — 2u) (t) sin 2t + 2u5 (1) cos 2t. (8)

Then, substituting for y and y” in Eq. (1) from Egs. (4) and (8), respectively, we find
that u, and u, must satisfy

—2u (1) sin 21 + 2u)(t) cos 2t = 3csct. 9)

Summarizing our results to this point, we want to choose u, and u, so as to satisfy
Egs. (6) and (9). These equations can be viewed as a pair of linear algebraic equations
for the two unknown quantities ' () and u5(1). Equations (6) and (9) can be solved in
various ways. For example, solving Eq. (6) for u5(r), we have

cos 2t
S() = —u(t . 10
uz( ) u]( )sinZI (10)
Then, substituting for u5(¢) in Eq. (9) and simplifying, we obtain
3 t sin 2t
W (1) = — TR 3cost, (11)

2

Further, putting this expression for u/ (¢) back in Eq. (10) and using the double angle
formulas, we find that
3costcos2t  3(1—2sin’f) 3
w(F) = COS. o = ( 'sm ) = Zcsct — 3sint.
sin 2t 2sint 2
Having obtained u(#) and u)(¢), the next step is to integrate so as to obtain u (1)
and u, (). The result is

(12)

u,(t) = =3sint + ¢, (13)
and
uy(t) = %ln|csct—cott|+3cost+c2. (14)
Finally, on substituting these expressions in Eq. (4), we have
y = —3sint cos2t + %lnlcsct — cott|sin2t + 3 cost sin 2t
+c,cos82t +c, sin 2t,
or
y = 3sint + %ln |csct — cott|sin2t 4 ¢, cos 2t + ¢, sin 2t. (15)

~ The terms in Eq. (15) involving the arbitrary constants ¢, and c, are the general solution

of the corresponding homogeneous equation, while the remaining terms are a particular
solution of the nonhomogeneous equation (1). Therefore Eq. (15) is the general solution
of Eq. (1).

In the preceding example the method of variation of parameters worked weil in
determining a particular solution, and hence the general solution, of Eq. (1). The next
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question is whether this method can be applied effectively to an arbitrary equag,

By solving the system (21), (25) we obtain
Therefore we consider

_ »n0g® Y108 ()
W(y,y) (@) WLy @’
. where W(y,,y,) is the Wronskian of y, and y,. Note that division by W is permissible
since y, and y, are a fundamental set of solutions, and therefore their Wronskian is
~ nonzero. By integrating Egs. (26) we find the desired functions u, (t) and u, (1), namely,
t)g(t t)g(t
¥, ()g(1) dt +c,, o = ¥ (1)g (1)
Wy, y)(®) Wy, y,)(0)

~ Finally, substituting from Eq. (27) in Eq. (19) gives the general solution of Eq. (16).
- We state the result as a theorem.

uy (1) = uh(t) = (26)

y' 4+ p@®)y +qt)y =g@),
where p, ¢, and g are given continuous functions. As a starting point, we assume
we know the general solution '

yc(t) = Clyl(t) T Czyz(t)

of the corresponding homogeneous equation dt +c¢,. 27

y' 4+ p@)y +4q@)y=0.

This is a major assumption because so far we have shown how to solve Eq. (18) g
if it has constant coefficients. If Eq. (18) has coefficients that depend on ¢, then us;
the methods described in Chapter 5 must be used to obtain y (7). 1

The crucial idea, as illustrated in Example 1, is to replace the constants ¢, and ¢
Eq. (17) by functions u, (¢) and u,(t), respectively; this gives '

ul(t) FA

e functions p, g, and g are continuous on an open interval /, and if the func-

 y, and y, are linearly independent solutions of the homogeneous equation (18)
ponding to the nonhomogeneous equation (16),

y' 4+ p@®)y +q@)y = g@),
particular solution of Eq. (16) is

Y =u (Oyy (1) + uy () y,(2).

Then we try to determine u, (t) and u, (¢) so that the expression in Eq. (19) is a solul
of the nonhomogeneous equation (16) rather than the homogeneous equation (|

Thus we differentiate Eq. (19), obtaining : gt (t)g()
e i L ro=-0 [ 2080y [ T, OB
- Y =W 0y, (1) +u Oy () + up 1)y, (0) + uy 0y, (). " W(,y)® W(,y,)®
As in Example 1, we now set the terms involving u (¢) and u(?) in Eq. (20) eq e general solution is
zero; that is, we require that , y =y () + c,y,() + Y@, (29)
) ()y, (1) + ur 1)y, (1) = 0. ibed by Theorem 3.6.2.

Then, from Eq. (20), we have
By examining the expression (28) and reviewing the process by which we derived it,
~ we can see that there may be two major difficulties in using the method of variation of
‘parameters. As we have mentioned earlier, one is the determination of y, (t) and y, (),
a fundamental set of solutions of the homogeneous equation (18), when the coefficients
in that equation are not constants. The other possible difficulty is in the evaluation of
the integrals appearing in Eq. (28). This depends entirely on the nature of the functions
Y1 ¥, and g. In using Eq. (28), be sure that the differential equation is exactly in the
form (16); otherwise, the nonhomogeneous term g(¢) will not be correctly identified.
A major advantage of the method of variation of parameters is that Eq. (28) provides
an expression for the particular solution Y (¢) in terms of an arbitrary forcing function
~ g(1). This expression is a good starting point if you wish to investigate the effect of
variations in the forcing function, or if you wish to analyze the response of a system to
a number of different forcing functions.

Y= u (0)yy(t) +uy (D) 0).
Further, by differentiating again, we obtain
Y = uy ()Y (0) + uy ()y] (1) + uy(0)yy () + uy(0)y; ).

Now we substitute for y, y', and y” in Eq. (16) from Egs. (19), (22), and
respectively. After rearranging the terms in the resulting equation we find that

u, (O] @) + p@)y () +q@)y, ()]
+u,Wy5 (1) + p(O)ys () + g @)y, (1)]
+ Uy ()Y (1) + uy () y5(t) = g(1).

Each of the expressions in square brackets in Eq. (24) is zero because both y, an
are solutions of the homogeneous equation (18). Therefore Eq. (24) reduces to

Wy (1)y) (1) + uy )y, (1) = g(@). (4

Equations (21) and (25) form a system of two linear algebraic equations for ¢
derivatives u)(¢) and u(t) of the unknown functions. They correspond exactly
Egs. (6) and (9) in Example 1. j

In each of Problems 1 through 4 use the method of variation of parameters to find a particular
solution of the given differential equation. Then check your answer by using the method of
~ undetermined coefficients. e

1. y" —5y +6y=2¢ Ty -y~

By 2y +y =3¢ 4. 4y" —4y +y = 16¢'/*
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In each of Problems 5 through 12 find the general solution of the given differentia] equatj

Problems 11 and 12 g is an arbitrary continuous function.

i 324'

5. '+ y=tant 0<t<m/2 6. v’ 2

p ; . . ¥ +9y =9sec” 3¢, 0 it
e )’I”+ 4y +4y =172, t>0 8. y'+4y=3csc2t, 0 :tt N RS &
0. 4y +y=2sec(t/2), —m<t<m 10y -2 +y=e/(U+r) 25
11. y —5y +6y=g(t) 12 }’”+4y=g(t) E :

In each of Problems 13 through 20 verif’ i i |
: : y that the given functions y, and y, satisf
sponding homogeneous equation; then find a particular solution of thle given2 nonho}rlnt(},lge

equation. In Problems 19 and 20 g is an arbitrary continuous function.

13.
14.
15.
16.
17.
18.

19.
20.

21.

22.

23.

tzy:’ —2y=32-1, t>0; Y= 30 =t

Y =t +2)y ++9y=2> >0,  y@)=t, y,@)=te
ty' =40y +y=r2¥, t>0 y@O=1+t y (t)2= e
(12—t)y”+ty'—y=2(t—l)ze—’, O<t<l; y (t)ie’, Y, (t) =t
x*y" —=3xy' +4y =x*Inx, x> 0; » ) =xa%, 1 ¥,(x) = x* li]x E

2. 7 2 1

r oy i3 . ~1/2

x—}1}/2+ xy + (x* —0.25)y =3x"“sinx, x >0; y(x)=x 172 sinx,
cos x

A-x)y"+xy—y=gkx), 0<x<1; @)=, @) =x

x Y2 cosx

Show that the solution of the initial value problem

Liyl=y"+ p@)y +q@)y = g, Y& =yp Y() =%

can be written as y = u(t) + v(t), where u and v are solutions of the two initial

problems
Ll =0,  ut) =y, (i) =
Lvl=g(®), v() =0, V() =0,

.re.spectivel).l..ln other words, the nonhomogeneities in the differential equation and
initial conditions can be dealt with separately. Observe that u is easy to find if a fundan

set of solutions of L[u] = 0 is known.

By choosing the lower limit of integration in Eq. (28) in the text as the initial point

that Y (¢) becomes

Y() =/,’ ¥, (8)y,(t) —yl(t)yz(S)g(s) B

o Y1()¥3(8) = ¥1(8)y,(5)
Show that Y (¢) is a solution of the initial value problem
L[y] = g(1), (it =0, y' () =0.
Thus Y can be identified with v iri Problem 21.

(a) Use the result of Problem 22 to show that the solution of the initial value proble

Y +y=28®), y) =0, y()=0
is
t
Y = / sin(t — s)g(s) ds.
%
(b) Find the solution of the initial value problem
Y+y=g8@®), yO0 =y, Y0 =y

Yy

2.1 / 2
Xy +xy 4+ x°—025y =gx), x>0 ¥, (x) =x"Y2ginx, ¥, (x) =8

| peu

X

29.
- 30.
B — (1 +0)y +y=1%*, t>0; y,(t) = 1 +1 - (see Problem 15)

A=ty +ty —y=20-1D%", O0<t<l; y,(t) = €' (see Problem 16)

Use the result of Problem 22 to find the solution of the initial value problem
Liyl=(D—a)(D-b)y =g, yt) =0 yt)=0

where a and b are real numbers with a # b.
Use the result of Problem 22 to find the solution of the initial value problem

Lyl =[D?—2AD + A2+ u)ly =g, ¥t =0, ¥t =0.

Note that the roots of the characteristic equation are A +ip,
Use the result of Problem 22 to find the solution of the initial value problem

Liyl=(D—a)ly=g@®, y) =0, y)=0,

where a is any real number.
By combining the results of Problems 24 through 26, show that the solution of the initial

value problem
Lyl = @D*+bD +0)y=g(t),  y(1) =0, y{) =0,

where a, b, and c are constants, has the form

)'=¢(t)=/ K(t —s)g(s) ds. @

fy

The function K depends only on the solutions y, and y, of the corresponding homogeneous
equation and is independent of the nonhomogeneous term. Once K is determined, all
nonhomogeneous problems involving the same differential operator L are reduced to the
evaluation of an integral. Note also that although K depends on both ¢ and s, only the
combination ¢ — s appears, so K is actually a function of a single variable. Thinking of
(1) as the input to the problem and #(t) as the output, it follows from Eq. (i) that the
output depends on the input over the entire interval from the initial point ¢ to the current
value ¢. The integral in Eq. (i) is called the convolution of K and g, and K is referred to

as the kernel.

. The method of reduction of order (Section 3.5) can also be used for the nonhomogeneous

equation
y' + p@)y +q(t)y =g@), @)

provided one solution y, of the corresponding homogeneous equation is known. Let y =
v(t)y, (t) and show that y satisfies Eq. (i) if v is a solution of

Y, OV +[2Y[(®) + pO)y, (O] = g(®). (i)

Equation (ii) is a first order linear equation for v’. Solving this equation, integrating the
result, and then multiplying by y, () lead to the general solution of Eq. (i).

~ In each of Problems 29 through 32 use the method outlined in Problem 28 to solve the given
~ differential equation.

2y — 2y +2y =41, 1>0; @ =t
2y +7ty +5y =1, >0, y@n=t"




