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ANAI,OCIJES OF THEALtrXSANDROV-FENCITEL
INEQUAUTIES FOR }T}?ERSOIIC FORMS

a. c. KHovaNs(Il

A oumbe. oi retadons that .oD€r mi\ed votuhq of vdious systcN or @nver bodi6
&^e k!o*n. They de.ll tomat coasequencs oi ihc Atek*d,o,-F-"r,.t i""c,,ti,;i{
l2l. A. D. Alehudrov discove.ed rhal th€se retarions aMer mixea Oere-tnors'o'i
symmerft ncrrice. llor tn rtl. lore qe p,orr ll1rr rh*c Rtafions e. rt_,",0 ,",tueo varue) ol an! hlFrbotic fom.. t1 dJoruoo. ne den\e " n6ocr of jeql!.liue, rh.r
have no {alogue in lhe lheory of nned jolumes.

As rhjs.nore was beiog prePeed to. ltre p.ess i foud our !ha! cArdint.s ellcle []lrcnhis rhe ho.r Dr*6ung of rre inequatLA gjlen o<lo$ lEequatir) I oi Th@rm 2ror,( = at sdce []l dG .or conhtr paraleh srh rbe rho.y of ru.{ votud6 or rheremainilt inequalities, i de.ided nevs$els b pubtish rhis ,ole.
l. Thc nixdl ul@ o{ I t(m &d diff@Drirdo.. bt p b€ a rom {a hodoscn@uspolFomial in rI. coordinar4 of a veror) oI degree a on a leal tinar spa.!. Apalturzrtion.at P $ a st:merric rouldtine& io.n (dependint on D v€cro., rhai coinodcseirl-P d rhe diagona.t. Ttrc valu. of $cpolaruuo.oDrh.!ero6r.....r.bdcnored

by /(r1.. .r-) Md cjilcd lhe d&ed uaru d p on rbd. veron {b our norauon

. Th. de.ivarivc oI p alolt &. co$la.r v@ror fi.ld dBr ir equal 10 iL cv.r'ryh.E is
deooled by P;, (lhe nhed value oi lhis tom of degiec u _ r on l'E veros,,,...,.- 

"denoted ty Pl 
' 
r,. ..r_'.tr\ultolfnflrnarde lomp.- ,. . . :.";;;:

.denucal) equal ro lnc nMoc, prr . . r-r nrr.,,.",.p,,., ri,i-.*., 
"r.9"",,r..,

P(r . . .r-) - P 
'(r "\'t - 

P1'' r'"'r 
-n n(n- t) al

. 
HlFrtolic fo@& A lom p of dcgre u otr a rel sp@ Z is shd to he hlpehotic j, the

dEed,ro| a tot a-^V boln t rI tor an! r € I (be potvDonat g r t r - pr ( _ )l r ir oD.voaore 
^ 

d6 erac y a r@E rra\.g aeouDt of mulriptottr. A \elor, ,s sd ro b<pontiDe (non"cgtioeJ iI tot I > 0 (I > 0) the polyromiat ?(, + Ir) do.s not vadsh.
Posi!re r@tos fom a 6nc C.. Th. @!. C" coincidcs wilh the conpon.ll of conneaed,
n6( ot $e poirr a oitb.@mpteaenr L lo rbe ryD.rsu,rre t drt,ned bv p _ aj

\{ edoor€ by O., P I 
'nc 

ubrer of pohri or I I whrch aI rb. panrat dcnvanvr or p or
o.der lss thm & vanisl!

. AssfnnoN I lll1t A ton p rha, h hrpeftaln n ,h. dt?.!,an d i! Ehvprbotrc lor aI

2) Ihe .one c, s anax.

0 rde^5n00+|aFF':
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3) A t onr paht x . f a..l lat drt b e C. the line x + 
^ 

b d'es not lie n d. t@€dt con.

a) P(r + \)= P{ttlotantr. L4M.1ontrtl, e o-(PJ.vhete 6 the deqrce afP.
In po idlat. the *1 O^lP J it a tinea. spa.e..aled the lenel ol P -

Ir is sulficiebi to vdily Asstion 1 lor fo,fu in thie-dimeDsioral ipaa L- Th€ pr@f
of Getding ulcs ! cooplar dom.in. A mrch sEpld pr@l cd b. obhin€d by caidding
f $ a r.d prgc.tive c@q It ii thd e8y io ddive AssenioD i froro Saout's th@rd
Th@lm I givetr below,! a dncct consequelct of As*nion I ald RollcS lltma lwith lh.
exeptioD of 2) ir is @nlained i! t3ll.

'l'dEoasv L fal anr pasitiu. aectot b e C4 fie dedDatiue P; al an a-hryaboli. lom P ir a
b-hlpeholic lam. In addnoa:

1\ rhe.tue ("al P it.ahta'ned 
'n 

the.an. ( | ol Pt
2) Fot k> 1 the set OtP coincides vith Ok-i; the set O\P rL*s 

"or 
inEBect the

3) Il the desrce al P i' {eakt lhan 2, rhen the kemets ol P and P; coi,cide-

4) The sis ol P drd Piin C" and Cb oin.dz.

'frrEolre 2. I2t P be an a-hlperbotic lom u L ol desee n wnh kemel K, potitie in C,,
let r\.. ..,'., p e C,b. poniE Ndus, q e ea a nm.s4tiDe Dedor, and r e L dy bectot.

l) P(q,12,.-.,t.)> oi equlit, is dtrai4.d t Md otnj il4 e K.
2) The " AkksantutFenchel ' in.qualiry it Dalid.

p, ( p.,, \,.... x 
^) 

> p \ p, p,,r..., x ^). 
p\t. t, \,...,,.),

eEulitJ is equiDalent tathe collineonry olp and t nahla K.
3) fat ary kfih1< k < n

t

equohry is equialent ta the calinean, al oI rhe rycla^ x),.. .tt nodula K
4) me " Btunn-Minko,skt theopa" is tvt th.Itn uan p\t' 

^ 
@n@x in k cmeC".At

apoi ,eC" ts soictlt cdDex n al! dndiat not calineu*nh, noAd. K.

tuuRrc Tbe lomal diferences oi @nvex bodis in R- lom a In6 space sirh
.espe.! to Minloqski addidon. Th. voluD€ €xr6ds ro rhe sp!c. of diffcmB of bodi6
s a lomogeneous fo@ or detr€ z. The nL\ed ralue oi lhis Iom on u Mia n called

rheii nt.d volum.. Thc in.quaildB of Tharem 2 de satislied for dncd volues of
convex bodies G* llb)l) Iio! norsdorh bodies ir is Dot tno*n when rbe inequalides 2J

and l) beoDe equalrticl. w. absene $^t uolrne lotu is not hypetbolic llot .r@ple. tE
cubic polynomial thar is equal to rlre yolune oI lhe body 3, + rAl in xr rorl > 0. where

A, is a uir disl( lrd rl is a ui! lall, has only one red.@0-
PRoor oF THEoRN 2. l) By a) of T}l@rem I the lind luDcrion A = PII-:- is

positive on Ihe cone C,. and so p>0 Dn C,. By 2) ol ThF rn t Ihe equalir)

0 = Pli rl.( r ) inpliA rhe ch&! oI eguallies 0 = Pli .','"trl - = r(r). *L;"tt -"
s.risiied only ior poinls' oi rhe keftc1 o_{ P) of P

Pr(;,,...,rr.rh,,...,r-)> fI p(',.....',.',-,,.. .'.)i



2) Tle quadrtruc lotm I = Pl- _l- r r-hrPerboLlc lb-'_ ll or lh(Yc- 1l ::J L'

thcftfoG AhlFrbolc H.d@ the dis.imtldt ot the q@drant polYnodal v(lr=
q(. + Ip) rs nolnctrvc. {hich is what 2l s.vs Equarit! is atlained onlv rr rhe l1i'

;+ rp Dt6s.c!' $c st 4(q), whicb bY 3)olTh@rcn I @ircides qith the Lcmei or t
Tbc iacqualiry 2i is nalosous to th. Al.Lsnd.ov_Fenchel incqualitv in rhe theory oi

mixcd vo[m.s. Pdls 3) dd a) ol Thcorcn 2 dc io.dal @ns.quenc's oi this inequ'1i1!

(strb)l).
FrrFL€i 1) Thc d.t€minet on th. sPa€ oI slE cfic ma!'ices of order z is a

bo!dot@.o6 ford oI dqre. n Thn lotu s hwetbaljc in the dne'tion al the haht' E \a

*lf!(ljoirt opcraror hs a rcal sp€tru$). Thc ooc C. for this fom @nsists of Posnive_

dcfinnc rdrtrict. $c set Or @nsisrs of matnc6 of tul < n _ /<. dd th' \emd consni

of onc poirr 0. Thcorcd 2 ior this iorm vs Published bv Al€kssd'ov [1 d )l (sd a]e lal)

h is us;d n thc pt@I ol rhe lniquens ol lh€ onvex bodv with srven cuFarure fun'lion

(1d)1,I5l), dd in thc ddivalion oI incquatilics in t!€ rh@rv or oixed volums lid )l
2) Tb. producl ol thc @rdinarc fucrioDs in i' is . htP..bolic tord oi degre h The

nt.d vatue ol thjs lom on a set ota ve.1os corlcides *ilh 1be Pernandr ol ih€ m36\
*hos. @iuens d. lil. vslors of lhe *! The disovery oi an Aleksddrov_Fenchci

i..quatiry" fo. rhis fod hd b€.d reducld !o thc rclution ol m old Problen ol vo dd

waddcr (51, t7l). Tlc onvcnry ol rhc function (r, r-)1/- is a t'-! srcp in rhe

prool of th. Bun-Minkowsli tb@rcm in thc th@rt oi onvex bodies l8l'

M@ r.n€r.l lDe{utliti6 Thc HuBilz natrix oi lhe polFomials I - 90r 
I + ,' +e,

s[d,t - Vor.-r + .. + Vr-r is tlc tnarL,.1,/ oi ordd 2r in which.4:'.r - e' io!

o < j - P, k, A2p-r= 't)_,-1 for0<j-P-1<t I ud a[ 1b' othe! 
'Lnents

-" "..o. 
rrt priircipa ninor of $is harir of cven ordd ee cdled th' ltlBt'

deretuint't ot 4^6'l,.Tn nqr asscmo. is vell tloffi.

AssErfloN I9l. I Potnonul e ol dese k *ith Pditi@ leodi'g c@flicient ha k dBtt'd

rca! r@ts il and oa, il aI th. Hwitz .Ltm'nuts ol I and tu detitatiue I dte pasnlue

7'h. H@it, det mt@t ol d.s.e 2k l@ishet Jd a pabrcmiaL e Nith ttiple t@6 \tt
aIcB in 

'he 
dscnn nt ont! br o foctd ei\.

TrcoRE{ 3. ln fi. notdtian Dl Theotea 2lat 6nr k fith?<k <n all the Hu^n3

.t t.nindtt ol the Pottn.nial 'p 
ol d2va k defEd bv thc km a

s. dnqotis - They de sd.tt! PdiIi@ il the ttraiShl line t + XP d@s nDt jrte'e't the set

o^ *lP)'
Th@rcm 3 givcs a s.ria oi incqualitid @nnccting th. mix€d valus oI ' hF€rbolic

.tAt - >C:Pl P- 4 '-.',,-. .'-\L

For l = 2 $e inelualiry ol ahcor.m 3 is eqlilalent to $e "Aieksdrov F nchel

in.quallty" of Tho@ 2 Fot t = n thc inecualitis ot Th@reh 3 are equrvalent ro the

/'hyp.rboliory of P if n s also knoM rhat rhe sel O)( P) ha codimension 'o 
las than :



. (for nonsitrguiar toms fie *l O?(r) @nsists oI the Poinr 0). Generallv spcatitg, the

h.qur]lti4 of Th€orcD 3 aJe nor salisficd for mil(ri vnlDmd of onv'x bdi6
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