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Dror Bar-Natan: Talks: Louvain-1506:

Day 3: Chern-Simons, Gaussian Integration, Feynman Diagrams

Gaussian Integration.(λi j ) is a symmetic positive definite matrix and (λi j ) is its inverse,
and (λi jk ) are the coefficients of some cubic form. Denote by (xi)n

i=1 the coordinates of

Rn, let (ti)n
i=1 be a set of “dual” variables, and let∂i denote ∂∂ti . Also letC ≔ (2π)n/2

det(λi j )
. Then
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. . . sum over all pairings . . .
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unmarked Feynman
diagramsD

ǫm(D)E(D)
|Aut(D)| . Claim. The number of pairings that produce a

given unmarked Feynman diagramD is 6mm!2l l!
|Aut(D)| .

Proof of the Claim. The groupGm,l ≔ [(S3)m ⋊ Sm] × [(S2)l ⋊ Sl ] acts on the set of
pairings, the action is transitive on the set of pairingsP that produce a givenD, and the
stabilizer of any givenP is Aut(D). �

Feynman

Examples.

|Aut(D)| = 12 |Aut(D)| = 8

The Fourier Transform.
(F : V → C)⇒ ( f̃ : V∗ → C)

via F̃(ϕ) ≔
∫

V
f (v)e−i〈ϕ,v〉dv. Some facts:

• f̃ (0) =
∫

V
f (v)dv.

• ∂
∂ϕi

f̃ ∼ ṽi f .

• (̃eQ/2) ∼ eQ−1/2, whereQ is quadratic,
Q(v) = 〈Lv, v〉 for L : V → V∗, and
Q−1(ϕ) ≔ 〈ϕ, L−1ϕ〉. (This is the key
point in the proof of the Fourier inversion
formula!)

Monsters left to Slay.
• Convergence.
• Proof of invariance.
• The framing anomaly.
• Universallity.
• d−1 doesn’t really exist, Faddeev-
Popov, determinants, ghosts, Berezin in-
tegration.
• Assembly.

Recall.K = {knots},A ≔ grA = D/rels=

SeekZ : K → Â such that ifK is n-singular,Z(K) = Dk + . . .

K Z: high algebra−−−−−−−−−−−−−−−−→
solving finitely many
equations in finitely many
unknowns

A ≔ grK
given a “Lie”

algebrag−−−−−−−−−−−−−→
low algebra: pic-
tures represent for-
mulas

“U(g)”

〈D,K〉- :=
(The signed Stonehenge
pairing ofD andK

)
:

= -

References. Witten’s Quantum field theory and the Jones
polynomial, Axelrod-Singer’s Chern-Simons perturbation the-
ory I-II , D. Thurston’s arXiv:math.QA/9901110, Polyak’s
arXiv:math.GT/0406251, and my videotaped 2014 classω/AKT.
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Claim. It all comes from the Chern-Simons-Witten theory,
∫

A∈Ω1(R3,g)
DA trRholγ(A) exp
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whereΩ1(R3, g) is the space of allg-valued 1-forms onR3 (really,
connections),k is some large constant,R is some representation ofg
and trR is trace inR, andholγ(A) is the holonomy ofA alongγ.

ω ≔http:drorbn.net/Louvain-1506

Theorem.Given a parametrized knotγ in R3, up to renormal-
izing the “framing anomaly”,

Z(γ) =
∑

D∈D

C(D)D
|Aut(D)|

∫

CD(R3,γ)

∧

e∈E(D)

φ∗eω ∈ A

is an expansion. HereD is the set of all “Feynman diagrams”,
E(D) is the set of internal edges (and chords) ofD, CD(R3, γ)
is the configuration space of placements ofD on/aroundγ,
φ : CD(R3, γ) → (S2)E(D) is the “direction of the edges” map,
andω is a volume form onS2.

Video and more at http://www.math.toronto.edu/~drorbn/Talks/Louvain-1506/
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