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Day 3: Chern-Simons, Gaussian Integration, Feynman Diagra Cosmic Coincidences

Recall. K = {knotg, A = grA = D/rels=

o (D.K). = (The signed Stonehen)g_e * *  count
. r 4 K = > /1~ \pairing of D andK AN 7 with
e _" p I, , o N } signs
X L AN R ~ L |D= @ K= @) 3 U L
X I T~ = H—-X S | R
SeekZ: K — A such that ifK is n-singular,Z(K) = Dy +... The k(X)) = Z (signs)
. given a “Lie” Gaussian .
Z: high algebra Igebrag — vertical >
K solvin finitely man: A= gﬂ( low :Ig:brr:" ic- “ﬂ(g)” Imkmg chopsteke A:":‘
equati%ns in fini);ely mar¥y tures r?apres'enffJ for- number = < O—O, @ >ﬁ C.F. Gauss
unknowns mulas
P (13 The generating function of all cosmic coincidences: E

p——-*— ?
— \ . D,K)sD
D“ - 3 *) _ Z(K) := lim D:ReD 4
j C-D ([‘ﬁf S'[ N— o0 3—V§ntD ZCC!(N) D. Thurston
_gf Claim. It all comes from the Chern-Simons-Witten theor

Theorem Given a parametrized knetin R3, up to renormal- 5 ﬁ
izing the “framing anomaly”, DAtrghol, (A) exp| — ftr (A ANDA+ ZAANAA A) ,
AcQL(R3,g) 3 E. Witten
C(D)D : LR2 ) “ s
Z(y) = Z AUL(D)] /\ P € A whereQ*(R?, g) is the space of al§-valued 1-forms orR? (really,
pep Y Co(®) ecE(D) connections)k is some large constariR is some representation gf

is an expansion. Het® is the set of all “Feynman diagramsénd tk is trace inR, andhol, (A) is the holonomy ofA alongy.

E(D) is the set of internal edges (and chordsPoiCh(R?,y) References. Witten’s Quantum field theory and the Jones
is the configuration space of placementsDbbryaroundy, polynomia) Axelrod-Singer's Chern-Simons perturbation the-
¢: Co(R3,y) — (S?)HP) is the “direction of the edges” mapyry I-Il, D. Thurston’s arXiv:math.QA990111Q Polyak’s
andw is a volume form org?. arX|v.math.G'l70406251 and my videotaped 2014 clasgAKT .
Gaussian Integratior(4;;) is a symmetic positive definite matrix andll( is its inverse, The Fourier Transform.

and @) are the cofficients of some cubic form. Denote bxi)(1 , the coordinates of (F:V—-C)= (F V* — C)

R", let (t)[, be a set of “dual” variables, and l@tdenoteg. Also letC := @I Then viaF(y) = [, f(v)e'“Vdv. Some facts:

- det(/l.
f(O) f f(v)dv.
fe L)X+ € A XXX _ f(/lukXXJ k)me L% xd ° \/
Z 6mm! )

o F orart
o — ~ .
R Feynman s | O f~ v

o e (e97) ~ Q2 whereQ is quadratic
j akym a3 9%t,t _ C; aiajak\M ([ yaB I o (e¥/2) ~ € , W q )
Z 6Mm |(/l'lka‘9‘9) e ’ - — 6™mi2!1 (’l'lkaaa) (/l Loty Q(v) = (Lv,v) for L: V — V* and

— > - _ . .

L=0 Ql¢) = (p,L7'p). (This is the key

r ks Q0282 03 08 point in the proof of the Fourier inversion
formulal)
m m m m Examples.
_ Z Ce™ .sum over all pairings .
3m=2|
Aizjrky Aigjaky Aimmjrmken |Aut(D)| = 12 |Aut(D)| = 8

5 Monsters left to Slay.
SO e Convergence. 00
i ) e Proof of invariance.
3 p1
&

e The framing anomaly.

Cem
=2 emmI21t >, &)
m|>0

* mvertex fully marked

3m=2| Feynman diagram® /lili1k1/lizjzkz/liliz/ljljz/lklk2 /li1J'1k1/lizJ'zkz/lilj1/7.k1k2/1i2j2 ® Unll/ersalllty; .
mO)&(D) e d doesn't really exist, Faddeev-
€ . - . T
=C “ATUDY - Claim. The number of pairings that produce aPopov, determinants, ghosts, Berezin in-
unmarked FeynmanlAUL(P)) given unmarked Feynman diagrddris Sm2l tegration.
diagramsD [Aut(D)| o Assembly.

Proof of the Claim. The groupGp, := [(S3)™ > Sp] x [(S2)' = S|] acts on the set of
pairings, the action is transitive on the set of pairifgthat produce a giveD, and the
stabilizer of any giverP is Aut(D). O

Video and more at http://www.math.toronto.edu/~drorbn/Talks/Louvain-1506/

109


http://www.math.toronto.edu/~drorbn/Talks/Louvain-1506/

