
In[1]:= Trefoil � X a, d, b, e X e, b, f, c X c, f, d, a

Out[1]= X a, d, b, e X c, f, d, a X e, b, f, c

Thedefinitionof theKauffmanBracket isgivenby theskeinrelations

and

Thefirst rulecanbecodedasfollows:

In[2]:= rule1 � X a_, b_, c_, d_ : � A � a d � b c � B � a b � c d ;

Let �����	�
��� 
�� ����� � ����������� ������� ����� ������� ���"!$#�� ��% &������'���'�	#(�	)��	*+��� ��,

In[3]:= Trefoil . rule1

Out[3]= A - b d - a e . B - a d - b e

A - c e - b f . B - b e - c f B - a d - c f . A - a c - d f

In[4]:= Trefoil . rule1 Expand

Out[4]= A2 B - a d - b d - a e - c e - b f - c f . A B2 - a d 2 - b e - c e - b f - c f .
A B2 - a d - b d - a e - b e - c f 2 . B3 - a d 2 - b e 2 - c f 2 .
A3 - a c - b d - a e - c e - b f - d f . A2 B - a c - a d - b e - c e - b f - d f .
A2 B - a c - b d - a e - b e - c f - d f . A B2 - a c - a d - b e 2 - c f - d f

Weseethat weneedarulethat will disposeof unnecessary intermidiatepoints:

In[5]:= rule2 � � a_ b_ � b_ c_ : � � a c ;
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In[6]:= Trefoil . rule1 Expand . rule2

Out[6]= A2 B - c f 2 . A B2 - a d 2 - c f 2 . A B2 - b e 2 - c f 2 .
B3 - a d 2 - b e 2 - c f 2 . 2 A2 B - d f 2 . A B2 - b e 2 - d f 2 . A3 - c e 2 - d f 2

This
� � #���%��������	#���� � ��� ����� ����� # � ����� ��%�� ����� #
	 ��� � #�������� � �
� � % ��� ���$� � � #��	*+� #
	���� #���� �
�	�����

In[7]:= rule3 � � _ ^2 � � dd, � _^2 � dd ;

and � ���������	�����	�
���	#�� ��� � ����� ������� ����!$#�� ��,

In[8]:= RawBracket t_ : � Simplify t . rule1 Expand . rule2 . rule3

In[9]:= RawBracket Trefoil

Out[9]= dd 3 A2 B . A3 dd . 3 A B2 dd . B3 dd2

Let ' sverify thesecondReidemeister move:

In[10]:= RawBracket X b, e, f, a X f, e, c, d � � a d � b c

Out[10]= A B - b c - a d . A2 . B2 . A B dd - a b - c d ��� - b c - a d

Thus ����� ��� � ���	� ��� ��� ��� � ����� # ��� �	� � �	* �	�������	��* ��� � ��� ���
� � %���� *+����� �����$� A B � 1 �	# � A2 . B2 . A B d � 0. � �
� � � #
	+��� �
B �	# � dd � # ���	��* �'�
� A ����	$�	��,

In[11]:= rule4 � B � � 1 A, dd � � � A^2 � 1 A^2

Out[11]= B � 1� � � �
A
, dd ��� 1� � � � � � �

A2
� A2

Timetocheck thethirdReidemeister move: It ' sguaranteedtohold, but loosenothingby checkingagain

In[12]:= Bracket t_ : � Simplify RawBracket t dd . rule4
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In[13]:= Bracket X a, b, g, i X g, c, d, h X i, h, e, f

Out[13]= � 1� � � � � � � �� � � � � � �
1 . A4 A - a b - d e - c f .

- c d A4 - b e - a f . A2 - a b - e f . - b c A2 - d e - a f . - a d - e f

In[14]:= Bracket X b, c, i, h X d, e, g, i X g, f, a, h

Out[14]= � 1� � � � � � � �� � � � � � �
1 . A4 A - a b - d e - c f .

- c d A4 - b e - a f . A2 - a b - e f . - b c A2 - d e - a f . - a d - e f

Theremainingsadpoint isthebehavior of thebracket under thefirst Reidemeister move:

In[15]:= Simplify RawBracket X c, a, b, c . rule4

Out[15]= � A3 - a b

Thisisunfortunate, but not fatal. It canbefixedby multiplyingthebracket by � A3 raisedtoanappropriatemultipleof thewrithe

iscommontomakethefurther substiturionA � q1 4 and thentheresultinginvariant iscalled theJonespolynomial. Let us

In[16]:= Jones t_, w_ : � Simplify Bracket t � A^3 ^ � w . A � q^ 1 4

In[17]:= Jones Trefoil, 3

Out[17]=
� 1 . q . q3� � � � � � � � � � � � � � � �� � � � � � � � � �

q4

In[18]:= MirrorTrefoil � Trefoil . x_X � RotateLeft x

Out[18]= X b, f, c, e X d, b, e, a X f, d, a, c

In[19]:= Jones MirrorTrefoil, � 3

Out[19]= q . q3 � q4

Ok, ��� 
 � � � #���������%

In[20]:= w K_ : � Module

p, l ,

l � ReplacePart K . X a_, b_, c_, d_ � � a c � b d , p, 1, 0 .

p a_ b_ � p a, b , p a_, b___, c_ � c_ d_ � p a, b, c, d ;

l � MapThread Rule, List
���

l, Range Length l ;

Plus
���

K . l .

X a_, b_, c_, d_ � If Abs p � a � c b � d � 1, p, � Sign p

In[21]:= Jones K_ : � Jones K, w K
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In[22]:= Jones Trefoil , Jones MirrorTrefoil

Out[22]=
� 1 . q . q3� � � � � � � � � � � � � � � �� � � � � � � � � �

q4
, q . q3 � q4

Now, � ����� � �$� #�� �'� ��������%

In[23]:= Expand

q � � A^3 ^ � 1 � RawBracket X a, b, c, d �
q^ � 1 � � A^3 � RawBracket X b, c, d, a

. A � q^ 1 4 , B � q^ � 1 4

Out[23]=
- b c - a d� � � � � � � � � � � � � � � �� � � � � � � �� � � � � � � � � �

q
� q - b c - a d
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