Bracket.nb

In[1]:= Trefoil = X[a, d, b, e] X[e, b, f, ¢c] X[c, f, d, a]

Qut[1]= XJ[a, d, b, e] X[c, f, d, a] X[e, b, f, c]

Thedefinitionof the Kauffman Bracket isgiven by the skeinrelations
—= A > < + B
c d m

(p())—=>a(p)

Thefirst rule can be coded asfollows:

and

Inf2]:= rulel = (X[a_, b_, c_, d_] :> Aéd[ad] 6[bc] + Bs[ab] &[cd]);
Let as apply the first rule to the trefoil knot, just as an example:

In[3]:= Trefoil /. rulel

Qut[3]= (AS[bd] s[ae] +Bs[ad]

[ [ )
(AS[ce] 6[bf]+Bs[be] &5[c

sbe]
[cf]) (B&[ad] 6[cf]+As[ac]s[df])

In[4]:= Trefoil /. rulel // Expand

out[4]= A2Bsjad] 5[bd] s[ae] s[ce] §[bf]s[cf]+AB2s[ad]?s [be]é[ e] 5[bf]é&[cf]+
AB?s5[ad] s[bd] s[ae] 6[be] s[cfl?+B3s[ad]?s[be]?s[cf]?
Al Slac] sbd] s[ae] s[ce] s[bf]s[df]+A2Bs[ac] 6[ad] &[b 1 [ e] 5[bf1s[df]+
A2Bs[ac] s[bd] s[ae] 8[be] [cf]6[df] +AB2s[ac] s[ad] s[bel?s[cf]a[df]

We seethat we need arulethat will disposeof unnecessary intermidiate points:

a b T T~ a c
S— b c ~

In[5]:= rule2 = (6[a_b_16[b_c_1 :> &[ac]);
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In[6]:= (Trefoil /. rulel // Expand) //. rule2

Qut [ 6]

A2Bs[cfl?+AB?s[ad]?s[cf]?2+AB2s[bel?6(cf]?+
B3s[ad]?s[bel?s[cfl2+2A2Bs[df]2+AB?s[bel?2s5[df12+A35[ce]?s[dfl?

This done, we can code the second rule, (using dd instead of d, to avoid naming conflicts)
In[7]:= ruled = {(6[_]1)"2 -> dd, S6[_"2] - dd};
and see what heppens to the trefoil knot:

In[8]:= RawBracket [t_] := Sinplify[(t /. rulel // Expand) //. rule2 /. rule3]
In[9]:= RawBracket [Trefoil ]

Qut[9]= dd (3A2B+A3dd+3AB?dd +B% dd?)

Let' sverify the second Reidemeister move:

b —a b a
?
e f _—
C ~_d C d

In[10] : = RawBracket [X[b, e, f, a] X[f, e, ¢, d]] ==6[ad] &6[bc]

Qut[10]= AB&[bc] s[ad] + (A2 +B?+ABdd) §[ab] s[cd] ==&6[bc] §[ad]

Thus we see that for the second Reidemeister move to hold, we must have AB==1 and A? + B?> + ABd == 0. Solving for

B and dd in terms of A we get:

Inf[11]:= ruled4d = {B -> 1/A, dd -> -A"2-1/A"2}
_ 1 1 2

Qut[11] = {B»K, ddafﬁfA}

Timeto check thethird Reidemeister move: (It' sguaranteedto hold, butloose nothing by checking again)

b b N

N

In[12]:= Bracket [t _] := Sinplify[RawBracket [t]/dd /. rul e4]
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In[13]:= Bracket [X[a, b, g, i]X[g, ¢, d, h] X[i, h, e, f]]

1
1A
s[cd] (A*s[be]s[af]+A2s[ab]s[ef])+6[bc] (A2s[de] s[af]+s5[ad] s[ef])))

Qut[13] = (A (6lab] s[de] S[cf]+

In[14]:= Bracket [X[b, ¢, i, h] X[d, e, g, i]X[g, f, a, h]]

1
1+ AR
s[cd] (A*Sbe]s[af] +A2s[ab] s[ef])+6[bc] (A2S5[de] s[af]+6[ad] s[ef])))

Qut[14] = (A (5[ab] s[de] s[cf] +

Theremaining sad point isthebehavior of the bracket under thefirst Reidemeister move:

In[15]:= Sinmplify[RawBracket [X[c, a, b, c]] /. rule4]

Qut[15]= -A®S[ab]

Thisisunfortunate, but not fatal. It can befixed by multiplying the bracket by — A3 raised to an appropriatemultiple of thewrithe
iscommon to make the further substiturion A - ¢1/4 and then the resultinginvariant is called the Jones polynomial. Let us

In[16]:= Jones[t_, w_] := Sinplify[(Bracket [t] (-A"3)" (-w)) /. A->q”*(1/4)]

In[17]:= Jones[Trefoil, 3]

Qut[17] = 4}%

In[18]:= MrrorTrefoil = Trefoil /. x_X :» RotatelLeft [X]
Qut[18]= X[b, f, ¢, e] X[d, b, e, a] X[f, d, a, c]

In[19]:= Jones[MrrorTrefoil, -3]

Qt[19]= g+g®-g*
Ok, if you insist,

In[20]:= W[K_] := Modul e[

{p, I'},

| = Repl acePart [K/. X[a_, b_, c_, d_]1=6[ac] &[bd], p, {1, 0}]1 //.
{pla_b_]=p[a, b]l, pla_, b___, c_16[c_d_]=pl[a, b, c, d]};

| = MapThread[Rul e, {List eel, Range[Length[l ]1}1;

(Plus e@ (K /. 1)) /.

X[a_, b_, c_, d_] =» If[Abs[p=(a-c) (b-d)] =1, p, -Sign[p]]

1

In[21]:

Jones [K 1 : = Jones[K, w[K]]
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In[22]:= {Jones[Trefoil], Jones[MrrorTrefoil ]}

-1+q+0q3

Qit[22]= 3

, a+9°-q*}
Now, last but not least,

In[23]:= Expand](
q* (-A"3) " (-1) * RawBr acket [X[a, b, ¢, d]] -
g™ (-1) » (-A"3) »RawBr acket [X[b, c, d, a]]
) /. {A->q"(1/4), B>q”(-1/4)}
1
6[bcl s

—_[a(ﬂ—\/aé[bc] s[ad]
Va

Qut[23] =



