11: Find all numbers x for which
(ii) [x—3)<8
solution:

[x-3[<8e 8<x-3<8e 8+3<x<8+3 e -5<x<ll

(iv) [x=1+[x—2/>1

solution:
|x—1|+|x—2|:1—x+2—x:3—2x xe(—oo,l)
x=1+[x-2=x-1+2-x=1 xe[L2]
|x—l|+|x—2|=x—l+x—2=2x—3 xe(2,oo)

x=1+]x-2>1e3-2x>1e 2x>2ox<] xe(-xl)
-1+pr-2>1el<leoxed xell2]
|x—l|+|x—2|>1<:>2x—3>1<:>x>2 xe(2,oo)
thus
xe (— oo,l)u (2,00)

i) [x=1|+|x+1 <1

solution:
if xe(-w,~1) |x—1|+|x+l|<l<:>1—x+(—x—1)<1<:>x>l<:>xe@
if xe[-1l] x-1+pr+l|<lel-x+(x+)<lo2<loxed
ifxe(—oo,—l) |x—1|+|x+1|<1<:>(x—1)+(x+1)<1<:>x<%<:>xe®

thus
xed

(viii) [x—1|-|x+2|=3

solution:
< lal-Jo|=la-4)
L= = =D e 2) =+ x -2
|x—1|-|x+2|:3

. ‘xz+x—2‘=3<:>x2+x—2:i3<:>x2+x—2$320

thus x*+x+1=00rx*+x-5=0

—1+421
2

XHx+l=0xe@ x*+x-5=0<x=

L_olx21
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12 Prove the following



(i)

l‘:l if x#0
x| [

prove:
as we proved before, ab| = |a||b|
then let azx,b:l & x.l =|x|- 1
X x X
- x#0
x . l
. divide equation with |x|, we got |_|x = 1
X X
x-l =1
X
L QOED
PP

(iv) |x—y| < |x| +|y|
prove:

as we proved before,

a+b|£|a|+|b|
. let a=x,b=—y we got |x+(—y)|£|x|+|—y|
thus |x—y|S|X|+|y| QED

o) [l =[] <

prove:

as we proved, |a +b| < |a| +|b|

leta=x—y,b=y wehave|(x—y)+y|S|x—y|+|y|
thus|x|S|x—y|+|y|<:>|x|—|y|£|x—y|

if | <[y (] =5A)] = = ol <]y = 2l = -

if [ = o (= |o1) = bl = oA < - »

" ‘(]x|—|y|)£|x—y| OED

14 (a) Prove that |a] = |-a|.

y

2

2

prove:
if ae(-0,0] a|=—a and |—a|:—a<:>|a|=|—a|
if ael0,0), then (-a)e(-x,0] from above we have |— a| = |— (—a)| = |a|

<. for a € (= o0,),

al= |— a| QED

(b) Prove that —b < a <bifand only if |a|<b.
Prove:
as we proved, —|a| <a< |a|
la<be a2 -b e -b<—a<a<l|a<b

thus |a|Sb<:>—bSaSb QOED



(c) Use this fact to give a new proof that |a + b| < |a| + |b|

prove:
" —la|<a<|al,-|p|<b<|p|
co=a|+ () < a+ b <|a| +|p]
thus  —(|a| +|b)) < a+b <|a|+|b|
from the proof of (b), we know
|a+b] <|a| +|p|
OED

1. Show thatifa> 0, then ax’ + bx + ¢ > 0for all value of x if and only if 5> —4ac <0

Prove:

ca>0

b ¢ b bY (b)Y ¢
.'.ax2+bx+cZO<:>x2+—x+—20<:>x2+2-—x+(—j —(—j +—2>0
a a 2a 2a 2a a

2 2 2 2
= x+(i - b2+£20<:> x+(i] ——b j"czo
2a 4q a 2a 4q

2
(x + (ij >0
2a

2 2 2
[,H_(ij _MZOQ_Mzo

2a 4a* 4q*
ca>0=>—-4a’* <0
b* —4dac

LT 20e —4ac<0-(-4a*)=0
a

QOED
2. Prove the Cauchy-Schwartz inequality

(a\b, +a,b, +---+a,b,) S(al2 +a,’ +---+anz)~(bl2 +b,’ +---+bn2)

n-n

in two different ways:

(a) use 2xy < x’ +y’, with

Prove:



C(x=y)’ 20 xt 2xp+y 20 X7 +y° > 2xy
o 2

le[x: 2 2 2 y: 2 2 2

\/‘11 +a, +---+a, \/bl +b,” +--4+b,

2 2
then ———" + i >2 a5

a +a, t+---+a, bl +b2 +"'+bn \/al +a, _|_..._|_an \/bl +b2 +...+bn

Zaf Zb ;|"ibz‘|

s >2
n

> ot

thus 2 >2 =

\/Z a;” - \/Zn:biz
i=1 i=1

\/Z”:aiz \/ bl.2 >0
i=1 i=1

2
250t S 238 a7 52672 Slas| @ Ta 3072 Sa
i=l i=1 i i=l

i=1

=

|a,.bi| > a.b,

2 2
;aiz -Z;biz > (;|aibi|j > (leaibi]
OED

(b) Consider the expression
(a,x+b,)* +(a,x+b,)* +--+(a,x+b,)
collect terms, and apply the result of Problem 1.
Prove:
(a,x+b,) +(a,x+b,)" ++-+(a,x+b,) >0
S (a]zx2 +2a1b1x+b12)+ (azzx2 +2a2b2x+b22) +(a x*+2a,b x+b, ) >0
o (al2 +a, +---an2)x2 +2(a,b, +a,b, +---+a,b, )x (bl +b, +--b, )20
(al2 +a22 +---an2)2 0
Sf (al2 + az2 +- --a”2)> 0, apply the result of Probleml, we know
(2(a,b, + a,b, +---+a,b,)) —4(a12 +a,’ +"'an2Xb12 +b,’ +---bn2)s 0
< Ha,b, +a,b, +---+a,b, ) <4(a12 +a, +---aanb]2 +b,’ +---bn2)

(ab +a,b, +- +anbn) (al +a, + ~--an2Xblz+b22+-~bn2)
if (a1 +a, +---an2):0, thena, =a, =---=a,=0
<:>(a1b1+a2b2+---+anbn)2=(a12+a22+---+an2)-(blz+b22+---+bn2):0

OED



