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 The least upper bound: 1, the greatest element: 1; 
 The greatest lower bound: 0, no least element. 

(iv) { }.20: rationalisxandxx ≤≤  

 The least upper bound: 2 , no greatest element; 

 The greatest lower bound: 0, the least element: 0. 

(vi) { }01: 2 <−+ xxx  

 The least upper bound: 
2

51 +−
, no greatest element; 

 The greatest lower bound: 
2

51 −−
, no least element. 

(viii) ( )
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 The least upper bound: 
2
3

, the greatest element: 
2
3

; 

 The greatest lower bound: -1, no least element. 
6, Proof: 

 (a) We assume that: 0x∃ s.t. 0)( 0 ≠= axf . 

 Q  f is contionous, 

 axfxf
xx

==∴
→

)()(lim 0
0

  

From the definition of limit, we know: 
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a
axfxxxts <−<−<∀>∃ δδ  
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xf
a

axf ,  

also 0)( 0 ≠xf  

Then: 0)(,:..,0 00000 ≠+<<−∀>∃ xfxxxxts δδδ     (*) 

On the other hand, because A is a dense set, then ( ) Axtsxxinx aa ∈+−∃ ..,, 0000 δδ , It 



means: 0)( =axf , which is conflict with (*), Q.E.D. 

(b) Let )()()( xgxfxh −= , apply the conclusion of (a) to )(xh , we know 0)( =xh  for all 

x, which means )()( xgxf =  for all x. Q.E.D 

(c) Likewise, let )()()( xgxfxh −= , then )(xh  is continuous and Axxh ∈∀≥ ,0)( . We 

assume that: 0)(.., 00 <=∃ axhtsx , then 0)()(lim 0
0

<==
→

axhxh
xx
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 ∴  
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axhxxxts <−<−<∀>∃ δδ  
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)( <⇒<≥≥>⇒<− xha

a
xh

aa
axh  

 also 0)( 0 <xh  

 Then: 0)(,:..,0 00000 <+<<−∀>∃ xhxxxxts δδδ     (*)  

 On the other hand, because A is a dense set, then ( ) Axtsxxinx aa ∈+−∃ ..,, 0000 δδ , 

it means 0)( ≥axh , which is conflict with (*), Q.E.D. 

     ≥  can not be replaced by < throughout, cause even if Axxh ∈∀> ,0)( , it is still a 

chance that 0)(lim =xh . 

8, Proof: 

(a) Considering with interval ( )a,∞− , since bawheneverbfaf <≤ ),()( , then for 

every ( ) )()(,, afxfax ≤∞−∈ , we can say )(xf is bounded above at ( )a,∞− . 

From P13, we know there must exist a least upper bound of )(xf , let name it as K , 

obviously, )(afK ≤ . Now, we prove that Kxf
ax

=
−→

)(lim  

 K  is a least upper bound, which means εε <−<∃>∀ )(..,,0 00 xfKtsax , then 

Let 0xa −=δ , obviously, 0>δ , and )()(),,( xfKKxfaax −=−−∈∀ δ  

( )aaxwhenafxfbawhenbfaf ,),()(),()( δδ −∈−≥⇒<≤Q   

εδ <−=−−−=−−≤−∴ )()()()( 00 xfKxaafKafKxfK  



( ) εδδ <−−∈∀>−=∃∴ )(,,..,00 xfKaaxtsxa , which means: 

Kxf
ax

=
−→

)(lim  

Likewise, considering with interval ( )∞,a , )(xf  has a greatest lower bound K ′ , 

such that Kxf
ax

′=
+→

)(lim  

(b) Assume that f has a removable discontinuity, then: )()(lim afKxf
ax

≠=
→

. Which 

means: Kxfxf
axax

==
+→−→

)(lim)(lim , from above we know: 

)(lim)()(lim xfafxf
axax +→−→

≤≤  

 Which means )(lim)()( xfKafKafK
ax→

==⇔≤≤  ⇒⇐  Q.E.D 

(c) f satisfies the conclusions of the Intermediate Value Theorem, which means that: 

( ) [ ] yxftsbaxbfafy =∈∃∈∀ )(..,,)(),(  (*) 

 From (a), we know: [ ] existsxfandxfbothbac
cxcx

)(lim)(lim,,
+→−→

∈∀ . Let 

ccxccx
KxfandKxf ′==

+→−→
)(lim)(lim . 

 Assume that cc KK ′≠ , then:  

 from (a), we know: )()()( bfKcfKaf cc ≤′≤≤≤ , then: 

 cccc KKKK >′⇒′≠ , let cc KK −′=δ , obviously, 0
3

,,0 >>
δ

δ also  

 )(
33

)( bfKKKKaf cccc ≤′<−′<+<≤∴
δδ

,  

 let 
3

,
3 21

δδ
−′=+= cc KyKy , then: 

 cKy >1Q  and cK  is a upper bound of set [ ){ }caxxf ,:)( ∈  

 [ ){ }caxxfy ,:)(1 ∈∉∴  

 cKy ′<1Q  and cK ′  is a lower bound of set ( ]{ }bcxxf ,:)( ∈  

 ( ]{ }bcxxfy ,:)(1 ∈∉∴  

 [ ]{ }cxbaxxfy ≠∈∉∴ ,,:)(1  



 Likewise, [ ]{ }cxbaxxfy ≠∈∉ ,,:)(2 , and 21 yy ≠  

 Noticed that [ ] 2121 )(,)(,)(),(, ycfycfandbfafyy ==∈ can not be true at the 

same time, then: 

 [ ] [ ]{ }baxxfybutbfafytsyoryyy ,:)(,)(),(..),( 002100 ∈∉∈=∃ , 

 which is conflict with (*) above. 

  Then, cK has to be equal to cK ′ . From (b) above, we know: if cK ′ = cK , then 

)()(lim cfKxf
cx

==
→

, Q.E.D 

13, Proof: 

 Since )sup()sup()sup(),sup( BAyxByandAx +≤+⇒≤≤ , then 

)sup()sup( BA + is an upper bound of yx + . Thus, ( ) )sup()sup(sup BAyx +≤+  

 On the other hand, 
2

)sup(..,,,
2

)sup(..,,0
εε

ε <−∃<−∃>∀ yBtsylikewisexAtsxQ  

 

)sup()()sup()sup(
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 Q.E.D. 


