Charpter 8
N l . X
1, (ii) |l—: ninZandn?t O.u
in b

The least upper bound: 1, the greatest element: 1;
The greatest lower bound: 0, no least element.

(iv) {x: 0£ X £ +/2 and xisrational }

The least upper bound: «/E , NO greatest element;
The greatest lower bound: O, the least element: 0.

(vi) {x:x2 +X- 1<0}

-1+
The least upper bound: Tﬁ no greatest element;

The greatest lower bound: , No least element.

-1- 45
2

(viii) }£+(- )" :nin Ny
in b

The least upper bound: g , the greatest element: g ;

The greatest lower bound: -1, no least element.
6, Proof:

(8 Weassumethat: $x,st. f(x,)=at 0.
f is contionous,
\ lim f(x) = f(x,)=a
X® Xy
From the definition of limit, we know:

$d, > 0,st." x: 0 <|X- X,o| <dy,|f (X)- a|<%
|f(x)- a|<%b HQE %>O,a1 ob f(x)t 0,

dso f(x,)* 0
Then: $d, >0,St." X1 X, - Uy <X<X, +dy, F(X)T 0 (*)

On the other hand, because A is a dense set, then $ X, in (x0 - dy, X +d0), st.x, 1 A, lt



means. f (X,) =0, whichis conflict with (*), Q.E.D.
(b) Let h(x) = f(X)- g(x), apply the conclusion of (a) to h(x),weknow h(x)=0 for all
x, whichmeans f (X) = g(x) foradl x. QE.D
(c) Likewise, let h(x) = f(X) - g(x), then h(X) is continuous and h(x)3 0," xT A.we

assumethat: $x,,st.h(x,) =a<0,then Ign h(x) = h(x,) =a<0.
x® X

\ $d, >0,st." x:0<|x- X| <dg,|h(X) - a|<%

|h(x) - a|<%b 0>%3 h(x) 3 %,a<0b h(x) <0
dso h(x,)<0
Then: $d, >0,st." X:X, - g < X< X, +do,h(x) <0 (¥
On the other hand, because A is a dense set, then $x_ in(x, - dg, X, +d, ), st. x, T A,
it means h(x,) 2 O, whichisconflict with (*), Q.E.D.
3 can not be replaced by < throughout, cause even if h(x) >0," xI A, itissill a

chancethat lim h(x) =0.

8, Proof:

(a) Considering with interval (- ¥,a), since f(a)£ f(b), whenever a<b, then for
every X1 (— ¥ ,a), f(X) £ f(a),wecansay f (X)isbounded above at (- ¥,a).
From P13, we know there must exist a least upper bound of f (X), let nameitas K,
obvioudy, K £ f(a).Now, we prove that XIlqgral f(x) =K
K isaleast upper bound, which means " € >0, $x, <a,st.K - f(Xx,) <e, then

Let d =a- X,, obviously, d >0,and " xI (a- d,a),|f(x)- K| =K - f(X)
-+ f(a) £ f(b),whena<bb f(x)3 f(a-d),whenxi (a-d,a)

\ K- f(X)EK- f(a-d)=K- f(a- a- x)=K- f(x)<e



\ $d =a- x, >0,st." xI (a- d,a),|K - f(X)| <e, which means:
)I(i(gr;_ f(x) =K
Likewise, considering with interval (a,¥), f (X) has a greatest lower bound K,
such that XI(i@rg+ f(x) = K¢
(b) Assume that f has a removable discontinuity, then: Iigl f(x)=K? f(a). Which
means: XIlqgral f(x) = Xlgg+ fx)=K from above  we know:
)I(i(gr;_ f(X)E f(a) £ Xlg@n;+ f(x)
Whichmeans K £ f(a) £EK U f(a)=K =lm f(x) PU QED
(c) f satisfies the conclusions of the Intermediate Value Theorem, which means that:
"yi (f(a), f(0)),$x1 [a,blst.f(x) =y )
From (a), we know: "cl [a,b] both lim f(x)and lim f(x) exists . Let
)I(i(grg_ f (x) = K, and )I(!@n; f(x) =K¢.
Assumethat K. 1 K¢, then:
from (a), weknow: f(@)£ K, £ f(c) £ K{ £ f(b), then:
K.t Kip KE>K, let d =K¢- K, obviously, d >0,also,d§>0

\ fa)E KC<KC+%<KQ:-%<KC¢£ £(b),

d d
let y, = KC+§, y, =Kg¢- E,then:
oy, >K, and K, isaupper bound of st {f (x):x1 [a, c}

\ oy, T {f):xI [ac)

oy, <K¢ and K¢ isalower bound of set {f (x):x1 (c, b]}

\ oy, T {F(:xT (c,b}

\ oy, T{F):xT [ab]xt ¢



Likewise, v, 1 {f(x):x1 [a,b,x* c},ad y, 1 v,

Noticed that y,,y, 1 [f (a), f(b)], and f(c) =,, f(c) =y, can not be true at the
same time, then:

$Yo(Yo = V,0r Y,), sty 1 [f (@), f(0)] but y, T {f(x):xT [ab]},
which is conflict with (*) above.

Then, K, has to be equal to K¢. From (b) above, we know: if K(=K_, then

im f(x)=K = f(c), QED
13, Proof:

Since XE£ sup(A),and y £sup(B) P x+y £ sup( A) +sup(B) : then
sup( A) + sup(B) is an upper bound of X +y . Thus, sup(x +y) £ sup( A) + sup(B)
On the other hand, **" e >0,$Xx,st.sup(A) - x<§, likewise, $y,st.sup(B) - y<%

\ $x+y,st" e>0,sup(A) +sup(B) - (x+ y)<%+%:e

U sup(A) +sup(B) - e <(x+y) £ sup(A+ B)
QED.



