THE NEGATIVE PELL EQUATION

ERICK KNIGHT AND STANLEY YAO XIAO

ABSTRACT. By applying methods developed by A. Smith in [6], we show that
the density of square-free integers d in [1, N] for which the negative Pell equa-

tion 22 — dy? = —1 has a solution is as predicted by the model of Stevenhagen.
CONTENTS
l.__Introductionl 1
[2._The narrow Reidi data and the negative Pell equation| 5
[3-"Governing expansions and sets of raw cocycles| 6
[ "Raw cocycles for narrow class groups of real quadratic fields| 19
5. Additive restrictive systems| 23
6. Ramsey theory| 29
[7.__Analytic tools| 34
|8. E;_quidistribution of Legendre symbols: the seed distribution| 45
9. e Markov process: completion of the proot o eorem (3 52
[References 59

1. INTRODUCTION
It is a well known fact that for any square-free positive integer D > 1 the equation
(1.1) 22— Dy? =1,

misattributed by Leonhard Euler to John Pell, has infinitely many integer solutions.
Moreover, as is now easy to see from algebraic number theory, that the solutions
are naturally generated by a single fundamental solution.

The analogous equation, the negative Pell equation

(1.2) z? — Dy* = —1,
is much more mysterious. If p|D, then reducing modulo p reveals that the congru-
ence 2 = —1 (mod p) must be soluble, whence p =1 (mod 4) or p = 2. Therefore

one must conclude that D is a sum of two squares, by a theorem of Fermat. However
not all such D has the property that (1.2) is soluble: the smallest counterexample
is D = 34.

A well-known criterion for the solubility of (1.2]) has to do with continued frac-
tions. Indeed, (|1.2)) is soluble if and only if the period of the continued fraction
expansion of v/D is odd. However, the period of the continued fraction of VD as
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a function of D appears to be extremely mysterious, and it is not clear how to use
this criterion to understand . In [9], C. Tsang and the second author proved
an alternative criterion for the solubility in terms of the reduction theory of
indefinite, irreducible integral binary quadratic forms, but like the continued frac-
tions criterion, this does not appear to shed further light.

For a positive number N put
&(N) = #{n < N : n square-free, 3z,y € Z s.t. x> +y* =n}
for the counting function of square-free integers which are sums-of-two-squares up
to N. It is well-known that there exists a positive number ¢y such that
S(B) ~ coN(log N)~1/2,

a fact already known to Landau.

In view of the fact that D being a sum of two squares is a necessary condition
for the solubility of (1.2)), it is natural to compare the number of D < N for which
(1.2)) is soluble to &(N). Put

(1.3) S(N) = #{D < N : D square-free, (1.2)) is soluble}.

A natural question is to ask whether or not S(INV) is the same order of magnitude
as G(N), namely whether there exist positive numbers ¢y, ¢2, c3 such that

(1.4) c16(N) < 8S(N) < ¢26(N) whenever N > c3.

This was answered by E. Fouvry and J. Kliiners in [3]. They proved that, for any
e > 0, that (1.4) holds with ¢; = o — ¢ and ¢ = 2/3 + €, where

(1.5) a= ﬁ(1+2*j)*1.

In this paper, we prove the following theorem:

Theorem 1. The function S(X) satisfies the asymptotic relation
(1.6) S(N)~(1—-a)8(N).

In the paper [7], Stevenhagen made the following conjecture, which is evidently
equivalent to Theorem

Conjecture 2. One has that

[S(X)
= 1 —

The number 1 — « is approximately equal to 58.1%, and is also the probability
that a large random symmetric matrix over Iy is singular. The previous best known
result towards this conjecture is in [3] where they show the liminf is at least o and
at most 2/3.

The principal new ingredient is the breakthrough made by A. Smith [6], on the
2%-rank of class groups of imaginary quadratic fields and 2°°-Selmer rank of elliptic
curves. In particular, Smith proved in [6] that for a given elliptic curve E/Q with
full rational 2-torsion, for 100% of quadratic twists Fy4 of E, the Mordell-Weil rank
of F, is at most one. This, in addition to the so-called parity conjecture for elliptic
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curves, confirms a well-known conjecture of Goldfeld for such curves. Recently it
has been announced by Smith that such a conclusion also applies, for example, to
elliptic curves E//Q where the splitting field of 2-torsion has Galois group isomor-
phic to the symmetric group Ss, thereby confirming Goldfeld’s conjecture for 100%
of elliptic curves.

The remainder of this introduction will be an outline of the argument for the
proof of Theorem

1.1. An outline of Smith’s work in [0]. In [6], Smith introduced radical new
ideas extending the classical idea of controlling the behaviour of class groups using
so-called governing fields. Roughly speaking, genus theory gives a canonical basis
of the 2-part of the narrow class group of quadratic fields (since we are focusing on
narrow class groups, it does not matter if the quadratic field is real or imaginary),
and in some cases, namely those primes corresponding to the 4-part or the 8-part of
the narrow class group, these primes can be identified by their splitting behaviour
in an auxiliary field, called the governing field.

Unfortunately, in this rigid sense governing fields for the 2*-part of the narrow
class group, k > 3, conjecturally do not exist. Smith’s key idea is that one can
still make use of the idea of governing fields, by showing that they exist “on aver-
age”. Since splitting behaviour of primes in fields can be shown to behave randomly
thanks to theorems in analytic number theory such as Chebotarev’s density theo-
rem and the large sieve inequality, one can then use this idea to demonstrate that
Fy-matrices of Legendre symbols behaves randomly.

Indeed, the strategy of Smith, extending earlier observations due to Reidi, Steven-
hagen, and Swinnerton-Dyer [§], is to show that the 2¥-rank of a narrow class group
behaves like a Markov chain: that is, the distribution of the 2*-rank of narrow class
groups given the 2-ranks for all £ < k is the same as the distribution given only
the 2~ l-rank.

In order to realize this strategy, Smith introduces three key constructs: governing
expansions, sets of raw cocycles, and additive-restrictive systems. Roughly speak-
ing, governing expansions consist of collections of functions from Gg = Gal(Q/Q) to
5, whose fields of definition give analogues of governing fields. Sets of raw cocycles
correspond to elements of C1(Gg, N[2*]) where N is some Gg-module, which mod-
els the behaviour of class groups. Finally, additive-restrictive systems are auxiliary
systems that can be attached to governing expansions or sets of raw cocycles, that,
when well-defined, simplify the arithmetic complexity of these objects by replacing
them with essentially purely combinatorial constructs. After doing this, then our
arithmetic statements essentially become probabilistic.

1.2. Understanding the difference between the class group and narrow
class group of real quadratic fields. In this subsection, we explain how to
translate Smith’s machinery to deal with the negative Pell equation . The
main obstacle is that Smith’s machinery heavily relies on the fact that there is a
basis for C1(K)[2], with K an imaginary quadratic field, which is given by a set of
primes. This is only valid for imaginary quadratic fields, but is no longer true for
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real quadratic fields.

Indeed, the difference between the class group Cl(K) and the narrow class group
cl(K) of a real quadratic field lies at the heart of the matter for us. Indeed, one
has that there is a solution to the negative Pell equation for ng if and only if the
Frobenius at infinity in cl(Q(\/ng)) is triviaﬂ This motivates us to look at the
structure of the 2-power torsion inside ¢l(Q(y/no)).

Letting nq,...,n,, be a sequence of nonnegative non-increasing integers. Put

Srnm(N) = {D € S(N)|dim 2*~el(Q(VD)) /25 l(Q(VD)) = ny, k = 1,...,m}.
Additionally, define
St~ (N) = {D € §™"(N)| Frobs, € 2™cl(Q(VD))}
and
gris ot (N) = {D € §927% (N)|0 # Frobo, € 2" cl(Q(VD))}.
Further, define
G moE (N = Gl = (N)YSTmmet (N) = §Tasmm=t,= (N ) §7smm ()

The choice of + and — may seem strange but it is meant to align with whether or
not there may be a solution to the negative Pell equation.

For positive integers k1, k2 and a ring R, put Matg, x, (R) for the set of k1 x ko
matrices over R. Then put
(1.7)
P(a; k1, ko) = Probability that an element M € Maty, xk, (F2) has dimker M = a,

where each entry of M is sampled with respect to a uniform distribution. Simi-
larly, we denote by PS™(ky;ky) to denote the probability that a random ko x ko
symmetric matrix, with each entry is an i.i.d Bernoulli random variable, has kernel
having rank k;. Then the main result here is the following:

Theorem 3. Let nq,...,n, be a nonnegative, non-increasing sequence of integers.

Then
|Sn1,..4,nm,:|:(N)

|
N5 [§ 1= (N

= P(nm7nm71,7’lm71 + 1)a

and
N1y m,— (N
s ()]

N— o0 |Sn17..~,nm,i(N)|

=27 "m,

Section 2 explains how theorem [3|implies theorem[I] This argument is essentially
due to Stevenhagen in [7]. The remainder of the paper will be dedicated to prov-
ing theorem [3] This argument will be very similar to the arguement by Smith in
[6] where he proves a similar result for the class groups of imaginary quadratic fields.

IThe Frobenius at infinty is trivial if and only if the narrow class group is equal to the class
group. That happens if and only if the fundamental unit in Q(v/D) has norm —1. If D is even,
then that is exactly what the negative Pell equation is looking for. If D is odd, then one has that
(Z[#}X)/(Z[\/ﬁ] *) injects into (Z[%]/Q)>< which is a group of size 1 or 3, which shows

the equivalence of looking in Z[#} or Z[vV/D].
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Finally, we note that the standard way to index this problem is not by the value
of D but rather by the discriminant of the field Q(+/D); that is one looks at the
set of all quadratic fields of the form Q(v/D) whose discriminant is less than X and
such that no prime congruent to 3 (mod 4) divides D. However, the strategy of
proof will actually prove that we get the correct ratio when we look at the set of
all D that are of the form {ND’} where N is a fixed integer not divisible by any
prime that is 3 (mod 4) and D’ is a varying integer that is the product of primes
that are all 1 (mod 4). Applying this result to N =1 and N = 2, one gets theorem
for both that ordering as well as the more standard ordering.

Acknowledgements: We would like to thank Arul Shankar for many insightful
conversations and helping us get started on this project, and Alex Smith for an-
swering some questions by the first author as well as developing the ideas in [6]
which made this paper possible.

2. THE NARROW REIDI DATA AND THE NEGATIVE PELL EQUATION

Let K = Q(/p1 -~ pn). Define V to be the free vector space over Fy with ba-
sis vectors eq,...,e,. There is a natural map from V — c¢I(K) given by sending
e; = [(pi,/P1 - Pn)]. This map is two-to-one, and we will call the generator of
the kernel of this map r. The map is surjective onto c/(K)[2] by genus theory. The
element e; + - - - + e, maps to the Frobenius at infinity. Consequently, one has that
the negative Pell equation has a solution if and only if CI(K) = c[(K) if and only
fr=e +-+e,.

Now, define V4 = V, and consider the map r; : V3 — cl(K)/2cl(K). Define
Vo = ker(r1), and observe that the image of the map from Vo — cl(K)/4cl(K)
lands inside 2¢l(K)/4cl(K). This map will be denoted ry, and then this process
iterates to give Vi, = ker(ry_1) and ry : Vi — 28 7Lcl(K)/2%cl(K) for all n. The
data of Vi and r, for all n will be called the narrow Reidi data. The finiteness of
the class group shows that NV,, = (r), and so one gets the following two criteria
surrounding for the negative Pell equation:

Theorem 2.0.1. One has the following two criteria:
(1) If Vi, = {e1 + -+ + ey,) for some k, then the negative Pell equation has a
solution.
(2) If e1 + -+ e, & Vi for some k, then the negative Pell equation has no
solution.

Moreover, there exists a value of k for which one of these two must happen.

We also will present an alternative way to view Reidi maps. Write V' for the
free vector space over Fy with basis €/, ..., el,. Then V' — ¢l (K)[2] by sending e’

to the function that sends p to (%}3)) for p unramified in K. This map is two-

to-one again, but this time the kernel is just (e} + --- + e},). Now, the map from
cl(K)[2] = cl(K)/2¢l(K) is the same data as a pairing cl(K)[2] x ¢[¥(K)[2] — Fo.
Defining V{/ = V' as before, we will write Ry : Vi x V] — Fa to be the pullback of
the pairing above.

To proceed inductively, write V) to be the preimage of 28~1(cl(K)[2¥]) C
cl(K)[2] in V. One sees that the map 7 : Vi — 28 7Lcl(K)/2Fcl(K) is again
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the same data as a pairing V;, x 271 (c[V(K)[2*]) — F2, and as before, we will pull
this back to V| to get a pairing Ry : Vi x V] — Fa. The definitions of these spaces
imply that the left kernel of Ry is Vi1 and the right kernel is Vi11. This set of
data (the Vi’s, the V}’s, and the Ry’s) are the same as the narrow Reidi data, and
this data is in some ways easier to control.

Since cl(K)/2cl(K) corresponds to the extension K(,/p1,...,\/Pn_1), one has
that e;+- - -+e, € V. The conjecture of Stevenhagen for the negative Pell equation
comes from two predictions that R; is a random symmetric pairing (identifying the
basis e; with e}; symmetric comes from quadratic reciprocity) over Fy (which gives
a distribution on the dimensions of the various Vs as K varies), and that r is a
random non-zero element of V, as K varies. The paper [3] shows that the moments
of the size of V5 are consistent with the first fact. Theorem [3[s goal is to show that
the matricies R; for ¢ > 1 are random matricies such that R;(-,ef +---¢€},) =0 (no
longer symmetric as we no longer have anything like quadratic reciprocity) over Fa.

One can then imagine a Markov process where at stage ¢ one is looking at
Vi, and the releveant information is the pair dim(V;) and whether Frob,, = 0
in V;; we will denote such a pair by (d,+) with + corresponding to Frob,, # 0
in V; and — corresponding to Frobs,, = 0 in V;. If Froby is nonzero in Vj, it
is never 0 in any future V; (indeed it doesn’t lie in any future V;). Under the
process where R; is a random matrix as above, one gets that Pr((a,—), (b,—)) =

P(b,a —1,a) x g::}, Pr((a,—),(b,+)) = P(b,a,a — 1) x %, and the terminal
states are (a, +) where the negative Pell equation doesn’t have a solution, and (0, —)
where it does. However, this Markov process is clearly ultimately choosing a random
nonzero element in V3, and it will end at (0, —) with probability W7 which
is exactly Stevenhagen’s prediction. Finally, his paper contains the calculations to

show that this implies theorem

3. GOVERNING EXPANSIONS AND SETS OF RAW COCYCLES

A classical governing field for an integer d is a finite extension L/Q with the
property that the splitting behaviour of a prime p in O determines the rank of
some piece of the class group of the quadratic field Q(1/dp).

In this section, we wish to generalize the concept of a governing field. In fact
we will give two different constructions of (a set of) these fields, which do not nec-
essarily coincide. The existence and uniqueness of classical governing fields should
then be interpreted as a small-dimensional phenomenon, where there is simply not
enough degrees of freedom for differing objects to exist. While in general this is
not true, we can give conditions that guarantee these constructions coincide.

We develop the following formalism, in line with [6]. Suppose we have a pairwise
disjoint sets of odd primes X1, -, X4. We write X for their Cartesian product.

To formalize the behaviour where we wish to fix some set of primes while allowing
others to vary, we consider, for each subset S C {1,--- ,d}, the product

Xg= (HXi ><X,-> < [T X5

ieS jgs
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Put p1, po for the projection maps from a Cartesian product T" x T to the first
and second coordinates, respectively. Then for each such Z, we put

(3.1) =]]@ (\/m mi(T pz(m(x))) -

€S
This field has the right shape as the one that we wish to model.

We shall see eventually that in order to construct governing fields consistently
the various sets of primes indexed by T need to satisfy some intricate compatibility
conditions, which necessitates references to a larger index set.

To construct our governing fields, we actually construct certain functions ¢ :
Gg — Fg, where Gg = Gal(Q/Q), and our governing fields will simply be the fields
of definition of these functions.

To exercise the most amount of control and to enable us to actually perform
calculations, we would require the set of functions to be relatively simple and well-
behaved. We thus start with a rather nice collection of functions that are mul-
tiplicative products of characters. Fix S C {1,---,d} and T € Xg. Define, for
TCS,

(3.2)

xr3(0) = {1 if o (\/Pl mi(T)) - p2(mi(T ) —/p1(m:(Z)) - po(m; (7)) for i € T

0 otherwise.

The function x7z has the product decomposition

(3.3) xrz(0) = [ ] xqip.5(

€T
which shows that indeed they are a product of characters.

We record a rather trivial observation, which will be used repeatedly later:

Lemma 3.0.1. Let x7z be as in . Then xrz is supported on a finite abelian
extension of Q.

Proof. It is clear from definition that x7 7 is supported on the field

=Tl (Vom@)  p(m@).

€T

which is abelian over Q of finite degree since it is the compositum of finitely many
quadratic fields. O

Moreover, we see that x7z satisfies the equation

(34) XT,E(UT) = H (X{z}, ( )+ X{i} z Z XU:L’ XT Uz( )

€T ucT

Moreover, from group cohomology, we have
(3.5) dxrz(0,7) = xrz(07) = X1,3(0) — X13(T)
= Z xvz(o)xT-vz(T)-

PDAUCT
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(3.4) and are properties that we want our functions ¢ to satisfy in general.
However, since involves the condition that T' # (), we must take care to address
the case when 7" = ). Indeed, suppose we have a function ¢y : Gg — F2 which
satisfies . The right hand side is then an empty sum, which is necessarily zero.
Thus we must have

0=0pz(0T) — bpz(0) — dpz(7),

which implies that ¢y is a homomorphism from Gg to . Therefore, it makes sense
for our formalism to accept ¢y as a given homomorphism.

We now make the following definition which, roughly speaking, given a subset
S C {1,---,d} and an element T € Xg, a collection of functions ¢g = ¢g 7.5

which satisfies properties (3.4) and (3.5).

Definition 3.0.2. Let ¢y : Gg — Fa be a homomorphism. Let S C {1,---,d} and
T € Xg be given. For each subset S' C S, let 95 = ¢g 7.5 be a function from Gg
to Fo. Suppose that ¢g/ satisfies

(3.6) dps(o,7) = > x1z(0) ¢s-13(7).
0#£TCS’
We then say that ¢g is a (S, T, S)-expansion of ¢g.

We remark that we can drop the dependence on S in the definition above, since
T necessarily determines S.

The next proposition is very important, in that it demonstrates how one uses
class field theory to build expansions of larger subsets of S from smaller ones.

Proposition 3.0.3. Let X1, .-, X, be pairwise disjoint sets of odd primes, and
let S be a subset of {1,---,d}. LetT € Xg and ¢y be a homomorphism from Gg
to Fy. Suppose that we have (S — {i},T)-expansions of ¢y for alli € S. Put M; for
the field of definition of ¢5_1s) and

M = K@) ][ M.
i€S
Suppose that for all i € S we have

(1) p1(mi(T)), p2(mi(T)) split completely in M;/Q; and
(2) p1(mi(Z))p2(m:(T)) is a square at 2 and at all primes where M;/Q is rami-
fied.
Then ¢g has an (S,T)-expansion ¢s whose field of definition is unramified above
M at all finite places.

Proof. Put
=Y xrz(o)-bs_r(7).
0£TCS
We wish to confirm that the image of 1 in H?(Gq,Fs) is zero. We identify Fy with
+1, and obtain the exact sequence

15 {#1}5Q 30" > 1,
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where we derive the exact sequence
0=H'(Ge, @) = H*(Go,F2) - H? (G, ") .
The left equality follows from Hilbert’s Theorem 90. We know that the map
H? (G@,@X) - [ 7 (GQU,@j)
v

is injective, where the product is over all places of Q. Furthermore, the hypotheses
of the proposition imply that the invariant inv, (1)) = 0 for all places v. Therefore,
1 is the image of a 1-cochain. This cochain corresponds to a Fs central extension
of M.

Write this extension as M(y/a)/M. This extension is Galois over Q, so if
M (y/a)/Q is ramified at some place p other than 2 or co where M/Q is unramified,
we can clear the ramification by simply multiplying a by p. Now suppose that
M/Q is also ramified at p. We see that the local conditions force ¢ to be trivial on

Gq,, so My(yv/a)/Q, = (M (/o) ®q Qp)/Q, has Galois group
(Z/2Z) x Gal(M,/Qy)
if M,(v/a) # M,. But the inertia group cannot contain (Z/2Z)* for p # 2, so

M, (y/a)) /M, is unramified. At p = 2, we can avoid ramification by multiplying o
by +2 or —1. ([

3.1. Governing expansions. In this section, we define governing expansions,
which give rise to the generalized governing fields alluded to earlier. Here we diverge
from the exposition of [6] slightly.

Definition 3.1.1. Let Xy, -+, X, be a pairwise disjoint collection of odd primes,
and put X for their product. For i, < d and Yy C X, an (ia,Y@)—data set is a
collection of objects:
(1) A subset Yg C Xg for each S C {1,---,d} containing i,; and
(2) A continuous function ¢z : Gg — Fa for each set S containing i, and
S ?S-

For each function ¢z as in Definition we let M(Z) denote the field of defi-
nition of ¢z. These will eventually be our governing fields.

Given an element T € Xg and a subset T of S, we write U = S — T and we
define
(3.7) o
2(T)={ye€ X7 :m(y) € m(T) for i € U and myy,... qy—v(H) = 71, ay—v(T)}-
We then have:

Definition 3.1.2. Suppose we are given a (i, Y gy)-data set. Let &(i,,Y) be the
functions ¢z contained therein. We say that & is a pre-governing expansion if it
satisfies the following:

(1) éz = X{i,}.z Whenever T € ?{ia}'

(2) If S contains i, and T € Yg, then

#(T)CYr fori, €T C S orfor T = 0.
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(3) For any T € Y5, we have that
doz(o,7) = Z XT,T(U) Gz (T)
1 €T CS
holds for all Zg_7 € 2(5 —T).
(4) If7,,75 € Xg satisfy

{p1(mi(@1)), p2(mi(71))} = {p1(mi(T2)), p2(mi(T2))}
and
£1(0) Ud2(0) C Yy,
then #; € Yy if and only if Zy € Y g. Moreover, when both are in Y'g, then
bz = Oz,

One should interpret Definition as demanding that the functions ¢z sat-
isfy certain necessary compatibility conditions in order for the corresponding fields
M (T) to interact appropriately, in a well-defined manner.

While it seems that our choice of functions ¢z can be quite arbitrary, it so
happens that the conditions we have imposed are quite restrictive. This is revealed
by taking iterated commutators. For each S containing i, and T we define an

operator f|g|z on the space of |S|-tuples (01,---,0%), 0; € Gg for i = 1--- ,k,
with |S| =k, by
(3.8) Bis|¢z (01, sok) = ¢z ([o1, [0, [ -+ [ok—1,0k] - - ]]]) -

The operators (B can be evaluated in a nice way, provided that the functions ¢z
satisfy (3.6).
Lemma 3.1.3. Let Bi be given as in (@) Suppose that the functions ¢z satisfy
(5.6). Then
Btz (o1, o) = > [ [ xayz ()

g i<k
where the sum runs over bijections g : {1,--- ,k} — S satisfying g(k) = i, or
gk —1) =1i,.
Proof. By the definition of group cohomology, we have for any function ¢ : Gg — Fa
dé(o,7) = ¢(oT) — ¢(0) — o (7).
Since the target group is Fa, the sign is immaterial. Therefore
déz([o, 7], 70) = ¢z([o, 7]70) — ¢=([0,7]) — ¢=(70)

= ¢z(oT) — ¢z([0, 7]) — d=(70).
By (3.6)), we have by Lemma that it vanishes on every commutator, whence
doz([o, 7], 7o) = 0. Tt thus follows that

¢z([0,7]) = ¢z(07) + ¢z(70).
From the fact that our target group is Fy, we see that
(3.9) doz(0,7) + doz(1,0) = ¢z(07T) — dz(0) — ¢z(7) + dz(70) — dz(7) — ¢=(0)
= ¢z(o7) + ¢z(70).
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We now use again the property that the functions ¢z = ¢z satisfy the cobound-
ary condition (3.6). We further recall that ¢y is a given homomorphism.

We calculate B3¢z(01,09,03), from which the general phenomenon should be
clear. We have

53(;55(01,0'2,0'3) = %([0—17 [02,0—3“)
= ¢z(01]09, 03)) + ¢z([02, 03]01)
= ddz(01, [02,03]) + doz([02, 03], 01).

Observe that the very last term vanishes, since x7z is supported on an abelian
extension. We then have

dpz(o1,[02,03]) = > xr=(01) - 5 1502, 08])

0A£TCS
= Y xra(01) (dps-15(02,03) + dps_15(03,02))
0#£TCS

Since |S| = 3, we write S = {i1,i2,43}. The decomposition above will then depend
on whether |T| =1 or |T'| = 2. We treat the first case, say T = {i;}. First we note
that

AP lis,isy,7(02,03) = X{in}.7(02) - D4is1,7(03) + X1ig),z(02) - Pinyz(03)
= X{in},2(02)X{i3},2(03) + X{is},7(02) X {in},2(03)-
It thus follows that

X(ir42(01) (A g 01 7(02,03) + A g sy 7(03,02)) = Y [ [ Xtoy2(04)s
9 j<k

where the sum runs over all bijections from {1, 2,3} to {i1, 42,43} which sends either
i or i3 to 41. The calculations above readily generalize to give

Btz (o1, o) = > [ xay7 () 5

g i<k

where g runs over all bijections from {1,---,|S|} to S with the property that
g(|S] — 1) or g(|S]) is equal to i,, as desired. O

The following definition will be convenient:

Definition 3.1.4. We say T1, T2, %3 € Y 5 are 3-cyclic if for all i € S, we have
Ts—{i}(T1) = ms— (i} (T2) = m5— (3} (T3)
and
7i(T1) = (p1,p2), Ti(T2) = (P2, p3), T:(T3) = (p1,p3)-

This has the following consequence:

Lemma 3.1.5. Suppose 1, T2, T3 € Y g are S-cyclic. Then
Brdz, + Broz, = Brdz,-

To see this, it suffices to understand what happens when |S| = 1. In this case
we need to verify that

X{itz (0) + Xy (0) = Xy .z(0)
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for all 0 € Gg. This follows from considering the cases. For example, suppose that
o(y/p1p2) = —/P1p2 and o(y/p2p3) = —/D2ps. Then the LHS above vanishes, and

o(\/P1p3) = o(p2y/P1p3) = o(\/P1p2 - \/P2P3) = /P1P3,

so the RHS also vanishes.

‘We make one further definition:

Definition 3.1.6. We say that a pre-governing expansion & with initial data ¢,
and Y is quadratically consistent if for S containing i, and for all 7 € X g, we have
T € Y5 whenever the following are satisfied:
b i(@) c ?@a
e Forallie S — {i,} we have #(5 — {i}) € Ys_p;,
e For each i € S and T; € Z(S — {i}), we have p;(m;(Z)) and pa2(m;(T)) split
completely in M(Z) and

p1(mi(T)) p2(mi(T))

is a quadratic residue at 2 and at all primes ramifying in K(%7;)/Q.

Proposition 3.1.7. Let X1, .-, Xy be a pairwise disjoint collection of odd primes.
For any i, € {1, ,d} and Yy C X, there is a set & of pre-governing expansions
with initial data i,,Y y which satisfy:
(1) For any S containing i, and T1,T2,ZT3 € Y 5 3-cyclic, we have ¢z, + ¢z, =
bz, B
(2) For allT € Yg, the extension M(T)K(Z)/K(T) is unramified at all finite
places.
(3) & is quadratically consistent.

Proof. For each S D {i,}, take Wy to be the Fa-vector space generated by ¢z, T €
Ys. We note that to confirm the first property it suffices to show that the ¢z
can be chosen so that f|g is injective on Wg, since by Lemma we have
Bis|Pz, + Bis|¢z, = B)s|¢z,- Therefore, if Bg) is injective, then this would imply
the desired relation.

This is clear for S = {i,} because f; is the identity. Now suppose by induction
that we have found ¢y satisfying this property for all § € Y and proper subsets
T of S which contain i,, and we wish to prove the result for S. Proposition [3.0.3
shows that we can certainly find expansions ¢z for each T € Y 5. The only question
is whether we can make the map from Wy injective.

Take M to be the Hilbert class field of K(X) = Hie?{l o K (z). For each

prime p that ramifies in K(X)/Q, choose P to be a prime of M lying above p,
and take o, to be the nontrivial inertia element corresponding to 3. By twisting
¢z by the quadratic characters x4, if necessary, we can assume ¢z(o,) = 0. Note
that by construction 2 does not ramify in K(X)/Q, so p is odd; whence one of p or
—p is congruent to 1 (mod 4), whence we can choose the sign so that ¢z remains
unramified at 2.

We may now assume that ¢z vanishes at o, for each rational prime p which
ramifies in K (X)/Q. We shall see, together with our coboundary conditions, that
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this is enough to guarantee that g/ is injective on W.

Let k = |S|. Suppose that Sx¢ = 0, where

o= ¢tz
J

for some constants c¢; € Fo. Let 7 be the iterated commutator of o9,---,0%. Then
we have
(310) 0 :5k¢(015"' 70k> :dd)(UlaT) +d¢(77 01)7

linearity and repeated application of (3.9)).

We now suppose that k& > 2. We then see that d¢(r,01) = 0, by Lemma m
Therefore

Brp =do(o1,7) =D D> Xz, (01) - bz,5- i3 (7).
J i€S—{ia}
Using the independence of the sets of characters corresponding to each i, we get
that

ZCin,@ (01) - ¢z,,5-¢iy ([o2, [+ s [Ok—1,0%]---]]) =0
J
for all i € S — {i,}. This can be rewritten as

Z%‘X{i},@ (01) - Br—10z, 5 (i} (02, ,01) = 0.
J

By the induction hypothesis, we have
> eiia; (0) - bz,,5-ay (1) = 0
J
for all o, 7 € Gg. Taking coboundaries then gives
> D am (o) énsn(n) =0.
Jj i€eTCS—{ia}
Again by the independence of characters, we see that
> eixra, (0) - ¢z,5-7(7) =0
J
for any T C S — {i,}. Adding these together then gives that d¢ = 0.
When k = 2 we have 7 = 09, and thus (3.10) turns int

0= d¢(0’1, 0'2) + d(b(O’Q, 0’1).
This asserts that d¢(o1,02) = d¢(o2,01), since both are valued in Fy. By linearity,
it suffices to perform the calculation with a single ¢z. By our coboundary condition,
we have
déz(01,02) = X (i} (01)X (i} (92) + X{in} (01)X (i1} (02)
=0.
We thus conclude again that d¢ = 0.
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Therefore, we see that ¢ is a Galois cocycle and hence corresponds to a quadratic
extension of Q. But, from the hypothesis that ¢(o,) = 0 for all primes which ramify
in K(X), we see that this quadratic extension is necessarily unramified at all finite
primes, which means it is the trivial extension and ¢ = 0. Therefore, 3| is injective
on Wg, as claimed. O

Definition 3.1.8. A set ®(i,, Yy) of pre-governing expansions which satisfies the
properties of Proposition [3.1.7]is called a set of governing ezpansions.

One final result needed for sets of governing expansions is to show that the fields
M (T), corresponding to the functions ¢z in the expansion, are sufficiently distinct.

Proposition 3.1.9. Let X1, -+, Xy be a pairwise disjoint collection of odd primes,
and let X be their Cartesian product. Let i, € S C {1,---,d} be a fized set. Put
Mg(X) for the Hilbert class field of K(X), given in Proposition[3.1.7] Fori € S,
let T; = (X5, Z;) be an ordered tree, where Z; C X; x X; is the edge set.

Suppose we have a set of governing expansions on X such that

s (?S) :_) Z = HZ1
€S
For z € Z, put T(z) for a preimage of z under wg. Then for any zo € Z we have
that

Ms(X) [T M(z(2))
z#2z0
does not contain the field M(T(zp)).

Proof. To ease notation, we put Z = Z(z) for z € Z;. It suffices to check that d¢z,
cannot be written as a Fa-linear combination of the other d¢~ inside H? (Gal(Ms(X)/Q), Fz).
Since Gal(Mg(X)/Q) has nilpotence degree |S| — 1, we see that the map

ﬁ(d})(o—l? T vok) = ¢(017T) + ’(/}(Ta Ul)u

where 7 is the iterated commutator of og,--- 0%,k = |S|, is trivial on any 2-
coboundary.

It suffices to check that B(d¢z,) = Br¢z, is not in the span of the other Si¢z.
Put
Ki(X) = 11 K(z),
zeX (1, ,d}—{4}
we define V; to be the associated Fa-vector space Gal(K (X)/K;(X)). With this
notation, we consider B¢z restricted to the product

Vvi1 X"'XVYik—1 X‘/iw

where S = {i1, - ,ik—1,9.}. We then find that we can express B¢z as a tensor
product, namely

Brdz = Xiyz @ @ Xig_1.7 @ X{in}.2>
valid for any Z € Z. Since we assumed that Z is the edge set of a tree, it follows
that there are no 3-cycles, whence the set

{xiz:Z€Z}
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is a linearly independent set; that is, once all duplicate entries are removed, the re-
maining characters are linearly independent. Since each Z corresponds to a distinct
tuple of characters, the tensor product structure implies that ¢z, is independent of
the other ¢=. This completes the proof. [

3.2. Raw cocycles. In this subsection, we describe Smith’s notion of sets of raw
cocycles. Unlike the governing expansions described in the previous subsection, raw
cocycles are objects that model the behaviour of narrow class groups very precisely.
Indeed, by showing that governing expansions can be related to sets of raw cocycles,
we obtain control over narrow class groups with sets of number fields, fulfilling the
governing field philosophy.

In this subsection we consider a Gg-module N which is isomorphic to some
power of Qq/Zs, if the Gg-structure is forgotten. Take Xi,---, X4 to be pairwise
disjoint sets of odd primes such that N is not ramified, and let X be their Cartesian
product. For x € X we put N(x) for the quadratic twist of N by the quadratic

character of the field
Q(Vm@) - m@) /2

Note that 2-torsion is preserved: that is, for all x € X we have N(z)[2] = N|[2].

For x,2' € X put Y(x,2’) for the isomorphism N(z) — N(a') defined over the
smallest possible number field. That is, it is the isomorphism which preserves the
Galois structure above

K(z,2')=Q (\/71'1 (x)my(2) - ﬂd(a:)ﬂd(a:’)) )

We denote the associated multiplicative quadratic character by x(z,z’).

It is well-known from genus theory that 2-torsion of narrow class groups of qua-
dratic fields (real or imaginary) is never trivial; in fact it can easily be seen from
the same theory that 2-torsion can be arbitrarily large, namely roughly equal to
the number of distinct odd prime divisors of the discriminant. Therefore our set-up
should take this into consideration. We therefore assume that our Galois module
N has non-trivial 2-torsion.

Definition 3.2.1. Given a Gg-module N, X = X; x --- x Xy, and a function
rk: X — NU{0} U {0},
we define for each z € X and k < rk(z) an element
bi(@) € C' (Go, N(@)[24)

where C! denotes the set of 1-cocycles of Gg in N(z)[2*]. The collection of objects
(rk, ¥ (z)) will be called a set of raw cocycles on X if whenever z € X and k < rk(z),
we have

2¢p41(z) = ().

One should interpret the objects in Definition as basic models for elements
of the 2¥-part of a narrow class group. We introduce some further refinements to
improve the model.
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Definition 3.2.2. Let R = (rk,¢x(x)) be a set of raw cocycles. For a subset
S c{l,---,d}, we say that fR is consistent over S if

Y1(x) = 1 (") whenever z, 2" € X satisfy gy ... gy—g(x) = 71 ap—s(2’).
For i, € S, we say R is i,-consistent (over S) if there is some injection of Galois
modules ¢ : F3 — N[2] such that

1(x) = 1 (2') = 10 Xy, ) (@)m (i) (@)

Further, we write rk(R) and ¥y (R, z) to denote the function and 1-cocycles at-
tached to . Similarly, i,(R) and ¢(R) denote the given index and the injection
for an i,-consistent fR.

As the notation suggests, we are interested in the situation when
(3.11) ia(R) =1a(8),

where R is an i,-consistent set of raw cocycles and & a governing expansion with
data .

The next definition is intended to capture the phenomenon where the 25-part of
narrow class groups tend to be trivial for most such groups.

Definition 3.2.3. Let R be a set of raw cocycles on X and let S be a non-empty
subset of {1, - ,d} such that for all T € X g we have tk(R)(x) > | S| for all z € &(().
Fix x¢ € #(0). Put

B(R,T) = Y T(x,20) 0 Pys)(R, 2).
z€&(0)
If in addition fR is consistent over S, we say that R is minimal at T if Y (R, T) = 0.
Throughout, we take zg to be a fixed element of Z(0).

Proposition 3.2.4. Take R to be a set of raw cocycles on X. Let S C {1,---,d}
be a non-empty subset and such that R is consistent over S and there exists T € X g
such that Y(T) = Y (R, T) is defined.

Suppose that for all proper subsets T C S and T, € &(T), R is minimal at T1.
Then 1 (T) maps into N[2] and its coboundary is zero.

In particular, 1(Z) corresponds to an element of C1(Gg, N[2]).

Proof. By our minimality assumption for Z;, we see that for all sets S; =S — {j}
and 71 € S; we have

w(gLfl) = Z T($7$0)°¢|S|71(m7$) =0.
zemﬁ(@)
By the definition of T1, #1 (), and (R, z) we see that
2(R,z)= > T(x,20) 0 hys)-1(R, z)

zez(0)

_ Z Z Z Y (z,70) 0 Py5-1(R, x)

1<j<dz, efsj zex1(0)
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since the inner sum is always zero by assumption. To show that it is also a cobound-
ary, we calculate

d (Y (x,20) 0 Y11(x)) (0,7) = (oY (w,00) = Y (&, 0)r) © W51 () (7)
_ {omxo) o 511 (@)(r) if x(w,70) = 1
0 otherwise.

By linearity, we see that
(@) (o) = > oX(z,20) 0 hys)—1()(7).
x(@,x0)(0)=-1
For i € S, let H; be the subset of z € () such that 7;(zg) # m;(x). For a subset
T CS, put
Hp = ﬂ H;.
i€T
Any element o € Gal(K(Z)/Q) can be expressed in the form

(3.12) o= o,

€Ty

where ; is the unique non-trivial element of Gal(K (Z)/Q) that fixes \/p1 (7 (T ,02( J (7)
for all j # 4 in S, and where T, is a subset of S. We claim that, for = € £(0), t
identity

(3.13) 3 (_Q)T-lz{l if X(,20)(0) = 1

herwise.
0£ATCT, 0 otherwise
Hr>x

For a given x € (D), put T, for the largest subset T of S for which z € Hy. Then
the right hand side of (3.13) is equal to one if |T, NT,| = m is odd. The left hand

side of is then
> =Y (et = )

AT CT,NT, k=1

by the binomial theorem, and this is readily equal to the right hand side of (3.13]).
It thus follows that

(314)  d@)(o7) = Y (=20 Y (2, 20) 0 Y5 () (7)

0ATCT,
Hr>x

_ Z \T\ 1 (Z T (z,0) 1/15_|T|($)(7)>a
@#TQT c€HT

but the inner sum vanishes due to our minimality hypotheses, whence the cobound-
ary vanishes as desired. O

An immediate consequence of Proposition is that if 7 is minimal at € X g,
it is minimal at g for all g € X(T) and T C S.

Next, we need to establish the language to compare sets of raw cocycles and
governing expansions.
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Definition 3.2.5. Let R be a set of raw cocycles on X and & a set of governing
expansions on X. Let S be a given subset of {1,--- ,d} and T € X a fixed element.

If i, € S and R is i,(B)-consistent over S, we say that R agrees with & at T if
(R, T) and ¢z(®) exist

B(R,7) — 10 62(8) = 0.
If S does not contain i,(®) and if R is consistent over S, we say that R agrees with
® at T if it is minimal at T.

The next proposition gives conditions for when a set of raw cocycles PR and a set
of governing expansions & to agree at T, provided that they agree on elements of
Z(T) for proper subsets T' C S.

Proposition 3.2.6. Let R be a set of raw cocycles on X and & a set of governing
expansions on X. Suppose that for some S C {1,---,d}, we have R is i,(®)-
consistent over S and that there exists T € X g such that ¥(R,T) and ¢z(®) both
exist. Then

W(T) — 1o ¢z € C (G, N[2))
whenever R agrees with & at Ty, for all Ty € &(T) and proper subsets T C S.

Proof. We have shown that the minimality hypotheses imply that 2¢(Z) = 0.
Therefore, we only need to check the cocycle condition. We can unpack (3.14))
as

d(@)(o,7) = Y xrz(0)- ( > Y(z,w0) O¢|S||T($)(T)> :
0ATCS x€Hr

By hypothesis, we have that for any proper subset T" C S containing i, and T €
Z(T) that

YR, T1) — Loz (B) =0.

Now choose T1 € #(S — T) such that m;(T1) # mi(zo) for ¢ € T. It is then clear
from definition that

Z Y (2, 20) © Y57 (7) = Z Y (x,20) © V)57 (),

xE€HT zex1 (D)

and the right hand side is manifestly equal to (R, Z1). Since for i, & S — T we
have that ¢ (R, %1) is minimal, it thus follows that

> xralo)- ( > Y(w,a0) O¢S|—|T|(x)(7)>

0#£TCS x€Hr

=10 Z XT,E(U) ' (bfsz(T) =to d%(07 T)'

1a@TCS

By (3.14), it follows that d(¢(T) — ¢ o ¢z) = 0, as desired. O
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4. RAW COCYCLES FOR NARROW CLASS GROUPS OF REAL QUADRATIC FIELDS

In this section, we emulate Smith’s construction of raw cocycles for class groups
([6], Section 2.3), with the necessary change that we discuss narrow class groups.
Indeed, our key insight is the observation that Smith’s arguments essentially trans-
late verbatim to the narrow class group setting for real quadratic fields.

Let K/Q be a real quadratic field, say K = Q(y/ng) with ng € N a non-square.
Suppose, as before, that X7,---, Xy are pairwise disjoint sets of odd primes that
are unramified in K. We then define

K(z)=Q no H i ()
\/ i<d

for z € X. We shall assume, as we must for our application to the negative Pell
equation, that for each i < d and p € X; we have that p =1 (mod 4). We will take
N (z) to be the module Q2/Z, twisted by the quadratic character corresponding to
the extension K(z)/Q.

Let T, C{1,---,d} and let A, be a square-free integer dividing 2ny. Define the
character ¥1(z) : Gg — N|[2] by
(4.1) U1(T) = Xa, + Y Xru(a)-
€T,
We assume that the field of definition of ¢, (z) is unramified above K(x) for all

x € X. We then see that 11 (x) corresponds to an element of the dual narrow class
group ¢V K (z)[2].

Proposition 4.0.1. Take 11 (z) as in ({.1), and let K(z)" be the mazimal exten-
sion of K(x) which is unramified at all finite primes . Then for k > 0 we have
V10| Gai@ k(o)) € 2"V K (2)[2Y]
if and only if, for some
Yr(z) € CF (Gal (K (z)™/Q) ,N(x)[Qk]) ,

we have

1 (z) = 28" (2).
Proof. We see that 1 (z), when restricted to G (), is in c[' K (z)[2¥], whence the
sufficiency of finding such a ¥y (z) is clear. Conversely, given a map

V() € VK (z)[2"],

we know that the field of definition L of ¥ (z)’ is dihedral over Q, with its unique
order 2*-cyclic subgroup corresponding to the intermediate field K (). To continue,
we need to extend the character ¢ (z)" from Gal(L/K(x)) to a cocycle g (x) on
Gal(L/Q). Choosing some 7 € Gal(L/Q) so that we have a coset decomposition

Gal(L/Q) = Gal(L/K(x)) + 7 - Gal(L/ K (x)),

and choosing some a € N(x) with 2°~'a = (1), we can find such a 1 (z) by
setting
U (2)(0) = i (z)(0) and Py (z)(T - 0) = a — Pp(z)’
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for all o € Gal(L/K(x)). Note that for 01,02 € G () we have
dpy(z) (o1, 702) = Yr(2)(0102) — Yi(z)(01) — Yr(2)(T02)
= Pr(2)(r(r 7 o1m)o2) — i (@) (01) — o + Pi () (02)
= a — ¢y(2)(r7 1) — Yr(2)(02) — Yr(2)(01) — o + Py (z)(02)
= —Yp(2) (77 o1T) — Y (@) (o),

and the last line vanishes because the dihedral group law shows that ¢y (z) (7~ to17) =
—(x)(01). Next we check

dw(x)(To1,02) = i(x)(To102) — (@) (T01) — (To1) © Vi (2)(02)
=a — Yp(0102) — a+ Pr(x)(01) + Yi(2)(02)
= —p()(1) — () (02) + Br(@)(00) + Yrl)(02)
=0.
Finally, we see that
dyr(z)((T01), (T02)) = Yr((r01)(T02) — () (T01) — Yr(z)(T032)
= Yi(a)(T* (17 o17)o) — a + Y (@)(01) + o — P(z)(02)
= —ti(x)(01) + Yr(x)(02) + Yr(x)(01) — Yr(x)(02)
=0.
We thus checked that 1 (x) obeys the cocycle condition, completing the proof. [
We may therefore define
(4.2) o' K (2)[2"] = ¢ (Gal(K (2))"/Q), N(2)[2"])
Note that we always have
o K(2)[2M = oV K (2)[2"] @ (2/2"2).
We denote by w, = (T, A,) corresponding to the element of 'K (2)[2], given by
the function t; (z) in (4.I). We then make the following definition:

Definition 4.0.2. For w, = (T,,A,) corresponding to the element of avK(z)[Q}
given by the function ;(x). Denote by R(w,) for a set of raw cocycles on X so
that, for all x € X, we have

V1R, z) = P1().
Let rk(9R)(z) be the largest integer k such that () corresponds to an element of
2611 K (x)[2%], with
br(R|z) € ol K(z)[24].

For a given wy, = (Ty, Ap), where T}, is any subset of [d] and Ay is a positive
square-free divisor of 2ny. For any = € X, define the ideal
(4.3) wy(z) = [ Bw) - ] Bmi(2)),

p|Ay €Ty

where B(p) is the unique prime above p in K(z). Taking c[K(z)[2] to be the set
of ideals with square-free norm dividing the discriminant of K(z)/Q, we see that
there is a natural surjective map

K (2)[2] = K (2)[2]
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which has kernel isomorphic to Z/2Z. We write 28~ c[K (2)[2¥] for the preimage of
2F=1clK (2)[2%] under this map.

For a cocycle ¢y, let L(1x) be the definition of vy, over K (z). If ¢y (z) exists,
then the Artin symbol
{L(W)/K(I)}
RY

lies in the order 2 subgroup of Gal(L(vy)/K (z)) at any P dividing the discriminant
of K(z)/Q. We identify this subgroup with Z/27Z.

We note that the Artin symbol induces a pairing on the set of wy’s, by simply
defining

(4.4) (Wa, wp) = [W] .

wy ()
Theorem 4.0.3. Let X = X; X -+ x Xg4, with {X;} a pairwise disjoint collec-
tion of odd primes. Let ng be a fized positive integer. For x € X, suppose that
wq = (Ty, Ay) correspond to an element ovaK(x)[Q], Let & be a set of governing

expansions on X and R(w,) a set of raw cocycles. Let S C {1,--- ,d} be a subset
of cardinality at least three containing i, (®).

Suppose that wy, = (Ty,Ay) is such that wy(z) € 25172cK (2)[215171] for all
x € 2(0) and that there exists iy, € S, iy # iq such that

(4.5) SNT, C {Zb} and SNT, C {ia}.

(1) If SNT, =0 or SNT, =0, and for each i € S, # i4,1p, z; € (S — {i}),
and g € 2;(S — {i,1a,1p}), R is minimal at . Then P51 (R, x) exists for
all x € &(0) and

3 {L(wsﬂfﬁ, x))/K(x)

z€Z(0) o (CE)

(2) Suppose that SNT, = {ia} and SNTy, = {ip}. Suppose that there exists
zZ € &(S—{iv}) such that pz(®&) exists. Suppose further that for every i € S
different than iy, each z; € £(S —{i}), and g € 2,(S — {i,9}), we have R
agrees with & at . Then 1 s|—1 (R, x) exists for all x € () and

L¢ 71(9{7‘%‘ /K(J?
> [ (s ) )

wp ()

} = 6:(®) (Frob(p: (;, (z))) - Frob(pa(m;, (7)) -

z€Z(0)

For a function ¢ : Gg — Fy supported on a finite Galois extension L/Q and a
rational prime p which is not inert in L, put

inv,(¢) = inv,(L),
where
0 if p splits over L

inv,(L) = {

1/2 if p ramifies over L.
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Proof. Let z € (S —{ia,i}). For z € 2(), our choice of wy, implies that the Artin

symbol
L(¢s)-1(R,2)) /K (2)

wy(z)
depends only on w,, w, and z, but not on the choice of raw cocycles fR.

Write b(x) for the norm of the ideal wy(z) for z € 2((). Our restrictions on T}
implies that b(z) does not depend on z; we shall simply denote it by b. Let p be
a prime divisor of b, and let B be the prime above p in K(z). Put A(x) for the
discriminant of K (z)/Q. If ¥;g—1(M, ) exists, then we can write it locally at p as
X Or X + XA(z), Where x is an unramified character. Therefore

[L(w|5|_1(9%, x))/K(x)
B

Further we see that inv,(xa () U xs) = 0 from our assumptions on wj, whence

(4.6) [L(wlsu(f); x))/K (x)

Take xg to be the element of 2(f)) outside of all 2;(), and write g; for the element
in 2(S — {4, 44,9 }) N 2:(S — {4, 40, })-

] = inv, (x U xp)-

] =inv, (w\S\A(x) U Xb) :

To prove the first assertion, consider
p=— > Y(x,20)0Ys-1(R,2).
z€2(0)—{zo}
By Proposition |3.2.4} we see that ¢ is a cocycle mapping to N(zg), and we then
see that
2151729h = gy ().
From our minimality assumption we find that
2 = — > Y(z,20) 0 th)5)—2(R, )
2€2(0)—~5:(0)—{wo}
for each i € S — {i4, i }. We see that the field of definition of 2¢ is unramified at

each m;(Z;) for i € S — {iq, 4}, whence 2¢) must have field of definition unramified
above K (x¢), so some quadratic twist of ¢ is unramified above K (xg). This shows

that -1 (R, 2o) exists, and via (4.6), we have

5 [Fs BT - S i, (662 U ).

ze2(0) wy () ol

The assumption on w;, implies that the choice of ¥g)—1 (R, z0) does not affect the
value of this sum, so we can take ¥ (Z) to be a quadratic character. By Hilbert

reciprocity, this equals
Z inv, (¢¥(Z) U xs) -

plb
However, Yy is locally trivial at all primes ramifying in any K (x) that do not di-
vide b, so this sum is zero. This completes the proof of the first part of the theorem.
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For the second part, we instead consider

b=1ro¢z— > Y(x,20)0Ys)1(R, 7).
z€2(0)—{zo}
By Proposition we see that this is a cocycle mapping to N(zg), and we again
find that 2/51=2¢) = 4y (). Furthermore, we have

20 = 10 ¢y, — > Y (x,20) 0 Yy51-2(R, )
2€2(0)~9: (0)—{zo}
for each i € S — {iq, 1}, where we are taking ¢y, = 0. Then then field of definition
of 2¢) must be unramified above K (xg). Thus 151 (IR, zo) exists and can be taken
to be a quadratic twist of 1. Following the same argument as in the proof of the
first part, we can ignore this quadratic twist, and we find

Z {L(dﬂs—l(mv ;,;))/K(x)] = Z inv, (¢= U xs) -

wy(2) plb

z€2(0)
Applying the same argument to all Z € £(S — {ip}), we find

3 {L(¢|s|1(mal‘))/K($)]

wy ()

= 1Vpy, (@ =+ UXPlb) + invy,, (% U szb) >
z€&(0)

where p;p = p;i(m;, (T)) for i = 1,2. This is equivalent to the desired conclusion. O

5. ADDITIVE RESTRICTIVE SYSTEMS

We now introduce the notion of an additive-restrictive system, a construction
that allows us to gain additional control over sets of governing expansions and raw
cocycles.

Definition 5.0.1. Let Xy, -+, Xy be pairwise disjoint sets of odd primes. An
additive restrictive system on this collection is a sequence of tuples

(Ys,Fs,Ag): S C{l,---,d})
where for each S, Ag is an abelian group and Fg : Y g — Ag a function, such that:
o If S # (), then
Ys= {7 € Xs:2(T) C ker Fr for all T a proper subset of S}.
e Whenever Z1,7,73 € Y g is a 3-cycle, we have
Fs(71) + Fs(T2) = Fs(T3).
We will denote by ?;7: ker Fs, and the letter 2 to denote an additive-restrictive
system. We shall write Y g(21), Fs(21), etc. to denote the associated data of 2.
The key property of additive restrictive systems is that we can bound how quickly

the sets ?g shrink as S increases through additive combinatorics.

Proposition 5.0.2. Suppose X = X1 X --- X X4 is a product of finite sets of odd
primes, and suppose

((?SaFS7AS) 18 C {17 ad})
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is an additive restrictive system on X. Write § for the density |?;|/|X| and write A
for the mazimum size of a group Ag in the sequence. Then for any S C {1,---,d},
the density 0f7§ in Xg is at least

62\S\A_3|S\

Proof. Write dg for the density of ?OS in Xg. Our goal is to compare the density
of Y in X g with that of 72«_{8} in Xg_ysy, say. To that end, we put, for s € S
and 7o € Xg,
m(To) = 77{_117... d}—{s} (77{1,-~» ,d}—{s}(fo)) )
Vz, = Yg_ {5y Nm(T0),
and
W, =Yg N m(To).

We see that W naturally injects into V' x V. Note that two elements in ?S_{S} X
Y s_¢sy which differ only at the s-th coordinate can be glued together to give an

element of Xg. By definition, elements of V only differ at the s-th coordinate. It
thus follows that there is a map from V x V into X g N'm(Zy), say vz,

We now define the relation T; ~ T if and only if vz, (T1,T2) € Wz,. We claim
that ~ is an equivalence relation. First, by using additivity, we see that for an
element T € Yg with the property that 7(s3(Z) = (p,p), then (7,7,7) forms a
3-cycle, whence

Fs(T) + Fs(T) = Fs(),
which implies that Fs(Z) = 0. This shows that ~ is reflexive. Symmetry follows
similarly, since if 7y} (Z1) = (p1,p2) and 7} (T2) = (p2,p1). Now put T € YsnN
m(Tp) be such that 7y (Z) = (p2,p2). Then (T1,7,T2) is a 3-cycle, whence

Fs(fl) + Fs(f) = Fs(fg)
Fs(fl) +0= Fs(fg),
which shows that ~ is symmetric. Finally, for any T1,T2,T3 € V we have

U1 = Vzo (T1,T2), Yo = Vz, (T2, T3), Y3 = Vz, (T3, T1)

forms a 3-cycle. If T ~ Ty and T ~ T3, then additivity implies that

Fs(yy) + Fs(Y2) = Fs(U3)-

Our hypothesis implies that the left hand side is zero, hence Fg(¥s3), whence
Yys € Wz, and thus z; ~ 3. This confirms transitivity and thus shows that ~
is an equivalence relation on V x V.

Recall that all coordinates of an element Z; € V are fixed (and equal to that of
T() other than the s-th coordinate. Therefore, an equivalence class is determined by
assigning coordinates corresponding to 7' C S, with T' containing s, to 0 € Ag and
then assigning the remaining coordinates to arbitrary elements in Ag. It follows
that the number of such equivalence classes satisfy

1S|-1
(5.1) IT 1asP™ ™ < T A2 = a2

SETCS i=0
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Write 0z, for the density of V in Xg_5 Nm(To). Then the density of V x V in
XsNm(zy) is 62 , and by 1) the density of W inside X g Nm(T) satisfies

o)

Wl W vxv
|Xsﬂm(fo)| |V><V| Xsﬂm(f(ﬂ
_3lsl-1
> AT 62

The average of the dz, is ds_(4), and ?g is given by the union of Wz, over all T,
whence

_3lsi-1
(;SZA 3 6%_{€}
Applying this repeatedly we see that
(55 > A—3|5‘71<1+%+%+“') .5%|5\ _ 52\5|A,3\5\.

O

5.1. Additive restrictive systems for governing expansions. We now con-
struct additive restrictive systems attached to governing expansions.

Proposition 5.1.1. Let & be a set of governing expansions on X = X1 X -+ x Xg,
and let Spax be a subset of {1, ,d} which contains i, = i,(®). Then there is an
additive-restrictive system 2 on X satisfying the property that for alli, € S C Smax,
we have
Ys(2) =Ys(8).
Furthermore, for all S C {1,---,d}, the abelian group Ag attached to S in A
satisfies
[As ()] < 254,

Proof. Given &, we will construct abelian groups Ag(2) and functions Fs(2A) :
Y 5(®) — Ag(2) which satisfies the conditions of the Proposition for all S C Spax.
We start with the case when S = {j} is a singleton. We then take Fs(Z) = 0 if and
only if
p1(m; (%)) pa(m; (T))

is a quadratic residue at 2 and at all primes in 7g, _¢;1(7). First observe that
(Z/8Z)* /{0} = (Z/27) x (Z/27Z) and for any odd prime p we have (Z/pZ)*/{O} =
7./27.. Therefore, the target group for Fig can be chosen to be Ag = (Z/27)SmaxI+1,

Suppose now that |S| > 1 and i, € S. Then we want to choose Fg so that
Fs(Z) = 0 if and only if ¢pz(®) is trivial at 7; (%) for all i € Sp,ax — S. By definition,
¢z is an unramified quadratic character at each such prime, so for each ¢ € Syax—.5,
¢z takes on one of two possible values at 7;(T). Therefore we may choose the target
group to be

Ag = (2/27)!5m=x=51,
If S is not a subset of Spax, or if S does not contain i, and |S| > 1, then we let Ag
be the trivial group.

~ We now claim that this defines an additive-restrictive system 2 which satisfies
Ys(A) =Yg(®) for all S C Spax. We first check that

m:{(?S(ﬁ)aFS,AS) : Sg {17 ad}}
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does in fact define an additive-restrictive system.

First consider the case when S = {j}. We check that both of the conditions for
an additive-restrictive system are satisfied in this case. Note that Fj maps into the
trivial group, and hence is identically zero, whence 7; =Y. Therefore, condition
(2) in Definition implies the first condition of additive-restrictive systems.
Next, we must check additivity. Suppose T, T2, T3 € Y g is a 3-cycle. The second
condition follows from the fact that (pi1p2)(p2ps) and pips have the same residue
modulo squares for every prime in 7g, ;1 (T).

Now suppose that i, € S and |S| > 1. We must check that
Ys(6)={zeXg:2(T)C Yy forall T C S}

Observe that ?; = Y whenever i, ¢ T and |T| > 1, so this condition is vacuous by
the definition of a governing expansion in these cases. For the singletons T = {j},
note that Y7 (®) is not defined, so again the condition is vacuous. Therefore, it
remains only to check the condition for proper subsets T' C S which contain i,.

We demonstrate this in the case when |S| = 2. Suppose that # € Yg. By
the definition of a governing expansion, it follows that #({is}) C Y;,3. Then the
first condition follows from the fact that & is square residue compatible (Definition
. Additivity follows similarly. O

5.2. Additive restrictive systems for raw cocycles. It takes considerably more
effort to attach an additive-restrictive system to a set of raw cocycles. Put

(5.2) DYy = {wa = (Ta, Au) : F20 € X 5.8, (w0) € 261 K (w0)[4]}
and
(53) D(Q) = {wb = (TmAb) :dzg € X s.t. wb(l‘o) S 2&K(l‘0)[4]}
For each w € D}, attach a set of raw cocycles %(w) as in Definition W

We then make the definitions:

Definition 5.2.1. Let Xy, -+, X4 be pairwise disjoint sets of odd primes, and put
X for their Cartesian product. Let i, € {1,--- ,d} and S C {1,--- ,d}, and &(i,)
a set of governing expansions. For w € DE/Q)’ let R(w) be a set of raw cocycles.

Suppose that T € X g satisfies
rk(R(w))(z) > |S| + 1 for all z € ().
If R(w) is consistent over S, we say R(w) is acceptably ramified at (T,1), where
ie{l,---,d} =S, if
> T(w,m0) 0 P51 (R(w), 7) (0, ) = 0.
z€Z(0)

If i, € S and R(w) is i,-consistent over S, then we say R(w) is acceptably ramified
at (%,i) for i € {1,---,d} — S if there exists Z € Xgyy; satisfying T € z(95),
¢z(B(ig)) is defined and satisfies p1(m;, (%)) # p2(m, (%)), and

> Y(x,20) 0 51 (R(w), 2) (0, z)) = (0, (3)-

zez(0)



THE NEGATIVE PELL EQUATION 27

For j1,j2 < ng, we define an additive-restrictive system 2((j1, j2), attached to
both a set of governing expansions and a set of raw cocycles, as follows. First choose
a positive integer m > 2, and choose a set S(j1,j2) C {1, - ,d} having cardinal-
ity m+ 1. For S C {1,---,d}, let Ag be the trivial group if S is not a subset of
S(j1, ja) or if [S| > |S(j1, j2)| — 2. In particular, we have ker Fs = Y 5 in such cases.

We attach a set of governing expansions to 2A(j1, j2) as follows. First choose an
index i4(j1,j2) such that i, € S(j1,72). Let B(i,) be a set of governing expansions
such that for every S with |S| = |S(j1,42)| — 2 and i, € S, and for every T € Xg,
the expansion

¢z(6(ia (41, J2))
exists. Further, we assume that it is trivial at 2 and oo, as well as at all primes in
T{1,....d}—s(T), and at all primes dividing no.
Choose filtrations of Fa-vector spaces

Dy 2 D3y 2+ 2 Dy
and

D) 2Dy 2 -+ 2 Dimy,
where D(Vm) contains the non-trivial element of the kernel of the map
(5.4) Dy — ¢V (K (x0))[4]
respectively. Choosing a pairing Art) on Dz/k) X D(x) with the property that for
each k, the left kernel of Art ) is Dz/kﬂ) and the right kernel is Dj41).

For each 2 < k < m, put ny = dim Dz/k)' Further, we choose bases

(55) Wq,1," ", Wa,ny € D2/2)
and
(5.6) Wh,1," " s Whny € Do)

so that in each case, the first ny vectors are a basis for ’D(VQ),D(Q) respectively for

2 < k < m. Moreover, we shall assume that there is an index i, € S(j1,j2) such
that T'(wg;), T'(wp, ;) do not contain ¢, for 4,j =1,--- , na.

Now for each j < ng, we attach a set of raw cocycles R (w, ;) in accordance to
Definition [4.0.2l We have the following lemma:

Lemma 5.2.2. Let S(j1,72) C {1, - ,d} be such that |S(j1,j2)] = m+ 1. Then
for each S C {1,---,d}, one can choose sets Ys C Xg, abelian groups Ag, and
functions Fg : Y g — Ag which satisfy:

(1) As = {1} if S ¢ S(j1,42) or [S| > |S(j1,j2)| — 2;

(2) As = (2/22)">">+m=2) if § C S(j1,72) and |S| < |S(j1,j2) — 2, and for
each T € ker Fs, we have R(w,, ;) is minimal at T if j # j1, R(w, ;) agrees
with G(iq(j1,72)) at T, and R(w,, ;) is acceptably ramified at (T,i) for all
i€ S(jl,jg) - S.
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Proof. Suppose Z € Y 5(j1,j2) for some subset S C S(j1,52) having cardinality at

most |S(j1,j2)] — 2. Then Propositions and imply that ¢¥(R(w),T) or
PY(R(w), T)+ ¢z (H(iy)) is a cocycle for each w € DE/Q)‘ We denote this cocycle by .

Note that 1 is a quadratic character. The acceptable ramification conditions
prevent ¢ from being ramified at any prime in ¥s(T), so it is an unramified character
over any K(z) with x € £(0). Since rk(R(w)) > |S| for each z € &(0), and from
the local triviality assumptions we made for our governing expansions & (i, (j1, j2)),
we find that v is trivial over any K (z) at all primes where K (z)/Q ramified, aside
those in wg(x). If ¢ is trivial over K (z) at all primes in wg(x), we then see that
1 corresponds to an element of D(VQ). Observe that there are 25! possibilities for
the behaviour at primes in mg(z) and 2"2*! elements in DE/Z). The acceptable
ramification are given by one of 2/5U1:72)=S| pogssibilities. These conditions are
additive, and we have one set of such conditions for each of the ny vectors wyq j,
whence we may choose

AS — (Z/2z)n2(’n2+1+m+17|5|+|5|) — (Z/zz)ng(n2+m+1)

as desired. Finally, fixing a particular behaviour in each of these cases is tantamount
to choosing a function Fg mapping to the identity of Ag. This completes the
proof. (I

Finally, we may state and prove our main result on additive-restrictive systems:

Proposition 5.2.3. Let K = Q(y/no) be a real quadratic field, and let A(j1, j2) be
an additive-restrictive system arising from Lemma . Put S = S(j1,j2) and let
T € Xg. Suppose that for each i € S there exists Z; € (S — {i}) so that

Zi € ?g—{i} (A(j1,72)) -
Then we have that (1) C Y.

Furthermore, writing (p1,p, P2,p) = Ti, (T) and iq = i4(J1,J2), we have

L(tm (R(wa,j,), )/ K (2
Z)[(l/}(( Js)» %))/ K ()

zez(0 W, j4 (.T)
_ {@ib(ﬁ(ia)) (Frob(py ) - Frob(pa,s)) if (s, ja) = (j1,72),

0 otherwise.

Proof. Take an arbitrary x¢ € #(0) such that xo & Z; for any i. We need to check
that the Artin pairings corresponding to x¢ is given by Art() for & < m. We do
this by considering the value of the pairing on (wq j,,ws j,) Or (Wa js,ts + We,j,)
when js = js. Recall that t; is the generator of the kernel of the map

The value of the pairing at these tuples determines the pairing everywhere by bilin-
earity. However, due to the minimality restrictions on R (w), Theorem implies
that the Arting pairings for k£ < m at xg is equal to the sum of the Artin pairings
at all other vertices in Z(()). This shows that zo € Y{5.
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The pairings at k = m follow similarly except at (wq, j, , ts +ws 4, ). At this tuple,
the second part of Theorem [4.0.3]| applies, and the claimed result follows. (]

For future use, we define variable indices associated to (j1,j2) as:

Definition 5.2.4. For i, < d and ji, jo < ng, a set of variable indices consists of a

tuple (ip,%4(j1,42), S(J1,72)) where S(j1,72) is as in Lemma and in addition
contains both i, and 4, (j1, j2). Further, we insist that for all j < n T'(wq;), T(ws,;)
do not contain i, and S(ji, j2) is disjoint from T'(w, ;) and T'(wy, ;) for all j < n
except for ji,j2. Moreover, we shall insist that

T(wb,j1) N S(j17j2) = T(wa,jz) n S(j17j2) = Qv

T (wa,j, N S(r, J2) = {ia(j1,42)}
and
S(j1,J2) € T(we,j,) U {in}

6. RAMSEY THEORY
In Proposition we found a condition on T € X g so that the sum
3 [L(wm(m(wa,jsax))/ff (z)

eF,
Wh,j, (l‘)

zeZ(0)
was determined by an Artin symbol in the field of definition of some governing
expansion ¢z, . This is not sufficient to determine the value of the pairing at any
particular € #(0). However, if we have enough choices of T where we can evaluate

this sum, we can still prove that the value of the pairing is forced to be 1 on about
half of the vertices of 7;.

The first task is to check that there exists T whose vertices lie in ?;. This is a
question in Ramsey theory: we can prove that such ¥ exists provided that 7; is
large enough.

Proposition 6.0.1. Let d > 2 be an integer, and let 6 be a positive number satis-
fying 0 < 6 < 27971, Let X1,---, Xq be finite sets with cardinality at least n > 0.
Suppose that Y is a subset of X = X1 x --- X Xg of cardinality at least §|X|. Then,
for any positive integer r satisfying

logn @V
r<(—— ,
- (510g5—1>

there exists a choice of subsets Z; C X;,i = 1,--- ,d each of cardinality r such that
i XX LgCY.
Proof. We can find subsets X/ C X;, so that |X/| = n and Y has density at least ¢

in X] % --- x X}. We may therefore assume that | X;| =n fori=1,---,d.

Write N(r,Y) for the number of ways of choosing subsets Z; C X; for all ¢ < d,
each of cardinality r, so that Z; x --- x Zy C Y. Write N(n,r,d) for the minimum
of N(r,Y) over all Y of cardinality at least 6|X|. To prove the proposition, we will
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prove the stronger claim that whenever n,d,d,r are positive numbers satisfying
n>r>2and

T_dfl
(6.1) (271" >,
we have
cA+1_ o rd
(6.2) Na(n,r,8) > (274715) 7 =

(rh)d”
We prove this by induction. Suppose that d = 1. Then
(on —r)"

rt

S\ n"
Ni(n,r,d) > <2) o

This is the base case for (6.2]).

Ni(n,r,6) >

For r < dn/2, this gives

Now consider the case d > 1, and choose Y with N(r,Y) minimal. Take Xipjck
to be the subset of z € X7 so that
Yo=Y nNn({z} x Xy x - xXyg)
has density at least /2 in {2} x Xo x - - x X4. Xipiek has denisty at least /2 in X.

Take L to be the set of choices of subsets Zs,---, Zy4, Z; C X;, such that each
Z; has cardinality r. We have
nr(dfl)

< g

For
z = (ZZa"' 7Zd) E'Cv
put n, for the number of & € Xipia such that Y contains

{z} x Zy x -+ X Zy.

Then ( )
Ng —1)" n, r’
Nd(nvrva):N(raY)ZZ l - 2> DI
zeL zeLl
Ny >T
We thus have
on rdor pr(d=1)
an > | Xinick| - Na—1(n,7,6/2) > — (279716) 7 =T
2 (r!)
zel
whence
rd_r rd_1
D zer Nz > on (27d715) sy (27d715) =
ZZE[, 1 2

Applying Cauchy-Schwarz, we then get

rdtl_p

nr(dfl) rr (4n)r(27d715) —

Na(n,r,6) > e 2rr]
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But, for » > 2, we have

d+1 _
r r < 2rd,
r—1
so (6.1) implies
rd+1—r ,nv"d
—d—1 -
Ny(n,r,6) > (2 0) 1 i
as claimed. O

We now define a generic differential on X g for S C {1,--- ,d}.

Definition 6.0.2. Let X1, -+, X, be pairwise disjoint finite, non-empty set and
let X be their Cartesian product. Choose a subset S C {1,---,d} of cardinality
at least two, and some subset Z C X such that 7y ... qy_g(Z) is a point. For a
function F' : Z — Fy, define

dF - {7 € X5:2(0) C Z} = Ty
by

Seesy Fx) if [2(0)] = 215
0 otherwise.

dF (z) = {

Write €5(Z) for the image of this map d(-). In addition, for € > 0, put €g(e, 2)
for the set of g € €g(Z) expressible in the form g = dF for some F that equals 1
on more than (1/2 + ¢)|Z| or fewer than (1/2 — ¢)|Z| points in Z.

Proposition 6.0.3. For X and Z as in Definition[6.0.3, choose 6 > 0 so that
1Z] = 6 - |mg(X))].
Suppose that | X;| > n for each i € S. Then, for all € > 0, we have

€s(e, 2)|

€s(2)] =P (Irs(X)| - (=522 2151+ 1721

Proof. Take Z' to be a maximal subset of Z so that there is no zZ € X g satisfying
12(0)| = 2151 and 2() € Z'. We see that the kernel of the map d : F§ — €g(Z2)
then has size at most 217'1. By applying 1} with » = 2, we then have

|Z/| < |7T5(X)| . 2|S\+2 . N71/2‘S‘.
We then have
€5(2)] > 27 exp (—|ms(X)| - 21542 NV

On the other hand, from Hoeffding’s inequality, the number of F' equalling 1 on
more than (1/2 4 ¢)|Z| or fewer than (1/2 — €)|Z| points in Z is bounded by

2121+ exp (—252|Z|) .
Then €g(e, Z) is bounded by
€s(e, 2)| < 2% exp (—2¢2|2]) .

Taking ratios of these estimates then gives the result. ([l
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There are two issues to be addressed when attemptlng to apply Proposition[6.0.3]
First is that we do not necessarily have control over Y@ Second, it is not enough
that £(0) lie in Y@ to conclude that dF (%) = ¢g(T) for some relevant F,g; we must
insist that &(T) meet Yo, for each proper subset T of S.

However, the robustness of the structure of additive-restrictive systems both of
these issues can be circumvented. First, Proposition [5.2.3| gives a criterion for zq
to be in ?; provided there is a nice cube T € Xg with all over vertices in ?;.
Therefore, we do not need to consider all possible Z = ?; but only those that
satisfies this regularity condition. Second, by Proposition we can bound the
density of ?g in Y5 from below in terms of the density of 7; in Y. This is enough
to get around the second issue.

We make the following definition:

Definition 6.0.4. Let X,---, X, and S as in De@ition 6.0.2l For a > 2 and
e > 0, we say that a triple (Z, F,2) where Z C Xg, F' : Z — Fy, and 2 an
additive-restrictive system on X is (g, a)-acceptable if the following holds:

(1) The image of Z under 7 ... gy_g is a point;
(2) For each T' C S, we have |Ar(2)| < a;
(3) The equalities

Zs= ({TeXs: &(T)NY7(A) # 0}
TCS
and
Z=Y,()
hold; and

(4) The function F is equal to 1 on more than |Z]/2 4 ¢|ng(X)| or fewer than
|Z]/2 — e|ms(X)| of the points in Z.

Put €s(e,a, X) for the subset of €5(ms(Xs)) consisting of those g for which there
is some (g, a)-acceptable (Z, F,2l) such that #(0) C Z and

dF(z) = g(T)
whenever T € Zg.

This is summarized in the following proposition:

Proposition 6.0.5. Let X1, --,X4 and S as in Definition and put n =
min;eg |X;|. Fora > 2 and e > 0, let €s(e,a,X) be as in Definition W Then
there exists an absolute constant A such that whenever ¢ < a™' and

(6.3) A-6%loge™ > logn,

we have
Csle,a X)] —1/2
[Cams(X))] = P (~rs(x)]-n42)

Proof. Let g € €s(e,a,X). For xg € Z, define Z(xo) to be the set of x € Z for
which there exists some T € Xg with z,z9 € #(0) such that, whenever T is a
proper subset of S and § € #(T') that contains the vertex xg, then 7 is in ?oT. From



THE NEGATIVE PELL EQUATION 33

Proposition we see that there is some sequence z1,--- ,x, of points in Z so
that
(6.4) Z'(x) = Z(zj) — Z(xj—1) — -+ — Z(21)

has density at least (a*15/2)3ls‘ > 3% for j > 1. Each Z(xj) is determined by
the sequence of structures
Z(xj) N ng{i} (z;)

as 1 varies through S. The number of unspecified positions is at most

Ims(X)]- Y 1X| 7 < (X)) 18]t
i€S

by the definition of n. There are at most g3

given the Z(x;)’s can be specified with at most

elements x;, so with x,--- , z,

_glsI+1

ms(X)| - |S] -7

bits. We find that there must be a j so that F' equals 1 on at least
12" (z;)1(1+¢)/2

vertices in Z'(z;).

The conditions on Z’(z;) imply that, whenever x € Z’'(z;), there is a cube
7 € Xg with x,x; € £(0) such that dF(T) = g(¥). Using the additivity of dF and
g we find that, whenever T € X g has 2(0) contained in Z’(z;), then dF (T) = ¢(T).
Proposition then implies that the number of g € €g(e, a, X) corresponding to
this choice of Z’(x;) is bounded by

€ (rs(X))] - exp (Ims (X)) - (7 4 218H42 /25,
For sufficiently large A, (6.3) implies that
€5 (ms(X))] - exp (—|ms (X))] -7+ 7).
Summing over all possible choices of (z1,--- ,z,), associated choices of Z(z;), and
over all choices of j, we find that the ratio being estimated in the proposition is
bounded by
rims (O] exp (Jms (X)) - (=7 +e7 7 018 )
Observe that for any positive number y > 1 and any &’ > 0, we have
ry" <. exp(e'y).

Thus, by choosing A sufficiently large and taking &’ = 1 say, we find the bound

exp (~frs ()] 74°7)

which is enough to prove the proposition. ([l
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7. ANALYTIC TOOLS

7.1. Distribution of integers with fixed number of prime factors. In this
section, we wish to describe the properties of square-free integers n having exactly
r prime factors. For given positive numbers N, D, put

(7.1) Sp(D;N)={n=p;--p <N,p; >Dfori=1,---,r}.

S-(D; N) is a familiar object in sieve theory, where we have eliminated those num-
bers with “small” prime factors. We wish to consider “typical” sets S,.(D; N), and
we make the following definition.

Definition 7.1.1. Let N > 30, D > 3 be real numbers and r a positive integer.
We say that S,(D; N) is archetypal if D < exp ((log N)1/4) and r satisfies

2
(7.2) |r —loglog N + loglog D| < 3 (loglog N —loglog D).

In our application, we will in fact be taking D = logloglog N, so the hypothesis
that D < exp((log N)*/4) will be immaterial. One should also recognize that
is the assertion that S,.(D; N) contains numbers which have close to the average
number of prime factors.

Our next definition is to capture the phenomenon that, except for a negligible
number of circumstances, an archetypal S,.(D;N) will satisfy one of a few nice
properties, listed below:

Definition 7.1.2. Let S,(D;N) be an archetypal set of numbers. Let D; > D.
For n € S.(D; N), let p1 < --- < p, be the prime factors of n.

We say that n € S,.(D; N) is comfortably spaced above Dy if, for all ¢ < r with
p; > D1, we have
4D < 2pz < Pit1-
For Cy > 1, we say n is Cyp-regular if for all ¢ < r/3, we have
[loglog p; —loglog D —i| < 03/5 -max{i, Co}*/°.
Finally, we say n is extravagantly spaced if there exists m € (r'/2/2,7/2) such that

m—1
log pim,
(7.3) log pm, > log ( E)gng ) - (log log log N)l/2 . ; log p;.
The following result demonstrates that most integers n € S,.(N; D) are comfort-
ably spaced above D;, Cy-regular, or extravagantly spaced, provided that Di,Cy
are chosen appropriately as functions of V.

One necessary modification to S,.(D; N) for our application to the negative Pell
equation is that we must demand that the numbers n € S,(D;N) satisfy the
property that pjn = p =1 (mod 4) (note that since the prime factors of n exceed
D > 3, n is necessarily odd). We thus put

SY(D;N)={ne S.(D;N):pln=p=1 (mod 4)}.
Proposition 7.1.3. Let S¥(D;N) be an archetypal set of numbers. Consider the

uniform distribution on S’ (D; N). Then there is an absolute constant ¢ > 0 such
that:
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(1) The probability that n is not comfortably spaced above Dy is
O ((1og D) ™" + (1og N)1/2) |

where the implied constant is absolute;
(2) For all Cy > 0 the probability that n is not Co-regular is

0 (exp(fc - Cp) + exp(—c(loglog N)1/2)) ,

where the implied constant is absolute; and
(8) The probability that n is not extravagantly spaced is

0] (exp(—c(log log log N)1/2)> ,
with absolute implied constant.

We note that in our application we will take D = logloglog N, D; = D{loglog N
and Cy = ¢’ logloglog N, so that all of the probabilities in Proposition will
tend to zero.

For z > 0, put

F(z) = Z

p<z
p=1 (mod 4)

1
>

Using Dirichlet’s theorem applied to the non-trivial character mod 4, we see that
there are absolute constants A, ¢ > 0 such that whenever x > 1, we have

loglog x

(7.4) F(x) 5

Bl‘ < Aexp (—c(log x)l/Q) )
where B; is an absolute constant.

The proof of Proposition [7.1.3| will depend on the following three lemmas, where
the first lemma is exactly claim (1) in Proposition

Lemma 7.1.4. Let Sf(D;N) be an archetypal set of numbers. Sampling with
respect to the uniform distribution, the probability that n is not comfortably spaced

above Dy is O ((log D)~ + (log N)*1/2)'

Proof. We note that the number of uncomfortably spaced elements in S}(D; N) is

bounded by
> > |Sr5(D;N/pg)| .

Di<p<N p<g<2p
p=1 (mod 4)

We divide the range for p int p < (log N)'/* and p > (log N)/%. In the first case
we have the bound

OIS ,(D:;N) > > (pa)"' | =0 (IS;(D; N)|(log D1) ™) .
Di<p<N p<g<2p
p=1 (mod 4)
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For the second case, note that the sum over p > (log N)'/# can be bounded by
O(N(log N)~1), so we are done since

(loglog N — F(D) + By)"~
(r—1)!

for all sufficiently large N, by our restriction on r. ]

> (log N)'/?

Lemma 7.1.5. Let S¥(D; N) be an archetypal set of numbers. Put
_ log N
~ exp(F(D) — Bi)’
Then for all N sufficiently large, we have
1N (logu)™!
log N 27(r — 1)!
provided that r satisfies .

To prove Lemmal[7.1.5]and to state our final lemma, we require some terminology.
Suppose that T is a collection of r-tuples of odd primes congruent to 1 modulo 4.
Define G(T') C R" to be the union

(7.6) = U H{]%——Bﬂ%)—&]

(p1,+,pr) €T i<r

caN (logu)™—t
log N 27(r — 1)!

(7.5) <[SH(D; N)| <

Suppose V C R"

L(T) = {((loglogp1)/2,--- , (loglog p;)/2) : (p1,--- ,pr) € T}
For x = (z1,--- ,x,) € R", define
7(x) = H a;— Aexp (—c-e®/?) x; + Aexp (—c-e™/?)|.
[T e (o) e+ A (-]
Now define
vi= U 7(x), Vil ={z eR":2; > -By fori=1,--- ,r,7(x) C V}.
xeV

For appropriate choices of A, ¢, we see that whenever T is the maximal set of prime
tuples of primes congruent to 1 mod 4 such that £(T") C T, we have

(7.7) vitcg(r) cvth.
Observe that

1
Vol(G(T) = Y —.
(p1,,pr)ET b1 br

Put
Vr(u) = {((El,-" ,xp) €R™: 2T L.y Q2er < u}
We then see that

exp (m + Aexp(—c- el/2)> —exp(z) <k

for some & depending on A, c but not #. Then V,.(u)' is contained in V,.(u + rx),
while V,.(u)' contains

Vi(u—rKr) N (—=B1,00)".
At the same time, we see that for B € R,

Vol (V,.(u) N (B, 00)") = Q*TIT(e*Bu),
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where
k

1 b+ico e oS efts/u
. I(u) = — “ b>0.
(7.8) (u) 2m,/b 2 (/1 : dt) ds,b > 0

—100

It is known that I,.(u) satisfies the estimate
e e
I'l+a)

where o« = k/logu, 7 is the Euler-Mascheroni constant, and the implied constant
is absolute; see Lemma 5.1 in [6].

Proof of Lemma[7.1.5. Let
1
F(D;N) = >

D,p1<--,pr P1-Dr
p1pr <N
pi=1 (mod 4),1<i<r
Then for D, N > 0 and r € N we have
< log N —rk log N +rk )
exp (F(D) — By) exp (F(D) - B1) )
If 2 < Alog N and loglog N — F(D) + By > 1, we have

r . = IOgN
2R =1 (i )

(7.9) I.(u) = (logu)* + O ((a + 1)(log u)*~* (log log u)?)

)STFT(D;N) SIT(

T2
-(loglog N — F(D)+ B;)" ') .
+O<logN (log log (D) + By) >

We restrict to the case when loglog N > 2loglog D, so that the ratio
B log N
exp(F(D) — By)
is at least 3, and that
r or
- <logu < —

3 3
by (7.2). Put
(7.10) G, (D;N) = > log(p1 -+ pr)
D<p1,,py
p1-pr<N
p;=1 (mod 4),1<:i<r
and
(7.11) H,.(D;N) = > 1.
D<pi, - ,pr
p1-pr<N

pi=1 (mod 4),1<i<r
We claim that

: = - N r+3
(7.12) G.(D;N)=r2""I,_1(u) + O, (logN(log w) )
and
o T2T'N i3
(7.13) H.(D;N) = Tog N I_1(u)+ O; (logQN(logu) ) .



38 ERICK KNIGHT AND STANLEY YAO XIAO

To see (7.12), we first note that, upon rearranging the sum and observing that
log(py -+ pr) = log(p1) + - - - + log(py), we have

Gy(D;N) = > (logp1 + - --logpy)

D<p1, ,pr
p1pr <N
pi=1 (mod 4),1<i<r

=r Z log p;.

D<pi, - ,pr
p1pr<N
pi=1 (mod 4),1<:i<r
#
To ameliorate notation, we shall denote by Z for the condition that p; = 1
(mod 4). We then observe that

N/P
# #
> lgpi= ) > log p,
D<pi,,pr D<pi,,pr—1 p>D
p1-pr<N p1-pr—1<N/Pp=1 (mod 4)

where P = py---p,_1. By Dirichlet’s theorem for primes congruent to 1 mod 4
with an explicit zero-free region estimate, we have

N/P N
_ v _ -1 _
Z logp 5P (1+O<exp< ¢V NP ))) Z log p.
p>D p<D
p=1 (mod 4) p=1 (mod 4)
It thus follows that
N
G/ (DiN) = = F,1(D;N/D) = SH(D;N/D) Y logp+

p<D
p=1 (mod 4)

0 (rNe*CvlogD (F,_1(D;N) — E,(D; Ny)) + rNe~ Ve NNz (. No)>

for any N > Ny > D. We choose Ny = N exp ( (¢! loglog N)2 , we see that this
is an acceptable error term for the purpose of (7.12)). To see ([7.13)), we do partial
summation applied to (7.12)).

Note that H,(D; N) and S} (D; N) are virtually the same set: indeed, S}(D; N)
have the extra stipulation that ordering of the prime factors matters and that each
element is square-free. One easily checks that the density of square-free elements
among numbers of the form {n =p;---p, <N :D < py1, -+ ,pr,p; =1 (mod 4)}
is at least 1/2, whence

[Hr(Di N)| _ | o |H,(D; N)|
.14 — =< D;N)| < ———=.
(7.14) s < s )| <
From this and ([7.13]) we conclude that there exist positive numbers c;, ca such that
(7.5) holds for N sufficiently large. O

To proceed, we put
(7.15) S, x(D;N)={p1---pr € S;(D;N):p; < N',1<i<k,p; >N'i>k},

where

N’ = exp (\/logNexp (F(D) - Bl)> .
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We now state the next lemma we need:

Lemma 7.1.6. Let D, N,r be as in Definition|7.1.1, and S;¥(D; N) be an archetypal
set of numbers. Let Sy, (D;N) be as in . Then the density of the set

U S’r‘,k(D;N)
|r—k/2|>r2/3

in S¥(D; N) is bounded by
o (exp(—c(log log N)1/2)) .

If |r — k/2| < r%/3, then for any two sets Ty, Ty of k-tuples of primes with size
bounded by N1 in increasing order, we have

|Srk(D; N, Th)| O(Vol(g(Tl)))

Sk (D; N, )| Vol(G(T3))
where Sy (D; N, T;) is the subset of Sy (D; N) consisting of those numbers whose
k smallest prime factors form a vector (p1,--- ,pr) € Ty, 1 = 1,2.

Proof. By definition, we have

|S,x(D; N)| = >
D<p1<---<prp<Ni
pi=1 (mod 4),1<i<k

N
ST'—k (va >‘
P1- Pk

Note that by definition N7 = O, (N°¢) for any € > 0. Therefore, we can certainly
assume that N is large enough so that N < N1/2. This implies that
(loglog N — F(Ny) + By)" 1 <c
(loglog(N/P) — F(Ny) + By)™—t —
for some absolute constant C' for any choice of P = p; --- pg. The same is true of

the ratio (log N)/(log N — log P). Thus we may find positive numbers c;, ¢y such
that

(716) SISk N)| < [Sp—i(N1, N/P)| < B8,k (N1, V)|

for sufficiently large N. We then see that

N (loglog N — F(Ny) + By)" !
log N 22r(r — k+ 1)IK!
for r > k. Hoeffding’s inequality gives the first part of the proposition if we remove
the case r = k from the union. The case r = k is insignificant as its contribution is
bounded by N7, which we know is O, (N¢) for any € > 0. The first part of the lemma

then follows. The second part follows from ([7.16]) in terms of the corresponding
statements for S, ;(D; N), and we are done. O

‘Snk(D;N)‘ = O <

7.2. Proof of Proposition We first consider S, ,(D; N) with [k —r/2| <
r2/3. The remaining k will contribute only to the error term.

Let Ty be the set of k-tuples of distinct primes from the interval (D, Ny) con-
gruent to 1 mod 4. We then find that

Vol(G(T3)) > c(loglog Ny — loglog D)*.
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Take T; to be the set of non-Cy-regular prime tuples in 75. The majorization
of the grid of 77 consists of elements that are not Cy — k regular for some k > 0,
independent of Cy. We can estimate the volume of this majorization to be bounded
by

(0] (exp(—c - Cy) - (loglog N1 — log log D)k) .

The result then follows from Lemma [7.1.6]

For (3), take T} to be the set of prime tuples which, for m > k'/2, we have

m—1
log pim,
log pm < log ( ﬁ)gng ) - (loglog log )/ - (Z 1ngi> :
i=1

The majorization of this grid consists of tuples (z1,--- ,xy) so, for m > k'/2, we
have

e®m < Az, - (logloglog N)Y/2 . (Wf e’“)
i=1
for some A > 0. The volume of this majorization is
@) (exp(—c- (logloglog N)'/2) - (loglog Ny — log log D)k) .
We are again done by Lemma

7.3. Chebotarev’s density theorem and the large sieve. There are two main
tools to predict the distribution of the Legendre symbol (%) over a given set of
primes p. If d is small relative to the primes [, then we can use Chebotarev’s
density theorem (a refinement of the Siegel-Walfisz theorem) to predict the distri-
bution. On the other hand, if d is similar in size to the primes p, we can use the
large sieve results due to Jutila to predict the distribution of these symbols on aver-
age, over a large range of d [5]. This is a standard set-up in analytic number theory.

We start with the form of the Chebotarev density theorem that we will be using.

Proposition 7.3.1. Suppose M/Q is a Galois extension and Gal(M/Q) is a 2-
group. Suppose M = KFE, where E/Q is Galois of degree d and K/Q is an el-
ementary abelian extension. Suppose that the discriminants Ap = A(E/Q) and
Ag = A(K/Q) are co-prime. Let Ko be a subfield of K so that Ak, is mazimal
among all subfields of K.

Put G = Gal(M/Q) and let F' : G — [—1,1] be a class function of G with average
zero. Then there is an absolute constant ¢ > 0 such that

5 (5] -

p<z
—cd~*log x 9 4
d-1 A, A
\/logm+3d10g|AK0AE|) (d"log [vAx, Ar])

for x > 3, where 8 is the maximal real zero of an Artin L-function defined for G,
where we ignore the term if no such zero exists.

@) (x’8|G| + z|G| exp <
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Proof. Since G is a 2-group, it is nilpotent and hence supersolvable, whence the
Artin conjecture is true for any non-trivial irreducible representation p of G. In
particular, the Artin L-function L(p,s) is entire. The representations p ® p and
p ® p also satisfy the Artin conjecture, hence

L(p @, )
is entire except for a simple pole at s = 1 and
L(p®p,s)

is entire unless p is isomorphic to p.

The bounds are then consequences of well-known zero-free regions of L-functions.
For example, Theorem 5.10 of [4] shows that L(p, s) has no zeroes in the region

A 21 oSG +3))

where q(p) is the so-called analytic conductor of L (see (5.7) in [4]). In the case of
Artin L-functions, we have the inequality

a(p) < a(p)4*,
where ¢(p) is the (usual) conductor of L. Theorem 5.13 of [4] then gives

o (2] -

p<z

3 —cd *logx dl 4
O<x +MXP(\/lo@+310gq(/)) (tlogzalp))” )

Now observe that p is defined on Gal(KyE/Q) for some quadratic extension Ky/Q
inside K, whence its degree is bounded by 2d and the conductor of L is bounded
by the discriminant of KyL/Q, which is then bounded by

AL A2,
Then the upper bound in (7.17) may be replaced by

—cd*logx 4
o (* ¢ d*log | A, A .
(:c trexp <\/log:r+3dlog|AK0AE|) ( og2lAx, E|)

Now we may write F' = > p WpXps the sum running over irreducible representations
of G. Then

EDS |—§;| S Flo) - %9)

4 geG
1/2 1/2
1 — 1 o
D NG 2 F@F@)| |G 2 x@x)
14 | | geG | | geG
<> 1<ial.
P
This completes the proof. O

Next we give the form of the large sieve inequality that we will use:
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Proposition 7.3.2. Let X1, X5 be disjoint sets of odd primes such that for all
p € X;, we have p < t;, fori=1,2. Then, for any € > 0, we have

Z Z (2) — 0. (t1t§/4+€—|—t2ti'/4+€).

z1€X1 |lz2€X2

Proof. See, for example, the proof of Lemma 15 in [2]. O

7.4. Boxes of integers. In this section, we give the definitions and results that
enable us to move from a set of positive integers less than a certain bound to a
product space of primes. As before, S*(D; N) denotes the square-free integers less
than N with exactly r prime factors, all of which are congruent to 1 mod 4 and
greater than D.

Let 3 < D < D; < N be real numbers, and r an integer satisfying (7.2)). Let W
be a subset of elements in S} (D; N) that is comfortably spaced above Dj.

Let k < r be a non-negative integer, and choose an increasing sequence of primes
congruent to 1 mod 4 satisfying
D<p < <pp<Ds.
Take
D < Tpy1 <Tpgo < -+ <1y

to be an increasing sequence of real numbers. For i > k, put

(1 — )4,
i ei=FlogD, ) "

Take X; = {p;} for i < k and X, to be the set of primes in the interval (¢;,t})
congruent to 1 mod 4 for i > k.

If ¢ < t;11 for all r > ¢ > k, then there is a bijection from X to a subset of
S*(D; N) when N is sufficiently large, by simply taking a prime p; from each X; and
then multiplying. By abuse of notation, we denote this subset of S¥(D; N) by X
as well. For a subset W C S*(D; N), we say that X meets W if XNW is non-empty.

The restriction to comfortably spaced W means that, if X N W is non-empty,
then the X;’s are automatically disjoint sets and none of them contain any prime
below D;.

Proposition 7.4.1. Let3 < D < Dy < N be positive number satisfying 2loglog D1 <
loglog N and r a positive integer satisfying . Take W to be a subset of
SH(D; N) that is comfortably spaced above Dy. Suppose V is any other subset
of SE(D; N), and that there are numbers §,e > 0 such that

(W[ > (1—¢)-|S:(D;N)|
and for any box X meeting W, we have
(0—e)|X|<|VNX|<(d+¢e)|X].

Then
V| =6|S;(D; N)| + O ((e + (log D1) ") - [S;(D; N)|) .



THE NEGATIVE PELL EQUATION 43

Proof. Let ©y, to be the space of tuples
t= (p17"' kaytk?+17"' 7t7‘)

corresponding to boxes meeting W; we write the corresponding box as X (t). Con-
sider

dor -+ dordte. - - dt
| wnx). B
D, ottty
where the measure corresponding to dpy, - - - , dpg is the indicator function on primes

congruent to 1 mod 4, and the measure corresponding to dt; is Lebesgue measure.
If n € W has exactly r prime factors less than N; and corresponds to the triple
(g1, ,qr), then n is in X(t) if

(qla"' 7Qk) = (pla"' ’pk»)

1
ti<pi<ti|ll+—7F——].
i=Pi= Z( +elklogD1)

and for ¢ > k£ we have

Then, whenever

T

1
7.1 14 ——MmMm N
(7.18) [T (1+ ) o<

i=k+1

we have that the measure of the subset of ©j corresponding to boxes containing n

is
(L osre 1
& ei~klogDy )’

i=k+1
If n is outside W but in S} (D; N) with exactly k prime factors below Ny, or if n
is in W but does not satisfy (7.18), then the measure of boxes containing n is still
bounded by this product. Any n not satisfying (7.18]) is in the range

N(1—-A(logDy)™')<n<N

where A is some positive number.

Taking H,(D; N) as in (7.11)) and using ([7.13)), together with Lemma we
find that for ¢ € (0,1)

0glo * r\4; — (V5L —c¢
<c+0((1 iggNN) >)|s:(D;N)<<H(D &) J;T(!D L= )

(loglog N)* .
< <c+ 0) <logN 1S*(D; N,

where the implied constants are absolute. From here we see that the number of n
not satisfying (7.18) is O (]S} (D; N)|/log Dy).

Next we see that

. 1 - dpy - - dprdtyi - dt,
1 1+ —— B .
> 11 og( +elklogD1) /@k'V” ®)

troq -t
k>0i=k+1 k1 T

is at least as large as

[V AW]| -0 ((logD:)~'-|S:(D; N)|)
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and is no larger than |V]. The estimates on |V N X (t)| relative to | X (t)| then give
the desired conclusion. O

In applications, the W in Proposition should be interpreted as being some
“nice” set, which includes the notions of comfortable spacing, regularity, and ex-
travagant spacing. We would need to include one more condition on controlling
Siegel zeroes in order to make our results fully unconditional.

Proposition 7.4.2. Take dy,ds,--- be a potentially infinite sequence of distinct
square-free integer satisfying

d} < |dit1]
foralli > 1. Let 3 < D < Dy < N be real numbers satisfying 2loglog D1 <
loglog N, D; = DUoglog N)l/m, and r satisfying .

For each i € N, put d} for the product of primes dividing d; which exceed D, and
d’ to be the subset of the d} for which |d;| is greater than Dy. Put

(7.19) v= |J X
Xnd’-Z#0

where the union is over all boxes X in SF(D;N) that contain some element n
divisible by an element of d’. We further assume that 2Dlog D < log Dy. Then

_ A (1SH(D; N)|
|V|—O< D)

Proof. For d; € Sf(D; N), write it as d; = p1 -+ p,. Suppose that some element in
X is divisible by df. Taking n € X, we see that there are prime factors ¢1,- - , ¢,
of n such that
¢ =pi if p; < Dy
and
di

5 < p; < 2q; otherwise.

If d! < N?/3, there is then an absolute constant A so that the number of n sharing
a box with a multiple of d} is bounded by

T — — % S;k D,N
are ot T osp sz (o) = o (BEL2ENL).
pi<D1 pi>D1 & i

We can also bound the contribution from d; > N*/3 by O (N(log N)~!).

Removing finitely many terms and renumbering, we may assume that |d;| < D;.
We then get |d;| > D2 fori > 1, so |d}| > D¥ ' since

I[ r<e” <. D5
p<D

for all € > 0. Therefore the contribution from d} < N%/3 is
’ ! |57 (D; N)|
O |S:(D;N)| - >l—— | =0 —F—+
< P2 )i 2flogD1> ( gD )’
as desired. O

We say that a box X is Siegel-free above D if it is not contained in the set V'
in ((7.19) with respect to the sequence {dx} in Definition and satistying (8.1)).
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8. EQUIDISTRIBUTION OF LEGENDRE SYMBOLS: THE SEED DISTRIBUTION

Definition 8.0.1. Let P be an arbitrary set of prime numbers congruent to. For
r >0, let M be a subset of

{{ZJ} 14, J € {17"' 7T}}'

and let Mp be some subset of {1,---,r} x Vp, where Vp is the set of square-
free numbers whose prime divisors are in P. Let a be an arbitrary function from

MU Mp to {£1}.

Let X4, -+, X, be pairwise disjoint sets of odd primes which are also disjoint with
P, and put X for their Cartesian product. We put X (a) for the set of (z1,--- ,2,) €
X satisfying

(x) = a({i, j}) for all i < j with {i,j} € M
L
and

d

() = a((i,d)) for all (i,d) € Mp.

L

Our goal is to find situations where | X (a)| is well approximated by 2~ MPUMI| X |,
To do this unconditionally, we need to account for the possibility of Siegel zeroes
in the L-functions of the associated quadratic characters. We use the following

definition of Siegel zeroes:

Definition 8.0.2. Let ¢ be a positive real number. Put Sieg(c) for the set of
square-free integers d so that the quadratic character y4 associated with Q(v/d)/Q
has Dirichlet L-function having a real root s satisfying

1>5>1—c(log2d)~ .

We can order Sieg(c) by increasing magnitude, getting a sequence di,ds, - - -
(of course, since we expect that there are no L-functions with Siegel zeroes, this
sequence is likely empty). By Landau’s theorem (Theorem 5.28 in [4]), we can
choose ¢ sufficiently small so that
(8.1) d} < |dit1]

for all ¢ > 1. We say an integer d is Siegel-less if d # d; for all i > 1.

Let ¢q,-- -, cg be positive numbers which satisfy

1 cacy  c7log?2 1
8.2 — 4+ — < —,c3>1,¢c5 > 3.
(8.2) o + 1 5 + cg 50 cs
Let A be a positive number which depends on the numbers ¢; in (8.2)), and ¢,t1, ¢}, , t;,

4
positive real numbers satisfying

(8.3) A<t<ty<th<---<t.<tl.

Let X1, ,X,, a, and P be as in Definition[8.0.1} and suppose that the X;’s satisfy
the property that

(8.4) X; C (t;,t;) for i <.
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Suppose that there is an index 1 < k < r such that whenever Mp contains an
element of the form (i,d), then ¢ > k. When ¢ > k, we assume that

d
(8.5) Xi= {ti <p<ti: (p) = a((i,d)) for all (i,d) € /\/lp} .
We shall also make the following assumption:
(8.6)

Suppose that D; is a product of primes in P and D, a square-free number such
that each prime divisor of D is in X; for some ¢, and at most one prime factor of
Dy is in X; for each i. We assume that D; Dy is Siegel-less whenever | Dy Ds| > t.

We then have the following:

Proposition 8.0.3. Let c1, - ,cg be as in , At oty th, - Sty tL be as in

, and X1, -, X,, a, and P as in and . Suppose further that the
following holds:

(1) p <ty for allp € P;
(2) th > r° and t), < exp ((t])?);
(8) For1<i<r, we have
21cs 't; ’ .
| X > 7(logt’i)4 and |P| < logt; — i;
(4) If k # r, then
tir1 > exp ((logt])®®) , exp(t*);

5) k < crlogty and that, for anyi < r and j satisfyingr > j > i—2+c7logt,,

1 7

we have
exp ((logt7)*) < t.
Then the inequality
[1X (@) — 2711 < ()= 27 M),
Proof. We will show that, subject to the hypotheses of the proposition, that
’|X(a) - 2“M||X|‘ <p(t) e om Mg x|,

The bound on ¢} shows that this implies the desired conclusion.

We proceed by induction on r. The statement is obvious for » = 1, where M is
empty. Now suppose we now know the result for every product of length r — 1, and
we wish to show the result for X = X; x --- x X,.. To this end, for z; € X3, put
X;(a,xq) for the subset of z; € X; satisfying

(2) = et
whenever {1,i} € M.

If {1,i} € M for i < k, we apply Proposition to obtain

Z Z <2) =0, (t; . (t’1)3/4+€) .

1€X1 |z €X;
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Then, for any € > 0, the assumptions on the size of X;’s then gives

>z ()

z1€X1
for sufficiently large A. Choosing c,, ¢, > 0 with

< ()Mot X |- ||

1
Cq +Cp < Z — C20C4,

we expect that, for all 1 € X7, we have
[1Xi(a,z1)| — | X;]/2] < (¢)~ - |X;| for all {1,i} € M

with at most k- (t}) "¢ - | X;| exceptions. Write XP3d for the set of exceptional x;.
We choose
Cq > c7log2 + cg + cl_l
and
cp > cg + Cl_l.
One checks that means that it is possible to choose such ¢, ¢;.

Suppose {1,i} € M is such that i > k. We apply Proposition to the field
M generated by /z1 and by \/p with p € P. Take F : Gal(M/Q) — [-1,1] to
equal 1 — 2~ 171=1 for o corresponding to the Frobenius class of the elements of
Xi(a,z1), and otherwise equal to —2-IPI=1 We are interested in bounding

(5]

For any ¢ > 0, Theorem 5.28 of [4] shows that we can choose A large enough so
that

f<1l—t¢

whenever 3 is a Siegel zero of the L-function corresponding to some x p with |D| < .
Applying Proposition we find that

2P < thexp (—(logt;)l_“gl) .

Since log |Ag,| = O ((logt})?), we as obtain the bound

—cd*log x
< _ 1 t, 1/3+€
P (s/;logx+3dlog|AKoAE|) —eXp( (log ;) )

for some € > 0. From |G| < #] we then find the upper bound

Z F ([MP/QD logp < t;exp (—(logt;)1/3+6)

p<t;

for sufficiently large A. For ¢ > k, we can always find
| Xi(a, z1)| — | Xa1/2] < | Xil/t).

Write XP3d(q) for the subset of X (a) with z; € X2, Choose z; € X% (q), and
add it to P, shifting its conditions from M to Mp. Then consider the product

Xo X - X X X Xk+1(a,££1) X X Xr(aafl)'
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This product now has length r —1, so the inductive hypothesis holds. Once we shift
up k, it obeys the hypotheses of the proposition, hence the inductive step tells us
that the subset of X (a) starting with 2] has size at most

2—|M|+k+1m.
| X |
Then X" (q) has size bounded by
2RHL L ()0 - 2 IMI| X,
On the other hand, we look at the product
Xo(a,x1) X -+ x X, (a,z1)

and find that the subset of X (a) starting with a good z; has size at most
— ‘X| —eqa—c ! _ k _IN\T
2 M (D)) (e ) ()
and at least

2 W (1 = D)) (- ) - )

We have k < ¢7logt], whence (1 + (t’l)_cb)k is an error term from our lower bound
on ¢p. Similarly, the term (1 + (t’l)_l)r gives an error term whenever 1 > cg+2¢;
which is always satisfied by our hypothesis.

Finally, from our assumptions on ¢, and (8.2)), we find that the contribution
from XP*d(q) can be absorbed into the error term. This completes the proof. [

The lower bound assumed of ¢; in Proposition [8.0.3|are essential; we do not have
sufficiently strong control over Jacobi symbols involving only small primes to give
the equidistribution result we need. However, there is a combinatorial trick to get
around this bad behaviour. We make the following definition:

Definition 8.0.4. Given X = X; x---x X, and a as in Definition and given
a permutation o : {1,--- ,r} — {1,---,r}, we put

X(Ua CL) = (Xﬂl X X Xo(r))(a)'
Given kg <r, define &(k2) to be the set of permutations of {1,--- ,r} that fix the
points ,1 > ko.

The reason for this definition is twofold: first, the ordering of the primes do not
affect the rank: hence, the class structure of a point in X (c,a) is independent of
0. Secondly, this has the effect of mixing the “bad” corner of a Legendre symbol
matrix in with the rest.

We may now state and prove the following refinement of Proposition [8.0.3

Theorem 8.0.5. Let c¢1,---,cg be positive numbers satisfying , Cg, " ,C12
positive numbers satisfying

c10log2 + 2¢11 + ¢12 < 1 and c11 + ¢12 < cg,

and At ty,t), - t.,tl. be numbers satisfying . Let X; be the set of prime
numbers congruent to 1 mod 4 in the interval (t;,t;) and let X be their Cartesian
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product. Let a be as in Definition [8.0.1] Choose non-negative integers ko, ki1, ko
satisfying
0<ko<ky <ky<randty , >t

Suppose that Assumption holds and ko > A. Put t = t;_,, and that the
following hold:

(1) p<t forallpeP;
(2) t> 71 and t), <exp(t?);
(8) Fori > ko,

L and |P| < logt}i.

(4) Ifky # v, then
th 41 > exp ((log 1)) ,exp (%) ;

(5) k1 — ko < crlogt and that, for any ko < i <r and any j satisfying i — 2 +
crlogt] < j <, we have

exp ((logt;)*) < t;
(6) ciologks > |P|+ ko and c11log ke > logk;.
Then, for any choice of M, Mp we have

Z 9= IMUMp| p1 . |X| - Z | X (0, a)]
aGJF;MUM’P real)
< ((k2—c12 + t*CS) - ko! - |X|) .

Let X, P, M, Mp be as in Definition Assume that M, Mp are maximal
given r and P. Choose integers 0 < kg < k1 < ko <7 so that
olPlrkotl g2 f)

For o a permutation of {1,--- ,7} and a as in Definition put X¢(o,a) for the
set of x = (z1,- -+ ,x,) € X so that

(j]) =a((oc7"(j),d)) for all (j,d) € [k1] x P
and

<x> =a({o @), 071 ()})

Zj

whenever i,j < ki, 071(i) < 07 1(j), and either i < kg or j < ko.

Put m¢ for the number of Legendre symbol conditions specified; that is,
1
mg = k‘1|P| + i(k‘g — ko) + ko(k‘l — k‘o)
The proof of Theorem [8:0.5 will follow from Proposition [8.0.3]and the following:

Proposition 8.0.6. In the set-up above, for any x € X we have
ST (277 kel — {0 €6(ka) 1 2 € Xc(o,a)})”

MUM
a€lFfy s



50 ERICK KNIGHT AND STANLEY YAO XIAO

2|P|+k0+1 . k2
< : 1 2—2mc+|MUM7>| . (k2|)2
2

Proof. Put

W(a) ={o € &(ks) : x € Xc(0,a)}.
We see that the average size of W (a) over all a is 27™¢ - k!, as the condition that
x € X¢(o,a) for a given x and o is given by m¢ binary conditions on a.

We now consider the average of |W (a)|?>. We see that |W(a)|? is the number of
pairs of permutations (o1, 02) so that z € X¢(01,a) N X (02, a). Write W (o1, 02)
for the set of a so that x is in this intersection.

The maximal number of conditions on a in W (o1, 02) is 2m¢; a lower bound on
the number of conditions depends on o1, o5. Let dy be the number of ¢ € {1,--- ,r}
so that oy '(i) and o' (i) are both at most k;. Then we see that W(oy,09) is
determined by at least

2me — di(|P| + ko)
conditions. Therefore
(W (01, 02)| < 27 2metdi(IPl+ko)+MUMp|

At the same time, the number of ways to choose a permutation 7 of {1,--- ,ka} so
that

[T({1, k) N {L -kl > d
for a given positive integer d is bounded by the number of ways to choose two
cardinality d subsets from {1, - - , k1 }, a bijection between these sets, and a bijection
between their complements in {1,--- ,ko}. This is bounded by

kr\ 2 K2\ ¢
I (ha—d) < (L) .
d <d> (kg —d) _(k2 ko

The mean value of |W(a)|? is therefore bounded by

o\ d
$ g-2me (Pl (;?) (o).

a>0 2

Combining this with the average of |W (a)| gives the desired conclusion. O

8.1. Proof of Theorem [8.0.5] Without loss of generality, we may assume that
M, Mp are both maximal as in Proposition [8.:0.6f We use the same notation for
me, Xco(o,a). Further, we assume that Xy, --- , X}, are singletons x1,--- , g,

We prove the theorem by bounding

Skl X[ —2me - N [ Xe(o,a)]

a oceS(ka)

+ Y e IXe(o @) - 247 X (0, a)] .
c€S (k) a
The former sum can be bounded via Proposition by

ky 12 - | X | - 2MOMPLL ),
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For the second sum, fix a o and a choice of a outside of the values referenced in the
definition of X (o, a). There are then 2™¢ of a, and these a partition X into sets

Xo(oya) ={x1} x - x {xp, } X Xgog1(a) x -+ X X, (a) X Xgy 41 X - X X,

with X;(a) the subset of X; consistent with the choice of P and x1,--- ,x

0*

Given ko < i < kq, the union of all X¢(o,a) for which
| X |

| Xi(a)| < m

has order at most k5 “|X|. Because of this, we can restrict the sum to be over only
(0,a) that do not satisfy this inequality at all such 4, introducing an error with
magnitude bounded by

kg | X| - 2MUMPLL gL,

Once restricted, each summand can be bounded by Proposition and can be
seen to be less than
7. 270X,

which gives the desired conclusion.

8.2. 4-narrow class groups of real quadratic fields behave like random
matrices. For the remainder of the paper, we put

(8.7) D =logloglog N, Dy = D(loglogN)l/m, Co = C -logloglog N,
where C' > 0 is a fixed constant.

Definition 8.2.1. Let D, D;, N,Cy be as in (8.7) and let r be given by (7.2)).
We say that X is acceptable if it is Siegel-free and comfortably spaced above Dy,
Co-regular.

We will now prove the following theorem, which is critical as it provides the
“seed” distribution necessary to run our Markov chain argument. Recall that for
positive integers ko, k1, k2 that P(ko; k1, k2) denotes the probability that a random
k1 X ko, where each of the entries is an independent Bernoulli random variable, has
kernel of rank k.

Theorem 8.2.2. For a positive number N > 3, put S(N) for the set of positive
square-free integers up to N which can be written as a sum of two squares, so that
S(N) =|S(N)|. Then there exists ¢ > 0 such that for all ny > 0 we have

[S(N)NS™EWN) m —e
&) —nILrI;OPSy (n1;n+ny,n+ny) :O((loglogN) )

Proof. By Propositions [7.1.3] [7.4.1], and [7.4:2] we find that it suffices to prove this
on acceptable boxes in S*(D; N), with D larger than the largest bad prime of the
number field associated to S™*.

We apply Proposition to our acceptable box X, where kg is the smallest
positive integer so that t = t;mH is larger than D;. Taking ¢t = D, we have that
the Siegel-less condition holds. Now choose k1 minimal so that t;ﬁ 41 1s larger than
exp (D{°), and take ko = r. Finally, let P be the set of all primes congruent to 1
mod 4 less than D, and take M, Mp maximal. We need to check that, at least for
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sufficiently large N and some appropriate choice of ¢y, - ,c12,C, that the condi-
tions of Proposition hold. This is a simple numerical exercise.

Thus, considered up to permutation, the Legendre symbol matrices in our ac-
ceptable box X are equidistributed with error within the acceptable bound. Now,
we apply an analogue of Swinnerton-Dyer’s work in [8] to symmetric matricies. As
in the proof of Corollary 6.11 in [6], a little work on the modified Markov process
gives the necessary error estimates, showing the theorem. ([

9. THE MARKOV PROCESS: COMPLETION OF THE PROOF OF THEOREM [3]

To prove Theorem [3] it suffices to prove
(9.1)
||T(N) n gnes 7’ﬂrm+1;i(N)| _ P(nm+1, Ny oy — 1) |T(N) N §ne ,nm,i(N)H

=0 (N(log N)*l/z(log log log log N)*c’”) ,

where ¢, > 0 depends only on m.

We shall see that (9.1) will follow by applying Proposition [9.0.1} (9.1) is a conse-
quence of applying Propositions and to Proposition|7.4.1] in conjunction

with the following proposition; it moves the question from 7 (N) to boxes S} (D; N).

Proposition 9.0.1. There exists ¢ > 0 such that, for any quadratic field Q(\/no,
there is some A > 0 so that the following holds: for D,Dy, N as in , r
as in and D larger than the largest prime factor of ng, we have that for
any X of S¥(D;N) which is extravagantly spaced and Siegel-free above Dy, and
(log loglog N)1/2—regular, Then, for any m > 1 and any sequence ny > -+ > N1
of non-negative integers of the same parity, we have

|| X N gt b E (N)| = P(nupg1, Ry i + 1) - [ X 0§70 B (N

< A|X|(loglogloglog N) ™.

The next step is to address the following issue: as z € X varies, the pairs
(wq (), wy(z)) corresponding to elements of ¢l¥ (K (x0))[2] x cl(K(20))[2] change.
We aim to restrict our attention to sets X (a), where this issue is no longer present.
This reduction is cumbersome, since there are some choices of a where we are unable
to find suitable sets of raw cocycles, governing expansions, or additive-restrictive
systems.

We now consider X, N, ng as in Proposition [0.0.1] Suppose that the extravagant
spacing that occurs in the hypothesis of the Proposition occurs between indices
kgap and kgap + 1. Let P be the set of prime numbers less than D congruent to 1
mod 4. In the context of Definition take M, Mp to be maximal, and let a
be any function in F519M7.

Under these assumptions, any = € y{l,..‘ .} entirely contained in X (a) is then
quadratically consistent (Definition|3.1.6). Take Art(q),- -, Art(,,_1) to be a choice
of lower pairings as in (5.4), and choose bases wq 1, -+ , Wq,n, and Wy 1, , Wppn, 88
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in (5.6). We assume that i > kgap, and write Sgap for the union of the S(j1, j2) —
{ip} that appear in Lemma We assume that

Sgap c [kgap/2, kgap].

Let Pgap be an element of Hie{l,»-- Figan}—Saan X;. We assume that a is consistent
with this choice of Pgap. Next we write

Xi (a’ Pgap)
for the subset of X; consistent with a and the data associated with Pg,p, and put
X (a, Pgap) for the subset of X (a) which equals Pgap, on {1, - - , kgap } —Sgap. Finally,
given our choice of pairs Art(q),- -+, Art(), put

X(a, Pgap, k)

for the subset of i(a, Pgap) whose first & Artin pairings agree with the given se-
quence.
We shall refer to the above objects as the initial data. We then have:

Proposition 9.0.2. There exists ¢ > 0 for which the following holds: for the initial
data as chosen above, writing

Nmax = b/cm log log log log log NJ
and assume that nya.x > n. Next we suppose that
(9.2) | Xi(a, Pgap)| > 47 Feor - | X

for i € Sgap. Let Art(p,y to be any ny, X n,, matriz with coefficients in Fa. Then
there is some number A > 0 depending on ng so that

| X (@, Paap, m)| = 27" - | X (a, Pyap, m — 1)
< A-|X(a,Pgap)| - (loglogloglog N)~m.

We now have most of the ingredients to apply the structures which appear in
Sections 3 and 4. The next thing to add is a set of governing expansions. To do so,
we introduce some additional objects below.

Choose the initial data as above, which obeys the conditions of Proposition[9.0.2
For each ¢ € Sgap, choose a subset Z; C X;. For each set S(j1,J2) and data as in
Definition choose a set of governing expansions &(i,(j1,72)) on the product
Zgap of the Z’s. For any set S of the form S(j1,72) — {ip} and any T € (Zgap) g,

we assume that ¢z(®(i4(j1,72)) exists.

For o € Zg,p, put L(z) for the composition of all quadratic fields ramified only
at 0o, the places of P, and the places of Pgap. Put M(j1, j2) for the composition of
the fields of definition for the set of ¢z with T € (Zgap)S(jl ja)—{ipy and Mo (J1,72)

for the composition of the fields of definition for the set of ¢z with T € (Zgap) 4 for
some proper subset S of S(j1,j2) — {ip}-

We assume that, for each S(ji,j2), the field M, (j1,72)/Q splits completely at
all primes in P, Pgap, and in any Z; with ¢ outside of S(j1, j2) — {ip}
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Next, take 9% to be the composition of any L(z) with the set of M(j1,J2), and
take M, to be the composition of any L(x) with the set of M,(j1,j2). We write
X;(M,) to be the subset of primes in X; so p is consistent with the choice of a and
Pgap, and the prime p splits completely in each M, (j1,j2). Note that X;(M,) is
described alternatively as the subset of X; mapping under the Frobenius map to
one specific central element of Gal(M,/Q). Finally, put

(9-3) Z ={Pgap} X Zgap X H Xi(Ms).
i>kgap
We shall denote the content above as the starting data.
Proposition 9.0.3. Let the starting data be as above, and put
M = L(log log log log N)1/5(m+1>J ,

with M > 0. We shall assume that |Z;| = M for all i.

Then there exists an absolute constant ¢ > 0 and a number A depending only on
ng so that

’|Z N X (a, Paap, m)| — 27" *D) | Z A X (a, Pyap, m — 1))
<A-|ZNnX(a,Pgap)| - (loglogloglog N)~cm.
We shall now prove Proposition [9.0.3]
Proof of Proposition[9.0.3 Take F to be a non-zero multiplicative character of the
vector space of n,, X n,, matrices with coefficients in Fy. For € ZNX (a, Pgap, m—
1), write Art(z) for the Artin pairing on D(Vm) X D(s)- To prove the proposition, it
is enough to prove that
Z F(Art(x))
z€ZNX (a,Pgap,m—1)
=0 (|Z N X (a, Pgap)| - (loglogloglog N)_Cm)

for each F. Take j1 < ja < ng so that F' depends on the value of Art(z);,;,, and
take S = S(j1,72). From Proposition we find that there is a natural bijection

Gal(M (j1,j2) Mo /Ms) = Cg_(iy (Ts—qi, 3 (Z))
of Fo-vector spaces, with our notation in Definition [6.0.2] For o in this Galois

group, we take X;, (o) to be the subset of X;, (M,) mapping under Frobenius to o.
From the Chebotarev density theorem, we find

X3, (0)] = 271" X, (ML) - (1+ O (e Fe))

Choose z; € X;(M,) for i > kgap and @ # 4 such that the set of z; is consistent
with a, writing this tuple as Pgap,+. From Propositions and we see that,
outside of a negligible set of choices of Pgap 4, if we write X, (Pgap,+) for the subset
of X;, consistent with a, we have

(9'4) |Xib(a) N Xib(PgaP,+)|

_ _1\ym+1 _
=2 (M=) : ‘Xib <M0> N Xib (Pgap,+)| : (1 + O(e kgap))
for each o.
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On the product
ZAR = Zgap x (Xi, (Mo) N Xy, (Pgap,+)),

we can find full additive-restrictive inputs as in Definition [5.2:4] The corresponding
additive-restrictive system has abelian groups with orders bounded by

2nlnax(n;nax+27n+6)

We then apply Proposition to the additive restrictive system 2((j1,72). By
Propositions and whenever

(9.5) £ < 9 Mmax(Nmax+2m+6)
and
(00 log M > 46" loge1,

there is a choice of o1, -+ ,op in Gal(M (41, j2) Mo /M,) so that, for any o in this
Galois group and any choice of Zy, = Zgap X {21, ,xpm} with
z; € X, (U + ai) N X, (Pgap)
for all i+ < M, we have
S P(Art(@)) < e+ | Zhgl-
FISVANS
From (9.4)), we see that Zag can be split into subproducts Z’,  with the remainders

that can be absorbed into the error term. Therefore, equidistribution applies to
Zar as well. Choosing

e = (loglog log log log N) GaFie™

we find that £ satisfies (9.5)) and . This completes the proof of this proposition,
with

c
9.7 m = A
(07) ¢ (m+1)6™
where we recall that ¢ is an absolute constant. O

It remains to show how one uses Proposition [9.0.3] implies Proposition [9.0.1
indeed, we will see that

Proposition [9.0.3|= Proposition 9.0.2| = Proposition [9.0.1

9.1. Proposition [9.0.2] implies Proposition The argument is reduced
to controlling bad types of pairs (a, Pgap). First, we need to avoid the case where
n is not less than ny... Second, we need to avoid those a where, for some choice
of pairings, we cannot find suitable initial data for Proposition [9.0.2] Finally, we
need to avoid those (a, Pgap) for which fails to hold for some i € Sgap. We
claim that the union of X (a,Pgap) over all three kinds of bad pairs (a, Pgap) can
be absorbed into the error term of Proposition [9.0.1

The assertion that the union of X (a) for which n,, > npnax can be absorbed into
the error term is a consequence of Theorem [8.2.2]

Next, consider those a such that, for some choice of pairings Art;y and a basis,
there is no suitable choice of S(j1,j2) as in Lemma We claim that the union
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of X (a) for such a can also be absorbed into the error term.

The proportion of a for which there are elements wy,ws € ¢[(K(z)) so that
either wy or wsy is non-zero, and

1 —10m..
O8)  I(T3(01) + Tawn) O a2 gl > (27297 ) By

15 " —20n
o((3) v o)

in the space FQ/IUMP. Here, T + T denotes the symmetric difference.

has density at most

Call a generic if there is no non-zero tuple w of X (a) for which T (w) + T (w) =
{1,---,r}, and if there are no pairs of non-zero tuples (wy,ws) with w; + ws also
non-zero, but Ty (wy) + To(wy) + T1(w2) + Ta(we) = {1,--- ,r}. We then see, after
some effort, that the conditions of Lemmas 4-6 in [8] are satisfied, so that are non-
generic a due to the condition on w can be bounded by their consequences. It thus
follows we obtain the bound

) (22“’\ : (3/4)T) .

For the condition on (w1, ws), we can use Lemma 7 in [§] instead, after noting that
the condition uj = uj can be weakened to u}/uj € Xg, in the notation of [g],
without any change. Therefore we conclude that the number of non-generic a is

bounded by
AlPI. 15
16

for some absolute constant A > 1.

We may now suppose that w is a generic tuple. We can then conclude, from
genericity, that the local conditions at the r primes coming from X are indepen-
dent, and so the proportion of a where w is an admissible tuple for X (a) is bounded
by O (4™"). Similarly, if (w1, ws) is generic as above, the probability that w; and
wsg are both admissible for X (a) is bounded by O (4*2T) by independence.

Hoeffding’s inequality is sufficient to complete the estimate of the density of
MUMp . .
a € Fy not satisfying for some wy, ws.

For a other than those in this set, it is easy to find sets admissible indices S(j1, j2)
if Myax is sufficiently large in terms of ng. Choose iy > Kgap, so that 7, is not in
T;(w;) for any ¢ = 1,2 and j. Then each S(j1, j2) — {4, 2 (j1,72)} can be taken to
be an arbitrary subset of size m inside of

To(wj,) V{1, ry = Ti(wi,)) N () ({1, 1} = (Ti(w;) U Ta(wy))) -
J#j2
The assumptions on a give that this intersection has density about 4™ on the

integers in the interval [kgap/2, kgap), Which will be larger than m for sufficiently
large npax-
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If ko < kgap/2, we see that permuting the first ko indices do not change whether
holds for a given a. Then, by Proposition we find that the union of
X (a) over all a for which it may be impossible to find a set of acceptable S(j1, j2)
can be absorbed into the error of Proposition [9.0.1

Finally, we claim that the union of X (a, Pgap) over all (a, Pgap) for which (9.2)
does not hold for some i can be absorbed into the error term of Proposition [9.0.1]
We will work in the context of Proposition [8.0.3] To do this, add the primes
p1,- -,k of the box to the set P; taking X;(a,P) to be the subset of X; consistent
with P an the choice of a. We attempt to apply the argument of Proposition [8.0.3
to

Xi(a,P) x -+ x X,(a,P).

| X |
(log t/l)cl
such a choice, outside a set of choices of a over which the union of the X (a)’s can

be absorbed into the error term of Proposition [9.0.1] we always have
R
(log t4)<"
Suppose we have such an a. Then a choice of Pg,p, for which @ does not hold

would be exceptional in the sense of the proof of Proposition [8.0.3] In that proof,
the union of all such exceptional can be seen to be absorbed into the error term of

Proposition 0.0.1]

We now note that there are at most 2™ max sequences of pairings Arty. The
conclusion of Proposition [9.0.2] then implies

HX(aanap) ngm ,nm+1,i(N)| - P(nm—‘rl; My Mo + 1) : |X(aapgap) ngm ’nm’i(N)H

This will work only if no X;(a, P) is smaller than for some choice of ¢/. For

|Xi(a7 P)l >

<A 2Miax | X (a, Pgap)| - (loglogloglog N)~m.
A routine calculation shows that the sum of this error over all a and P,y is then
acceptable for the error term of Proposition [9.0.1

9.2. Proposition implies Proposition Choose initial data as right
before the statement of Proposition 9.0.2l Write Vi, for the subset of [, Sgan X;
consistent with Pga, and the conditions of a. Take

R = |expexp(kgap/5) ],
and assume that B > 0. We choose ¢ > 0, and for each i € Sg.,, we choose
sequences of subsets
Zi17 e aZf g Xi(a'a 7)gap)
each with cardinality M. We take
¢ ‘
Ztw= 11 2
iESgap
We suppose that these subsets satisfy the following:
e For ¢ # (', we have |Zéap N Zé;p\ <1
e Each Zéap is a subset of Vgap, and any point in Vi,p is in at most R of the
L.
Zgap;
e The set Zéap can be used as starting data for Proposition
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Furthermore, we assume that the sequence of Zéap cannot be extended under these
requirements to a sequence of t 4+ 1 subgrids.

Write
Xgap = H Xi(a, Pgap)-

S Sgap

Take V,224 to be the set of points in Vg, that are consistent with the choice of

a and Pg,p, and that are in fewer than R of the Zéap. Write § for the density
of Vg';%d in Xgap. By a greedy algorithm, one can choose a subset W of ng;%d of

density at least §/ RM™*! such that no point in W is in more than two of the Zéap.

By adjoining splitting behaviour at the primes in Pg,p, to the system constructed
in Proposition we can then define an additive-restrictive system on X, with
7; = W and where, if T € 7; .., then the governing expansions defined at T are
as required for Proposition The maximal size of the abelian groups in this
additive-restrictive system is bounded by 2¥es» I Then, by Proposition m the
density of ?Osgap in Xgap X Xgap is at least

6 3|Sgap\
<2kgap|7’| .RMm+1> )

We note |Sgap| < (m + 1)n3. In addition, for sufficiently large N, we always have

| X (a, Pgap)| > expexp(0.3 - kgap)
for i € Sgap. Applying Proposition and the assumptions on ¢, we then have

exp(0.3 - kgap)

M >
(m + 1)3(m+Dn% . (exp(kgap/4) + log 1)

for sufficiently large N. We can then bound ¢ by exp(— exp(kgap/4)) for sufficiently
large N. Then, following the proof of Proposition [8.0.3] we see that the subset of
z € X(a,Pgap) for which mg,, () is in V224 can be absorbed into the error term
in Proposition

. . Z . Z e . Z .
We associate grids Zg,, with fields M* and M¢ and a supergrid Z° as in (9.3).

For z € X(a,Pgap) with g, (x) outside of Vg‘;?,d, write ©(x) for the number of

¢ < t for which z is in Z¢. Write dy;p for the degree of M* over some L(x) with

T € Zéap; from Proposition we find this degree is independent of x and ¢. For

i > kgap, put X;(L(z)) for the subset of X;(a, Pgap) consistent with the choice of
x. By Proposition and the definition of extravagant spacing, we then have

X3 (ME)| = diygy, - 1Xi(L(2))|(1 + O(exp(—2kgap)))
for i > kgap. Proposition [8.0.3) then gives that the subset of
H X (M)
i>kgap
consistent with a has order

—(r—kga _
dyy ") |X (0, Pgap N5 (2)] - (14 Oexp(—kigap)))-
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From this, we see that O(z) has average order
—(r—kgap
dM(L 'R (1 + O(exp(—kgap)))-

Similarly, from the requirements on Z¢ N Z¢ and Proposition we see that
MM has degree d%,; over L(x) for 7t 7% distinct grids containing 2. Then the
average order of O(x) is seen to be

— r—kgap
dyrrRse) L R2(1 4 O(exp(—kgap)))-

Thus, outside of a set of density O(exp(—kgap/2)) in the support of ©, we find that
©(x) over the mean value of © is within exp(—kgap/4) of 1. The effect of the set
of low density can be absorbed into the error term of Proposition and the
variance between ©(z) can also be absorbed into the error term. Proposition [9.0.2]
then follows from Proposition [0.0.3
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