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Abstract

Let p be a prime number and K a finite unramified extension of Q. If p is large enough
with respect to [K : Q,] and under mild genericity assumptions, we prove that the admissible
smooth representations of GLa(K) that occur in Hecke eigenspaces of the mod p cohomology
are of finite length. We also prove many new structural results about these representations of
GL2(K) and their subquotients.
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1 Introduction

1.1 The main results

Let p be a prime number, F' a totally real number field and D a quaternion algebra of center
F which is split at all p-adic places and at exactly one infinite place. In order to simplify this
introduction we assume that p is inert in F' (in the text we only need p unramified in F') and
denote by v the unique p-adic place of F'. To an absolutely irreducible continuous representation
7: Gal(F/F) — GLy(F) (here F is a sufficiently large finite extension of F,) and V" a compact
open subgroup of (D ®@p A%")* (here A%" is the ring of finite prime-to-v adeles of F), we
associate the admissible smooth representation of GLy(F},) over F:

m E lim Hom ) g/ o) (7 Hiy (Xvoy, x5 F,F)), o
Vi

where the inductive limit runs over compact open subgroups V, of (D ®p F,)* = GLo(F,) and
Xyvy, is the smooth projective Shimura curve over F' associated to D and V"V,. Throughout



this introduction we fix 7 as in such that m # 0. Recall that, when F' = Q (and Xywy, is
the compactified modular curve) and under very weak assumptions on ?‘Gal(@p Q) the GL2(Qp)-
representation 7 has been completely understood for quite some time (see [Eme|, [CDP14]). Un-
fortunately, this is no longer the case when F, # Q, despite recent progress ([HW22], [BHH™ 23],
[BHH™a|, [BHH" D], [Wan23|, [Wan]). The main aim of the present work is to take a new step in
the (long) journey towards the comprehension of the GLa(F})-representation m when F, # Q, by
proving that, for 7 sufficiently generic and under a standard multiplicity one assumption (com-
monly referred to as “the minimal case”), 7 is of finite length.

Under similar assumptions, it was already known that 7 is absolutely irreducible if and only if
Tlga(F, /7)) 19 (IBHHT'a, Thm. 3.4.4.6(i)]), and that 7 is of length 3 when Tl Gal(F, /) 18 reducible
and [F, : Q] = 2 ([HW22] for F‘Gal(FU/Fu) nonsplit, [BHH &, Thm. 3.4.4.6(ii)] for F|Gal(fv/Fv)
split!). Hence the main contribution of this work is to prove that 7 is of finite length when
F‘Gal(Fv /F,) 18 reducible and [Fy : Qp] > 3. We also obtain many intermediate and aside results
on (the irreducible constituents of) 7.

Let us describe our most important results in more details.

We set K = F, f o [K : Q] and ¢ S p!. We denote by w the mod p cyclotomic character of
Gal(K/K) (that we consider as a character of K* via local class field theory, where uniformizers
correspond to geometric Frobenius elements), and by wy, war Serre’s fundamental characters of
the inertia subgroup I of Gal(K/K) of level f, 2f respectively. In this introduction, we say that
7 is generic if the following conditions are satisfied:

(i) 7| Gal(F/F( 1)) IS absolutely irreducible;

(ii) for wip such that either D or 7 ramifies at w, the framed deformation ring of 7| Gal(Fo/Fuv)
over the Witt vectors W (TF) is formally smooth;

(iii) 7|7, is up to twist of form

Z;;J (rj+1)p?
W *| with max{12,2f + 1} <r; <p—max{15,2f + 4}
0 1

or

I r+1)pd

g(same)

) - {max{12,2f—|— 1} <r; <p—max{15,2f +4} j>0
W1

max{13,2f + 2} < rg < p —max{14,2f + 3}.

Note that implies p > max{27,4f+5} and that can be made explicit ([Shol6], [BHH™ 23,
Rk. 8.1.1]). The bounds on r; in are such that all the results mentioned in this introduction
except one hold (in the paper many results actually require weaker bounds, and a few results
require stronger bounds). By [BHH"23, Thm. 1.9] (for ﬂGal(F/K) semisimple) and [Wan23,
Thm. 6.3(ii)] (for ﬂGal(? /K) non-semisimple) for 7 generic there is a unique integer > 1 (the

'IBHH al Thm. 3.4.4.6] is stated in the global setting of compact unitary groups but the proof is the same.



“multiplicity”) such that, for any (absolutely) irreducible representation o of GL2(Ok) over F,
we have dimp Homgr, o, )(0,7) € {0,7} (the notation 7 and 7 is somewhat unfortunate but is
consistent with [BHHT23, § §]).

In the sequel we let p & 7| Gal( /1) Where 7V is the dual of 7.

If 71 and mo are representations of a group, we denote by 71— 72 an arbitrary nonsplit
extension of me by m (so m is a subrepresentation and 7o is a quotient). We say a finite
length representation is uniserial if it has a unique composition series, in which case we write
T — T2 — T3 — - - - where m; are the (irreducible) graded pieces. Finally we let B(K) be the
subgroup of upper triangular matrices in GLa(K).

Theorem 1.1.1. Assume that T is generic and that r = 1.

(i) If p is irreducible then m is irreducible supersingular.
(ii) If p is split, i.e. p = (Xl 0 ), then
0 x2

= Indgl(f(()m (e ®@xw Her e Indg(Lf(()K)(Xl ® xow L),

where 7" = 0 if K = Qp and 7 has length € {1,..., f — 1} with distinct supersingular
constituents if K # Q.

(iii) If p is nonsplit, i.e. p = (%1 ; ) with x # 0, then
2

= ( Indﬁ(L}i()K) (x2® Xlw_l) —a — IndE(L,i()K)(xl ® X2w_1) ),

where 7' = 0 if K = Q, and 7’ is uniserial of length € {1,..., f — 1} with distinct supersin-
gular constituents if K # Q.

Part |(i)| was known (|[BHHTa, Thm. 3.4.4.6(i)], as already mentioned), (ii)| easily follows from
Theorem [3.2.3(i) with the first statement of [BHH"a, Thm. 1.3.11] and from Corollary [3.2.7(iv),

and follows from Theorem |4.4.8{(ii) and Corollary 4.4.10

Theorem implies that 7 is of finite length and multiplicity free. It is expected that 7’
in Theorem [1.1.1f(ii) always has length f — 1 (see [BP12, p. 107]) but we only know this
when f = 2 (in fact we do not have an example of a 7’ of length > 2). Note also that, although
one can optimistically hope that 7’ only depends on p and that 7’ in Theorem is the
semisimplification of 7’ in Theorem at present we know none of these statements when
f>1, even for f =2.

Nevertheless we can prove several results on the irreducible constituents of w. Let I (resp. I;)
be the subgroup of GL2(Ok) of matrices which are upper triangular modulo p (resp. upper
unipotent modulo p) and K7 = 1+ pMy(Ok) C I; be the subgroup of matrices which are trivial
modulo p. Let Z; = 1+ pOg be the center of I (or K;). We will extensively use the Iwasawa



algebra A & F[11/Z] which is a (noncommutative) noetherian local ring of Krull dimension 3f.
We denote by m its maximal ideal. Since 7 has a central character, 7 and any of its subquotients
are A-modules, and likewise for their linear duals. Since 7 is admissible, the latter are moreover
finitely generated A-modules. Recall that a nonzero finitely generated A-module M is Cohen—
Macaulay of grade ¢ > 0 if Ext’ (M, A) is nonzero if and only if i = c.

Theorem 1.1.2. Assume that T is generic, that r = 1 and that p is semisimple.

(i) The linear dual Homp(n',F) of any nonzero subquotient @' of m is a Cohen—Macaulay A-
module of grade 2f.

(ii) Any subquotient of m is generated by its GLa(Ok)-socle.

(iii) For any subquotient @' of m we have

dimp(xy D¢ (') = | JH(socgLy0) (7)1,

where ng (7') is the cyclotomic (p,T)-module associated to ©' in [BHH @, § 2.1.1] and JH
means the set of Jordan—Holder (or irreducible constituents).

(iv) For any subrepresentations w1 C mo of m we have a split exact sequence of GLa(Ok)-repre-
sentations

0— SOCGLQ(OK)(Wl) — SOCGLZ(OK)(TI'Q) — SOCGL2((9K)(7T2/7T1) — 0.

(v) For any subrepresentations m1 C mo of m and any n > 1 we have an exact sequence of
I-representations
0— wl[m”] — wz[m"] — (7r2/771)[m”] — 0,

which is split for n < max{6, f + 1}.

Note first that for 7 itself part was known using [HW22, Prop. A.8] (without assuming
p semisimple) and part was known by [BHH al Thm. 1.3.8]. Moreover was known for
subrepresentations 71 of 7 by [BHH a, Thm. 3.3.5.3(ii)]. In particular Theore was already
known for p irreducible (as 7 is then also irreducible), and thus the main novelty in Theorem m
is that we obtain nontrivial results for subquotients of m (when p is reducible).

When p is split reducible, [(i)] is contained in Corollary [3.2.7(ii), is Corollary [3.2.7(iii),
is contained in Corollary [3.2.7(i) and [(iv)] is Lemma [3.2.6] Finally is Corollary (note

that the splitness for n = 1 directly follows from |(iv)|since (—)[m] = (—)/1). The splitness of the
exact sequences in and in for n < max{6, f + 1} can be seen as (very weak) evidence for
the hope that 7 is semisimple when p is.

When 7 is non-semisimple, we have the following version of Theorem [1.1.2

Theorem 1.1.3. Assume that T is generic, that r = 1 and that p is non-semisimple (reducible).

(i) The linear dual of any nonzero subquotient of m is a Cohen—Macaulay A-module of grade

2f.



(ii) Any subquotient of m is generated by its Ki-invariants.

The proofs in the non-semisimple case are significantly harder and usually much more technical
than in the split case. Part|(i)|is contained in Corollary and part is Theorem [4.4.8]1).

Theorem is shorter than Theorem because, in the nonsplit case, if 71 C w9 are
nonzero subrepresentations of 7 the maps m,' — (m/m1)t and 7' — (my/m1)51 are not sur-
jective in general (even for f = 1). Nonetheless, in [BHH c| we will completely determine the
(semisimple) I-representation (/)" and the GLy(F,)-representation (/71 )51, We will also
determine dlmIF((X)) DE/ (ma/m1).

Under the same assumptions (7 generic, r = 1) we prove several other results that are not
stated above. For instance, just assuming T generic, we completely determine gr, (7") as a
graded gr, (A)-module, where 7V < Homp (7, F) denotes the linear dual of 7 which is a finitely
generated A-module, gr, (A) £ @, o m”/m"t! and gr, (7)< @, > m" 7Y /m" 17V (see Theo-
rem below). This is a key result. Indeed, on the one hand it makes it possible to determine
gr((m2/m1)Y) for any subrepresentations 71 C mo of m (Corollary [3.2.7(ii) for p split, [BHHc|
for p nonsplit with suitable genericity). On the other hand, and most crucially, knowing gr,(7")
is the starting point of all the important proofs of this work as we explain now.

1.2 Some sketches of proofs

One important question left open in [BHH al § 3.3.2] was the precise structure of the graded
gr,(A)-module gr,, (7) (see BHH a, Rk. 3.3.2.6(i)]). We answer this question in the next theo-
rem. We need more notation. Recall from [BHH a, § 3.1] that gr,(A) = &jcqo,.. r—13 F(Y), 255 hy)
with relations [y;, z;] = hj, [hj, zi] = [yi, hj] =0 for all 4,5 € {0,..., f —1}. We let

def

R gr(A)/(hy s 0 < j < f—1) =Flyj2:0 < j < f— 1]

o [FF .
which is a (graded) commutative polynomial ring. We let H = 61 FOX> ~ [/I, which
q

naturally acts on A, gr,(A) and R. Recall that the irreducible continuous representations of I
over F factor as characters xy : H — F*. In [BHHTa, Def. 3.3.1.1] to each x € JH(wt) we
associated an ideal a(x) of R (containing y;z; for all j € {0,..., f —1}) which is denoted by a(X)
in the text and recalled in below.

Theorem 1.2.1 (Theorem [2.1.2). Assume that T is generic.

(i) We have an isomorphism of graded gry,(A)-modules with compatible H -action

(i) The gry(A)-module gro,(m") is Cohen—Macaulay of grade 2f.



In particular the graded gr,(A)-module gr,(7") together with its compatible H-action is
local, i.e. depends only on p, and even just on p|r,.. We remark that Theorem allows us to
compute the entire Hilbert polynomial of gr,(7¥) (cf. [BHH"c|). Note that, although we know
the gr,,(A)-module gr,, (7") thanks to Theorem we still do not understand the A-module
(rl1)".

We sketch the proof of Theorem (which is given in § especially § Denote by N
the gr,,(A)-module on the right-hand side of First follows from since NV is Cohen—
Macaulay by a direct computation, hence the main issue is If M is any finitely generated
R-module which is killed by the ideal (y;z; : 0 < j < f —1) of R (for instance N), we define its
characteristic cycle ([BHHT a, Def. 3.3.4.1])

Z(M) =) length(My)[a] € P Zla, (2)
q q

where q runs through the minimal prime ideals of R/(y;z; : 0 < j < f —1). As N is Cohen—
Macaulay, any nonzero gr,(A)-submodule of N has a nonzero cycle (i.e. N is pure). Since by
[BHH"a, Thm. 3.3.2.1] we already have a surjection of graded gr,(A)-modules N — gr, (7")
(which implies Z(N) > Z(grp(7")) in @,Z[q]), to prove [()] it is enough to prove Z(N) =
Z(gry(mY)), as Z(—) is additive on short exact sequences ([BHH'a, Lemma 3.3.4.2]). To show
this, we construct a resolution of the A-module (7|;)Y by a complex of filtered A-modules P,
with compatible H-action such that the associated complex gr(P,) of gr,(A)-modules satisfies
Hy(gr(P.)) = N and Hi(gr(F.)) = 0. Such a filtered complex gives rise to a spectral sequence
Ef = H;(P,) for i,5 > 0 ([LvO96, § I11.1]) and using Hy(gr(Ps.)) = 0 we prove that E° = Ej.
Since E} = Ho(gr(P,)) = N and E§° = gr(r"), where gr(r") is here computed for the quotient
filtration on 7V induced by the surjection Py — wV, we deduce N = gr(r"), which implies
Z(N) = Z(gr(r")). But we have Z(gr(n")) = Z(grn(7")) by [BHHa, Lemma 3.3.4.3], and
thus Z(N) = Z(gr,(m)). The construction of P, with its properties is quite involved and in
particular crucially uses the following result (where the Ext§ /7, are computed in the category of
smooth representations of I/Z; over F).

Proposition 1.2.2 (§ For any smooth cﬁamcter X:I—=F*andanyi>0, Exté/zl(x,ﬂ') #
0 only if x € JH(w!t), in which case dimp Exty;, (x,7) = (QZ.f)T.

Theorem turns out to be a crucial ingredient in the proof that = is of finite length when
r = 1 and p is reducible. We assume these two hypothesis from now on, and we present below
a unified sketch of proof in the two cases p split and p nonsplit, though in the text we found it
preferable to separate the two cases (mainly because the nonsplit case is much more technical).

We fix a nonzero subrepresentation m; C 7 and let my def mw/m. Hence we have an exact
sequence of A-modules with H-action 0 — 7y — 7 — 7y — 0. The m-adic filtration on 7"
induces a filtration on 7y and we denote by gr(my) the associated gr,, (A)-module. Just like the
definition of the gr,(A)-module N in Theorem only uses the H-representation 7/t (and a
fortiori only the GLa(F,)-representation 751), we define an explicit quotient Ny of N which only
depends on the GLy(F,)-representation ﬂf(l. In the split case one has

(3)



in particular Ni is then a direct summand of N and only depends on the H-representation W{l,
but this is no longer true in the nonsplit case if m; # 7 (see Step 2 in the proof of Proposition

4.4.3 together with and Definition [4.2.4). Defining Ny & ker(N — Nj), we prove that there
is a commutative diagram with exact rows of graded gr,,(A)-modules (see Step 1 in the proof of

Proposition for p split, Step 2 in the proof of Proposition for p nonsplit):

0 ——>gr(my ) —> gry () —> gry(m)) —>0

j T T 4)

0 Ny N Ny 0

R

with injective (resp. surjective) vertical map on the left (resp. right) and where the middle iso-

morphism is Theorem [1.2.1§(1)

The next step is the following theorem:

Theorem 1.2.3 (Proposition Proposition 4.4.3)). The left vertical injection in , hence
also the right vertical surjection, are isomorphisms. In particular gry(my), gr(my) are Cohen—
Macaulay gr,(A)-modules of grade 2f, and wy, 73 are Cohen—Macaulay A-modules of grade 2f.

We sketch the proof of Theorem [1.2.3]

The Cohen-Macaulayness of my, w3 follows from the one of gry,(ny), gr(my) ([LvO96,
Prop. I11.2.2.4]), which itself follows from the first statement of Theorem as N1, Ny can be
checked to be Cohen—Macaulay gr,,(A)-modules. Note that, by dévissage and since A is Auslander
regular, one then deduces from [LvO96, Cor. II1.2.1.6] that the linear dual of any subquotient
of 7V is Cohen-Macaulay of grade 2f. In particular this proves Theorem [1.1.9(i)] and Theorem

INE ]

Hence it is enough to prove Ny —» gr(m)). Since, just like N, the gr,(A)-module Ny is
pure, by the same argument as for N (see the sentences below ) it is enough to prove that
Z(N1) = Z(gry(my)), or equivalently by diagram (4)) that Z(N2) = Z(gr(my)).

We then use the essential self-duality of 7 ([HW22, Thm. 8.2] with [BHH"23, Thm. 8.4.1]
and [Wan23|, Thm. 6.3(i)]): there is a GLy(K)-equivariant isomorphism EXtif(T(v,A) ~ 1V Qp
(det(p)w™1t), where Extif(ﬂV,A) is endowed with the action of GLg(K) defined in [KohlT,
Prop. 3.2]. Then we can define 72 C 7 as the unique GLg(K)-subrepresentation such that

7 =im {Extif (¥, A) — Ext¥ (xy, A)} @r (det(p) " w).
Since 73 is a subrepresentation of 7, we can define a surjection of gry,(A)-modules

No — grm(%%/)
analogous to N; — gr,(wY), where N again only depends on the GLy(F,)-representation g .
In particular Z(Ny) > Z(gr,(7Y)). Note that by the same argument as in the proof of [BHH™a),
Prop. 3.3.5.3(iii)] we have Z(gr,(7y)) = Z(gr(my)). Since Z(gr(my)) > Z(N3) by the left injection
in , we deduce N
Z(N2) > Z(gr(7y)) = Z(gr(my)) = Z(N2)



and hence it is enough to prove Z(Ny) = Z(Ny).

The equality Z(Ns) = Z(Ns) is the heart of the proof of Theorem and is particularly
subtle in the nonsplit case. In both cases (split or nonsplit) 1t boils down to determining the
GLy(F,)-representation 74 from the GLy(F,)-representation w1*. For that, we do not know any
proof that avoids (¢, I')-modules. We have the formula

dlmF((X)) Dg/ (7~T2) = dlmF((X)) Dg/ (7['2) = dlmF((X)) D%/ (’/T) - dim]F((X)) D%/ (71'1), (5)

where the first equality follows from Z(gr,,(73)) = Z(gr(ny)) with [BHH al, Prop. 3.3.5.3(i)] and
the second from the exactness of the functor Dy ([BHH a, Thm. 3.1.3.7]). In the split case, using
the equalities

dimp(xy D¢ (T2) = |JH(s0cqLy04)(T2))],
dimp(x) D¢ (m) = |JH(s0cqLy0x)(m1))]

(where the first follows from |[BHHTa, Thm. 1.3.1] and where the other two are [BHHTa,
Prop. 3.3.5.3(ii)]), we manage starting from (5) to determine socgr,, (o, )(72), hence 741 (using the
proof of [BP12, Thm. 19.10]), hence Na, and finally check that Z(N3) = Z(Ns). In the nonsplit
case using the (much harder) equalities

dlm]F((X)) DE/ (7‘(’) = 2f,
dimg(x) D¢ (F2) = [JH(F") NW(p®)],
dimp(x) DY (m) = [JH(x{) N W (5%)]

(which all follow from [Wan, Thm. 1.2]) with (5| . (and Theorem [4.3.15[in the text applied to both

T1, T2), we can again determine 7 and once more check Z(Ny) = Z(Ns).

We now sketch the proof that 7 is of finite length (for p reducible) using Theorem m

Let m C 7 be a nonzero subrepresentation, and let 77 C 1 be the GLy(K)- subrepresentatlon
generated by socqr, o) (m1) if p is split, by 71'1 b if p is nonsplit. We then have 7T1K1 = 7'['{{1
in both cases (using the proof of [BP12 Thm. 19.10] in the split case). The gr, (A)-module
Ny in is the same for both 7 and 7} since it only depends on the GLy(F,)-representation
) K o Kl . By Theoremwe deduce that the natural surjection Ny — gr (m)) — gr, (7))
is an 1somorphism in particular m" ) /m iy = mnalY /m’”rl Y for all n > 0, hence by

dévissage ) /m"Tiry =5 7)Y /mnTirlY for n > 0, hence my — 71" or equivalently 7] — .

This first implies that 7 is generated by its GL2(Ok)-socle if p is split, by its K;-invariant if
P is nonsplit (since 7} is). As the quotient of a GLa(K)-representation generated by its GL2(Of)-
socle (resp. its Kj-invariants) is a fortiom’ also generated by its GLa(Of)-socle (resp. its K-

invariants), we have proven Theorem [1.1.2(ii)| and Theorem [1.1.3(ii)|

We then obtain that 7 is of finite length, as there are only finitely many GLy(F,)-subrepresenta-
tions 71! inside the GLy(F g)-representation 71 (recall the latter is explicitly known and only
depends on |y, , see [HW18| [LMS22] for p split, [Lel9] for p nonsplit). A more precise calculation



inside 751 gives the more precise statements in Theorem though the multiplicity
freeness in the nonsplit case is more involved, see Corollary [£.4.10]

So far we have briefly gone over the proofs of Theorem of Theorem |1.1.2(i)| and of
Theorem |1.1.3(1) We now sketch the proofs of Theorem

Since in the split case Ny in (3] is a direct summand of N, Theorem implies that the
exact sequence of graded gr,, (A)-modules 0 — gr(my) — gr,(7) — grp(my) — 0 in (4) is split.
Then by a dimension count we deduce that the map w[m"] — (7/m;)[m"] is surjective for all n > 0.
It is then not difficult to deduce the exactness in Theorem . The splitness in loc. cit. for
n < max{6, f + 2} comes from the following description of the I-representation m[m"| for such n

(see Lemma [2.4.2)):
wm"] = @ T>(<"), (6)

XE€JH(m!1)
(n)

where the [-representations 7y~ (denoted T)(\n) in the text) are defined in Lemma [2.4.1] From

one deduces my[m"] = GBX eIH() T)((n) — whence the splitting — using the isomorphism N; —

gr.(m) in Theorem together with (see the end of the proof of Corollary [3.2.5).

Then the first exact sequence in Theorem easily follows from the exact sequence in
Theorem [1.1.9(v)| applied with n = 1 (see Lemma [3.2.6). Note that this first exact sequence
implies Theorem [1.1.2(iii)| by the exactness of Dy ([BHHTa, Thm. 3.1.3.7]) and the case of sub-
representations (|[BHHTa, Thm. 3.3.5.3(ii)]). The second exact sequence in Theorem
and its splitness both follow from the first using, as we have seen with 79 above, that if we know
S0CGL,(0k) (1) for a subrepresentation m; C 7 when p is split we also know 7'(‘{(1, and moreover

that 711 is a direct summand of 71,
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1.3 Notation and preliminaries

We normalize local class field theory so that uniformizers correspond to geometric Frobenius
elements. We fix an embedding ko : F; — F and let &; koo @I, where ¢ is the arithmetic

Frobenius on F,. Given J C {0,...,f — 1} we define J¢ o {0,1,...,f =1} \ J. Welet I &

X

(p%K g§> C GL2(Of) denote the (upper) Iwahori subgroup of GLo(K), I; the pro-p radical
K K

of I, Z; the center of Ij, and K1 = 1 4 pMa(Of) C I;. We let T < GLo(F,) = GLy(Ok)/ K.

Let p: Gal(K/K) — GL2(F) be a continuous representation. We will say that p is n-generic
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for some integer n > 0 if, up to twist, ﬁﬁ; 2 w @ 1 and either (using the notation of §

. ~ foo(rﬂ""l * . .
Dl = [Yr | withn <r;<p—-3—-nforall0<j<f—1 (7)
or
F-1, ;
N wzy‘:o(TﬁI)pJ . n<r;<p—-3-—-n forO0<j<f—1,
Plie = | “2f ; with , (8)
gf(same) n+1<rg<p—2-n forj=0.

In particular, if p is n-generic then it is n-generic in the sense of [BHHT 23 Def. 2.3.4] (see also
the beginning of [BHH"23, §4.1]), and p is O-generic precisely when p is generic in the sense of
[BP12, Def. 11.7] (note that the condition p|7° % w @ 1, up to twist, precisely rules out that
(ro,...,rs—1) € {(0,...,0),(p—3,...,p— 3)} when 7 is reducible).

Attached to a 0-generic p we have a set W (p) of Serre weights, i.e. irreducible representations
of T over F, defined in [BDJI0, § 3], and a finite length I'-representation Dy(p) over F, defined in
[BP12| § 13], which is of the form Do(p) = @, cw ) Do, (p), where each Dy - (p) is indecomposable
and multiplicity free with socle the Serre weight 7 (|[BP12, § 15]).

Suppose that p is O-generic. Recall the set & parametrizing Do(p)!t, see [Breld, § 4] (and
denoted there by £, resp. Z . 7, if p is reducible, resp. irreducible). Recall also the subset & C
2 parametrizing (the [;-invariants of) the set of Serre weights in W (p) (denoted in loc. cit. by
or 49 if p is reducible or irreducible respectively). We let % C &% denote the corresponding
sets for the semisimplification p* of 5, so & C 2% and 2 C 2%. Note that x € JH(Do(p)™)
implies x # x* by [BP12, Cor. 13.6].

Since we will be using this many times, we recall more precisely that if p is reducible, 7
denotes the set of f-tuples (Ao(20),...,Af—1(x¢—1)) such that:

(i) Nj(zj) e {zj,zj+ 1,2 +2,p—3—zj,p—2—zj,p—1—x;}
(ii) if )\j(l’j) S {:Ej,ﬂj‘j + 1,."L‘j + 2}, then >\j+1(xj+1) S {1‘j+1,$]’+1 +2,p—2— 1‘j+1};

(iii) if )\j(xj) S {p—3—$j,p—2—l‘j,p— 1 —SU]'}, then >‘j+1(xj+1) S {$j+1 —{-1,p—3—33j+1,p—
1= @i}

and Z* is the subset such that \;(z;) € {zj,z;+1,p—3—xzj,p—2—x;}. Moreover, there exists
a unique subset J; C {0, ..., f — 1} such that

7 ={Ne 7= N()) € {a;+1,p -3 -2} = j € T},
P ={rNe P \(w)) € {mj+2,p-3 -5} = j € J5}. (9)

In particular, |W ()| = 27

For A\ € & we denote by x) the character of H corresponding to A. (More precisely, in

11



[Breld, § 4] a Serre Welght oy is associated to A € &2 and yx, is the action of H = I/I; on the
1-dimensional subspace 0)\ .) Set

IELG {0, f =1} Nj(a) € {ay + Lo +2,p = 3 a5}) (10)
and let £(A\) = |J)|. By [BP12 § 11] the map A — Jy induces a bijection between 955
the set of subsets of {0,...,f —1}. Sometimes we will abuse notation and write J, = Jy and
0r) E LN if T e W(p®) is parametrized by A € %. Given A € 2% with corresponding subset
J =J\ C{0,...,f — 1} we write §(\) € 2% for the f-tuple defined by §(\); = ;i1 for all
je{0,...,f—1},and 6(J) C{0,..., f — 1} for the subset corresponding to J(\).

def

As in [BP12| § 1], given f integers 79,...,r7—1 € {0,...,p — 1} we denote by (ro,...,7¢—1)

the Serre weight
Sym™F? @p (Sym"F)" @ ... @F (Sym”fle2)Frf71,

where GLy(F,) acts on (Sym" 1 F2)F yia kj : Fg — F. Following [HW22, § 2], we say that
a Serre weight is m-generic for some integer m > 0 if, up to twist, ¢ = (ro,...,7¢_1), where
m < r; <p—2—mforall je{0,...,f—1}. We say that an F-valued character x of I is
m-generic if x = o't for some m-generic Serre weight . For any smooth character y : I — F* we
define x* < x(II(-)IT~1) with IT & (2 (1)
I/I; on ¢!t and ol*! for the unique Serre weight distinct from o such that X5l = Xo- We remark
that if p is n-generic, then any o € W (p*) is n-generic, and x) is (n — 1)-generic for any A € 9%
(if n > 1).

) . If o is a Serre weight, we write x, for the character of

Let A & F[11/Z1], a complete noetherian local ring with maximal ideal m < mh /z,» and let

gr(A) & gr, (A) be the graded ring associated to A with respect to the m-adic filtration on A. The
rings A and gr(A) are Auslander regular (see [BHH'23, Thm. 5.3.4] with [LvO96, Thm. I11.2.2.5]).
Recall (|[BHH"a, § 3.1]) that we have an isomorphism of (noncommutative) algebras

gr(M) = Q) Flyj,z,hy) (11)

§€{0,, f—1}
with relations [y;, z;] = hj, [hj, zi)] = [yi,hj] = 0 for all 4,5 € {0,..., f —1}. We use increasing
filtrations throughout, i.e. F,,A = m™" for n < 0, and the degrees of y; and z; (resp. h;) are —1
(resp. —2). Define the graded ideal J = (hj,y;z; : 0 < j < f —1) of gr(A). As in [BHHT4, § 3]

we define
def

R=gr(A)/(h;j:0<j<f—1)=Fy;,z:0<j<f—1]
which is the largest commutative quotient of gr(A). We also define the following quotient of R:

R = gr(A)/J = R/(yjz:0<j < f-1).

We recall from [BHHTal Def. 3.3.1.1] that given A\ € & we have an associated homogeneous
ideal a(X) = (to,...,ty—1) of R, where the t; =t;(\) are defined as follows:

zj if Aj(zy) € {zj,p—3—=x;} and j € J;
@t | y; o if )\ j(zj)ef{zj+2,p—1—2;}and j € J;

yjz; if ANj(zj) e {zj,p—1—2;}and j ¢ J;
yizg it Aj(xs) € {; +1,p— 2 — 25}

(12)

12



Note that (y;z; : 0 <j < f—1) C a()), so we often think of a()\) as ideal of R.

X
Let H= <]F61 FOX> = [/I;. We write oj : H — F* for the character defined by <8 2) —
q

rkj(ad™1). We recall that for any j € {0,..., f — 1} the element y; (resp. z;, resp. h;) is an H-
eigenvector with associated eigencharacter «; (resp. ozj_l, resp. the trivial character). Note that
H acts on I1/Z; by conjugation and hence on A (resp. gr(A)), preserving the filtration (resp. the
grading). This induces H-actions also on R, R, and R/a()\) for any A € &2. We say that a filtered
A-module M has a compatible H-action if it has an H-action that preserves the filtration and
such that h(rm) = h(r)h(m) for all h € H, r € A, and m € M. Similarly we define the notion of
a graded gr(A)-module with compatible H-action.

Suppose that H' is a compact p-adic analytic group and that 71, mo are smooth representations
of H' over F. We write Ext’;, (71, m2) for the i-th Ext group computed in the category of smooth
representations of H' over F. Dually, the functors Tor]f[[H,ﬂ (my,7y) and Ext%ﬂH,ﬂ (), 7y) are
computed in the abelian category of pseudocompact F[H']-modules. (See for example [Emel0),
§ 2].) If o is a smooth representation of H' over F we write Inj, o for the injective envelope of
o in the category of smooth H’-representations over F. If ¢ has finite length, we write JH(o) for

its set of irreducible constituents up to isomorphism.

Throughout this paper, if R is a filtered (resp. graded) ring, a morphism of filtered (resp.
graded) R-modules f : M — N will always be a filtered (resp. graded) morphism of degree zero,
i.e. satisfying f(M;) C N; for all i € Z. For k € Z, M (k) denotes the filtered (resp. graded) R-

def def

module obtained by filtering (resp. grading) M by F, (M (k)) = M(n+k) (resp. M (k), =
for all n € Z.

n+k)

If R is any ring and M any left R-module, we recall that Ext%{(M, R) for i € Z>¢ is a right
R-module (for i = 0 the right R-action is given by (fr)(m) < f(m)r for r € R, f € Homg(M, R)
and m € M) and we use the notation E%(M) = Ext’ (M, R). If R = A or R = gr(A), we can and
will use the anti-involution g — g~! on I/Z; to consider any right R-module (with compatible
H-action or not) as a left R-module.

2 Cohen—Macaulayness of gr, (7")

We completely describe gr,,(m) for a smooth mod p representation m of GLy(K) satisfying as-
sumptions (i), (ii) in [BHH A, §[3.3.2] and an extra assumption (defined below). When 7 is
a suitable Hecke eigenspace in the mod p cohomology, we prove that 7 satisfies (in addition
to (i) and (ii)).

2.1 The theorem

We state the main theorem (Theorem [2.1.2)).
Let p: Gal(K/K) — GLa(F) be a continuous 0-generic representation as in § Let m be an
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admissible smooth representation of GLy(K) over F satisfying assumptions (i), (ii) in [BHHTa),

§B32. ie.

(i) there exists an integer » > 1 such that 75t = Dy(p)®" as GLa(Ok)K *-representations,
where K* acts by det(p)w™! (in particular 7 is admissible and has central
character det(p)w™');

(ii) for any A € & we have [7[m3] : x,] = [7[m] : xa].

For later reference we also recall assumption (iii) of [BHH al § [3.3.5], though we will not
assume it until section

(iii) there is a GLa(K)-equivariant isomorphism of A-modules
EY () =7V @ (det(p)w ),
where Eif(wv) is endowed with the GLa(K)-action defined in [Koh17, Prop. 3.2].

Additional to assumptions above, we make the following assumption on 7:

(iv) for any smooth character x : I — F* and any 7 > 0, Ext’}/Z1 (x,m) # 0 only if [r[m] : x] # 0,
in which case

e ; 2
m; d:f dlm]F EXt%/Z1 (X) ﬂ-) = ( Zf> r,

where r > 1 is the multiplicity in assumption

Note that we do not assume that r =1 or that p is semisimple.

Remark 2.1.1. By picking a minimal free resolution of 7V with compatible H-action over the
local ring A (cf. Remark [2.3.1{(v)), we see that Tor*(F, ) is dual to

Extﬁ\(wv, F) = Extih/z1 (F,m) = @ Exté/z1 (x,m),
X
where x runs over all smooth F-characters of 1. From assumption we deduce that

dimg Tor(F, 7") = (dimp 7'*) (256) (13)

(as w[m] = 7!1). Decomposing for the action of H, we see moreover that ExtiI/Z1 (x, ™) is dual to

the x~!-isotypic piece of Tor(F, 7V), hence

TorM(F, V) = P (e
ey
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Our aim in this subsection is to prove the following theorem which strengthens [BHH"a, Thm.

F32d)

Theorem 2.1.2. Assume that p is 9-generic and that 7 satisfies assumptions and
above. Then we have an isomorphism of graded gr(A)-modules with compatible H-action

or
(B o) =) 1)

e

In particular, gr,,(7V) is a Cohen—Macaulay gr(A)-module of grade 2f. Moreover, gr,(m") is
essentially self-dual in the sense that

B (81 (mY)) = gru(n") @ (det(p)e ™) (15)
as gr(A)-modules (without grading) with compatible H-action.

Remark 2.1.3. The fact that gry,(7") is Cohen-Macaulay as gr(A)-module implies that 7" is
Cohen—Macaulay as A-module [LvO96|, Prop. I11.2.2.4]. But this was already known by (the proof
of) [HW22], Prop. A.8] when r = 1.

Remark 2.1.4. The isomorphism together with the proof of Corollary show that the
isomorphism 1' cannot respect the grading, even up to shift. Namely, F ®@4,(s) Ezf ) (grp, (7))
is not supported in just one degree.

The proof of Theorem [2.1.2] will be given in §[2.5] In Proposition[2.6.2] we verify that a globally
defined 7 = 7 (p) satisfies assumption [(iv)] (see §[2.6|below for details). We note that some cases of
assumption were established in [HW22], Prop. 10.10, Cor. 10.11] when p is nonsplit reducible.

2.2 Preliminaries on filtered and graded modules

Following [LvO96, § 1.6], a finitely generated filtered A-module L is called filt-free if it is free as a
A-module with basis (e;)1<i<n having the property that there exists a family (k;)1<i<p of integers
such that

FyL= @ (Fe-pANei, VEkeZ

1<i<n
For convenience, we call (e;)1<i<n a filt-basis of L. Equivalently, L is filt-free if and only if
L = @], A(—k;) for some integers k;. (We remark that [LvO96] add the condition e; ¢ Fy, 1L,
but this is automatic over a separated ring, and should not be demanded otherwise because of
[LvO906, Lemma I1.6.2(1)].)

If L is a filt-free module and L’ is a submodule which is itself a free A-module, then L', equipped
with the induced filtration, need not be filt-free in general, even if L’ is a direct summand of L as
A-modules (see Remark . However, we will see that this is true in some special cases (see
Lemma [2.2.3]).

Remark 2.2.1. Consider the filt-free module L = A(0) & A(—2), with filt-basis (e1,e2). Let
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¢ = zey + e, with x € A and L' & Ae¢/. Then L’ is a direct summand of L as a A-module. One
checks that, equipped with the induced filtration L’ is isomorphic to A(—2), and gr(L’) is a direct
summand of gr(L).

However, if we take ¢’ = e; + zep with 2 € m\m? and L” & Ae” equipped with the induced
filtration, then the morphism F®,, () gr(L"”) — F®gy ) gr(L) is zero. Note that L” is still filt-free
(isomorphic to A(—1)).

Remark 2.2.2. Suppose L = A(0) & A(0) ® A(—2), with a filt-basis (e1,ea,e3). Let L’ be the
submodule generated by f; < 61 + Yoes and fo ey + Zyez, with induced filtration, where
Yo, Zo € m\ m? with gr(Yo) = vo, gr(Zo) = 20. Then it is easy to check that L’ is a direct
summand as A-module, which is not filt-free because F1L' = L', FyL' = mL' but F_1 L' is strictly

bigger than m?L’ (it contains Zyf1 — Yo f2)-

Recall that, if A is a noetherian domain, then the nonzero elements form an Ore set and we
can talk about its skew field of fractions ([GW04, Thm. 6.8]). Therefore, any finitely generated A-
module has a generic rank. In particular, this applies to the case A = gr(A) or A = A. Moreover,
if L is a filtered A-module with a good filtration, then gr(L) has a generic rank that is independent
of the choice of good filtration. (This can be proved just as in the proof of [Bjo89, Prop. 3.3], cf.
the proof of [BHH a, Lemma 3.3.4.3].)

The next criterion reflects some features of Remark 2.2.11

Lemma 2.2.3. Let L be a filt-free A-module with compatible H-action. Assume that L admits a
direct sum decomposition of filtered A-modules L = L' & L" compatible with H-action, with the
following properties:

(i) As filtered A-modules we have

I'=2@PA-k), L= @ A(-¢)
=1 j=m+1

with k; > {; for any pair (i,7).

(i) As H-modules, JH(F @, L') N JH(F @, L") = 0.

Assume that P is an H-stable direct summand of L such that the composition
FoAP—FyL—»FoyL (16)

is an isomorphism, where the second morphism is induced by the projection L = L' ® L" — L'.
Then P, equipped with the induced filtration, is filt-free and we have an equality gr(P) = gr(L')
inside gr(L).

Remark 2.2.4. Keep the notation of Lemma Under hypothesis (ii), the composition (|16])
is automatically an isomorphism provided that F @, P = F ®, L’ as H-modules.
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Proof. Let (e1,...,en) be a filt-basis of L' with e; of degree k;, and similarly (€41, ..,€e,) a filt-
basis of L” with e; of degree [;. We may require that each e; is an eigenvector of H (1 <i < n), as
H preserves degrees. By Nakayama’s lemma, the surjectivity of implies that the composition
¢: P < L — Lis also surjective. Since L’ is free, P splits as L ® N’ for some submodule N’
of P, but the injectivity of implies that F ®, N’ = 0, hence N’ = 0 by Nakayama’s lemma
again. We deduce that 5 is an isomorphism and that P is free of rank m. Hence, L = P ® L”
and we may write uniquely
e =fi+tg, 1<i<m,

where f; € P and ¢g; € L”. Since P is H-stable, it follows that f;, g; are eigenvectors of H with
the same eigencharacter as e;. Condition (ii) then forces that g; € mL” for 1 <4 < m.

We claim that f; € Fy,L but f; ¢ Fj,_1L. Indeed, we have
FkiL = FkiL/ D FkiL” = FkiL/ D ( @ (Fki,le)ej) D) FkiL/ el
j=m+1

as k; > l; for any pair (7,j) by hypothesis (i), hence f; € Fy, L. On the other hand,

n
Fp, 1L = szi—lL, ® ( @ (Fki—lj—lA)ej) D) Fki—lL, dmL” (17)
j=m+1

thus f; ¢ Fy,_1L because e; ¢ Fy,_1L' by choice. This proves the claim.

Now, since P is equipped with the induced filtration from L, the claim implies that f; € Fy, P
but f; ¢ Fy,—1P. On the other hand, since ®?=m+1 me; C Fy,_1L by , we have g; € Fy,, 1L
and the associated principal part of f; equals that of e;. Since gr(L’) is generated by the principal
parts of (e;)i<i<m, we obtain an inclusion gr(L') C gr(P). However, since P has rank m, the
generic rank of gr(P) is also equal to m as observed above, hence by Lemma below (applied
with A = gr(A) and M = gr(L)) we deduce an equality gr(P) = gr(L’). In particular, gr(P) is
gr-free (see [LvO96, § 1.4.1]), and consequently P is filt-free by [LvO96, Lemma 1.6.4(3)]. O

Lemma 2.2.5. Let A be a noetherian domain and M be a finite free A-module. Assume that
there exist A-submodules M’ C M" of M such that
(i) M’ is a direct summand of M;

(ii) M’ and M" have the same generic rank.
Then M' = M".

Proof. By (i) we have M = M' @ C for some A-submodule C of M. Since M’ C M" it is easy to
check that
M"=M & (M'"nC).

We need to prove that M” N C = 0. If this were not the case, then M” N C would have a nonzero
generic rank (as M is free, hence torsion-free), and the generic rank of M” would be strictly
greater than that of M’ which contradicts (ii). O

17



The following lemma will be useful later.

Lemma 2.2.6. Let ¢ : P — L be a morphism between two free A-modules of finite rank. Assume
that ¢ : F @y P — F ®, L is injective. Then ¢ is also injective and identifies P with a direct
summand of L.

The same statement holds if P and L are two gr-free gr(A)-modules of finite rank and ¢ is a
graded morphism.

Proof. The first statement is a special case of [BH93, Lemma 1.3.4(b)] whose proof extends to
the noncommutative noetherian local ring A. The proof in the graded case is similar, noting that
gr(A) is a graded local ring (supported in degrees < 0). O

Suppose that R = @ < Rq is a negatively graded ring and that M is a graded R-module (here
R is not necessarily the ring of § . Working in the category of graded R-modules (with graded
morphisms of degree 0), for any n € Z we can form the quotient object M>,, &M / Bgen Ma,
and moreover the functor M — M>,, is exact. This construction applies in particular to graded
abelian groups (i.e. R = Z supported in degree 0). If N is any graded right R-module, then
N ®pr M is naturally a graded abelian group, where (N ®g M)y is generated by all n ® m with
n € N;, me M, i+j=d[LvO906, § 1.4.1]. As the functor that forgets the grading is exact,
we see (for example by [Wei94, Ex. 2.4.2]) that the usual Tor functors Tor!*(N, M) are naturally

graded abelian groups.

Lemma 2.2.7. Suppose that n,i > 0 and that N is supported in degree 0.

(i) We have a canonical isomorphism (N @r M)>p, = N @ (M>y,) of graded abelian groups.

(ii) If M — M’ is a morphism in the category of graded R-modules inducing an isomorphism
M, — MY, then the natural map Tor® (N, M)>,, — Tor®(N, M")>, of graded abelian
groups is an isomorphism.

Proof. (i) By assumption, N ®g (P4, Ma) is supported in degrees < n and N @r (M>y) is
supported in degrees > n. By exactness of the functor M +— Ms>,,, the natural map N ®p M —
N ®g (M>y,) induces an isomorphism (N @ M)>, — N Qg (M>,), as desired.

(ii) We first show that if M, = 0, then Tor*(N, M)s, = 0 for all i. As N is supported in
degree 0 and R is negatively graded, we can pick a graded free resolution --- — F} — Fy - N — 0
that is supported in degrees < 0. By exactness of the functor (-)>,, the group TorlR(N, M)>y is
computed as the i-th homology of the complex (Fo ®p M)>p, which vanishes because Fy ® g M
is supported in degrees < n by assumption on M.

If now f : M — M’ induces an isomorphism in degrees > n, then we get exact sequences
0—-X—-M-—=Y —-0and 0 =Y — M — Z — 0 such that the composition M — Y — M’
equals f and X>, = Z>, = 0. By the previous paragraph and exactness of the functor (-)>p
we obtain isomorphisms Tor?(N, M)s, — Torl¥(N,Y)s, —+ Tor(N, M')s,, for any i, which
completes the proof. O
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2.3

Some homological arguments

We construct different kind of resolutions of A-modules or gr(A)-modules.

For convenience, we recall some definitions and useful facts in the following remark.

Remark 2.3.1. Let M (resp. N) be a finitely generated A-module (resp. gr(A)-module).

(i)

(iii)

A free resolution P, of M is called minimal if the transition maps in the induced complex
F®y P, are all zero. A standard argument shows that P, is minimal if and only if rkp (P;) =
dimg Tor*(F, M) for each i > 0. Using that (A, m) is a noetherian local ring, the same
argument as in [BH93| § 1.3] shows that minimal free resolutions P, of M exist and that
each term P; is finitely generated. Similarly, we define a minimal gr-free resolution Go of N
and show that G is minimal if and only if rkg.(n) Gi = dimp Torlgr(A) (F,N) for each i > 0.
As gr(A) is a noetherian graded local ring, minimal gr-free resolutions G4 of N exist and
each term Gj is finitely generated.

Suppose that M carries a good filtration and let gr(M) be the associated graded gr(A)-
module. Let G4 be a finite gr-free resolution of gr(M). By [Lv096, Cor. 1.7.2.9], it can be
“lifted” to a (strict) finite filt-free resolution P, of M, i.e. gr(Ps) = Go. By (i), we see that
P, is minimal if and only if the following two conditions are satisfied: G, is minimal and
dimg Tor(F, M) = dimg Tor®* ™ (F, gr(M)).

Suppose that M carries a good filtration. Let P, be a minimal free resolution of M (as
A-module). Using [LvO96l, Prop. 1.6.6] we can always endow each P; with a good filtration
such that P, becomes a filtered complex (with each transition map having degree 0), but
in general P, is not strict. (In fact, the filtration can be chosen such that P, is strict or
filt-free, but in general not both by (ii).)

If M carries a good filtration, then Tor(F, M) (and more generally Tor*(A/m™, M) for any
n > 0) carries a canonical and functorial good filtration as a A-module. If P, — M — 0 is
any strict filt-free resolution of M, then the canonical filtration on Tor*(F, M) is the one
induced by the complex F ®, P,, with each term carrying the tensor product filtration. See
section [A] for more details.

Suppose that M (or N) carries a compatible H-action. Then we can require the above
minimal free resolutions to carry a compatible H-action. We only prove (i) for M. By
assumption we may view M as an F[I/Z;]-module. Since F[I/Z1] is a noetherian semi-local
ring with Jacobson radical J (say), we can show as in [BH93, § 1.3] that minimal projective
resolutions of M exist (by taking projective covers at each step), where a resolution P, by
F[1/Z;]-modules is called “minimal” if the transition maps are all zero modulo J. Note that
F[I/Z] is finite free over A and that J = mF[I/Z;]. Hence, restricting to A we obtain a
minimal free resolution of M by A-modules with compatible H-action.

Denote by N the left-hand side of (14)), i.e. N E (Byew X5 ® R/a()\))@T. We first prove
that N enjoys a property analogous to assumption in § 2.1] Note that [7[m] : x] # 0 if and
only if x = x, for some A € &.
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Recall from that
f-1
gr(A) = ® gr(A);, (18)
=0

where gr(A); is the subalgebra generated by hj,y;, z; (it is denoted by F(y;, 25, h;) in and by
U(g;) in [BHH"23, § 5.3] or [HW22] § 9.2]). Below, we denote by b(\) the preimage of the ideal
a(A) of in gr(A), namely

b(\) = (tj,h;: 0< j < f—1).

hj:0<j<f—1)ofgr(A). By

For n > 1 let Z") denote the H-stable graded ideal (y;‘,
n j<f—1)in R. Welet Z < 70G),

abuse of notation, we also write Z(" for its image (y7, 25

z;‘,
<
Lemma 2.3.2. There exists a minimal gr-free resolution Go with compatible H-action of N/IN,
which admits an H-stable subcomplex G, that is a minimal gr-free resolution of N. The induced
map Ho(G,) — Ho(G,) is the natural map N — N/IN. Moreover, we have a decomposition
Ge = G, ® G of graded gr(A)-modules with compatible H-action (which may not be respected by

the transition maps).

By minimality we deduce that Torzgr(A) (F, N) = F®gy(n) G’ and likewise for N/ZN. We deduce:

Corollary 2.3.3. The natural morphism N — N/IN induces injective graded morphisms with
compatible H-action

Tor®™(F, N) < Tor® ™ (F, N/IN)

fori>0.

Proof of Lemma[2.3.2 This is essentially done in [HW22, § 9.1, 9.2]. We recall the argument
in our notation. By decomposing N and twisting, it suffices to prove this when N is replaced
by gr(A)/b and N/ZIN is replaced by gr(A)/(b + Z), where b is a homogeneous ideal of gr(A)
of the form (tj,hj : 0 < j < f —1) with t; € {y;,2;,y;2;}. Define ideals b; = (t;,h;) and
Z; o (yg’, zj??, hj) of gr(A);. We have graded isomorphisms with compatible H-action:

gr(A) Ll gr(h);  er(h) oy er(A);
b ‘ b, * b+Z j:Obj—i-Zj'

By Lemmas 9.8-9.10 of [HW22] we have a minimal gr-free resolution of gr(A);/(b; + Z;) with
compatible H-action:

. , , , A
0— Géj) — Géj) — G&”) — G(()]) — ar(A); — 0,
[Jj —i—Ij
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depending on t;. Without recalling the transition maps, if t; = y;, then
Gi(;,j) = gr(A)j(G)a;%
GY) =[gr(A);(3)a, |® gr(A);(4)a;2 @ gr(A);(5)472,
G =[gr(A);(1)a, @ er(A);(2): |@ gr(A);(3)a95
Gy =[gr(A);(0)1

where the final subscript indicates the H-action and where the boxed terms indicate a subcomplex

G;(j ) that is a minimal gr-free resolution of gr(A);/b;. If t; = z;, then the terms have the same
form, but the characters of H are replaced by their inverses. If ¢; = y;z;, then

G5 = gr(A);(6)a2 © gr(A);(6),,-2,
G5 = gr(4);(5)as @ gr(A);(4)2 & [gr(A);(4)1 | & r(A);(4),,» @ gr(A);(5),,-5,

Gy = gr(A);(3)as @ [ar(A);(2)1 © 8r(A);(2)1 @ 8r(A);(3)g-2,
Gy = [er(4);(0)1]

By the Kiinneth formula (see e.g. [Wei94, Thm. 3.6.3]) we can take G, (resp. G,) to be the tensor

product of the complexes el (resp. e )) for 0 < j < f — 1. These complexes are still minimal

resolutions, since the transition maps are defined by elements lying in the unique maximal graded
ideal of gr(A). O

Corollary 2.3.4. The graded right gr(A)-module Ezf(A)(N) is supported in degrees < 4f, and

F ®gr(a) Ezf(A)(N) is supported in degrees d with 3f < d < 4f.

Proof. We may again replace N by gr(A)/b, where b = (tj,h; : 0 < j < f —1) as in the
proof of Lemma [2.3.2l By the same proof, we know that gr(A)/b has a gr-free resolution of
length 2f with degree-2f term ®;;01 G/Q(j) = gr(A)(3(f — d) +4d), where d = [{j : t; = y;z;}].
Hence Ezf(A) (gr(A)/b) is a quotient of gr(A)(—3(f — d) — 4d), which is supported in degrees
< 3(f —d) +4d < 4f. Likewise, F ®g(p) Ezf(A)(gr(A)/b) is a quotient of F(—3(f — d) — 4d) as
graded vector spaces, which is supported in degree 3(f — d) + 4d € [3f,4f]. O

Lemma 2.3.5. For each i > 0 we have an isomorphism of H-modules

Tor® ™ (F, N) = @D (x; )™,
e 7

(see assumption in § for m;) so in particular, dimp Torlgr(A) (F,N) = dimp Tor(F, 7V).
Moreover, as graded F-vector space Torzgr(A) (F, N) is supported in degrees [—2i, —1i].

Proof. Clearly, we may assume 7 = 1 so that m; = (2Zf) for 0 < i < 2f.
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Going back to the minimal gr-free resolution G, of N in the proof of Lemma we obtain

F(0) if i =0,
Torf™ ™ (F, gr(A);/b)) = F @) G = {F(dy)y, @ F(2)1 ifi=1, (19)
F(dj +2)y, if i =2,

where b; = (t;,h;), Xt; denotes the character of H acting on t;, and d; = 2 (resp. d; = 1)
if t; = y;z; (vesp. t; € {y;,2;}). In particular, we see that there is an isomorphism of graded
H-modules

Torfr(A)j (F, gr(A /\ Tory 7 (F, gr(A);/b;).

Using Kiinneth’s formula

ToFOE g D QT F ) )
ig+tip_1=1 j=0

and a similar formula for /\i(—), we deduce an isomorphism of graded H-modules

. f-1
Tor#™ ™ (F, gr(8)/6) = \' Torf ™ (F, gr(8)/0) 2 \' (@D (F(dy)y, 9F@)1))  (20)
=0
for ¢ > 0.
For fixed A\ € & we now prove that
. 1 v er(A) 2f
dimp Hompg (x) *, Tor; "/ (F, N)) > r (21)

This will finish the proof of the lemma, as from we know that
dimg Tor®™ ™ (F, N) = (2,f ) Ed (22)
i

(so the inequality in is an equality).

def def

Let dy = f+{j: t; = yjz;}| and do = [{j : t; € {y;,2j}}], so di + d2 = 2f. We claim that
for each subset S C {0,..., f — 1} such that t; € {y;, 2;} for all j € S (thus iy B |S] < da),

dimg Homp (x5, Tort" ™ (, 5 @ gr(4)/6(V))) = (d> (23)

where 71 - ip and X € £ is the unique element such that

-1 _ X)_\,l H Xt_jl‘ (24)

jeSs

(The existence of X € & is ensured by Lemma [2.3.6(i) below.) Summing up over all S and

using the binomial identity
<2f> - <d1> <d2>
1 i1tig=i 11 (3]
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we deduce from the claim.

To prove the claim, we write a(\') = (#;: 0 < j < f — 1). By Lemma i) below, we have
th = y;zj/t; for j € S, and t; = ¢ otherwise. Namely, Xy, = Xt_jl for j € S. Noting that H acts
trivially on y;z;, we easily obtain from and .

The equality of dimensions in the statement follows from and . The final statement
of the lemma follows from a direct analysis of F @g;(x) G (or by reducing to i = 1 by ) O

Lemma 2.3.6. Suppose that A € & and let a(\) = (t; : 0 < j < f —1) as in (13).

(i) If S € {0,..., f — 1} is a subset such that t; € {y;,z;} for all j € S, then there exists a
unique element X' € & such that xx = xx [ljes xt;- Moreover, if we write a(\') = (¢} : 0 <
J<f=1), thent; =y;z;/tj for j €S and t; =t; for j ¢ S.

ii) Suppose that p is (m + 1)-generic. Then xx f;1 o) = Xu for some p € & and some
Jj=0 "y K
integers i; with |i;| < m for all j if and only if |i;| <1 for all j and i; = —1 (resp. i; =1)
implies t; = y; (resp. tj = zj).

Proof. (i) For the uniqueness of X' we need to show that if xy = x)» with X, N’ € & then
A= M. This follows from [HW22, Lemma 2.1] (noting that x,, # x;, for any u € 2).

For the existence of A’ and the last statement, we may assume S # (), otherwise we just take
A = A. By induction we may assume |S| = 1, in which case the result follows from |[BHH™al,
Rk. 3.3.1.2].

(ii) First note that the “if” part holds by (i), and it remains to prove “only if”. As p is
(m+1)-generic we can write p|r, as in (7)) or (8) with n =m+1. We deduce that \;(r;), u;(r;) €
[m+1,p—2—m] from the definition of the set &7 [Brel4l § 4]. By [Brel4, § 4] we know that for
a,d € F we have

Iy T e
a((7a)) = aZome YO (@)

for some integer ey < e(\)(ro,...,7;_1) (where the polynomial e()) is defined in loc. cit.). We

remark that e(\) and x, can be defined for any f-tuple X\ satisfying Zf;é Aj(0) = 0 (mod 2)
(this condition is missing in [HW22], § 2).

Thus the equality XA(H}C;(} a;j ) = Xy is equivalent to the two congruences

f-1 f-1 f-1
Z )\j(rj)p] +ex+ Z ’ijpj = Z Mj(?“j)p] +eu (mod pf — 1),
j=0 j=0 j=0
f-1 )
ex — Z ijp’ =e, (modpf —1). (25)
j=0
By subtracting, we obtain
-1 sl A
SN +ipp’ =D (uy(ry) — i)’ (mod pf —1).
§=0 §=0



Under the genericity condition, the integers \;(r;) + i;, p;(r;) —i; (for 0 < j < f —1) lie in the
interval [1,p — 2]. Therefore,

)\j(rj)—kij:,uj(rj)—ij forall 0 <j < f—1. (26)

In particular,
)\j(rj) = /J,j(Tj) (IIlOd 2) for all 0 < j < f - 1. (27)

On the other hand, from , the definition of e(\) and we easily deduce that the poly-
nomial Af_j(zfs_1) — py—1(xs—1) is constant, and hence by that Ap_q(xf_1) —pr_1(zs_1) €
{0, £2}. By the definition of & we deduce by descending induction and that \j(x;)—p,(x;) €
{0,+2} for all j. Therefore, by , lij| <1 for all j. Assume first that j > 0 or that p is re-
ducible. If i; = 1, then \j(z;) = z; or \j(z;) =p—3 —z;, so t; = z;. (If p is nonsplit reducible,
note that p;(x;) = x; + 2 in the first case, so j € J; in either case.) Similarly, if i; = —1, then
Nj(zj) =x;+2o0r N\j(zj) =p—1—uxj,s0t; =y;. (Again, j € J5 if p is nonsplit reducible.) If
7 =0 and p is irreducible, the argument is similar. O

Recall that just before Lemma we defined Z(™ = (yy, 2 hj: 0<j< f— 1), an H-stable
graded ideal of gr(A).

Lemma 2.3.7. Suppose that n > 1 and that p is (2n — 1)-generic. For each character x of H
such that [N/I™N : x] # 0, we have [N/ZUN : x| =r.

Proof. Tt is equivalent to prove that N’'/Z(™ N’ is multiplicity free, where N’ & DPrcr X;l ®
R/a(A). We have R/(a(A) +I) = Fly;, 2 : 0 < j < f = 1]/(tj,97.2) : 0 < j < f—1) and
hence the characters of H occurring in X)fl ® R/(a(X\) +Z™) are given by X)fl(]_[;;é oz;-j), where
lijl <n—1andi; <O0ift; =y, (resp. i; > 0 if t; = z;). Suppose that N’/Z(" N’ fails to
be multiplicity free. Then there are A\, € & and integers i;, ¢; in [—(n — 1),n — 1] such that
X;\I(Hf;é aéj) = X?(Hf;& aﬁj) and (X, 7) # (. £). By symmetry we may assume that £;, > i;,
for some jo. For 0 < j < f —1 let t; (resp. t;) be associated to A (resp. u) as in . From

Lemma [2.3.6(ii) applied to XA(H;.C;S aﬁj_ij) = x, with m = 2n — 2 we obtain that ¢;, — i, = 1

and tj, = zj,. Applying the same lemma with the roles of A and p interchanged, we also get
t%y = Yjo- By above this implies that i, > 0 > £, contradicting that £;, > ij,. O]

2.4 The Iwahori representation 7

We define a finite-dimensional subrepresentation 7 = 7(3) of m|r and prove a crucial injectivity
result on the level of Tor groups in Proposition [2.4.9

Lemma 2.4.1. Suppose that 1 < n < p. There exists a finite-dimensional smooth representation
7 of I over F such that

g (7)) = N/IIN
as graded gr(A)-modules with compatible H-action. More precisely, 70" = (@yc» T)(\n))e;r; where
Tin) satisfies

gra((TV)Y) 2 x3' @ R/(Z™ + a(N))
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as graded gr(A)-modules with compatible H-action. In particular, soc](Tin)) = T)(\n) [m] = x» for

all e 2.

Proof. Tt suffices to show the existence of T/\n) for each A € &, which follows by a similar argument
as in [HW22] Prop. 9.15] (which considers n = 3, using slightly different notation). For convenience
of the reader, we recall the argument below.

By [Hul0, Lemma 2.15(i)], for 0 < s < p — 1, there exists a unique I-representation which is
trivial on K7, uniserial of length s+ 1 and whose socle filtration has graded pieces 1, a;° L a; %
we denote this representation by E; (s). For example, E (s) is just the restriction to I of the
Serre weight (s,0,...,0) twisted by !, where 7 is the character of H acting on (s,0,...,0)".
By taking a conjugate action by (2 (1)), we obtain an I-representation Ej (s) which is uniserial of
length s + 1 and whose socle filtration has graded pieces 1, ¢y, ...,a;. It is direct to check that

gt (B (9)") 2 Flyi, =)/ ™, %), gra(BF(5)Y) = Flyi, 2/ (90,25,

where Fly;, z;] is viewed as a gr(A)-module via the natural quotient map. Moreover, the amalga-
mated sum E; (s) @1 B (s) = (E;f (s) ® E; (s))/1 satisfies

gt ((E; (s) @1 B (5))") = Flys, 21/ (57 iz 27 ).

Recall that a(X) = (¢;: 0 <@ < f —1) with ¢; € {v;, 2, yizi}. Define Wy ; to be

t Ef(n—1) if t; =y,
Wyi=4q E(n—-1) if t; = 2,
EZ_(n — 1) D1 Ej'(n — 1) if t; = y;2i,

and T>(\n) ot X\ ® (®zf:_01 Wy,i), where all tensor products in this proof are taken over F.

We claim that grm((T)(\n))V) =~y '@ R/(ZM +a()N)) as graded gr(A)-modules with compatible
H-action. For simplicity we write M; & (Wx;)" and M e ®{;01 M;. Denote by CeM the tensor
product filtration on M, namely

f-1
C_gM:= > Q@mbM; ford>0.
d0+---+df,1=d =0

Then gre, (M) = ®Zf:_01 gt (M;) = R/(Z™ 4 a())) by construction of M;. By [AJLS3, Lemma
1.1(i)], we have an inclusion m?M C C_gM, which induces a morphism of graded gr(A)-modules

¢« grn(M) — gre, (M).

To prove the claim it suffices to prove that ¢ is an isomorphism, equivalently a surjection for
dimension reasons. It is clear that m°M = Cy(M) = M, so ¢o (the degree 0 part of ¢) is
surjective. Since grg, (M) is generated by its degree 0 part, we conclude by Nakayama’s lemma.

The last statement easily follows from this. O
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By [BHH'a, Thm. 3.3.2.1] we have a surjection N — gr, (7") of graded gr(A)-modules with
compatible H-action.

Lemma 2.4.2. Suppose that p is (2n — 1)-generic. There exists an I-equivariant embedding
() oy 7|1 such that the composite of the induced maps

N = gry(m") - gry (™) = NI N

is identified with the natural quotient map N —» N/I(”)N. In particular, the surjections N —»
gro (V) = gr (1M are isomorphisms in degrees > —(n — 1) and 7 [m"] = w[m™].

Proof. (Note that the proof of the first statement is the same as that of [HW22, Prop. 10.20].)

From the last assertion of Lemma we know that 7(™[m] is isomorphic to m[m] = (D e x2) T,
and we may choose such an isomorphism 7 : 70" [m] = 7[m] that makes the diagram

No 7 /mm” (28)

- s

(NJZIN )y —= (1) fm(r (W)

commute, where (—)g denotes the degree 0 part of a graded module. Lemma implies that
JH(™ /7™ [m]) N JH(x[m]) = 0. (29)

By and assumptionon 7, we have in particular EX‘@/Z1 (x,7) = 0 for x € JH(7(™ /7(")[m])
and ¢ = 0,1, hence Ext’I/Z1 (") /7M™ [m], 1) = 0 for i = 0,1 by dévissage. We then deduce an
isomorphism

Hom; (7™, 7) = Hom; (7™ [m], 7,
so the above embedding i : 7™ [m] = 7[m] < 7 extends uniquely to an I-equivariant morphism
i’ - 7" — 7|; which must be injective (being injective on the socle). By the commutativity in
it is easy to see that ¢’ satisfies the required condition (as N is generated by Np).

We get the isomorphism in degrees > —(n — 1) since h; kills N, and this implies 7(") [m"]
m[m”] for dimension reasons.

O

Corollary 2.4.3. Suppose that p is (2n — 1)-generic. Then

(i) the I-representation @ ez T)(\n) multiplicity free, and

(i) all Jordan-Hélder factors of m[m™] = 7™M [m"] occur with multiplicity .

Proof. Note that the genericity condition implies n < p, so T)(\n) is well-defined by Lemma [2.4.1

By Lemma [2.4.1{ again we have 7™ = (@, » Tin))@r and gr ((r(™)V) = N/ZM N, so (i) follows
from Lemma By the last assertion of Lemma we have 7[m"] = 7([m"], so (ii) follows

from 7(") = (@, » T)(\n))@" and (i). O
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Corollary 2.4.4. Suppose that p is (2n — 1)-generic. Then w[m"] is isomorphic to the largest

subrepresentation V' of Injr 7, (711)[m"] containing 7™t such that [V : x| = r if x occurs in w'.

Proof. Since w|; < Injr/z (socr(m)) = Injj/z (71), we have an injection w[m"]
Ind/Zl(ﬂh)[m"}. As 7 is (2n — 1)-generic, we have [r[m"] : x] = r for all x € JH(x't) by
Corollary (ii). Conversely, suppose that there is an I-representation V such that 7/t C V C
Ind/Zl(ﬂh)[m”} and [V : x] = r for all x € JH(x'"). In particular we have JH(V /7)) NJH(x!1) =
(. As in the proof of Lemma we deduce that the inclusion 7/t — 7 extends to a necessarily
injective morphism V' < m. Since V is killed by m™ by assumption, we have V' < w[m"| C 7.
This proves the maximality of 7[m"]. O

"]

def

Let 7 = 7(3) denote the representation defined in Lemma for n = 3 (well-defined as
p>2),s0 gr,(tV) 2 N/IN as graded gr(A)-modules with compatible H-action, where we recall
that Z = Z(3) (see above Lemma [2.3.2)).

Recall from Lemma the minimal gr-free resolution G, of gr,(7") = N/IN which de-
composes as Gy = G, ® GY, with G being a minimal gr-free resolution of N. More precisely,
recall that 7V = (@,c» 7)®" and by construction Ge = @yc» Gire, where Gy, is a minimal
gr-free resolution of gr,, (7)) with compatible H-action for each A\ € &. By [Lv0O96, Cor. 1.7.2.9]
we can lift G o to a (strict) filt-free resolution Ly o of 7). By Remark V), we may and will
also require that L) . carries a compatible H-action. Then L, P sez Lxe is a (strict) filt-free
resolution of 7V with compatible H-action.

Lemma 2.4.5. For any i > 0 there exists a decomposition L; = L, & L as fill-free A-modules
with compatible H-action that reduces to G; = G, ® G on graded pieces.

Note that we do not require that the map L; — L;_1 sends L] to L ;.

Proof. We fix i. Lift G} and G/ to filt-free A-modules F] and F’ with compatible H-action.
Then L; and F] & F' are two filt-free A-modules that lift G;, so by [LvO96, Lemma 1.6.2(6)]
there exists a filtered morphism f : L; — F! & F/ that lifts the given isomorphism G; = G, & GY.
As in Remark M(V), we may demand in addition that f is H-equivariant. By [LvO96, Thm.
1.4.2.4(5)] the map f is a strict isomorphism, so we may define L} and L! as pre-images of F/ and
Fi” in Lz ]

Lemma 2.4.6. Suppose that p is 5-generic. With the above notation, Le is also a minimal free
resolution of 7V. Moreover, for i € {0,1,2}, L; = L, & L! defined in Lemma m satisfies
conditions (i), (ii) of Lemma [2.2.3

Proof. For the first claim it suffices to prove the minimality of L) o for each A € &2. This is proven
in [HW22| Prop. 9.21]. We remark that the proof reduces to the case x) is trivial (by twisting),
so does not require any genericity condition on y\y; it rather requires p > 7 to verify the property
(Min) in loc. cit. which guarantees that [HW22, Lemma A.11] applies.

Since gr, (A(k)) = gr(A)(k) and F ®@g(p) gr (M) = F®p M for any filt-free A-module M with
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compatible H-action, it remains to check the analogues of conditions (i), (ii) for G; = G}, ® GY/.

Suppose that ¢ = 2. It is easy to see that if gr(A)(k) occurs in G as a direct summand,
then k € {2,3,4}, while if it occurs in G4 then k > 4. Hence condition (i) holds. On the other

hand, the characters of H occurring in F ®4,(p) G% are of the form X/(l(]_[;;é oz;j), where \ € &
and [¢}| < 1 for all j, and €} = 1 (resp. € = —1) implies t; = y; (resp. t; = 2;). Similarly, the
characters of H occurring in F ®g,(4) G5 are of the form lel(]_[;c;é ajj ), where p € 2, €| <3

for all j and [7| > 2 for at least one j. (In fact, also at most two €} are nonzero, and likewise for

the €7.) Then Lemma [2.3.6(ii) (applied to xx( ;:5 oz;] _Ej) = X, with m = 4; here we use that
p is 5-generic) implies that for some j we have (¢},¢7,t;) = (1,2, 2;) or (¢}, €7, t;) = (—1,-2,y;)

but this contradicts the information about t; above. Therefore condition (ii) holds.

The cases 7 = 0 and 7 = 1 are similar but easier. O

Remark 2.4.7. The second statement in Lemma need not be true for ¢ > 0. Fortunately,
for the proof of Theorem below we only need to treat the terms L; for i € {0,1,2}.

The following is a consequence of the first assertion of Lemma [2.4.6

Corollary 2.4.8. Suppose that p is 5-generic. For any i > 0 there is a canonical isomorphism
Torf" ™ (F, grp, (7)) = gr(Tor} (F, 7).

(Here, Tor(F, V) carries the canonical filtration, cf. Remark|2.3.1\(iv).)

Proof. Using the spectral sequence introduced in the proof of Proposition below, we know
that gr(Tor*(F,7V)) is isomorphic to a subquotient of Torfr(A) (F,grn(7Y)). But

dimp gr(Tor(F, ")) = dimp Tor(F, V) = dimp Torf’r(A) (F, gro(7V)),

where the second equality follows from the first assertion of Lemma [2.4.6] and the minimality of
Ge (see Remark [2.3.1{(ii)), which concludes the proof. O

Next, we compare Tor’*(F,7V) and Tor’*(F,7"). Recall that by Lemma we have a
surjection of F[I/Z;]-modules ¥ — 7V, provided p is 5-generic.
Proposition 2.4.9. Assume that p is 9-generic. The natural morphism

TorM(F, 7V') — TorMF, )

is injective for any 0 <14 < 2.
Proof. Let @; : Toré\(IF, 7)) — TorlA(F, 7V) denote the natural morphism. It suffices to prove the
following statement: there exist separated filtrations on the finite-dimensional F-vector spaces

Torg\(IF,wV) and Torf\(IF,TV), with respect to which ¢; becomes a filtered morphism and such
that the induced graded morphism gr(y;) is injective. To show this, we use a spectral sequence
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which computes gr(Tor}(F, —)) using Torfr(A) (F,gr(—)), analogous to the one introduced in the

proof of [BHH ), Prop. |3.3.4.6.

Starting from a minimal gr-free resolution of gr,(m"), by Remark [2.3.1{ii) we can lift it to a
filt-free resolution of w, say M,. Tensoring with IF, we obtain a filtered complex F @, M, and we
pass to the associated graded complex, gr(F®a M,). As in the proof of [BHH al Prop.|3.3.4.6| (cf.
[LvO96, § II1.2.2]), we obtain a spectral sequence {E],r > 0,7 > 0}, with the following properties:

(a) Ef = gr(FoaM;) = F®ga)gr(M;) (by [LvO96, Lemma 1.6.14]), E} = Torzgr(A) (F, grp(7¥));

(b) for any fixed r > 1, there is a complex

= E{ - E;—0
whose homology gives E; +1,

(c) for 7 large enough (depending on 7), E = E® = gr(Tor*(F, V).
Note that the filtration on Torf\(IF, 7V) is induced from the one on F @, M;, see [LvO96, § I1I.1,
p. 128]. It is in particular separated. Similarly, replacing 7¥ by 7 and using the minimal filt-
free resolution Lo of 7V, we have another spectral sequence {E!",r > 0,7 > 0}, converging to

Tor(F,7V). Moreover, using [[vO96, Prop. 1.6.5(2)] a standard argument shows that there is

a filtered morphism of complexes of A-modules with compatible H-actions M, — L, extending

7V — 7V. Hence by functoriality we obtain a morphism between the spectral sequences:

ET —— TorM(F, ")

L w0

El — TorlA (F, ")

and that ; is a filtered morphism with respect to the canonical filtrations on Tor(F,7") and
Toré\ (F,7V). Note that the bottom spectral sequence degenerates at the page r = 1, by Corollary
As explained above, it suffices to show that the natural map

gr(pi) : B = gr(Tor(F, 7)) — gr(Tor(F,7V)) = E/®
is injective for 0 < i < 2.
Step 1. Suppose ¢ = 0. Then the natural surjection
Ey =F ®g(n) 8T (1Y) = F Qgr(a) 8T (T") = E
is an isomorphism by Lemma [2.4.2] We then have a commutative diagram

-]

/1 = /100
EO 0
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where the bottom map is an isomorphism by Corollary It follows that the top map and the
natural map E§° — E® are both isomorphisms.

Step 2. Suppose i@ = 1. By the previous step we know that the map E& — E§° is an
isomorphism, so the map E] — Ej is zero for all » > 1. Hence we get a natural surjection
Ef — ET for v > 1 and, in particular, E} — E$°. On the other hand, let V; & Torf-’rr(A) (F,N)
for any ¢ > 0. Corollary and the isomorphism gr (7V) 2 N/ZN (Lemma imply that
the composition

V! —» B} - E!!

is injective for any ¢ > 0. We obtain a commutative diagram

‘/1/

Nyt

E} — = Ef©

L

Eil = Eioo

where we use again Corollary (for ¢ = 1) for the bottom isomorphism. Therefore, the top
diagonal map V{ = Tor%r(A) (F,N) — gr(Tor}(F,7V)) = E° is injective. For dimension reasons

(Lemma [2.3.5)), it is actually an isomorphism, hence the vertical map E{° — E| is injective.

Step 3. Suppose i = 2. We cannot use exactly the same argument as in Step 2, since we do
not (yet) know that the map E} — Ef° is an isomorphism, but fortunately it suffices to prove
this in graded degrees > —4 as we now explain. Recall the exact functor M — M>_4 for a graded
gr(A)-module M introduced just before Lemma By Lemma with n = 5 we know
that the natural surjection N — gr,(7") is an isomorphism in degrees > —4; here we use the
assumption that p is 9-generic. The same is then true for the induced map of graded vector spaces
Vi = Tor%r(A) (F,N) — Tor%r(A) (F,gru(7")) = Ef by Lemma (ii). The diagram in Step 2
implies that the surjection E} — E° is an isomorphism in degrees > —4. Consider now the
truncation in degrees > —4 of the spectral sequences associated to the above filtered complexes,
which have terms (E7)>_4 and (E/")>_4. Exactly the same argument as in Step 2 (truncated in
degrees > —4) gives us a map « : (Vy)>_4 — (ES°)>_4 fitting into a diagram

« o0 '8 (o]
(Va)s—a — (E3%)>—4 — (E5°)>4

(A |

v B s B

where the horizontal composition § o « is injective. In particular, « is injective. As 7 is an
isomorphism by the last statement in Lemma as dimy V4§ = dimp F5° (again by Lemma|2.3.5))
we deduce that a and § are isomorphisms. Therefore g is injective, so € is injective, as desired. [
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2.5 Proof of the theorem
We prove Theorem using our Tor injectivity result (Proposition [2.4.9)).

Proof of Theorem [2.1.3. We first show that N is Cohen-Macaulay and is essentially self-dual of
grade 2f (in the sense that Ezf(A)(N) > N @ (det(p)w™!)). Write again b(A\) = (¢;,hj: 0<j <
f—1). By [Lev92, Thm. 4.3] we know that if M is a finitely generated module over an Auslander—
Gorenstein ring R and f : M — M is injective R-linear, then jr(M/f(M)) > jr(M) + 1,
where jr(—) = min{i : Exth(—, R) # 0} denotes the grade. We apply this inductively with
the central regular sequence ho,...,hs_; and then ty,...,t;_1 (and M = gr(A)) to deduce that
Jern)(N) = 2f. By [BHHTal, Prop. 3.3.1.10] we deduce that Jer(a) (V) = 2f and the essential
self-duality holds. In Lemma we constructed a free resolution of N of length 2f, hence
Eér( A)(N ) =0 for ¢ > 2f and N is Cohen-Macaulay.

Recall that we already have a surjection N — gr, (") by [BHH"a, Thm. . In partic-
ular, we have Z(N) > Z(gr,,(7")), where the characteristic cycle is defined in [BHHa, § 3.3.4].
(This is just the usual cycle as gr(A)/J-module, since the modules are annihilated by J here.)
As N is essentially self-dual, it is pure by [LvO96, Prop. I11.4.2.8(1)], so any of its nonzero sub-
modules is of grade 2f over gr(A) and hence of grade 0 over gr(A)/J by the second statement
in [BHH"a, Lemma 3.3.1.9]. In particular, any nonzero submodule of N has a nonzero cycle.
Therefore, to prove the injectivity of N — gr,. ("), it suffices to prove that Z(N) = Z(gry,(7")).

Let P, be a minimal free resolution of (w|;)Y with compatible H-action, see Remark
Note that initially P, is not yet given a filtration.

Step 1. It suffices to prove that there exists a good filtration on each P;, such that P, becomes
a complex of filtered A-modules, satisfying the following properties:

(a) the associated graded complex gr(P,) is exact in degree 1, i.e. Hy(gr(P,)) = 0;
(b) there is an isomorphism of graded gr(A)-modules Hy(gr(P,)) = N.

Indeed, we may associate to the filtered complex P, a convergent spectral sequence, say {E!,r >
0,i > 0}, as in [LvO96) § I11.1], such that EY = gr(P;), E} = H;(gr(P,)) and

E] = H;(F,)

for a suitable good filtration on H;(P,), namely the abutment filtration. Condition (a) means
that E{ = 0, which implies (using the property analogous to (b) in the proof of Proposition
that Ef = 0 and E6+1 = Ej for r > 1, in particular that E§° = E}. On the one hand,
E3 = gr(Ho(PW)) = gr(mV) for some good filtration on 7V (the one induced from Py). On the
other hand, E} = Hy(gr(P,)) & N by condition (b), so N = gr(r") as graded gr(A)-modules. In
particular, we have Z(N) = Z(gr(r")) and we conclude by the discussion preceding Step 1, as
Z(gr(nY)) = Z(grn(7Y)) by |BHH'a, Lemma 3.3.4.3].

Step 2. Recall that L, denotes a minimal filt-free resolution of 7V with compatible H-action
(cf. Lemma [2.4.6). As in Remark v), we can extend the morphism 7V — 7V to a morphism
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of complexes of A-modules with compatible H-actions
Do : Py — L.
Using that P, and Le are minimal, Proposition [2.4.9] implies that
F @y P; = Tor(F,7") — Tor(F,7V) 2 F @, L;

is injective for 0 < 4 < 2. By Lemma [2.2.6] we deduce that ¢; is injective and identifies P;
with a direct summand of L; as A-modules for 0 < i < 2. For 0 < i < 2 we equip P; with the
induced filtration from L;. For i > 2 we initially give P; an arbitrary good filtration and shift
it inductively using [LvO96, Prop. 1.6.6] so that all transition morphisms in P, are filtered (of
degree 0). Then P, is a complex of filtered A-modules. (We can further shift the filtration on P;
so that the morphisms ¢; are also filtered, but we do not need this in what follows.)

On the other hand, in Lemma we have decomposed gr(Le) = Go = G, ® G as graded
gr(A)-modules with compatible H-action, where G}, is a subcomplex. From Lemma we also
get a decomposition L; = L, @ L as filt-free A-modules with compatible H-action.

Step 3. Suppose that i € {0,1,2}. We prove that P; is filt-free and that inside gr(L;) the
injective map ¢; induces an equality

gr(F) = gr(Ly) (= Gi).
By Step 2 we know that ¢; identifies P; with a direct summand of L;. As F®, P, = Torﬁ\ (F,7)
and F ®p L = F ®ga) gr(L;) = Torlgr(A) (F, N), we deduce by Lemma [2.3.5/ and Remark [2.1.1
that F®p P, 2 F®, L, as H-modules. By Lemma the decomposition L; = L} @ L7 satisfies
conditions (i) and (ii) of Lemma [2.2.3] Hence, by Lemma and Remark we deduce the

claim.

Finally, as G4 — G} — G = N — 0 is an exact sequence of graded gr(A)-modules (as G, is
a resolution of N), the equality G = gr(F;) for i € {0,1,2} implies (a), (b) in Step 1. O

Corollary 2.5.1. Suppose that p is 9-generic.

(i) For any i > 0 there is a canonical isomorphism compatible with H -action
Torf" ™ (F, gry (")) & gr(Tor} (F, 7).
(Here, Tor(F, V) carries the canonical filtration, cf. Remark|2.3.1|(iv).)

(ii) The natural morphism
Tor(F, 7") — Tor(F, V)

is injective for any i > 0.

Proof. (i) The proof is exactly as the proof of Corollary using Lemma together with
Theorem [2.1.2] instead of Lemma to check that both spaces have the same dimension.

(ii) Consider again the morphism of spectral sequences of the proof of Proposition m
By part (i) and Corollary both spectral sequences degenerate at the page r = 1. The map
E} — EY is injective by Corollary together with Theorem hence the claim follows (cf.
the first paragraph of the proof of Proposition . O
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2.6 Verifying assumption

We prove that a globally defined 7 satisfies assumption

We first recall our global setup and refer the reader to [BHH™23, § 8.1] for more details. We
fix a totally real number field F' with ring of integers O and let S, denote the set of places of
F above p. We assume that F' is unramified at all places in S,. For each finite place w of F
we denote by Fy, the completion of F' at w, by Of, its ring of integers and by Frob,, a choice

of a geometric Frobenius element of Gal(F,/F,,). We fix a quaternion algebra D over F', with
center F' such that D splits at all places in S, and at most one infinite place. We let Sp denote
the set of places of F' where D ramifies. We fix a maximal order Op in D and isomorphisms

(OD)w d:Cf OD ®(9F OFw L) Mg(@pw) for w ¢ SD.

We fix a continuous representation 7 : Gal(F/F) — GLy(FF) and let S denote the set of places
where 7 ramifies. We write 7, for 7|, Al(Fop/Fu)* We assume that:

° ﬂGal(? JR(YT)) 18 absolutely irreducible;
e for all w € S, 7y, is 0-generic (so S, C SF);
e for all w € (Sp U S5) \ Sp the universal framed deformation ring of 7,, is formally smooth

over W (F).

If D splits at exactly one infinite place (the “indefinite case”), we make the following choices.
Given a compact open subgroup V of (D ®p A%)* (where A% denotes the finite adeles of F') we
first let Xy, denote the smooth projective Shimura curve over F associated to V' constructed with
the convention “e = —1” (see [BD14, § 3.1] and [BDJ10, § 2]). We choose:

(i) a finite place wy ¢ Sp U Sy such that (see [EGS15| §§6.2, 6.5]):

(a) Norm(w;) is not congruent to 1 mod p;
(b) the ratio of the eigenvalues of 7(Frob,, ) is not in {1, Norm(wy), Norm(w;)~1};

(c) for any nontrivial root of unity ¢ in a quadratic extension of F, wy { (¢ + ¢~ —2);
(ii) a finite set .S of finite places of F' such that:

(a) SpUSF C S and wy ¢ S;
b) for all w € S\S, the framed deformation ring R-v of 7\, is formally smooth over W (FF);
p T w
(iii) compact open subgroups V =[], Viy C U =11, Uy of (Op).s such that:

(a) Uy = (Op);s for w ¢ SU{w} or w € Sp;

(b) U, is contained in the subgroup of (Op)y, = GL2(OF,, ) of matrices that are upper-
triangular unipotent mod ws;

(c) Vip=Uy for w ¢ Sy, and V,, €1+ pMo(OF,), Vi <(Op),s for w € Syp;
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(d) we have
Homg, 7/ p) (7“7 Hi(Xv xp F, F)) #0. (31)

If D splits at no infinite places (the “definite case”) we make the same choices as |(i)H(iii)| above,
replacing by the condition S(V,F)[m] # 0, where:

o S(V,F) = {f: D*\(D @ A®)*/V — F};

e m is generated by Ty, — Sy tr(7(Froby)), Norm(w) — S,,det(7(Frob,,)) for w ¢ SU{w } such
that V,, = (Op), with Ty, Sy acting on S(V,F) (via right translation on functions) by

w?

Vv <w0w ?) v,V <wow w() ) V respectively (where @, is any choosen uniformizer of F).
w

Fix now a place v € S),. For each w € S, \ {v} we fix a Serre weight o, € W(7},) and write
K Y F, 5 7Y. We define the admissible smooth representation of GLa(K) over F (which is
nonzero by above):

m(p) = thOmUU/Vv( X ow, Homg, 7/ p (T, H} (Xvyvy, xp F, IE‘))) in the indefinite case,
\Z

weSp\{v}
m(p) & lim Homyv /o ( ® ow, S(V'Vy, F)[m]) in the definite case,
Vo weSp\{v}

where the limit is over all compact open subgroups V, < (Op).X = GLa(Ok) which are contained
in 1 +pM2(Ok). We caution the reader that, despite the notation, the representation m(p) a
priori depends on all of our global choices and not just on p.

We now check that, when 7 is 12-generic, the globally defined representation = = 7(p) satisfies
assumption of § For this, we fix a patched module M, over a suitable formally smooth
local O-algebra Ro as in [CEGT16] (see also [BHHT 23, § 8.4]) where O & W (F), such that

My ®p,, F Y. (32)

We do not recall the construction and properties of M, here but we refer the reader to [CEGT18,
§ 3.1] and item (ii) in the proof of [BHH"23, Thm. 8.4.1].

In fact, we will consider the fixed central character version of M, see [CEGT16, § 4.22]. This
amounts to taking the maximal quotient of M, on which the centre Z of GLy(K) acts via a fixed
character ¢ : Z — O lifting that of 7. In particular, setting

Mo(o) & Hom{Sjtiy,, (0,0 (Mo, 0¥)"

for any continuous GLy(Of)-representation o on a finitely generated O-module with central
character (~!, we obtain a patching functor M, as in [EGSI5, § 6] or [BHH 23, § 8.1]. Here,
for a linear-topological O-module A, AV denotes the Pontryagin dual Hom{™ (A4, O[}D] /O) with
compact-open topology. We recall that My (o) is a finitely generated R.,-module. For conve-
nience, below we assume that the action of Z; on M, is trivial; this can be achieved up to twist

(as Z; acts trivially on ).
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Lemma 2.6.1. Suppose that M, is flat over R. For any finite-dimensional smooth GLa2(Ok)-
representation W over F and any integer i > 0, there are natural isomorphisms

Torf> (F, Mo (W) 2 Tor (W, x") = Exth, (W, ),

where Roo = Roo @0 F and N = F[GLy(Ok)/Z1].

Whenever necessary, e.g. in Torf\/(I/V, 7) in Lemma we consider W as right A’-module
via the inversion on GL2(Ok)/Z;.

Proof. Note that R, is a regular local F-algebra whose maximal ideal is generated by a regular
sequence, say y. By [CEGT18, § 3.1], M is projective as a pseudocompact O[GL2(Ox)/Z1]-
module, hence M, ' My ®o F is projective as a pseudocompact A’-module. Since M, ®p. F=

7, we obtain a Koszul complex Ko(y, M) = M ®x., Ke(y) of Roo-modules whose homology

in degree 0 gives V. Since M, is flat over R, by assumption, K, (v, M., ) provides a resolution
of ' by projective pseudocompact A’-modules.

We claim that we have a canonical isomorphism W @, My =& My (W) of Roo-modules.
Working in the category of pseudocompact A’-modules (resp. F-modules) we have by [Bru6o,
Lemma 2.4] that

Hom{{" (Moo, Homf™ (W, F)) = Hom§™™ (W & Moo, F), (33)

where every space of continuous homomorphisms carries the discrete topology, and clearly this
isomorphism is R..-equivariant. As W is a finitely presented A’-module, we have

W &p Moo =2 W @) Moo (34)
by [Bru66, Lemma 2.1]. The claim follows by dualizing (33).

By the Koszul resolution of 7V above, we see that Torﬁ\l(VV, 7V) is computed as the i-th
homology group of o o
w ®A’ K.(g, Moo) = K.(g, w ®A’ Moo)a

which is precisely the Koszul complex of W @,/ My & Moo (W) as Roo-module, and hence also
computes Tor!™ (F, My, (W)).

The second isomorphism is a general fact, by using [Bru66l, Cor. 2.6] and noting that
Ext, (7V, W")Y = Extiy, (W, 7)Y, O

Proposition 2.6.2. Ifp is 12-generic, then assumption holds for m = w(p). As a consequence,
Theorem holds for .

Proof. Under the genericity condition, M, is flat over Ry, by [BHH'23, Thm. 8.4.3] (for p
semisimple), [HW22, Thm. 8.15] (for p nonsplit reducible and r = 1) and [Wan23, Thm. 6.3] (for
p nonsplit reducible and general 7). If x : I — F* is a smooth character, then by Lemma
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and Frobenius reciprocity we have
j ~ M Roo
Exty/z, (x,7) 2 Tor;™ (F, My)",

where we write GL2(Ox H M
e L ~
MX £ Moo(IIld[ 2 )X) - Omg)ﬁ]]( OO7XV)V.

If x ¢ JH(w!1), then M, = 0 by dévissage and [Breld, Prop. 4.2], as My (0) = 0 if o is a Serre
weight that is not in W (p), so we are done. Otherwise, y = y, for some A € 2. Let Z,, C Ry

be the annihilator of M,. By [BHHT23, Prop. 8.2.3] if p is semisimple, [Wan23|, Prop. 6.1] if p is
(1,0),7

nonsplit reducible, M, is free of rank r over Roo/Z,, which is isomorphic to Ry of loc. cit.,
where 7 is the inertial type corresponding to Ind?LQ(OK)(X). By [EGS15, Thm. 7.2.1], Roo/Z, is a

local complete intersection ring. Since M is a finite projective Soo[GL2(Ok)/Z;]-module, where
Ss is a certain O-subalgebra of R in the patching construction (see the proof of |[CEG™16
Lemma 4.18]), M, is a finite free S ¥s. ®e F-module. Hence

dim(Re) — dim(R/Zy) = dim(Rs) — dim(S) = 2f,

where the last equality follows from [BHH 23, (81)] (note that the assumption p semisimple there
is unnecessary, see e.g. the proof of [Wan23| Thm. 6.3(i)]). We deduce from [BH93, Thm. 2.3.3(c)]
that Z, is generated by a regular sequence in Ro, of length 2f, say a. Also note that Ry is a
regular local F-algebra whose maximal ideal is generated by a regular sequence, say y.

By [BH93, Thm. 2.3.9] applied to S = Roo, a = a and y =y, H;(Ke(y, Rc/Zy)) is isomorphic
to A'(F®2/) for any i > 0, hence has dimension (/) over F (recall Roo/(y) = ). Since M, is free
of rank 7 over Ro,/Z,, we have

Ka(y, My) 2 (Kuo(y, Reo/Z,)) "

2f

Taking homology we obtain dimp Toriﬁoo (F, M) = (3 )r = my, as desired. O

3 Finite length in the split reducible case

We prove that a smooth mod p representation 7w of GLa(K) satisfying assumptions |(i)} of
§ 2.] with » = 1 has finite length when the underlying Galois representation p is split reducible.
We also establish several structural results on 7w as an I- and GL2(Of )-representation.

We assume that p : Gal(K/K) — GLy(F) is split reducible and 0-generic. Throughout this
section, 7 is an admissible smooth representation of GLa(K) over F satisfying assumptions|(i)H(iv)|

of § As seen in §[2.6] recall that 7 = 7(p) as defined in § [2.6] satisfies assumption and
for any » > 1. It also satisfies assumption (for any r > 1) by [HW22, Thm. 8.2] with

[BHHT23, Thm. 8.4.1].

We now assume moreover that w is minimal, i.e. r = 1 in assumptions and .
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3.1 Preliminaries

Given a character ¢ : I — F* satisfying ¢ # ¢°, the Jordan—-Holder factors of Ind?LQ(OK ) Y® are
parametrized by some subsets of a suitable set P =4 P(xo,...,xp_1) with [P| = 2/ see [BP12,
Lemma 2.2] (not to be confused with the set & of §1.3]). Again by [BP12, Lemma 2.2], if v is
1-generic (actually this condition can be slightly weakened), then the above parametrization is
bijective with P.

For ¢ € P set (following [BP12, § 19])

SE)E{je{0,....f—1}: &) e{zj—1,p—1—x;}}. (35)
We remark that the set
6(8(€)) =15 €{0,....f =1} : &) e {p =2 —xj,p — 1 — x5} ], (36)

is denoted by J(&) in [BP12| § 2], [HW22, § 3], but for our purposes S(&) will be more convenient.
The function € — S(&) induces a bijection between P and the set of subsets of {0,..., f —1}. In
this way, any Jordan—Hélder factor of Ind?LQ(OK ) Y*® is parametrized by a subset of {0,..., f—1}
and, if ¢ is 1-generic, this parametrization is a bijection.
Remark 3.1.1. In the following we will usually talk about a Jordan—Hé&lder factor of Ind?LQ(OK ) X
(rather than Ind?L2(0K ) x*) parametrized by an element £ € P, by which we mean the Jordan—
Hoélder factor of Ind?LQ(OK ) 1)® parametrized by £ in the case where ¢ = x*. With this convention,
0 (resp. {0,1,..., f —1}) corresponds to the socle (resp. cosocle) of Ind?LQ(OK) x- Concretely, if
x((§9)) = a®n(ad) for some character n : Fy* — F* and integer s = Z;;Olp%j with 0 < s; <p-—1,
then & € P corresponds to the Jordan-Hoélder factor £¢(s, . . ., Sf,l)®dete(5c)(s°”“’sf*1)77 (provided
0 < €5(si) < p— 1 for all i), where £ = £(p — 1 — xg,...,p— 1 —x5_1). (We remark that £ € P
and that S(&°) = S(€)°.)

If o € JH(Ind?LQ(OK ) X) is the Serre weight corresponding to & € P (via Remark , we
also write S(o) = S(&).

Assume that p is 0-generic. Recall from § [I.3] that we have a decomposition

f
Do(p)= € Do-(p)=EP Do(p):,

rEW (p) =0
where Dy(p); & De(r)=i Do, (p). Recall also the set & from § We have an involution A — \*
of & defined in [BHH al § 3.3.1]. By [BHH &, Lemma 3.3.1.7] we deduce:
Corollary 3.1.2. The map x) — Xxa+ induces a bijection between JHH(DO(ﬁ)Z-h) and
I (Do(p)}).
Lemma 3.1.3. Suppose that A € &. Then x» occurs in Do ,(p)™t, where T € W (p) is determined
by Jr = Jy. Moreover, as a Jordan—Hdélder factor ofInd?LQ(oK)

and ) by the following subset of {0,..., f —1}:
X5\ = {5 Nj(z)) € {aj,a + 1,p—2 —xzj,p— 3 — 2} ). (37)

X, T is parametrized (via Remark
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We will prove a more general version of Lemma below, see Lemma [4.1.1

3.2 Finite length

We prove that 7 is of finite length (as GLa(K)-representation) and some structural results on 7
as an [-representation.

Recall from § |A| that if M is a finitely generated (left) A-module equipped with a good
filtration, then the right A-module E} (M) carries a canonical and functorial good filtration. If
furthermore M has grade j we obtain a canonical injection 0 — gr(Eﬂ (M)) — Eg;r( ) (gr(M)) of
graded gr(A)-modules, which is an isomorphism if gr(M) is Cohen—Macaulay, see [BHH a, Prop.
3.3.4.6] (see also [BE9Q, Prop. 5.6]).

Applying the above paragraph to M = 7" with its m-adic filtration (where we recall that 7 is
assumed to satisfy assumptions [(J)H(iv)), we deduce using the second assertion of Theorem [2.1.2]
a canonical isomorphism

er(BY (7)) = EZ \ (era (7)), (38)

Since all these constructions are canonical, one can check that both terms are endowed with an
action of H and that the above isomorphism is H-equivariant.

Remark 3.2.1. Recall that assumption says that there is a GLg(K)-equivariant isomorphism
of A-modules Eif (V) = 7V@(det(p)w1). By Remarkm and the isomorphism (38)), we see that

the canonical filtration on Eif (7V) does not correspond to the m-adic filtration on 7V ® (det(p)w™!)
under the isomorphism.

We denote again by N the graded module defined in § (with » = 1), namely

R
N = @ X;l @ ——.
AP a(})

By Theorem and our assumptions on 7, we have gr,(7¥) = N provided p is 9-generic.

Recall that in [BHH al § 2.1.1] and [BHHa, Thm. 3.1.3.7] we generalized the Colmez functor
from GL2(Q,) to GLg(K) by associating to any smooth admissible representation 7’ of GLg(K)
over IF which lies in the abelian category C of [BHH al § 3.1.2] a (finite-dimensional étale cyclo-
tomic) (¢, I')-module DY (7') over F((X)) = F[Z,][1/([1] — 1)]. The functor Dy is contravariant
and exact by [BHH"a, Thm. 3.1.3.7]. For instance, if the action of gr(A) on gr,(7"") factors
through its quotient R of § then 7’ lies in C. In particular the representation 7 and its
subquotients all lie in C (assumption implies that gr,(7") is killed by the ideal J C gr(A) by
the proof of [BHH"23, Cor. 5.3.5]). This allows us to use the functor D¢ in the following proof.

Proposition 3.2.2. Assume that p is max{9,2f+1}-generic. Let 0 C m C 7 be a subrepresenta-

tion of m and let mo = /w1, Then both gr, (mY) and grp(my) are Cohen-Macaulay gr(A)-modules

of grade 2f , where F denotes the filtration induced from w. In particular, ™y and w3 are Cohen—
Macaulay A-modules of grade 2f.
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We note that p is in particular (2f — 1)-generic, so we may apply [BHH al, § 3.3.5] in the
proof.

Proof. Let

7' = SOCGL2 OK) @ g,
oeW(p)

def def
T| = 80CqL,(0k) (M), T2 = T/T1.
Then 73 < socqr, 0, )(m2) (note that a priori this might be a strict inclusion).

Recall that 751 = Docw @) Do(p) by assumption in § (with » = 1). By the proof
of [BP12, Thm. 19.10] we have Dy, (p) C 7' for any Serre weight ¢ C 7. It follows that
i = Docr, Doo(p). As (o) preserves it (7l < 781 s a direct summand of (D (p) —
Do(p)) as a diagram, so we deduce from [BP12, Thm. 15.4] that 71" = @;cx Do(p); for some
¥ C{0,1,..., f}. In particular, the direct sum decomposition 7 = 71 @72 induces a decomposition
of 751 = Dq(p) of the form:

Do(p) = Do(p)")) @ Do(p)?
with socar, (o, (Do(p )@) = 7;. This in turn induces a decomposition & = 2, LI P, hence a
decomposition gr (7V) = N = N; & Ny, with N; & Drcz, Xy ® R/a(\). By construction, the
degree 0 part of N is dual to 7'['{1 and the degree 0 part of Ny is dual to @;¢x, Do (ﬁ)fl (as follows
from the proof of [BHH a, Thm. 3.3.2.1]).

Step 1. Consider the induced short exact sequence
0= grp(ms) — grn(m) = gro(my) = 0,

where F is the filtration on 73 induced from the m-adic filtration on 7¥. The composite morphism
Ny < N —» gr, (n)) is identically zero, as N is generated by its degree 0 part, which is sent to
zero in gr (m)). So we get an induced commutative diagram

0 ——>grp(my) ——gry (") —>gry(m)) —>0

T

0 Ny N Ny 0

with injective (resp. surjective) vertical map on the left (resp. right). Thus
Z(N1) = Z(grn(7y)), Z(N2) < Z(grp(my)), (40)
where we use here the characteristic cycle of R-modules defined in (see BHH al § 3.3.4]).
Step 2. We show that gr,, (7)) and grp(my) are Cohen—Macaulay.

Recall that by assumption 7 satisfies assumption in § namely Eif (7V) = v ®n as
GLy(K )-representations, where n = det(p)w ™. As in the proof of [BHHTal, Prop. 3.3.5.3(iii)] we
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may construct a subrepresentation 7o C 7 such that Z(gr(ny)) = Z(gr(7y)) (with respect to any
good filtrations by [BHH"a, Lemma 3.3.4.3]) and consequently by [BHH"al Prop. 3.3.5.3(i)]:

Concretely, the GLo(K)-representation 7o is defined by dualizing (and untwisting) the exact
sequence

0= EY () > EY (xV) = 7Y @n — 0. (42)
The first two terms carry their canonical filtrations (§ and the morphism between them is
strict by Lemma We give T3 ®n the induced filtration, so that the induced sequence of their
graded modules is again exact. We consider the following commutative diagram with exact rows
of graded gr(A)-modules with compatible H-action, where the upper vertical maps are explained
above and the lower vertical maps arise from Step 1:

0 gr(EY (m))) —— gr(EY (1) —— gx(@ ® ) —0
|
| :
0—s Eg(/\) (grm(ﬂ/)) - Ezf(/\) (grm(m")) :
v

0—— Eﬁfm)(Nl) Eéf(A) (N) Ezf(/\) (N2) —=0.

The surjection on the right gives us surjections of H-modules gr(7y ® n) —» Ezf( A)(Ng) —
F Qgr(a) Ezf A (NV2), where the final graded F-vector space is supported in degrees [3f,4f] by
Corollary (noting that Ny is a direct factor of N). In particular, by the semisimplicity of
F[H], we deduce that F @4,y Ez‘f(/\) (N2) is a subquotient of Fyp(7y ® n)/Fsr—1(Ty @ n) as H-
modules. The same corollary applied to N implies that gr(Eif (wV)) is supported in degrees < 4f,
SO F4f(Eif(7rV)) = Eif(ﬂv). Hence Fy¢(7y ®@n) = 7y @n by ([42)), so m/ 17 @n C Fy_q(7y @n).
It follows from all this that F®,, A)E;{[ ) (N3) is a subquotient of (7 /m/T17y)®@n, or equivalently
of @, arn(7)i @1, as H-modules.

We have E;{(A)(N2)®17_1 >~ N/ as gr(A)-modules (without grading), where N dof GBA@@; x;1®
R/a()), by |[BHH ), Prop. 3.3.1.10]. Corollaryimplies that (N3)o is dual to D¢x Do(ﬁ)?_i.
On the other hand, as at the beginning of the proof, we have 77'?1 = Bjcsy Do(p)i for some
¥ C{0,1,...,f}. Let N, be the direct summand of N such that its degree 0 part is dual to
7o' = @yesy Do(p)l. Then as before we have a surjection Ny — gry, (7). From the previous
paragraph, (N3)o = F ®g.(p) Ny is a subquotient of @{:O(NQ)_i as H-modules. But @Zf:o N_; is
multiplicity free as H-module by Lemma (withn = f+1 and r = 1, using that pis (2f +1)-
generic) and (N})o C No, so we deduce that (N4)o C (Na)o as H-modules (do not confuse the
graded piece N; of N for i = 1,2 with the submodules Ny, Na of N defined just before Step 1!).
Dually, @;csv Do(ﬁ)i[1 surjects onto ¢y Do(ﬁ)?_i as H-modules. In particular, ¥/ D f —X¢, i.e.

73 = @ Do(p)i 2 B Do) - (43)

= g%
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Taking GL2(Ok)-socles we get

U(socary(og) (T2)) = Y £(s0caLy0x) (Do(P)i) = Y (s0cry04) (Do(P) i)
iesy i

= > £(s0caLy(04) (Do(P):)) (44)
ign
= {(80CGL,(0x) (7)) — U(s0cqLy(0k) (1))

By and exactness of the functor D%/ we know that
dlm]F((X)) D%/ (7?2) = dlmF((X)) Dg/ (7‘(2) = dlmF((X)) Dg/ <7T) - dlmF((X)) Dg/ (7T1>

and hence by [BHH a, Prop. 3.3.5.3(ii)] that equality has to hold in and hence in . By
taking /;-invariants in we deduce that Nj = No.

Consider
Z(grp(my)) = 2(N2) = Z(N3) = Z(N2) > Z(grn(7y)), (45)

where the first inequality is equation , the first equality comes from [BHH a, Thm. 3.3.4.5],
the second equality holds as N; = Ny, and the final inequality comes from Ny — gr, (7).
As Z(gr(my)) = Z(gr(7y)), we deduce that equality holds in ([45)), so Z(N2) = Z(grp(my)) and
hence also Z(Ny) = Z(gry,(77)) by the additivity of Z in short exact sequences (recalling diagram
(39)). Since Nj is pure, any of its nonzero submodules has a nonzero cycle, hence the surjection
N1 — gr, (7)) must be an isomorphism and consequently grp (73 ) = N2 by Step 1. This implies
that gr,, (m) = Ny and grp(my) = Ny are Cohen-Macaulay, as N is Cohen-Macaulay and the N;
are direct summands of N. Hence 7y’ and 73 are Cohen-Macaulay, because if a finitely generated
A-module M admits a good filtration such that the associated graded module is Cohen—Macaulay,
then M itself is Cohen—-Macaulay as a consequence of [LvO96), Prop. I11.2.2.4]. O

Theorem 3.2.3. Assume that p is max{9,2f + 1}-generic.

(i) Any subrepresentation of w is generated by its GLa(Ok)-socle.

(i) Lar, ) (m) < f+1.

Note that part (i) for 7 itself was proved in [BHHa, Thm. 3.3.5.5] under a slightly weaker
genericity assumption.

Proof. Let 7 be a subrepresentation of 7, and 7} be the subrepresentation of w1 generated by
S0CQL, (04 ) (71). In particular, socqr, (o) (1) = s0car, o) (7). We then have i = g =
@Dicx Do(p); for a unique subset ¥ C {0,1,..., f}, cf. the second paragraph of the proof of
Proposition . In particular, 7r{1 = ﬂill, so the proof of Proposition applies to ] and

shows that the composition of the graded morphisms
Ny — grm(ﬂ-}/) - grm(ﬂ—,lv)

is an isomorphism. Hence, we deduce gr, (7)) = gr,(71’), from which we deduce ) /m" —
7)Y /m"™ for all n > 1 for dimension reasons and hence 71 = 7}. This proves (i).
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To prove (ii), it suffices to show that any finite ascending chain of GLy(K)-subrepresentations
0=m Cm € - Cmy=mhaslength ¢ < f+1. As seen above we can write TrJKI = Dics,; Do(p)i

for unique subsets @ = ¥y C --- C ¥y, = {0,1,..., f}. Since 7ij1 contains socqr, (o) (), we
deduce from (i) that ¥; C ¥, for all 0 < j < ¢, so indeed £ < f + 1. O

We now note further consequences of Proposition |3.2.2

Corollary 3.2.4. Keep the notation of Proposition and suppose that p is max{9,2f + 1}-
generic.

(i) The m-adic filtration on ©" induces the m-adic filtration on 3.
(ii) The induced sequence
0 — gry(my) = grm(T”) = grp(my) — 0

of graded gr(A)-modules with compatible H-action is split exact. More precisely,

grm(m) = D X3 ®

B
ANEP Cl()\)

and R
gra(my) = P x§1®ai

where 1 C P corresponds to 77{1 C rh (see §'

Proof. We keep the notation of the proof of Proposition [3.2.2]
(i) By the isomorphism grp(my) = Ny proved in Step 2 of the proof of Proposition

grp(my) is generated by its degree 0 part grp(my )o as a gr(A)-module. Since m"7y C 7wy Nm"7" =
F_, 7y, we have the natural morphism

K- grm(ﬂ-%/) - ng(Tr%/) = Ny,
which is surjective in degree 0 as m%7y = Fymy (= 7y). Since N is generated by its degree 0
part, k is surjective and it follows from [LvO96, Thm. 1.4.2.4(5)] (applied with L = M = 7y and
N =0) that m"ny = F_, 7y for all n > 0.

Part (ii) follows, since the sequence 0 — Ny — N — Nj — 0 is split exact by construction. [

Corollary 3.2.5. Suppose that p is max{9,2f + 1}-generic. Let w1 C o be subrepresentations
of w. Then for any n > 1, the sequence of A-modules

0— Wl[m”] — Wg[mn] — (7‘(‘2/71'1)[“1”] —0

is exact. Moreover, the sequence splits as I-representations if p is also (2n — 1)-generic.
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Proof. We first treat the special case my = m. Then we trivially have 0 — m[m"] — w[m"| —
(m/m1)[m"]. The final map is surjective for dimension reasons because gr,(mV) = gr (7)) @
gr.((m/m)Y) by Corollary ii). In particular, for any subrepresentation w1 of ™ we obtain

dimg((r/m1)[m"]) = dimg(r[m"]) — dimg (1 [m"]). (46)

Now we treat the general case. Since w[m"] — (7w/m2)[m"] is surjective by the last paragraph,
the morphism
(m/m)[m"] = (7 /m2)[m"]

is also surjective, and hence the sequence

0 — (mo/m1)[m"] = (7w/m1)[m"] — (7/m2)[m"] = 0
is exact. Applying to m and w9, we deduce

dimp((m2/m1)[m"]) = dimp(m2[m"]) — dimp(m [m"]),
from which the first assertion follows.

For the last assertion, it suffices to show that m1[m"] is a direct summand of 7[m"] (hence is

also a direct summand of m2[m”] as in the proof of Lemma [2.2.5). As p is (2n — 1)-generic we

note that 7[m”] = 7(™[m"] by Lemma where 7(") = @, » T>(\n) is the subrepresentation of
m|r from Lemma Let &1 C & be the subset as in the proof of Proposition and put

n) def n def _ R
A @A N @l Ty
AP AES

It suffices to show that m;[m"] = Tl(n) [m"], or equivalently (as 7[m"] is multiplicity free) that these

A-modules (with compatible H-action) have the same graded modules. This follows from the
isomorphism gr,, (m)) = Ny established in the proof of Proposition noting that

grn((r{")"/m") = gr (7)) /" = Ny /"
by the proof of Lemma [2.4.2] where m denotes the unique maximal graded ideal of gr(A). O

Lemma 3.2.6. Suppose that p is max{9,2f + 1}-generic. Let my C ma be subrepresentations of
w. Then the natural sequence

0 — S0CGL, (0 ) (1) = SOCGL, (0 ) (T2) = 80CqL, (0 ) (T2/T1) — 0 (47)

s exact.

Proof. By the second paragraph of the proof of Proposition there exist two subsets X1 C Yo
of {0,..., f} such that for j € {1,2},

= @B Do(p)i, ' = D Do(p)].

1€X; €8,
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Setting 7/ & /7, we deduce that '/t = Dicso\n Do(p)!* by Corollary [3.2.5 (applied with
n = 1), and also that there exists an embedding @;cx;,\5, Do(p)i — 7K1, This in particular
implies

SE P socar,ox)(Do(p)i) = socar, o) ().
iEZQ\El

We need to prove that it is an isomorphism. If not, then there exists some Serre weight ¢ such
that 0 @ S — 7'|gL,(0x), hence also 0 @ (Djes,\ 5, Do(P)i) = 7'laLy (o), Which contradicts the
structure of 7/t O

Corollary 3.2.7. Suppose that p is max{9,2f + 1}-generic. Suppose ©' is any subquotient of .

(i) We have dimp(x) D (') = £(socqLyo) (7). In particular, if 7' # 0, then D¢ (n') is
nonzero.

(i) Let &' C P correspond to (t')1\ (such a subset exists by C’omllary withn =1). Then
the natural map

P ' ® R/a(N) - gro(n"Y)
e’

of graded gr(A)-modules with compatible H-action is an isomorphism. In particular,
gro (V) (resp. ©'V) is Cohen—Macaulay of grade 2f.

(iii) 7 is generated by its GL2(Ok)-socle.

(iv) 7 dtself is multiplicity free (of length < f +1).

(v) We have an isomorphism Eif (V)@ (det(p)w™t) = 7"V as A-modules with compatible actions
of GLy(K), where ' is another subquotient of 7, uniquely determined (by part (iv)) by

S0CGL,(05) (") = € socar,(0x) (Do(P) f—i)-
iy

Proof. (i) Choose m; C mg C 7 such that 7’ & 7o /7. By |[BHH a, Prop. 3.3.5.3(ii)] the assertion
holds for 71 and 72, so we conclude by the exactness of DY (—) ([BHH a, Thm. 3.1.3.7]) combined
with Lemma [3.2.6]

(ii) Let mp,m2 be as in (i). Let &1 C Py C & be the subsets corresponding to w1 C 7o (see
§, so P = Py \ P by the proof of Proposition Let N1 C Ny (resp. N') be the direct
summands of N determined by &1 C %5 (resp. &?’'). As in Step 1 of the proof of Proposition
[3:2:2) we get a commutative diagram

0 ——=grp(r") — grp(my) — grp(m) —=0

]

0 N’ Ny Ny 0

with exact rows, where F is the filtration on 7’ induced from the m-adic filtration on 73, and by
Step 2 of the proof of Proposition the second and third vertical arrows are isomorphisms,
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hence so is the first. As 0 — W{l — ﬂ'gl — 71 — 0 is exact, we conclude that F' is the m-adic

filtration exactly as at the end of the proof of Corollary |3.2.4(1).

111

(iii) Let 71, m2 be as in (i). The assertion holds for subrepresentations of © by Theorem [3.2.3(i),
so 7y is generated by socqr, (o, )(m2). Thus 7 is generated by the image of socqr, (0, )(m2) in 7,
which is contained in socqr, (o) (') (even equal by Lemma [3.2.6)).

(iv) It is clear by the exact sequence in Lemma since soCGr, (0, ) () is multiplicity
free.

(v) If ©" is a quotient of =, this is established in Step 2 of the proof of Proposition In
general, if 7 C m C 7 such that 7’ = 75 /71, then we get an exact sequence 0 — 7’ — 7/m —
m/m2 — 0 and hence an exact sequence

0= EY (7Y)@n = EX ((r/m)Y) @1 — EX ((r/m2)") @1 — 0,

as 'V is Cohen-Macaulay by part (ii) and where & det(p)w™!. Then the claim follows from

Lemma and the known case for quotient representations (cf. Step 2 of the proof of Proposi-

tion (3.2.2)). O

4 Finite length in the nonsplit reducible case

We prove that a smooth mod p representation 7 of GLa(K) satisfying assumptions |(i)H(iv)|of §
with 7 = 1 has finite length when the underlying Galois representation p is monsplit reducible.
We also establish several structural results on 7 as an I- and GL2(Of )-representation.

Unless otherwise stated, we assume that p is nonsplit reducible and 0-generic. We let 7 be an
admissible smooth representation of GLo(K) over F satisfying assumptions |(i)| of § We
recall that if p is 12-generic then m = 7(p) as defined in § [2.6] satisfies assumptions [(i)] for
any 7 > 1 (using [HW22, Thm. 8.2] with [Wan23, Thm. 6.3(i)] for assumption [(iii)).

As in § we assume that r = 1 in assumptions |(i)| and throughout.

4.1 Preliminaries on Serre weights

We collect a number of results on the combinatorics of Serre weights and injective envelopes.

Recall from § that Do(p) = @,cw(p) Doo(p), and from [BPI2, § 13] that Do, (p) is
maximal (for the inclusion) with respect to the two properties socgr,(o,)(Dos(p)) = o and
JH(Do»(p)/o) N W (p) = 0. In particular, Dy »(p*) C D »(p).

We first generalize Lemma [3.1.3] to the case where p need not be semisimple.

Lemma 4.1.1. If p € &, then x,, occurs in Do (p)", where 0 € W (p) is determined (via (L0))

by Jo = J5 N J,. Moreover, as a Jordan—Holder factor of Ind?h(om Xu, 0 is parametrized (via

Remark and (35))) by the following subset of {0,..., f —1}:

def

X(p) =i pj(zj) €{zjp—2—aj,p—3—x;}}U{j € J5: pj(wy) =2; + 1} (48)

45



Proof. The proof goes as in [Hul6, Prop. 2.1] and we only briefly recall it.

GL2(Ok)

Let A € 2 such that o € W(p) corresponds to A. It is clear that o is a subquotient of
Ind;

Xu» S0 via Remark |3.1.1f there is a unique f-tuple £ € P such that

& (i () = &1, () = Ny(ay) (49)

for any j € {0,..., f — 1}, where
pb = (p— 1= po(0),...,p— 1 = py_y(-1)) € 2. (50)
Here, we used [HW22, Lemma 2.1, Lemma 2.7] to obtain (equality between formal f-tuples).

Note that our convention for J ~— £ is shifted by one compared to [BP12, § 2] and [Brel4,
§ 2]. Using the second equality in (49), [Brel4, Prop. 4.3] (and the formula for J™* in eq. (19)
in its proof, replacing A there by our ; and noting that x, # XZ) gives the following relation

&i(yj) € {y; — —-1-y;} <= ,u”(mj) e{zj+Lz;+2,p—2—xj,p—1—uz;}

(51)
= pi(r)) € {zj, 2 +1,p—2—xj,p — 3 — x5},

making the convention that an underlined entry is only allowed when j € J;. We say that a pair
(&, 1) € P x P is compatible if holds.

It is straightforward to list all the possibilities of compatible pairs (£, 1) € P x & and verify
that

& (2;) = N(ay) € {aj+ Lp—3 -2} < M ) efzj+2,p—2—2j,p—3—x;}
= wji(r;) €{z; +1,2;+2,p -3 —x;}.

The left-hand side is equivalent to j € J, = J) and the right-hand side is equivalent to j € J,NJ5
by . The second part results from . O

Let o be a 1-generic Serre weight. Recall that the set of Jordan-Hoélder factors of Injp o is

parametrized by a set of f-tuples denoted by T = Z(xq, . .. ,xf_1) in [BP12, § 3] (do not confuse
this Z with the ideal Z before Lemma ). Given A € Z we write

NEGel{0,.. ., f—1}:N(zy) e e £ 1,p—2—z; +1}}
as in [BP12| § 4]. (This notation is consistent with (35)), noting that P C Z.)

The following lemma is true for any 0-generic p.

Lemma 4.1.2. We have W (p*) C JH(Do(p)).

Proof. By the construction of Dy(p) (see [BP12, Prop. 13.1]) and [BP12, Prop. 13.4] we have

JH(Dy(p _JH( b Injr0> (52)

ceW(p)
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Thus it suffices to prove that

W(p CJH( b mk )

oceW(p

But it is clear from [BP12, Lemma 3.2, Lemma 11.2] that W (p*) C JH(Injp 09), where oo € W (p)
denotes the unique Serre weight corresponding to (zo,...,z5_1) € Z.

Recall from [BP12, Cor. 3.12] that given a 0-generic Serre weight ¢ and 7 € JH(Injp o),
there exists a unique finite dimensional I'-representation I(c,7) such that socr I(o,7) = o,
cosocr I(o,7) = 7 and [I(0,7) : 0] = 1. If o is 1-generic, [BP12 Cor. 4.11] implies that I(o, )
has length 2/l where A € T corresponds to 7. Recall that any o € W (p%) is n-generic if p is
n-generic.

Lemma 4.1.3. Assume that p is 0- genemc Let 7 € W(p*) and o € W(p) be the unique Serre
weight determined by J, = J5 N J; (via (10)). Then T € JH(Do,(p)) and the Jordan—Hdlder
factors of I(o,T) are exactly the Serre weights 7' € W (p*®) satisfying J, C J» C J;. In particular,
(") < LU(T) for any 7' € JH(I(o,T)), with equality if and only if T/ = T.

Proof. The assertion 7 € JH(Dy,(p)) follows directly from [BP12, Lemma 15.3] (note that the
condition £(p, T) < -+oc in loc. cit. is satisfied by Lemma [4.1.2). To verify the remaining claim, for
any subset J C {0,1,..., f —1} let oy € W(p*) determined by J,, = J. From [BP12l, Cor. 4.11]
we deduce that I(og, 04, f—1}) is of length 2/ with constituents all oy (J C {0,1,...,f —1}).
Moreover, the proof of loc. cit. (referring to [BP12, Thm. 4.7]) shows that the lattice of submodules
is isomorphic to the lattice of ideals of the partially ordered set ({0,...,f — 1}, C), by sending
a submodule M to the ideal {J : o; € JH(M)}. The claim follows, since 0 = 0,1y, and

T=0j,. O
Lemma 4.1.4. Suppose that A € P and that J < {j € Jg 2 Nj(xj) € {zj,p — 1 —x;}}. Then
|Ix| + | Iae| + |J| = f, where X — \* is the involution of & deﬁned in [BHH" a, Def. 3.3.1.6].

Proof. This follows directly from and [BHH al Def. 3.3.1.6]. O

4.2 Some commutative algebra

We prove that certain explicit R-modules are Cohen—Macaulay.

Recall from §that R=Flyj,zj:0<j<f—1land R=Fly;,z; : 0<j < f—1]/(yjzj :
0<j<f—1).

Lemma 4.2.1. Suppose that M is a nonzero finitely generated graded R-module. Then M is
Cohen—Macaulay (in the sense of commutative algebra) if and only if EL(M) = 0 for all i #

Jr(M).
Proof. Let m = (y;,2; : 0 < j < f —1) denote the unique maximal graded ideal of R. Then M is
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a Cohen-Macaulay R-module if and only if My, is a Cohen-Macaulay Ry-module ([BH93, Cor.
2.2.15]) if and only if Ef; (My) = 0 for all but one i ([BH93, Cor. 3.5.11], as Ry, is regular) if
and only if Ef(M) = 0 for all but one i (using ER(M) ®r Rn = E_(My) and [BH93, Prop.
1.5.15(c)]). By definition, E/2(M) (M) # 0. O

Lemma 4.2.2. Suppose that t; € {y;,zj,y52;} for 0<j < f—1. Then the R-module
R/(to, ..., tf_1) is Cohen—Macaulay of grade f.

Proof. As R/(to,...,t;—1) is a Cohen-Macaulay gr(A)-module of grade 2f by the beginning of
the proof of Theorem in §[2.5 the result follows from [BHHTa, Lemma 3.3.1.9]. O

Proposition 4.2.3. Suppose that 1 < d < f. Let I; be the homogeneous ideal of R generated
by all monomials z;, ---z;, with 0 < iy < --- <ig < f—1. Then the R-module R/I, is Cohen—
Macaulay of grade f.

Proof. 1f d = 1 this follows from Lemma so we suppose d > 2. Then the ring R/I; =
R/(yjzj, ziy - - ziy) (all j, all 0 < iy < -+ < ig < f — 1) is the Stanley-Reisner ring F[A]

associated to the simplicial complex A whose minimal non-faces {y;, 2;}, {zi,, ..., zi, } correspond
to the generators [BH93| § 5.1]. Thus A is the pure (f — 1)-dimensional simplicial complex with
facets & = {wo,...,xy_1}, where x; € {y;,2;}, [{j : ©; = 2;}| < d. For a facet z = {xo,..., 51}

let J(z) = {j: ;= 2}

We prove that A is shellable [BH93, Def. 5.1.11], which implies that F[A] is a Cohen-Macaulay
ring by [BH93, Thm. 5.1.13]. To see this, we order the facets as z(?), (1), ... such that |.J(z(?))| <
|J(zM)| < --- is non-decreasing. Then, using the notation of [BH93, § 5.1], for any iy > 0 the
intersection (z(©), ... z(0=D) N (2(0)) is generated by the maximal proper faces of z(") that are
of the form z(%) \ {wglo)} for some j € J(z()), proving shellability.

Let S % R/I; = F[A], which is graded of dimension f [BH93, Thm. 5.1.4], and let m denote
the unique maximal graded ideal of R (or its image in S). As S is a Cohen—Macaulay ring, it is
also a Cohen-Macaulay R-module [BH93, § 2.1]. We compute

ir(S) = jg. (Sm) = dim Ry — dimp,, Sy = dim R — dimp S = 2f — f = f,

where we used [BH93|, Prop. 1.5.15(e)] for the first equality, [BH93, Cor. 3.5.11] for the second
equality, and [BH93| Ex. 1.5.25] for the third equality. (Alternatively, it follows from [BH93, Thm.
5.7.3] that Extf,(S, R) # 0.) O

Definition 4.2.4. Suppose that Ji, Jo are disjoint subsets of {0,..., f — 1} and that d € Z.
We define the ideal I(Ji,Jo,d) of R as follows: if d > 1 let I(Jy,Ja,d) be generated by all

[lje s v e 2 with JIC T, Ty C Joy || 4 |y = d; if d <0, let I(Jy, Jo,d) = R. Suppose
moreover that ¢; € {y;,zj,y;2;} for all 0 < j < f — 1, we define the ideal I(J1, J2,d,t) of R as
I(Jy, Jo,d) + (to,. .. ,tf_l).

Corollary 4.2.5. Ifd > 1 and t; = y;z; for all j € Jy U Ja, the R-module R/I(Jy, J2,d,t) is
Cohen—Macaulay of grade f.

48



Proof. Relabel indices so that J; U Jo = {0,...,k — 1} for some 1 < k < f. We define the
F-algebras R and RY (resp. R®) and F(m) exactly as we defined R and R but using only
indices 0 < j <k —1 (resp. k <j < f—1). Then R = RM @ R® and R/I(Jy,J2,d,t) is the
tensor product of M) def R(l)/I(Jl,Jg,d) and M2 & E(z)/(tj ck<j< f—1)over F. We
know that M@ is a Cohen—Macaulay RV)-module of grade k (by Proposition |4.2.3|if d < k, and
by Lemma taking t; = y;z; for all j, otherwise). By Lemma M the R®-module M® is
Cohen—Macaulay of grade f — k. By the Kiinneth formula, we obtain that

ER(R/I(J1, J2,d, 1) = @@ Bl (MW) @p B, (M),
i+j=n

hence R/I(J1,Ja,d,t) is a Cohen-Macaulay R-module of grade f. O

If N’ is a finitely generated R-module, we let mg(N') = lengthz (Ng) and define m(N') o

q
>qmq(N'), which is the total multiplicity of the cycle Z(N') in (here g runs through the
minimal prime ideals of R).

Lemma 4.2.6. Suppose that t; = y;z; for all j € J < JiUJso. Then

1<d

m(R/I(J1, Ja,d, 1)) = 21U/ =021 (Z <|i|>) |

Proof. 1If d < 0, the formula is trivially true, so we suppose d > 1. Without loss of generality we
assume that J = {0, C k —1} for some 1 < k < f and that J; = (). Consider the minimal prime
q = (vo,...,vf_1) of R given by v; € {y;,2;}. Write

M d:efR/I(JhJ%dat) = F[yjazj 0<j<f— 1]/(yjzjvzi1 "'Zidvtj’)a
where 0 < j <k <j < f,and 0 <iy < -+ < ig < k—1. If v; = y;, then in M, the variable
z; is inverted and y; becomes zero, and vice versa when v; = z;. It follows that mq(M) = 1

if {0 <j<k—-1:v; =y;}| <dand vy divides t; for all k < j° < f, whereas mq(M) = 0
otherwise. The lemma follows by summing over all g. O

4.3 On the structure of subrepresentations of 7

The main result of this section is the description of the Ki-invariants of subrepresentations of 7
(Theorem [4.3.15)). We need several technical results on GLo (O )-representations induced from
certain multiplicity-free I-representations.

4.3.1 Some induced representations of GL2(Ok)

We study GL2(Of)-representations induced from certain multiplicity-free I-representations.
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Given a character y : I — F* and two subsets Ji, Jo C {0,..., f — 1} such that Jy N Jy =0,

set
def _
SRR H ; ! H a;j. (53)
JjeJ JjEJ2

Lemma 4.3.1. There exists a unique I-representation of dimension 2171H121 with socle x and
cosocle x71"2 such that the d-th socle layer is given by

S, X [T o' I o

JICJ1,JyC o, )|+ Jyl=d  jEJT; jeg,

We denote it by W (x, x”"72). Moreover,

(i) W(x, x'*'2) is multiplicity free;

(ii) W(x, x'%2) is fived by K1 if and only if Jo = (.

Proof. We first prove uniqueness. By [BHHT23, (42), (43)] and the Poincaré-Birkhoff-Witt the-
orem, any Jordan—Holder factor x’ of (Injz,z, x)[m™1] has the form on% e am, where m < n,
i € {0,...,f —1} and t; € {£1}, which is equal to

bj =}
x[la [Ty
j j

with b, &t {k :ix = j,tp = 1}| and b;- et {k : i = j,tx = —1}|. In particular, x7172 occurs
in (Injz/z, x) [ml/1l+121+1]  We claim that it occurs with multiplicity one. Indeed, if ' = x7/1/2,
Lemma [4.3.2 shows that
-1 ifj € Jy,
bj — b = 1 if j € Js,
0 otherwise.

Using the condition Zf;ol(bj +0%) < |Ji| + | 2|, we deduce that

(0,1) ifj € Jy,
(bj,b;) = (1,0) if j € Jo,
(0,0) otherwise.

This implies the claim. As a consequence, if W(x,x”1"/2) exists, it embeds into
(Inj; )z, x) [m!/11+1721+1] and is hence the unique subrepresentation of (Injz)z, x) [m!/1l+12141] with

cosocle y7/172.

For the existence, we may assume Y = 1, and let ET denote the I-representation Eji(l)
constructed in the proof of Lemma (with s = 1). We take

W1 = (@ E;) or (Q E).

NS JEJ2
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It is multiplicity free by Lemma The assertion on the d-th socle layer of W (1,17172) can
be proved as in the proof of Lemma which shows that the socle filtration of W (1,171:/2)

corresponds to a suitable tensor product filtration on W (1,171/2)¥ under duality.

Finally, assertion (i) was established above and (ii) follows from the fact that E; is fixed by
Ky and E;L is not. ]

Lemma 4.3.2. Suppose p > 3. Let a = (ag,...,a5-1), b = (bo,...,by_1) € ZT. Assume that
aj € {~1,0,1} for all j, Y123 |a;| > 32120 b and

f-1 i ‘
Z ajp) = Z bjp’ (mod pl —1).
=0 =0

Then a = b.

def

Proof. Let |a| = Zf;& laj|. We induct on the pair (|al,|b|) with lexicographic order. We fix a
pair (a,b) and suppose that the result holds for all (a/,b") < (a,b).

We claim that [b;| < p—2 for all j. If b; > p — 1 for some 4, we define b/ € Z7 by

V= b1 if =041,
b; otherwise.

Then Z{ bjp) = Zf,é bip’ (mod pf —1), and |t/| < |b] (as p > 3). By induction we have ¢ =1/,
which imphes la| = ]b | < |b], contradiction. Thus b; < p — 2 for all j. In a similar way we get
bj > —(p—2) for all j.

The assumption implies
> (bj —a;)p’ =0 (mod p/ —1)
J
with |b; —aj| < p—1for all j, as [bj| < p—2. Then this can happen only when b; = a; for all j,
or |bj —a;| = p—1 for all j. The second possibility cannot happen, because it forces |b;| =p — 2
for all j, which contradicts |a| > |b|, as p > 3. O

Note that if y is n-generic (see § with n > 2, then every character occurring in W (x, x”/t/2)

is (n — 2)-generic by Lemma

Lemma 4.3.3. Assume that x is 2-generic. ~ Then the GLa(Ok)-representation
Ind?LQ(OK) W (x, x”V72) is multiplicity free.

Proof. Tt follows from our genericity assumption and [BP12, Lemma 2.2]. O

We recall from § [3.1] that the Jordan—Holder factors o of a principal series representation

Ind?L2(OK ) X' for a 1-generic character x’ : I — F* are parametrized by the subsets of {0, ..., f —
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1}, sending o to S(o), such that the socle of Ind?LQ(OK ) X' corresponds to the empty set (see

Remark [3.1.1).

We also recall from [HW22, Def. 2.9] some notation and a lemma. Assume first f > 1. Given
j €10,...,f =1} and * € {+,—} we define the elements u} € T as follows: (});-1(zj-1) =
p—2—wmj1, (u})j(x;) = zj* 1 and (u})i(z;) = z; fori ¢ {j—1,7}. If f =1 we define p € Z[zo]
by ug(zo) = p — 2 — (1) — zy. For any f > 1, if o is a O-generic Serre weight corresponding to
a tuple (so,...,sf-1) € {0,...,p— 1} we write p; (o) for the Serre weight corresponding to the

§ 3]. (Note that y; (o) is undefined if f > 2 and s; = 0 and ,uj(a) is undefined if f = 1 and
sj=p—2.)

Lemma 4.3.4. Let 0 and o’ be two 0-generic Serre weights. If f = 1, suppose that o, o’ are not
both isomorphic to SymP~2F% ® n for some n. Then

EXtéLQ(OK)/ZI(U,,U) 40 <= Exth(0/,0)#0 < o' ¢ {(1i(0):0<j<f—-1xe{+ —}}.

Lemma follows from [HW22, Lemma 2.10] and [HulO, Prop. 2.21], except when f =1
the proof is incomplete in loc. cit.

Proof. 1f o' = p3(o) for some 0 < j < f —1 and * € {+, —}, it follows from [BP12, Cor. 5.6] that
Extl(o’,0) = Ext}(/zl(a’, o) # 0. Conversely, suppose Ext}(/zl(a’, o) # 0 and we need to prove
that o' = pi(o) for some 0 < j < f — 1 and * € {+,—}. Using [BP12, Cor. 5.6] and [HW22,
Lem. 2.10(i)], it suffices to exclude cases (a) and (c) of [BP12), Cor. 5.6(ii)]. The argument below
is taken from the proof of [HW22, Lemma 2.10(i)].

First assume that we are in case (¢). Thus, as 0,0’ are 0-generic, we may write
o' = (80,1 8f-1) @N, T =805+, —2,...,8f_1) @ ndet?’

with2 < s; <p—2and0<s; <p—2fori#j. Let0— 0 — V — o — 0 be a nonsplit
K/Zi-extension. Let w € V be an H-eigenvector of character x,s such that its image in o
spans o', We will prove that w is fixed by I;/Z, thus by Frobenius reciprocity we obtain a

GL2(Ok)-equivariant morphism Ind?LQ(OK ) Xo' — V which must be surjective (as it surjects onto

cosock V). But this is impossible by the structure of Ind?Lz(OK ) Xo' by [BP12, Lemma 2.2].

For 0 <1 < f — 1, consider the operators

Xi = Y w1, Y= D koW (g 1),
AEF, AEF,

which are viewed as elements of F[K/Z]. By [BHH a, Lemma 3.2.2.1], we have F[(} % )] =
F[Yo, ..., Yy-1] and similarly F[(,é, 9)] = F[X§,... , X%_,]. Thus, by (the proof of) [BHHT23,
Prop. 5.3.3] the elements {X”,Y; : 0 < i < f — 1} topologically generate the maximal ideal of
F[11/Z1] and we are left to prove that X’w =Y;w =0forall0 <i < f —1.
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1

It is direct to check that X;w (resp. Y;w) has H-eigencharacter x, c; = (resp. xorc;). On the

other hand, as x, = X(,/ozj_l, we have

-1
JH(V|g) = JH(d |g) = {XJ/ H o F 0 <k < si}.
i=0
Moreover, Y;w € o, by our choice of w. However, it is direct to check that x,/c; @1 does not
occur in JH(V|g) and x,a; does not occur in JH(o|g). Therefore Xfflw = Yw = 0 for all
0 <i< f—1, hence also Xfw = 0, as desired.

Case (a) can be treated by passing to the dual (the dual extension of ¥ by ¢’V is as in case
(c))- O

Lemma 4.3.5. Assume that x is 3-generic. Let o € JH(Ind?LQ(OK)X) and let o' = pi(o) for

some 0 < j<f—1and=x¢€{+,—}. Let Ji,Jo C{O0,...,f— 1} such that Jy N Jy = 0. Assume
o' € JH (Ind?L2(OK) W(x,x’7)). Then o' € JH (Ind?L2(0K)(X@Xa;1 @ xy)) and exactly one
of the following cases happens:

G

(i) ¢’ € JH(Ind,; L2(Ox) X), in which case either S(o)U{j} = S(c’) or S(o’)U{j} = S(0);

(i) o’ € JH(Ind?LQ(OK) Xaj_l), in which case j € Jy and S(o) U {j} = S(o’);

(iii) o’ € JH(Ind?LZ(OK) X@;j), in which case j € Jo and S(o’) U {j} = S(0).
Proof. First, it is direct to check that ¢’ occurs in Ind?LQ(OK )(X S3) Xaj_l ® xcy). The claim on

the relation between S(o) and S(o’) follows directly from the definition of (o) and in case
(i), and from [HW22, Lemmas 3.8, 3.7] in cases (ii) and (iii) respectively. O

Proposition 4.3.6. Assume that x is 5-generic.

(i) The cosocle ofInd?IQ(oK) W (x, x/72) is Drca o172 where o/172 denotes the cosocle of
Ind?LQ(OK) Y12,
(ii) Let o € JH(Ind?LQ(OK) X) be parametrized by S(o) and T € JH(Ind?IQ(OK)X‘h’J?) be

parametrized by S(7). Let Q. be the unique quotient of Ind?’LQ(OK) W (x, x"v72) with socle

o (by Lemmal[{.3.9). Then T € JH(Q,) if and only if
Se)nJ1 =0 and S(e)UJ; CS(r)U Js. (54)

Remark 4.3.7. In Proposition let V. C Ind?LQ(OK) W (x, x’”2) be the unique subrep-
resentation with cosocle 7 (again by Lemma [4.3.3). Then 7 € JH(Q, ) if and only if o € JH(V;).

Proof. Note that the genericity assumption implies that any x’ € JH(W (x, x/*/2)) is 3-generic.

(i) By Lemma M(ii), any I-equivariant morphism W (x, x/*/?) — ¢'|; (where ¢’ is a Serre
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weight) factors through the quotient of Kj-coinvariants
W(x XJ17J2) . W<X@7J2 XJl,Jz)_

]GLQ(OK) W( J1,J2)

By Frobenius reciprocity, this implies that the cosocle of Ind is equal to that

Xs X

of Ind?LZ(OK) W(XQ’JQ,XJLJQ), so any of its irreducible constituents is of the form o1/ for some

Ji C Jy. Conversely, Ind?Lz(OK) W (x, x’1'2) surjects onto IndIGL2(OK) W (x”172, x7172) | which

surjects onto o172, (Write o2 = (50,--.,8p—1) @n with 0 < s; <p—1. As s; > 1 for all j,
W (x/172, x7172) embeds in 67/1/2| and is identified with the subspace spanned by z° iy’ € /172
for i € {3 ;e m P JY C I}, where s & Ef_épjsj; see the discussion at the beginning of [BP12,

GL2(O) T Jo o Jr
7 W( 1 2, 1 2)

§ 17]. As a consequence, o’ 172 gceurs in the cosocle of Ind
reciprocity.)

by Frobenius

X X

(ii) Assume 7 satisfies condition (54)). Let

" d_Ef Jl,JQ / d_‘af J1,(Z) _ -1
X=X =X = T ot
jeN

Then W(x,x) — W(x,x") and W(x,x") - W(x,x"). Let Q1 be the image of
Ind?L2(OK) W(x,x') in Q, and Q2 be the pushout of @, and Ind?L2(OK) W(x',x") along
Ind; W (x, x).

If ' e JH(Ind?LQ(OK )y ) denotes the Jordan-Holder factor parametrized by S(o) U Ji, then

7' € JH(Q1) by repeated use of [HW22, Lemma 3.8, and consequently 7 € JH(Q,). Since
Ind?Lz(OK ) W (x,x") is multiplicity free by Lemma and 7/ occurs in Ind?LQ(OK )

7" € JH(Q2) by construction of Q2. Thus 7 € JH(Q2), where 77 € JH(Ind?IQ(OK) X') denotes the
Jordan-Holder factor parametrized by (S(o) U J2) U J1. By repeated use of [HW22, Lemma 3.7]
we deduce that 7" € JH(Q2), where 7" € JH(Ind?LQ(OK )y ) denotes the Jordan—Hélder factor
parametrized by (S(o) \ J2) U Ji. As (S(o) \ J2) U J1 C S(7) by assumption (54), we conclude
that 7 € JH(Q2) € JH(Qo).

X', we have

Conversely, assume 7 € JH(Q,). Let Q7 C @, be the unique subrepresentation with cosocle

7. We induct on the length £ d:efE(Qg). If/{=1,then 7 =0 and J; = Jy =0, so follows. If
¢ >2 let £ C QI be a subrepresentation of length 2, namely £ has the form

00— E—d =0

for some o’ satisfying Ext}(/z1 (¢/,0) # 0. By Lemma o' = pi(o) for some 0 < j < f -1

and * € {4+, —}. Define again " & x/1"2. Let \/ = x/1/2 be the unique character occurring in

W(x, x") such that ¢’ € JH(Ind?LZ(OK ) X'). Let Qo denote the unique quotient of Q, with socle

GL2 (O
PO

o’. Since Ind X, X") is multiplicity free, it is easy to see that the quotient map

Ind;™* Wy x) > Qo

factors through Ind?b(oK ) W(x',x"), namely Q, is a quotient of Ind?b(oK ) W', x").
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By Lemma we have either J| = J) = 0 or J; U J, = {j}. In the first case, since & is

a subquotient of Ind?LQ(OK) X, we must have S(o) U {j} = S(¢’) by Lemma and [BP12|

Thm. 2.4]. On the other hand, the inductive hypothesis (applied to Q,/) implies S(¢’) N J; = 0
and S(o’) U J; € S(7) U Ja, from which we conclude. In the second case, we have the following
two subcases:

e Ji = {j} and Jj = 0, in which case S(o) U {j} = S(¢’). By the inductive hypothesis, we
also have
S(E)U(Ni\{j}) CS(r)U ]

and hence holds.
e Ji =0 and J5 = {j}, in which case S(0) = S(¢’) U {j}. By the inductive hypothesis, we

also have
S(e)UJi CS(r)U(L\{j})

and hence holds. O

Proposition 4.3.8. Let 0,7 be as in Proposition [{.5.6(ii). Assume T € JH(Q,). Then the
following are equivalent:

(i) e JH(Q);
(ii) 7 € JH(Injpo);
(iii) Jo € S(o) and S(t)NJy = 0.

Proof. Clearly (i) implies (ii). We now show that (ii) implies (iii). Let 7’ be the constituent of

Ind $12(Ox) x that is parametrized by S(7') = S(7). Let op denote the socle of Ind$12(0x) X-
I 0 1

Then by the definitions, o = A\(oy) and 7" = /(o) for unique \, i € P (using again the notation
of [HW22] (2.2)]). Moreover, as S(7) = S(7') we can write 7 = u(oy), where
pi(w; +2) if j € Ji,
pi(@s) =  pi(z; —2) if j € Ja, (55)
() otherwise.
As 7 € JH(Injp 0), it corresponds to some v € Z such that 7 = v(o). It is direct to check that p

defined in satisfies the condition in [HW22, Lemma 2.1], so by [HW22| Lemmas 2.1, 2.7], we
deduce p=wvo A

Suppose by contradiction that Jo \ S(o) # 0 and we choose j € Ja \ S(0). Then \;(z;) €
{zj,p—2—z;}, and by and the definition of P we have

pi(z;) € {z; —2,2; —3,p+1—xj,p—xj},

contradicting that ;1 = v o A with v € Z (see also the table in the proof of [HW22, Lemma 2.6]).
Similarly, suppose that JoNS(7) # 0 and we choose j € J2NS(7). Then p’(z;) € {z;—1,p—1—x;},
so by and the definition of P we have

pi(z;) €{z; =3, p+1—2;}, AN(z;) €{zj,z;—1,p—1—zj,p—2—x;}.
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This yields a contradiction as before.

We finally show that (iii) implies (i). Let Q7 C @, be the unique subrepresentation with
cosocle 7 (which exists by assumption). It will suffice to show that Q7 is Kj-invariant, and we
will do that by verifying the assumption of [BP12l Cor. 5.7]. Note first that Q7 is multiplicity
free. By the genericity condition (which in particular implies p > 3) it will suffice to rule out

conditions (a) and (c) of [BP12, Cor. 5.6] for any pair of distinct constituents of Q7 and for any

0 <j < f—1. Observe that if 7’ is a (sufficiently generic) constituent of Ind?Lz(OK )\, then the

constituent o’ described in condition (a) or (¢) of [BP12l Cor. 5.6] for some 0 < j < f—1 occurs in

Ind?b(oK ) X’ afl for some choice of sign, and moreover S(o’) = S(7’) for the parametrizing sets.

It therefore suffices to show that any two distinct constituents of Q)7 have distinct parametrizing
sets.

Suppose that 7" € JH(Q?) occurs in JH(Ind?LQ(OK) x’172) for some J| C J; and J} C Jo. By
the previous paragraph it is enough to show that S(7') N Jy = J| and S(7') N Jy = J, where we
write J7 < J; \ J!. From 7' € JH(Q,) and 7 € JH(Q,) we obtain from Proposition 4.3.6(ii) that

S(o)uJ; CS(HYuJy, S(HYynJ! =0, S(YuJ/ CS(r)uJy.

The first and second statements together show that S(7') N J; = J{. The first statement plus
Ja € 8(0) and the third statement plus S(7) N J2 = 0 give S(7') N Jo = JY, as desired. O

4.3.2 Some GLy(Ok)-subrepresentations of 7

We apply § to construct some GLy(Of)-subrepresentations of 7 that will be important in
the proof of Theorem

For pn € & define
Jpi(eg) € {zj i +1L,p—2—25,p—3 —x;} U J3, (56)
VB ,u]'(.%'j) € {l’j +Lzj+2,p—1—x,p— 2—$j}}UJﬁc. (57)

Note that Y (y) (resp. Z(u)) is exactly the set of j such that t; # y; (resp. ¢; # z;) in (12)). Here,
we recall that pj(z;) € {z; +2,p — 3 — x;} implies j € J5 by (9).

Lemma 4.3.9. Suppose that p is 2-generic. Let n € & and x £ Xu- Let Jy C Y(u) and
Jo C Z(u) be subsets satisfying Jy N Jo = 0. Then JH(W (x, x’072)) N JH(x') = {x} and there
exists a unique (up to scalar) I-equivariant embedding W (x, x”*’2) < 7|r. Moreover,

(i) the image of the induced morphism
GL2 (O
Ind§™ W (x, x ) = 7leLyo0x)
has socle 0 € W(p), where o is the Serre weight determined by J, = J; N J, (via (10)));

(ii) o € JH(Ind?LQ(OK) X) and it is parametrized by X (p), where X (u) is defined in (48)).
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Proof. The first claim follows from Lemma [2.3.6[(ii) with m = 1. The second follows from the fact
that Ext},, (X', m) = 0 for X’ € JH(W (x, x”172)/x) and i = 0,1 using the first claim together
with assumption imposed on 7; see the proof of Lemma m

By Lemma the image of Ind?b(o’( ) X — m has socle o and o is parametrized by X (u).
To deduce (i) and (ii), it suffices to prove

JH(Ind§™ %) W (x, x12) 1) "W (p) = 0.
This follows from the first claim and the fact that J H(Ind?LQ(OK X)W (p) = 0 for any X' ¢ =/
by [Breldl Prop. 4.2]. O

Lemma 4.3.10. Let p € & and o € W(p) be the Serre weight determined by J, = Jz N J,. If
oS JH(Ind?L2(OK)XH) NW(p) then S(o’') C S(o) = X(u). As a consequence, o € JH(Q,),

Ox)

where Q4 denotes the unique quotient of Ind?LQ( ¥ xu with socle o'

Proof. Lemma implies that the image V of the natural map Ind?b(o’( ) Xp — Do(p) has
socle o and JH(V/o) N W(p) = 0. From [Breldl Prop. 4.3] (applied with x = x;,, noting x # x*)
we deduce that S(o’) C S(o) = X (). O

Now we consider a special situation. Suppose that p is 3-generic, so that x, is 2-generic for
any pu € &. Let A € &% and denote

def def

Ji={jeJ5:Aj(z;) =p—3—a;}, J={jecJ:\(z;)=1;+2} (58)
We define an f-tuple p = (p;(x;)) by

p—1—z; ifjeJp,
BIENERES if j € Jo, (59)

Aj(xj) otherwise.

It is direct to check that p € 2, xx = xu [l e, aj_l [Les, aj and |Ju| = [JA] = |[J1] = |Jo]. Tt is
clear that J; C Y (p), J2 € Z(u) and J1 N Jy = 0. By Lemma there is a unique embedding
t: W(xu> xr) = 7|r. Consider the induced morphism

- GL2 (O

¢ : Ind; 2(Ox) W (x> X2) = TlaLa(0k)
and let V be its image. By Lemma s0CGL,(0k) (V) = 0, where o € W (p) is the Serre weight
determined by J, = J; N J,, so that x, contributes to Doﬁ(ﬁ)h by Lemma Also, let 7 €
W (p*) be the Serre weight determined by J. = Jy, so that x contributes to Dy ,(p*)"* by Lemma
Then 7 occurs as a subquotient of Ind?LQ(OK) X, hence also of Ind?LQ(OK) W(xu, xa) (with
multiplicity one by Lemma |4.3.3]).

Lemma 4.3.11. Keep the above notation and assume that p is 6-generic. We have I(o,7) CV
and
JH(V/I(o,7)) N W (p*) = 0.
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Proof. By Lemma the Jordan—Hélder factor o of IndGLQ(OK ) Xu is parametrized by the
subset
X(p) = {i: Mj(l’j) €{zjzj+1,p—2—xj,p—3—x;}}
= JU{j:A(z;) €{zj,zj+1,p—2—xz;,p—3 —x;}}

(60)

GLQ(OK)

and the Jordan-Hoélder factor 7 of Ind; X is parametrized by

XSS()d—Ct{j j(xj) € {zj,zj+1,p—2—2;,p—3 —x;}}.

(As in the proof of Lemma we use the convention that an underlined entry is only allowed
when j € J5.) We check by the definition of ;1 and that X (u) NJ; =0 and

X(p)UJi C X5(\) U Js.

We then conclude by Proposition W(u) (note that x, is b-generic) that 7 contributes to the
image V of 7. Moreover, since Jo C X (u) and X*(\) N Jy = (), Proposition implies that
reVEand I (0,7) is identified with the unique subrepresentation of V' with cosocle 7. This
proves the first assertion.

As V' is multiplicity free, it remains to prove

JH(V) N W(5*) € JH(I(0, 7).

Let x" € JH(W (x,, x»)) and write X = X,}’Jé for J; C J1 and Jj C Jo. By the definition of &%

it is clear that x’' = x,/ for some p’ € & with
X=(W) = (XN ) U g3, (61)

where J! = J1\J] and JJ < J,\ J5. In part1cular X' is also 5-generic. Let 7/ € JH(IndGLQ(OK) X))
be the constituent parametrized by S(7'). If 7/ € W (p*), then S(7') C X*(¢') by Lemma
(applied to p*), and so S(7') U Jy € X*(\) U JJ by (6I). By Proposition [4.3.6(ii) applied
to IndGL2(OK) W(x',x»), this implies that 7 € JH(V)), where V! C Ind?Lz(OK) WX/, xa) is
the unique subrepresentation with cosocle 7 (cf. Remark . Hence 7/ occurs in the unique

GL2(0Ok) W(

subrepresentation V! of Ind; Xu, Xn) with cosocle 7. If moreover 7/ € JH(V), then 7/

has to occur in the image V; C V of VT’, which is just I(o,7) by the previous paragraph. Thus,
we obtain JH(V) N W (p*) C JH(V;) = JH(I(o,T)). O

4.3.3 Generalization of [BP12, § 19]

We generalize [BP12, Lemma 19.7] (Lemma [4.3.13)).

Assume that p is 3-generic so that x) is 2-generic for any A € 7. Let A € 2% which
corresponds to o € W(p*) and let x o = X2 (see §. We let

Ry = di 0w (o [T o) (62)
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In particular, R(y) is multiplicity free by Lemma It is isomorphic to the GLa2(Ok)-
representation denoted by R(o) in [BP12, § 17]. (Indeed With the notation in loc. cit., J, =
{0,..., f—1} by our genericity assumption and W (y, x i i 0 ; ~1) embeds in o|; and is identified
Wlth the subspace spanned by 257y’ € o for i € {ZJEJp] J C{0,...,f —1}}, where we

have written o = (sg,...,5¢—1) ® 0 and s S Zf_lpjsj The representation E(O’) is then the

GL2(Ok)-subrepresentation of c- IndGLZEO) )z 0 generated by [(53), W(x, XH}:& a;l)], hence is

isomorphic to our R(x) in (62).) Furthermore, in loc. cit. is defined a subrepresentation of R(x),
denoted by R(x), whose Jordan-Holder factors consist precisely of all the special ones, cf. [BP12]
Def. 17.2]. We remark that R(x) is the unique subrepresentation of R(x) whose cosocle is the

GL2 (O
2(Ok) H]Oa]

We recall the following result from [BP12, Lemmas 19.5, 19.7]. Let (o) € W(p*) be the
Serre weight corresponding to §(\) € Z° (see § for the definition of 6(\)) and recall that o!*!
is defined in §[I.3]

socle of Ind;

Proposition 4.3.12. There is a unique quotient Q(p%,c®) of R(x) such that:

o 50CaL, (o) Q(P™, 1) € @prcw ) 0

o Q(p%, ) contains 1(8(c),0l)), the unique subrepresentation of Injp 6(c) with cosocle ol®!
in which 0(c) occurs with multiplicity one.

Moreover, we have socgr, o) Q7,06 = 8(0) and Q(5%, ) contains Dy 5y (P*)-

For J C{0,...,f — 1}, we define

Ry(x) & ™) w (v, x* [ ) < R(x)
JjeJ

and Rj(x) “R 7(x) N R(x). The following result slightly strengthens Proposition
Lemma 4.3.13. Let J C{0,...,f — 1} be a subset satisfying

T2 {5 Aj(wy) € {zj+ Lp— 2 — 25} ).
Then Dy 5(5)(p*) is contained in the image of Rj(x) — R(x) —» Q(7*,0l*)). In particular, the

unique quotient of Ry(x) (or of EJ(X)) with socle §(o) contains Dy 5.5 (p*).

Proof. Clearly we may assume J = {j : \j(z;) € {z; +1,p — 2 — z;}}. Applying Lemma
to Al (same notation as (50))), and remembering that A € 2%, we conclude that X%(\l) = J

parametrizes d(o) (as a constituent of IndGL2(OK) x})- Let & € P correspond to §(o), so that
S(&) = J. Define p¢ € T as follows (cf. [BP12 § 19]):

at Jp—1—y; if §(ay) € {z; — 1,25},
pe,i(y;) = .
p—3—y; if&(x;)e{p—2—xj,p—1—2a;}
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Write 0 = (sg,...,5¢-1) ® 6, so §(0) = (o(50),.--,&r—1(5-1)) ® dete© (05719 By [BP12,
Lemma 19.2], Dy 55 (p*) is equal to I(d(c), ), where

T = 11e(6(0)) = (1e0(€0(50)); - - e, p—1(Eg—1(57-1))) @ detkeoDs0asr=1)g,

By Proposition 4.3.12) 7 occurs in Q(5%, ¢!*}), hence also in R().

To conclude, it suffices to prove that 7 occurs in Ind?L2(OK) X°[ljesaj. By [BP12, Lemma
17.12(i)], it is equivalent to proving that J equals

J(pe o) S {j€{0,....f =1} (e 0 &)(x;) € {z; — 2,p — x5} }.

By the definition of j¢, we see that J(pg o§) is exactly {j : (z;) € {z; —1,p—1—x;}} =S(&),
which equals J by above. O

4.3.4 K- and [;-invariants of subrepresentations of =

We describe the Kj-invariants, Ij-invariants and the GLa(Of )-socles of subrepresentations of .

By [Hul6, Prop. 5.2], the I'-representation Dy(p) admits a unique filtration

0=Dy(p)<-1 S Do(p)<o € -~ S Do(p)<i S --- S Do(p)<y = Do(p) (63)

such that for any 0 < i < f,
def

Do(p)i = Do(p)<i/Do(p)<i-1

is a subrepresentation of Dy(p%); = Drew @),0(r)=i Do,-(p*) and

S0CGL,(0x) Do(p)i = D T. (64)
TEW(F), U(r)=i

By construction, Dy(p)<; is the largest I'-subrepresentation of Dg(p) not containing any 7 €
W (p®), £(1) > i as subquotient. Set Do(7%)<; = @©;<i Do(p>);. We obtain

JH(Do(p)i) = JH(Do(p)) N JH(Do(p*);), and (65)
JH(Do(p)<i) = JH(Do(p)) N JH(Do (™) <i)- (66)

Indeed, implies . For , the inclusion C is obvious, but both sides form a partition of
JH(Dy(p)) as i varies, so equality holds.

Since Do(p) is multiplicity free and decomposes as @,y ) Do,s(P), we see that Do(p)<; also
decomposes as a direct sum
Do(p)<i= P Doo(p)<i, (67)
o€W (p)

def

where Do (p)<i = Doo(p) N Do(p)<i. (Note that by we have Dy ,(p)<; # 0 if and only
if £(o) <i.) Similarly, Do(p); also decomposes as a direct sum @ ey () ¢(r)=i Do, ()i, where

Do+ (p)i = Do(p): N Do, (7).

)=t
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We remark that by and Lemma [4.3.14] we have for any o € W(p):

Do+ (p)<i
0oPISIZL rew (3 4(r) =i Jo =50

Lemma 4.3.14. Let 7 € W(p*) and o € W (p) be the element such that J, = J5;N J-. Then

JH(Do., (7)) N IH(Do(5)) € JH(Do, (7).

Proof. This is a consequence of [BP12, Lemma 15.3]. O

Theorem 4.3.15. Assume that p is 6-generic. Let m be a subrepresentation of m. Then there
exists a unique integer ig = io(m) with —1 <ig < f such that

™t = Do(p)<io-

Proof. If 71 = 0 (resp. 7' = Dy(p)) we are done, with ig = —1 (resp. ig = f). Otherwise, by
there exists a unique integer —1 < ig < f such that Dy(p)<i, < Wf(l and Do(p)<ip+1 wf(l.
We need to prove that the (first) inclusion is an equality. Suppose this is not the case. Then we
may find a Serre weight 7 which embeds in 7' /Dg(p)<j,, hence also embeds in Do(5)/Do(p)<i,-
This implies that 7 € W (p*) with ¢(7) > i by and (64). Thus, there exists a Serre weight
7 satisfying the condition

e W) NJH(x ), (1) > . (69)

We choose 7 satisfying such that ¢(7) is minimal.

Step 1. We prove that (1) = ig+ 1. First assume 7 € W (p*)\ W (p) and let 0 € W(p) be the
Serre weight with J, = J5 N J,. Note that 7 € JH(Dy(p)) by Lemma so I(o,7) < Do(p)
by Lemma [4.1.3) and thus I(o,7) C 71!, Since o # 7, we have radp(I(o, 7)) # 0, and by using

again Lemma [£.1.3] we have

JH(radr(I(o,7))) € W (p%) N JH(xFY).

By the choice of 7, we must have ¢(7') < iy for any 7/ € JH(radpr(I(o,7))). Then by the
second sentence of Lemma and remembering that ¢(7') = |J| for 7/ € W (p*), this forces
0(1) <ig+ 1, hence ¢(1) =io+ 1 (as £(7) > ip by construction).

Next, we assume that 7 € W (p), i.e. 7 occurs in the GLo(Ok)-socle of . This is equivalent to
Jr C J5. Note that in this case we have 7 — 77{(1. By assumption, ¢(7) =iy + 1 > 0. By Lemma
3.1.3| (resp. Lemma , using the observation J i = 0(J,,) for p € Z*, the Serre weight lsl
occurs in Do 7, (p*) (resp. Do, (p)), where 71 € W(p*) and o1 € W(p) are uniquely determined
by
Jr =6(Jr), Jo = J5N0(J7).

Moreover, the image of Ind$2(©%) X8 — m is equal to I(oy, 7)), which contains 7| as a sub-

quotient (by Lemma 4.3.10: applied to p* and x, = Xx,is), so we have 7| € JH(?T{Q). We
note that ¢(11) = £(7) > ip, thus 71 also satisfies and ((7;) is minimal subject to (69). If
again 11 € W(p), ie. J,, C J5, we may continue this procedure to obtain 75 and 0. Since
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Jr # 0, J5 # {0,...,f — 1}, we finally arrive at some 7, with J., = ¢"(J;) € J5 equiva-
lently 7, € W(p*®) \ W(p), and we are reduced to the case in the previous paragraph. Thus
(1) =Ll(1y) =io + 1 as desired.

Step 2. Let A € 2% be the element corresponding to 7, and define the f-tuple p = (p;(x;))
as in (B9), i.e. pj(z;) =p—1—a;if j € Jy and pj(z;) = Aj(x;) otherwise, where

N E{je i N(x) =p—3—=;} (and Jy=0).

It is direct to check that p € & and xx = xuljeys, @ - We also note that J; N Jy C Jy, C Jy,
ie. J;NJy = Jy. Let

NELG A(g) € {o+ Lp—2 =)} = {5« pj(ay) € {wj+ 1,p— 2 — 25} }.

Then JyNJ; =0 and J < J,UJ; C Y (u), where Y () is defined in . By Lemmam there
is a unique (up to scalar) I-equivariant embedding ¢ : W (xu, x”) < 7|1, where

de _
X”_Xu 7X#Haj1'
jeJ

Note that W (x,, xa) = W (xu, x") by construction (Lemma [4.3.1)).

Step 3. We prove that im(¢) is contained in 7. It is equivalent to prove that V' is contained
in 71, where V' denotes the image of the GLy(Og )-equivariant morphism (induced by Frobenius
reciprocity)

~ GL2(O

¢ :Ind; 2(0x) W(X/mX//) = T|GLy(0K)-
Note that V is contained in 75 = @, ‘W (p) Dy o (p), since W (xu,x") is fixed by K; by Lemma
1} By Lemmau V is contained in Dy ,(p), where o € W(p) is as in Step 1. For J' C J,

let TJ be the cosocle of IndGLQ(OK) Xu Iljer @; ~1 ie. the unique Serre weight with (77/')/t =
Xu L ljer ozj . Note that 7/t = 7. It follows from Proposition m(l) that

cosocp (V) = @ . (70)
J'CJ, 77 eJH(V)

By multiplicity freeness of 751 it suffices to show that 7/ occurs in 7T{( ! for each J' C J satisfying

e JH(V). If J' = Jy, this is true by assumption, so we may assume J’ # J; in the following.
We have I(o,7) < V by Lemmal4.3.11} and JH(I (o, 7)) C W(p*) by Lemma Moreover,

we have
JH(V/I(o,7)) N W (p*) = 0. (71)
This follows from Lemma [4.3.11] by noting that if x’ € JH(W (xu, x”)) \ JH(W (xu, x»)), then

X' ¢ JH(Do(p*)") by the explicit description of &% and so JH(IndGL2( x) X)NW(p*) =0 by
[Breldl Prop. 4.2].

Now fix J' C J satisfying J' # J and 7 6 JH(V). In particular 7/ # 7. As V is
K, -invariant, I(o,77") C V. If I(c ) € Do(p)<iy, equivalently the morphlsm I(o, 7)) —
Do(p)/Do(p )<l0 is nonzero, then JH( (o, 7)) would contain some element 7/ € W(p*) with
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((t") > ig+1, by (64). As 7’ must contribute to I(o, 7) by , by Lemma we deduce 7' = T
(as otherwise ¢(7') < £(1) = ip + 1) and hence 7 € JH(I(o,77")). But 7 is a quotient of V' by

’ / . . ! . ga— .
and hence of I(o,7”"), so /" = 7, contradiction. Hence 77" occurs in Dy(p)<i, € 71", as desired.

Step 4. Our goal is to prove that Dy(p)<i,+1 C 7'(‘{(1, which will contradict our choice of ig.
By the multiplicity freeness of 757, it suffices to prove

JH(Do(p)ig+1) C JH(m1'),
or equivalently (by ),
JH(Do (7)) N JH(Do(p)) € JH(m1) (72)

for any 7/ € W (p™) satisfying £(7') = io + 1. In this step we prove that holds under the
additional hypothesis that 7/ € JH(x 1),

We may assume that 7/ = 7 and let again A € 2% correspond to 7. Since m carries an
action of (9§), we deduce an injective morphism & : W(x},x") = m|r from Step 3, hence a
GL2(Ok)-equivariant morphism (induced by Frobenius reciprocity)

7 Ind; 2O W, ") = milar o)

Let o1 € W(p) be the Serre weight such that x;, contributes to Do, (p)'t. Then oy occurs

in Ind?h(OK ) X;, and is parametrized by X (! (recall from 1) that ul®l € 2 is the f-tuple
corresponding to x;,). Similarly, let 7 = §(7) € W (p*) be such that x§ contributes to Do r, ()N,

then 71 occurs in Ind?Lz(OK ) x5 and is parametrized by X*(\l*). By Lemma applied with

(ul*,0,.0) for (i, J1, Jo) there) we see that 80CGL,(0)(Im(K)) = o1. By Lemma (applied
with ALl resp. pl¥), instead of X, resp. p, and noting that W, x3) = W(XZ,X"S)) we deduce
that I(o1,71) C im(R)5* C 7", In particular, 7, € JH(7F). We also note that J,, = J5 N Ty
(Using Lemmas and we have Jy, = J5 N J 11, Jry = Jyis1, and recall from Step 2 that

Aj = pj, hence )\js = Mgs], for all j € Jf 2 J5.)

By Lemma 4.3.13| applied to }Nljl (x»), and noting that we have a surjection

Ind?Lz(OK) W(Xfu X//S) R Ind?Lz(OK) W(Xiu X//S) _ Ejl (X)\)a

we see that the unique quotient @, of Ind?LQ(OK ) W(x;,x"*) with socle 6(7) = 71 contains
Do -, (p*). As 1 occurs in @y, = im(K) (the unique quotient with socle 01), we see that Qo,
surjects onto (-, and hence contains Dy -, (p**) as subquotient. By Lemma [4.3.14] we have

JH(Do,7, (7))NJH(Do (p)) S JH(Do,r, (p*))NJH(Do,0, (p)) € JH(Qo, )NIJH(Do e, (p)) S TH(Qg)),

where the last inclusion results from Proposition m (applied with 0 = o7 and varying 7).
As Q,, = im(k) C 7, holds for 7/ = 7;. Repeating the same argument with 7/ = 7 €
W (p*) N JH(x"), which still has length ig + 1, we see that holds for all §™(7), in particular
for 7 itself as 0(-) is periodic. Thus, we deduce that holds for all 7/ € W(p*) such that
U(7") = ig+ 1 and 7/ € JH(x ).
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Step 5. We modify the proof of [BP12, Thm. 15.4] to show that holds for any 7/ €
W(p*s) with ¢(7') = ip + 1. We may assume that ig + 1 < f. As in the previous step we
start with 7 € W (p%®) N JH(7F!) and recall that £(7) = ig + 1. Write J, = & U --- U S, with
Si ={ai,a; +1,...,b; = a; + ¢; — 1} (thought of inside Z/fZ), 0 < a1 < ags < --- < a, < f, and
bi+1¢ J- for each 1 < i <r. In particular, {(7) = >°i_; ¢;. Fix 1 <i <r. Define an f-tuple A
as follows (note that A has a different meaning than in the previous steps):

p—3—xj iijJT\{bi},
{Ej—l-l lfj:bz,
p—2—$j if j=b;+1,

p—1—=x; otherwise.

Aj(@s) =

Then it is direct to check that A € & and |J\| = ip + 1. Moreover, letting 7" € W (p*) be the
element such that x3 contributes to Dy - (p*), by Lemma applied to x§ we have

Tor = (T \ {bi}) U b + 13, (73)

so in particular, £(7') = £(7) = ig + 1. Below we will prove that 7/ € JH(7X1), so that holds
for 7/ by Step 4. By repeating this procedure, it is easy to see using that holds for any
7' € W(p*) of length ig + 1.

We define i1 € 2 as in Step 2, with J; = {j € Jg: Nj(zj) =p—3 —a;} (and Jo = 0). Then
W(Xu, x») = 7|1, by Lemma [4.3.9 “ We clalm that the image is contained in 71, or equlvalently

that the image V of the induced map Ind L2(0x )W(XWXA) — 7TK1 is contained in 7r1 . Asin

Step 3, letting 7/° denote the cosocle of IndGLQ(OK) X e aj , where J' C Jp, it suffices to

show that 77" € JH(V) implies 7/ € JH(x¥?) for any J' C J;. Assume 7/ € JH(V) for some
J' € Ji and define an f-tuple p' by pli(x;) = pj(z;) —2 = N(w;) if j € I, wj(x;) = pi(w;)
otherwise, so that x,v = xu[l;es aj_l. Then 1/ € 2% and |J| < |J\| = 0 + 1, with equality
holding if and only if f/ =X (ie. J = Jl) IfJ = J1, then 77" € JH(Do (7)) N JH(DO( )
(by Lemma and so 7/ € JH(xI?) by (72 (2) for 7' = 7 in Step 4. If J' C Jy, then 77" €
JH(Do(p%)<iy) N JH(Dy(p)) = JH(DO( )<10) C JH(xv), by assumption. This proves the claim.

By Lemma}.3.11 7/ 1s contained in the Kj-invariants of the image of IndGL2(OK) W(XZ,Xi)
in 71, hence 7/ € JH(7X1) as desired. O
Corollary 4.3.16. Let ig = ig(m1) with —1 < ig < f be as in Theorem|].3.15. Then

JH(7Y) = {xx : A € P such that |J5| <o} (74)

Proof. By Lemma X is contalned in the right-hand side of (74) if and only if x €
JH(Do(p )h)mJH(DO(ﬂS)Qm) As JH( 1) C JH(Dy(p)™) N JH(Do(p SS)QZO ) by (66) and Theorem

4.3.15) we deduce that “C” holds in . Conversely, if x € JH(Dy(p)™*) N JH(DO(*S)%O), then

X contributes to Dy(p)!* for some i, hence to Do(p**)!, which implies i < ip. In particular, x
does not contribute to Dy(p ) ! for any i > ig, so x contributes to Dy(p )I<1ZO = 7r11 by Theorem

4.3.15] O
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Corollary 4.3.17. Let iy = ig(m) with —1 < iy < f be as in Theorem|4.3.15. Then

S0CGL, (0 ) (1) = D 7.
€W (5),4(0)<io

Proof. Note that socqgr, (o) (m1) is multiplicity free by Corollary [4.3.16 If o C 71|qr,(0,) 1s an
irreducible subrepresentation, then o € W(p), £(c) < ig by Theorem[4.3.15 and ([64)). Conversely,
suppose that o € W(p) with £(o) < ip. Then o < Dy(p)<i, by the sentence after (64)), hence

o C Tilary(0g) by Theorem [4.3.15 O

Remark 4.3.18. In particular, a subrepresentation m; is not determined by 77{1. For example,
if J5 = (), then it follows from the definitions that |Jy| < f/2 for all A\ € &. Likewise, m; is not
determined by socgr,(0,)(71). (On the other hand, m; is determined by 751 by Theorem M)

We conclude with a result on higher Iwahori invariants.

Proposition 4.3.19. Assume that p is max{6,2f + 1}-generic. Letig = ig(m) with —1 <ig < f
be as in Theorem |4.3.18. Then for any A € 7%\ & such that |J\| = ig + 1, the character x

does not occur in m [m/ 1.

Proof. Define disjoint subsets Ji, Jy of {0,1,...,f—1} and p € & as in and .

We let again o € W(p) be the Serre weight determined by J, = J3N J, and 7 € W(p%)
be the Serre weight determined by J. = Jy. We also recall that there is a unique embedding ¢ :
W(Xu, x») = m|r and let V be the image of the induced morphism 7 : Ind?LQ(OK) WX, xr) = 7.

By Lemma [4.3.11} I(0,7) C VK1
Note that y, contributes to Dy, (p%)! by Lemma so U(1) = |J\| = ip + 1.

Suppose by contradiction that yy € JH(mi[m/*1]). As |Ji| + | Jo| < f we see by Lemma m
and multiplicity freeness of 7[m/*1] (which holds by Corollary [2.4.3(ii), applied with n = f + 1
and 7 = 1) that im(:) C 71 and hence V C 71. Since I(o,7) C VX1, we deduce that 7 € JH(TF{{l).
By Theorem JH(mEY) C JH(Do(%)<s,), contradicting £(7) = ig + 1. O

4.4 Finite length

We prove that (the duals of) subrepresentations and quotients of m are Cohen—Macaulay A-
modules of grade 2f. We deduce many results on the structure of 7 as a GLg(K )-representation,
including that it is of finite length.

In the proofs we will use the functor ng (see the paragraph preceding Proposition . We
first state a theorem of Yitong Wang [Wan, Thm. 1.2] that will be essential for our proof.

Theorem 4.4.1 (Y. Wang). Assume that 2f <r; <p—2—=2f forall0 < j < f—1. Let m be
a subrepresentation of w. Then we have

dimp(x) D¢ (1) = | JH(x ™) N W (5%)].
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By equation we deduce the following corollary.

Corollary 4.4.2. Assume that p is max{6,2f + 1}-generic. Let iy = ig(m1) with —1 < iy < f be
as in Theorem [{.3.15 Then

dimg(x) D¢ (m1) = 3 ({)

i<io
We denote by N the graded module defined in § 2:3] namely

NP xte
o : ,
rez

If p is moreover 9-generic we have gr,(7") = N by Theorem From now on, we thus assume
that p is max{9,2f + 1}-generic (in addition to assumptions |(i)H(iv))).

Proposition 4.4.3. Assume that p is max{9,2f+1}-generic. Let 0 C w1 C 7 be a subrepresenta-

tion of m and let m % /w1, Then both gr, (7)) and grp(my) are Cohen—Macaulay gr(A)-modules
of grade 2f , where F denotes the filtration induced from w. In particular, ™y and w3 are Cohen—
Macaulay A-modules of grade 2f.

Remark 4.4.4. It is easy to see that F' does not coincide with the m-adic filtration in general
(when p is nonsplit), for example because 7r§1 is bigger than 71/ 7rf1 already when f =1 and my
is a principal series representation. We will determine gr,(7y) in [BHH (.

Recall the ideals I(Jy, Ja,d) and I(Jy, Jo,d,t) = I(J1,Jo,d) + () of R from Definition [4.2.4]
where Jp, Jo are disjoint subsets of {0, ..., f—1},d € Z, and t; € {y;, zj,y;2;} forall 0 < j < f—1.
If d > 1, the ideal I(J1, J2,d) is generated by all [T;c; y;[ljes % Viith Ji C Ji, Jy C o,
|J1| + |J5] = d (plus all t; for I(Jy, Ja,d,t)). If d <0 these ideals equal R.

For A € & define the ideal of R,
al®(N) = I(J1, Jayio + 1 — [Ja]) + a(N), (75)

where J; < {j € JS Aj(zj) =p—1—z;} and Jo e Jg o Nj(x;) = x;}. In other words,
alP(\) = I(J1, Ja,ig + 1 — |Jx|, 1), where t; € {vj, 2j,y;2;} is defined in in terms of A. (Note
that ¢; = y;z; for all j € J; U Jy.) By definition, ai®(A) = R if ig < |Jy| and a®(X) = a(\) if
[J1] + [ 2] <o +1—]Jxl.

Proof of Proposition[{.4.3. For most of the proof we allow the extreme cases m = 0 and m = 7.

Step 1. We show that for A € &2 the ideal a2 ()) kills the X, -eigenspace of gr,, (my )o = (miyv
inside gr,(my).

By Corollary [4.3.16| we may assume that |Jy| < ig. We already know that the X)_\l—eigenspace
is killed by a()) ([BHHTa, Thm. 3.3.2.1], [HW22, Cor. 8.12]), so let us take a monomial
[jes villjesy 2 with Ji € Jv, J3 © Ja, [ Ji] + [Jo = ig + 1 — | Ja] (in particular of degree > 0).
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Define \" € 2% by letting \;(z;) E\j(zy) —2if j e J], Ni(z5) E\j(z;) +2if j € Jb, and
Ni(z5) < \j(z;) otherwise. Then X € &%\ & using the definition of 2% and @) Moreover,
|Ix| = |Jx] + (io + 1 — |Jx|) = i0 + 1. By Proposition 4.3.19| we deduce (on the dual side) that

the monomial [Tje jr y; [T e s 2; kills the X, -eigenspace of gr,, (7))o inside gry, (7Y).
Step 2. Define N = Byeyp Xy ® R/a()\) and let Ni° be the kernel of the natural map
N — N;°. Consider the induced short exact sequence
0 — grp(my) = gru(m”) = gra(my) =0,

where F is the filtration on 7y induced from the m-adic filtration on 7V. By Step 1 the morphism
N = grp (V) = gry(my) factors through N{°, hence we get an induced commutative diagram

0 ——>grp(my) —gry (") —>gry(m)) —>0

I

0 No N Njo 0

with injective (resp. surjective) vertical map on the left (resp. right). Thus

Z(NY°) 2 Z(gra(nY)), Z(N3') < Z(grp(my)). (76)

Step 3. We show that Nfo and NQi‘J are Cohen—Macaulay of grade 2f, or zero.

First note that jy(n) (N1°) > jgi(a)(N) = 2f. By Corollary[4.2.5/and [BHHal Lemma 3.3.1.9],
Nf“ is a Cohen—Macaulay gr(A)-module of grade 2f, or zero. (We may omit the terms in the
direct sum with |.Jy| > 4g, as they vanish.) As Ni° = ker(N — Ni°) and both N and N are
Cohen—Macaulay of grade 2f, or zero, so is Néo.

Step 4. We show that gr,, (7)) and grp(my) are Cohen—Macaulay of grade 2f.

By assumption we have E3f (1) = 7V @ det(p)w ™! as GLa(K)-representations. As in
the proof of [BHH a, Prop. 3.3.5.3(iii)] we may construct a subrepresentation 7o C 7 such that
Z(gr(my)) = Z(gr(my)) (with respect to any good filtrations). By [BHH al Prop. 3.3.5.3(i)] and
the exactness of D%/ we have

By Corollary we deduce that ig(T2) = f — 1 —ig(m1).

In particular, noting that Nfo only depends on ig = ig(71), we deduce by applied to the
subrepresentation 7o that Z (le “170y > Z(gr, (7Y)). Hence

Z(N{TIT0) = Z(gr(7Y) = Z(er(ny)) 2 Z(Ng) = Z(N) — Z(N}°). (77)
We claim that equality holds, and it suffices to show that m(N:°) + m(le_l_iO) = m(N).

As NJ° = @yep i~ @ R/a?(N) and the involution A ~— A\* preserves (i.e. induces a bijection
on) & by |BHHTa, Lemma 3.3.1.7(i)], it suffices to show that

m(R/a®(\) + m(R/al ' 7(A*)) = m(R/a())) for each A € 2. (78)
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Fix now A € 2. Recall that a'®(\) = I(Jy, Ja,i0 + 1 — ||, 1), where J; = {j € J5 1 Aj(zy) =
p—1—uz;}, Jg ={j € J5: Aj(z;) = x;}, and t; € {y;,2j,y;2;} is defined in . Let Jdef JiUJs.
By Lemma we have |J,\| + | x| +|J| = f (and J is unchanged when X is replaced by A*).

By Lemma @ we have

m(R/ao(\)) = ol{i:Xj(zj)€{;+1,p—2—x;}}| ( Z ("Z’)) , (79)

i<io+1—|Jy|
noting that {j € J°:t; = y;z;} ={j: A (:E]) €{z;+1,p—2—x;}}. In particular, taking ig = f
and noting that |J\| 4+ |J| < f by Lemma [4.1.4] (or by arguing directly) we have,
m(R/a(\)) = 25X @) ete;+1p=2=2;1} ol J| (80)

From and the definition of A — \* in [BHH a, Def. 3.3.1.6] we obtain

m(R/af 7170 (A*) = 2l (@)elzH1o-2-a, )] ( 3 | (‘i’)) |

i< f—io—|Jxx

By Lemma [4.1.4]
1\ _ I\ _ ||
= (M- ()= = (1)
i<f—io—|Jzx] i<|J|+|Jx|—10 1>10—|Jx|

and we deduce and hence equality in (77) and .

Since N is Cohen-Macaulay, hence pure (by combining Prop. 3.5(v)(a) and Prop. 3.9(i)
n [Ven02]), or since Nlo = 0, any nonzero submodule of Ni° has a nonzero cycle. Hence the
surjection N1 —» gry,(m) must be an isomorphism and consequently grp(my) = Néo by Step 2.
We finally assume that 71 # 0 and 7, # 7. Then the isomorphisms we just established show that
Nio # 0 and Ni° # 0, so both Ni° and Ni° are Cohen-Macaulay by Step 3. Hence 7y and my are
Cohen Macaulay, because if a ﬁmtely generated A-module M admits a good filtration such that
the associated graded module is Cohen—Macaulay, then M itself is Cohen—-Macaulay by [LvO96,
Prop. I11.2.2.4]. O

Corollary 4.4.5. Assume that p is max{9,2f + 1}-generic. Let ig = ig(m) with —1 <ig < f be
as in Theorem [{.5.15. Then
=P xx

AP at’ (V)

and

O(A
grp( 772 @ ¥

)
g )

where F denotes the filtration induced from m".

Corollary 4.4.6. Assume that p is max{9,2f + 1}-generic. Suppose that @' = 7| /m1 is any
nonzero subquotient of w, where m C w C w. Let i e io(m1), 1 £ io(m), so —1 <1y < iy < f.
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N

Let I denote the subquotient filtration on 'V induced from the m-adic filtration on ©V. Then

10
ng(ﬂ_/v) ~ @ X>_\1 ® aq (A)

g . (81)
ez alo(A)

Moreover, grp(n'V) (resp. ©'V) is Cohen—Macaulay of grade 2f.

Proof. The exact sequence 0 — 7'V — 7)Y — 7y — 0 of A-modules gives rise to an exact sequence
0 — grp(n") — gr(n)Y) — gr(my) — 0.

The second map is identified with the natural map @yep X * ®§/a116 (A) = @rer Xy ®R/a(N)
by Corollary [4.4.5] (cf. Step 2 of the proof of Proposition [4.4.3). Formula follows. As gr(m}¥),
gr(mY) (resp. 7)Y, my) are Cohen-Macaulay of grade 2f by Proposition[4.4.3] so is grp(7"Y) (resp.
V)., If0 - M — M — M"” — 0 is an exact sequence of A-modules (resp. gr(A)-modules)

and M and M" are Cohen—Macaulay of the same grade j, then M’ is zero or Cohen—Macaulay
of grade j by [LvO96, Cor. II1.2.1.6].) O

For 0 < j < f, let &73° (resp. ;) denote the subset of A € & (resp. A € &) with || = j.

Corollary 4.4.7. Keep the assumptions and notation in Corollary[{.4.6. There is an H-equiva-
riant isomorphism

F ®gr(n) grp(m EB X\

where A runs through all A € 35,1 U (Uio+2§j§ig Z;).

Proof. We first look at X;; i () «f F ®% af o () )/a (A) for A € 2. If |Jy] > i), then al?()\) =
a’(\) = R, s0 Xipu(A) = 05 if ig < || < i, then a(A) = B while a’(A) C my (the
unique maximal graded ideal in R), so Xigi(A) = F. Finally suppose |Jy| < io, and recall
ai(A) = I(J1, J2,i+ 1 — |J)]) + a(A), where Ji, J2 are as in (75). Hence I(Jy, Jo,if + 1 — |J,]) C
myI(J1, Ja,i0 + 1 — [J)|) and so

Xigit N) EF @z I(J1,J2,00 +1 = [J)]) = B F(I] v I 2).
Iy ded  deds

where (J], J}) runs through all pairs with J{ C Jy, J5 C Ja, [J1| + |J5] = i0 + 1 —|Jx|. Step 1
of the proof of Proposition shows that to each palr (J1, J%) as above, one can associate an
element \' € 2%\ & with |JN\ =19 + 1, such that x} ngJ{ aj [ ljer ozj = X,\/ . Conversely,
by the construction in (59)), any element X' € 7%\ & with |Jy| = io + 1 arises in this way and

X uniquely determines A € & and Jj, Jj. The result follows from this combined with Corollary
4.4.6l ]

Theorem 4.4.8. Assume that p is max{9,2f + 1}-generic.

(i) Any subquotient of 7 is generated by its Ki-invariants.
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(ii) The representation m is uniserial of length at most f + 1. More precisely, suppose that 1,
71 are any subrepresentations of w. Then the following are equivalent:

(a) m €
(b

(c
(d

K /1K1
m o Cm

) ;
) do(m) < do(my);
) dimp(x) D¢ (m1) < dimg(x) D¢ (7).

iii) If 7 is any nonzero subquotient of w, then DY (x') is nonzero.
3

Proof. (i) The quotient of any GLy (K )-representation generated by its K-invariants is generated
by its Ki-invariants, hence it suffices to consider the case of a subrepresentation m; C 7. Let
7, = (GLy(K) - 751) be the subrepresentation of m generated by 71!, so n* = zF1. By
Theorem we have ig(m]) = io(m1). By the proof of Proposition m the natural map

gron(m) = gry(m1) is an isomorphism (consider the diagram in Step 2), so 7} = m1.

(ii) To show the equivalence, we note that (a)=-(b) and the converse holds by part (i), (b)<(c)
by Theorem [4.3.15] and (c)<(d) by Corollary Finally, condition (c) implies that 7 is
uniserial of length at most f + 1.

(iii) Write 7’ = 7} /m for some subrepresentations 71 C 7 C 7. By part (ii) we deduce that
dimp(x) DY (1) < dimp(x) D¢ (}). We conclude by the exactness of Dy O

Remark 4.4.9. The statement of Theorem [4.4.8[i) fails if we replace Ky by I;, already when
K = Qy, by [BP12, Thm. 20.3(i)] (see also [Morl7, Thm. 1.1] for a different proof).

Corollary 4.4.10. Assume that p is max{9,2f + 1}-generic. The GLy(K)-representation 7 is
multiplicity free (of length < f+1).

Proof. Let ' be any nonzero subquotient of m and F' be the subquotient filtration on 7’V induced
from the m-adic filtration on 7¥. As in the proof of Proposition by replacing gr,(7") by

grp(7’) we obtain a spectral sequence Ef = Tor(F,n'V) with E} = Torfr(A) (F,grp(n"V)) for
1 > 0. In particular, we get a surjective graded morphism compatible with H-action

Ej =F Qg grp(n’) — gr(F @ ') = EF°,
hence an inclusion

JH(F @0 ) = JH(gr(F @5 ©'¥)) C JH(F @) grp()). (82)

By Theorem ii) there exists a unique composition series 0 =79 C 71 € --- C mp = 7w of
the GLa(K)-representation 7, and moreover —1 = ip(mp) < ip(m1) < --- < ip(m¢) = f. Corollary
implies that

- aiO(ijl)(/\)
grp((mj/mj-1)") = X5 ® lz()(ﬂi)
AP a7 (A)
AsF®, (mj/mj—1)Y is dual to (m;/mj—1)", we deduce from Corollary and that the sets
JH((mj/mj—1)1) (of H-representations) are disjoint for 1 < j < ¢, which proves the multiplicity
freeness of . O]
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A Appendix: canonical filtrations on Tor and Ext groups

We prove useful lemmas on the canonical filtration on Tor and Ext groups of filtered modules.

Let R be a filtered ring (not necessarily the ring R of § ), and let R be its Rees ring (see
[LvO96, Def. 1.4.3.5] or [BE90, § 4.1]). Then R is a graded ring, and we have a functor N — N
from the category of filtered R-modules to the category of graded R-modules (see [LvO96, § 1.4.3]).

Letting X & 1 € Ry be the canonical homogeneous element of degree 1 we have R =
Dz (FnR)X™ ([LvO96, Def. 1.4.3.6(b)]). We thus define the dehomogenization functor € from

the category of graded R-modules to the category of filtered R-modules as follows: for a graded

def

R-module W = @,,cz W, we set E(W) = W/(1 — X)W, with filtration defined by
Ey(EW)) = (Wo + (1= X)W)/(1 = X)W

for any n € Z. By [LvO96, Prop. 1.4.3.7(5)] the functor &£ is exact, and by [LvO90,
Prop. 1.4.3.7(2), (3)] it induces an equivalence when restricted to the full subcategory of X-torsion-

free graded R-modules, with quasi-inverse N N. In particular, £ (N ) & N for any filtered
R-module N.

Lemma A.1. Suppose that R is a filtered ring and that Ny — Ny — N3 is an exact sequence of
graded R-modules. If N3 is X -torsion-free, then the sequence E(Ny) — E(Na) — E(N3) of filtered
R-modules is exact and the first morphism is strict. In particular, taking N3 = 0: if Ny — Ny is
surjective, then E(N1) — E(Na) is a strict surjection.

——

Proof. As recorded above (cf. [BE90Q, Prop. 5.3]), the Rees module (V) is identified with the
largest X-torsion-free quotient of N. As N3 is X-torsion-free, a diagram chase shows that the

—_~—

sequence E(Ny) — E(N2) — E(N3) is exact. The result follows from [LvO96, Prop. 1.4.3.8(2)]. O

Suppose now that R, S are filtered rings such that the Rees ring S is noetherian, and let NV
be any filtered (S, R)-bimodule, i.e. equipped with a filtration F;,N (n € Z) such that with this
filtration N is both a filtered left S-module and a filtered right R-module (cf. [LvO96), Def. 1.2.2]).
Then the notions in the previous paragraphs extend to filtered and graded bimodules, and we
have a dehomogenization functor £ from graded (S, R)-bimodules to filtered (S, R)-bimodules (in
particular, £(N) 2 N as filtered (S, R)-bimodules).

Following [BEA0, § 5] in the case of Ext%(—, R), we now explain that Tor(V, R) is canonically
and functorially a filtered S-module. We also establish some basic properties of this canonical
filtration.

If W is any graded R-module, then
EN@zW) =Sz Nz W=Ne;W =N agEW), (83)

where we used that X = 1 € S; (resp. ﬁl) acts the same on the left and right of N. Here, N®§W

is a graded S-module (cf. the discussion at the end of § , N ®@pr E(W) is a filtered S-module
(cf. [LvO96l § 1.6]) and is easily checked to be an isomorphism of filtered S-modules.
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Forgetting filtrations for a moment, as £ is exact, we have a natural isomorphism

£(TorP (N, W)) = TorR (N, £(W)) (84)
as S-modules for all i+ > 0. As Tor?(]v ,W) is a graded S-module, the isomorphism induces a
canonical and functorial filtration on Torl*(N,&(W)). In particular, if W = M for a filtered
R-module M we obtain a canonical and functorial filtration on the S-module Tor(N, M).

Lemma A.2. If0 — M; — My — Ms — 0 is a strict exact sequence of filtered R-modules, then
the long exact sequence

.-+ — Torf (N, My) — Torf(N, M3) - N @ My = N @ My — N @r Mz — 0

of S-modules respects filtrations.

The reason is that by strictness the induced sequence 0 — ]\71 — Mg — Mg — 0 is still exact.

Lemma A.3. Suppose that R is noetherian, and suppose that N has the property that as a filtered
S-module its filtration is good. Then for any filtered R-module M equipped with a good filtration,
the canonical filtration on each Tor®(N, M) is good.

Note that the condition on N is equivalent to N being a finitely generated S-module [LvO96l,
Prop. 1.5.4(1)].

Proof. From the isomorphism with W = M and [LvO96, Prop. 1.4.3.7(2), (3)] it follows that
the Rees module of Tor! (N, M) is the largest X-torsion-free quotient of Tor®(N, M). Hence by

[LvO96, Prop. 1.5.4(1)] it suffices to show that Torf(N, M) is a finitely generated S-module for
all . By picking a gr-free resolution of M whose terms are moreover finitely generated (using R
noetherian) and since S is noetherian, we reduce to the case ¢ = 0 and M gr-free, in which case
the claim follows from the assumption on V. O

Lemma A.4. Suppose that --- — Fy — Fy — M — 0 is a strict exact sequence with F; filt-free
for all i (see the beginning of § for filt-free). Then the canonical filtration on Torl(N, M)
coincides with the subquotient filtration on the i-th homology of the complex of filtered S-modules
N ®pr F, (each carrying the tensor product filtration).

Proof. By strictness, the sequence - - - — Fy — Fy — M — 0 of graded R-modules is exact. Hence
Torf%(]v M ) is isomorphic to the i-th homology of the complex N ®5 F, of graded S-modules.

def 77

Let C; = N ®z F;, so E(C;) =2 N ®p F; with the tensor product filtration. Let Z; (resp. B;_1)

def

denote the kernel (resp. the image) of C; — C;_1, and let H; = Z;/B;. By exactness of £ we
have £(H;) = £(Z;)/E(B;) as S-modules and we need to show that it carries the subquotient
topology inside £(C;), i.e. that the maps £(Z;) — &£(C;) and £(Z;) — E(H;) are both strict. As
E is gr-free, it follows that C; is X-torsion-free, and hence so are B; and Z;. From Lemma
we deduce that the sequences 0 — £(Z;) — £(C;) — E(Bi—1) — 0 and £(Z;) — E(H;) — 0 are
strict exact. O
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Similarly, if N is a filtered (R, S)-bimodule, and M is an R-module with a good filtration, then
the right S-module Extf(M, V) is canonically and functorially a filtered S-module. The reason
is that for any finitely generated graded R-module W we have a natural isomorphism of filtered
right S-modules ‘ ~ A

E(Extzfé(VV, N)) = ExtRh(E(W),N)

and that Hompg(W, —) is naturally graded [LvO96, Lemma 1.4.1.1] and Hompg(E(W), N) is natu-
rally filtered [LvO96l Prop. 1.6.6], as W is finitely generated. The analogues of Lemmas
and [A4 hold, with the analogous proofs, provided in the first lemma all M; carry good filtrations
and in the last lemma all F; are filt-free of finite rank.

We finally specialize to the case where R = S = A and M is a finitely generated (_left) A-
module equipped with a good filtration. In particular the right A-module Ei (M) = Ext (M, A)
carries a canonical and functorial filtration.

Lemma A.5. Suppose that 0 — M; — My — M3y — 0 is a strict exact sequence of finitely
generated filtered A-modules. Suppose that the filtration on My (and hence on My, Ms) is good
and that j = jz(My). Then the induced morphism 0 — E)\ (M3) — E} (M>) is strict.

Proof. By strictness we get 0 — My — My — Ms — 0 of graded /K—modules, with jK(Mz) =34 by
[LvO90, § III.2.5]. Hence we obtain the exact sequence

J (T J (T J (AT
0— EK(Mg) — EK(MQ) — EK(Ml)

of graded right A-modules. Each E]K(Ml) is X-torsion-free by [BE90, Lemma 5.11], The result
follows from Lemma [A.] O
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