Recall :

A topology on aset Xisacollection r of subsets of X having the following properties:
(1)  and X arein .

(2) The union of the elements of any subcollection of 7 isin 7.

(3) Theintersection of the elements of any finite subcollection of T isinr.

A set X for which atopology has been specified is called a topological space.

Define f : X - Y where X, Y aretopological spaces. then f iscontinuousif f~1(U)isopenin X for all openU cY.

If Xisany set and 1, c T, aretopologieson X, then we say 75 is finer than r1. 71is coarser than 7,. In this case, we also say
71 and 1, arecomparable.

Definition Given Xisaset. A basisfor atopology on X isacollection 8 of subsets of X such that

(1) Theunionof al Be BisX.
(2) By NBzisaunionof basiselementsY By, B, € 8.

Topology generated by 8

7={U c X| U isaunion of basiselements}

Examples
1) X=R
2) B ={dlintervas(a, bywitha<bin R}
—Check the basis axioms for this topology.
i) Thisiseasy, sinceany x e R isin [x, X+ 1).
ii) [a, by [c, d) = [max(a, ), min(b, d)), providedit'snot (.
Note : In general the intersection might not be a basis element.
R with the topology generated by 8B is denoted by R, (lower limit topology).
To compareR, R

Theorem 3

Given basis B;, B, on aset X generating topologies 7, 7o, thentyc 1, © VB c 81, Y XeB; A B, c Byst. x e B, c By,
& basis elements of B, isunion of basis e ements of B,.

Proof : (left as an exercise)
Apply thistheoremtoR, R; —NoteR represents the standard topology.

Thebasisof R isall openintervals(a, b).
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Any (a, b) isaunion of [c, d)'s
So R isfiner thanR (standard topology)

R, isdtrictly finer than R, i.e. these are not the sametopology, because abasic open[a, b)inR;isnot openinR.
Remark : Different basis may describe the same topology!

Example

R (standard topology) :

1) Openintervals(a, b)
2) All standard open subsets
3) Openintervals(a, b)ywitha, be Q

R can have many different basis.
How can describe a basis for a given topology ?
Theorem 4

Let X be topological space, and B be collection of open subsetsof X. If Y U c X isopenV xe UdBe B8st.xe Bc U. Then 8
isabasisof X. (& ¥ U c Xisopen areunionsof elementsof 8)

Proof : (left as an exercise)
Definition A subbasisfor atopology on aset Xisacollection S of subsets of X (whose union is X)
Theorem 5

If Sisasubbasis, let = {all subsetsU c X | unionsof finiteintersectionsof elementsof S}
(eV¥xeU3ds, ..., $eSstxeNL;1ScU)

Then 7 isthe coarsest topology containing S (generated by S).
Proof:

First we claimthat B:={S NS N... NS, : whereS € S} isabasis and it generates 7. To see that we check the criterionsi) union
is everything, because empty intersection (i.e. n=0) isX (= € B).

proof will be continued in next lecture.
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