Theorem 5

If S isasubasis, the 7 = {unionsof finiteintersection of elementsof 7}. Thisis a topology that is the coarsest topology containing
S.

Proof :

B = {finiteintersection N, S, § € S}, weneed Btobeabasis( = tistopology generated by it).
Checking basis criterions

(i) Trivid

(i) By, BoeB, LetB1=5... NS, B2=S1( ... NSt

BiNB=N2{Se8

Now we wish to show that this topology is the coarsest topology. Suppose 7 > Sisany topology. It is required to show that T
7’. Thisistrue because 7’ closed under finite intersections and any unions.

Subspace and Product Topology 815, 16

Definition Suppose (X, 7x) isatopologica spaceand Y c X isasubset. Then the subspace topology of Yin Xis
Ty ={YNU|U e 1y).

Check thisis atopology!

Theorem 6

The subspace topology is the coarsest topology on Y s.t. theinclusion mapi : Y — Xiscontinuous.

Proof : Themapi continuous < i~1(U) = (YN U) openinY, V¥ U openin X. The inclusion map is continuous when Y has
topology 7. & 1y ={Y NU |U c X} c 7’. Hence ry iscoarsest. o

Theorem 7 (Restriction of (co)domain)
Suppose f : X - Y iscontinuous map of topological spaces.

i) If Zc Xissubset, then f|; Z - Y iscontinuous. (if Z has subspacetopology).
ii) If W c Y isasubset containing f(X), theng: X - W iscontinuous. (if W has subspacetopology).

Proof :

i f
i) f|zisacompositemap: Z L X5Y. Both i, f are continuous and since composites of continuous maps are continuous. (By
Thm 1)

ii) We need to show that if V c Wisopen, theng=*(V) c Xisopen. Note that V is of the form W N U, where U c Y is open. So
we have g~1(V) = g~3(W NU) = F2W NU) = F~1(U) because f(X) c W. Hence f~1(U) is open in X by the continuity of f. o

Theorem 8

Let X be atopologica space and Z, Y be subspaces such that Z ¢ Y ¢ X. The natural topologies on Z coincide.
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1) Subspace topology in X
2) Subspace topology in 'Y, where Y has subspace topology in X.

Proof : (left as an exercise)
Theorem 9

Let X be atopological space and Y be a subset of X. If Byis abasis for the topology of X then By ={Y (| B, Be By} isabasis
for the subspace topology on Y.

Proof : Use Thm 4.

Definition Suppose X, Y are topologica spaces. Then the projectionisp;: X x Y - X, p2: X x Y- Y.i.e
Pa(x, y) = xand pa(X, y) =Y.

Theorem 10
Thereis acoarsest topology on X x Y such that projection maps p; and p, are continuous.

Proof :

p1, P2 arecontinuous < p;~1(U), py1(V)areopeninX x Y, for all open U and Vin X and Y, respectively. Let S := {pl‘l(U),
pzfl(V)| UcX,VcY open} The topology generated by this subbasis is the coarsest containing S, i.e. p1, p, are both continu-
ous. O

Thistopology is called the product topology on X x Y.

In fact, we can get basis out of the subbasis by taking all finite () :

prX(UD N ... N PprHU) N pzt(Vo) N ... N pat(Vs) whereUj c X, Vj c YisopenVi, j
Sothebasis = {p;X(U) N p31(V)|U c X, V.c Yopen} = {U xV|UcX, VcY open)

Wecal p;i(U), p;1(V)"open cylinders' andU x V "open box".
Examples

X=R?=R x R. Two topologies :

(2) product topology (R has standard topology)

(2) standard topology on R2.

These two are the same! (Use Thm 3)

- () hasbasisU x V, U, VcR open
- (2) open balls(or disks), Bs(x, y)

Theorem 11
If By isabasisfor X and By isabasisfor Y, then 8 := {B; x B,| B; € By, B, € By} isabasisfor the product topology.

Proof : Use Thm 4.
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Theorem 12

If Ac X, Bc Y aresubsets of topological spaces X, Y then on A x B the two natural topol ogies coincide.
i) Product topology of the subspace topology on A, B

ii) subspace topology of the product topology on X x Y.

Basis of topology (i)

i.,e. (AN U) x(BNY)whereU c Xand V c Y are open. i.e. (Open subsets of A) x (Open subsets of B)

Basis of topology (ii)

Th:r>ngbasisfor subspace AxB: (AxB) N (UxV)=(ANU) x (BN V). Same basis = Same topology.
Order Topology 8§14
(X, <) isaset together with alinear(or total) order

Example

(R, =), (Z, <)—standard order

If (X, =), (Y, =) then have dictionary order on X x Y:
sy (X Y=X,y)e x<x)or(x=xandy<y)
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