Recall : Subspace Topology and Product topology
Definition Let X beatopological space with topology 7. If Y isasubset of X, the collection
wv={YNU|U € 7}

is atopology on Y, caled the subspace topology. With this topology, Y is caled a subspace of X; its open sets consist of all
intersections of open sets of X with Y.

Definition Let X and Y be topological spaces. The product topology on X x Y is the topology having as basis the collection 8
of all setsof theform U x V, where U is an open subset of X and V is an open subset of Y.

Order of Topology

Let X be any set and < linear order then

Definition  The order topology of (X, <) isgenerated by the basis
(a, b={xeX:a<x<b}|la be X}

[m, b)={xe X:m=<x<b}if Xhasasmallest element m

(@ M]={xe X:a<x<M}if Xhasalargest element M
X=[mM]ifm=M < [X|=1)

Check thisis abasis (Ieft as an exercise)

Example X=R, usua =<

Basisisjust (a, b) —» standard topology.

Example X = Z, usual <

All singletons{n} = (n—1, n+ 1) areinthe basis.
Discrete topology

Example X = [0, 1]? with dictionary order (with usual <—order on [0, 1])

Order

Note : The order topology #+ product topology where [0, 1] has order topology.

Exercise A subbasis of the order topology is given by the open rays,
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(a, o) = {xe X:x>a}
(o0, b) ={xeX:x<b}

817 Closed Sets and Limit Points

Definition X be atopologica space, asubset A ¢ Xisclosed, if X\ A= ACis open.
Example

(D [0,1] cRisclosed.

[0, 1]° = (=0, 0) U (L, o)

(2) Open and closed

e.g. if X has discrete topology, any subset is open and closed
(3) Neither open nor closed

eg.[0,1) cR

Basic Properties

(i) ¢, X closed.

(i) Intersection of closed sets are closed.
(iii) Finite unions of closed sets are closed.

Definition A c X subset, closureof Ain X : A:={all closedsetsC c Xst. A c C}
interior of A in X, A’ = J{all opensetsU c Xst.U c A}

Remark Aisclosedin X (sinceits ) of closed sets)
ASA
. Alisthe smallest closed subset of X that contains A.

A’ isopenand A’ c A.
. A isthe biggest open subset of X that is contained in A.

Example

A=[0,)cR
A=[0, 1]
A =01

Lemmal3 AC=(A)°

Proof:

L. complement . i
{closed sets containing A°} «——— {open setscontainedin A}.

U® > A’(closed) & U c A(open)

complement

AC = smallest setonleft «————— A’ = biggest set onright
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