817 Closed sets and Limit points
Recall A c X closed & ACopen

closure of A= A = smallest closed set in X containing A
interior of A= A’=largest open set in X contained in A

Definition An open neighborhood of x € Xisanopenset U st. xe U

Theorem 14

A c X subset, then x € A < dl nbds of x intersect A
Proof

x¢ A =[){Cclosed:C>A} & ICclosed, Co> A x¢ C.LetU:=C° < JUopen,ANU=0,xe U
< dAnbd U of x that doesn't intersect A. o

Example Compute {1 - 711 n=1}
Check 1 € closure : any nbd of 1 contains openinterval | = (1 -6, 1 + ) for somed > 0.
Since limit, 1——rl1 =1> 1——i elforn>>0= 1e closure

{1- —i n=1} U {1} isaready closed = it has to be the closure,

Exercise Check {1—711

,n=1}isin R,

Definition x e Xisalimit point of Aif every nhd of xintersect Aoutsidex. Notation : A’ = set of limit pointsof A.
Theorem 15

A=AUA

Example {1——i

,n=1} cR, limit point = {1}

Example A=10, 1)

A=[0,1=A

Example A=Q cR = A=R Since any interval contains some rational numbers,
A’ =R, Sinceany interval contains infinitely many rational numbers.

Proof: (left as an exercise)

Theorem 16

AUB=AUB

Proof: hw 2 o
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More on subspaces

Lemma 17

Y c X subspace

(i) The closed subsets are {Y NC: Cclosedin X}

(i) If Zc Yclosed subset and Y c X closed = Z ¢ Xclosed
If Zc Yopensubsetand Y c Xopen = Z c Xopen

(iii) If A c Y subset, then the closure of Ain YisY NA

Proof:

(i) exercise

(i) opencase: Zc Yopen = 3 UopeninXst.Z=YNU = ZisopeninXbecauseY, U areopen.

(iii) To check Y N Aisthe closure, verify it isthe smallest closed setin Y containing A. Y () Aisclosed in Y(by (i)) and contains A

sinceY > A, A> A. We need to show whenever asubset D c Y closed, D 5 A, then D 5 Y NA. By part (i) D= Y NC.
YNCo>A=>AcCC=>AcC=YNACANC=D.o

Some separation axiom
Definition A topological space X is Hausdorff or T, if ¥ x#ye X, InbdsU of xand Vof yst. UNV=0.

Example R"isT,

open balls, radius =—; Xx—ylor <.

Example Trivial topology (non-Hausdorff)

Definition A sequence (X} (X, € X) convergestox € Xif Y U nbd of x, Angst. x, €U Y n=ng
(write X, » X, asn — o)

Theorem 18

If XisT,, then any sequence converge to at most one point.

Example: If X hastrivia topology X, — X for any x!

Proof:

Suppose I {Xp}p21 St. X = X, X > ywherex#y. T, =3 U, Vdigointnbdsof x, y

X > X=X eU, Yn=ny

UNV =0, ¥ n=max{n, n;}. Contradiction. O
Xn—>y=>xneV,\v’nzn1}:"X”e N ® = {no, m}
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Theorem 19

(i) If XisT,, then so isany subspace
(i) If X, Yare T, s0isXx Y.

Proof:
(i) Y c X subspace, say y1 + ¥2inY. XisT, = 3 Uy, Uy digoint nbdsof yy, y»in X.
=3 Ui NY1, U NYadigoint nbdsof yy, yoinY.
(i) Pick (X1, Y1) £ (X2, ¥2)in X x Y. If X1 # X : XisT, = 3 Uy, U digoint nbdsof x;, Xz in X.
= UpxY, Uxx Ydigointnhdsof (xq, y1), (X2, Y2)in X x Y. If y; + y,isanalogous! (useY Hausdorff)
Definition A topological space Xis Ty if ¥ x# yin Xif 3 nbdof yst. x¢ V.
Clearly To=>Ty
Theorem 20

XisT; & V X, {x}isclosedin X)

Proof: “ =" Take x e X. Want {x}° open. T1 = ¥ y € {x}° 3 opennbd Vy of ys.t. Vy c {x}°.
See {X}° = Uyx Vy = {X}° open. “ <" Given x # y. Then can take V = {x}° (open by assumption) o

Example X any set with the finite complement topology. (recall U open < U = ¢ or U¢finite). X is T; since {x}° isopen.
If Xisfinite, it has the discrete topology, soitis T». If X isinfinite, U¢finite, soU isinfinite. So XisT, but not T».

More on countinuous functions
Theorem 21

f : X - Y between topological spaces.
TFAE (the followings are equivalent)

(i) f iscontinuous.

(i) fX(C)closedin X, ¥ C c Y closed.

(iii) f(A) c f(A) V subset A

(iv)Vxe X, ¥ Vnbdof f(x) 3 nbdU of xs.t. f(U) cV (Thisissimilar to e definition in ametric space.)
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