Recall

T, : pointsareclosed( < finite subsets closed)
T, : distinct points have disjoint neighborhoods (Hausdorff)

Example

Non-T; Space

R with basis (a, o) whereae R

! x

here can't
find basis element

here can’t find basis element

Theroem 21

f:X-Y, TFAE

(i) fis continuous

(i) f~X(C) closed ¥ C closed

(i) f(A) c TA)

(iv) ¥ xe XV nbdV of f(x)3 nbdU of xst. f(U)c V.

i) = (iv) = (iii) = (i) = (i)

Proof:

(i) = (iv) want nbd U of x suchthat f(U) cV < U c f71(V) open by (i). We can take U = f~1(V). It contains x, since f(x) € V.
(iv) = (iii) need ¥ xe A, f(x) € f(A) & any nbd V of f(x) intersects f(A). By (iv), 3 nbd U of x, st. f(V)cV.ButU N A= Q,
becuasexe A= if ye UNA, thenf(y)e f(U)N f(A) cV N (A

(iii) = (i) want f~%(C) closed ¥ C closed. Apply (iii) with A= f=%(C). f(f~1(C)) c f(f~*C)). Weknow f(f"1(C))cC =

f(f~1(C))cC=C. f(f %C) cC.f1C)c fXC). = fC)=fXC) asreverseinclusionistrue. So f~(C) is closed.
(i) = (i) need f~1(U) openV U open. f-1(U) = f~L(U®) = f~1(U) open.

Definition X, Y topological spaces: A map f: X - Y is ahomeomorphismiif it's bijection, and f and f~* are continuous.
Equivalently, UisopeninY < f~(U)isopenin X.

In this case, X and Y have same topological properties.

Example

XinTy(orTy) & YisTy(orTy)
Cc X closed < f(C) c Yclosed
B abasisfor X & f(B) abasisfor Y.
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Remark
A continuous bijection needn’t be a homeomorphism.

Example

(X, 1) > (X, ), X — xiscontinuously bijection < 7’ c 7.
X, 1) = (X, ), Xx+— xishomeomorphism < v’ =7.

Example
S\ {N} = R? (Stereographic projection)
f 1 R2 > P \{N}

2x 2y Xy?-1
X+y2+1’ 4yl xyPHl

X y) — ( ) then f~%(a, b, ¢) — (1—1 , 1_Ec ) —homeomorphism

Remark

It can be hard to show 2 spaces are not homeomorphism.
One way isto show oneis T, other isn't.

Definition

f: X > Yisanembeddingif itisinjectiveand theinduced map X - f(X) isahomeomorphism.
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