Recall (X, d) metric space

metric topology on X : basis B 4(x) ; all e-balls, e>0

3 metric d st. d and d have same metric topol ogy.
eg.d=min(l, d)

OnR" defined uniform metric

PX, Y) = SUp A (A, Y2))

Theorem 27

product topology c uniform topology c box topol ogy

We proved 2nd “c” inlast lecture

1st “c” We need to show that any basic open in the product topology is open in the uniform topology

Basicopen: [[,ca Uy 1 Up =R, A ¢ {Ag, A2, ...An} Uy, c R openfor all i.

Pick x € [1yUx, Uy, open = J¢ >0st. BEi (%) € Uy,
lete:=min{e : 1<i=<n}then B, 5(x) c [ [, Uy

Reason:supa(xA, Ya) <€ =Yy EU,\iVi =>Yye HU/\.D

8 23, 24 Connectedness

Definition A topological space X is connected if it cannot be written as dijoint union of two non—empty open subsets.

disjoint union of two non—empty open subsets : sometimes called separation of X.

Example
1) X cR?
\%
u

X=U U*V (here J* denotesdisjoint union)
U isopensince U = X N(open half opentoleft of L) similary for V

= Xisdisconnected.
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2)X=[0,11U2,JInR, letU =10, 1]JandV = (2, 3)
UisopeninXsinceU = X (-oo —3).

T2
3) X=R\Q
TakeU = X () (=00, 0), V=X (0, o0) = X isdisconnected.
Definition XcR convexif Vx,ye X=[x, y] c X
Remark Convex sets are precisely al (possibly infinite) intervals.
(a, bdlowa=—-co0, b=
(a, b] adllow a= -0
[a b)adlowb=co
[a, b] (a=inf X, b=supX)
Example More generally suppose X c R not convex,
Claim X disconnected
Xnot connected = Ax <yinXand3d z ¢ Xst.x<z<y

U=X(-00,2, V=X(z o)opendigoint. UNV = X since z¢ X, non-empty sincexe U, yeV

Remark separation X=U [J*V (soV=U% < U c XopenU %, UopenU°=( < ¢ c U c X (open and closed)

So X conneceted < theonly open + closed subsetsare @, X.

Example

1) |X| > 1, X discrete = disconneceted b/c every subset is clopen (open and closed)
2) Xtrivial topology = connected.

Theorem 28

If X cR convex, then X is connected, So X c R connected < convex

Proof:

Suppose X = U [J* V separation, pick xe U, ye V can assume x < y (otherwise swap U, V)
Let s:=sup(U N[X, y]) ThismeansU (N [X, y] € (-0, S]. and al € >0, U N[X, Y] ¢ (—o0, S— €]
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Forany e >0, (s—¢, S+ €) NX open nbd of sin X intersects U(as sis least upper bound) and V(as sis an upper bound)
= seclosureof UinX =U
seclosureof Vin X=V sinceU, V clopen.

=>seUNV =0, contradiction.o
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