Oct 27 Term test

Office Hour : Wed 5:30-7:30

TA Office Hour : Tue 10:30-12:30
Last time

X connected if X can’t be written as disjoint union X = U |J* V of non—empty open subsets. (|_)* denotesdisjoint union).
& A clopensubset U = @, X. (X=U U*V called separation. )

X cR connected < Xconvex(X, y € X: (X<Yy) = [X y] c X).
Theorem 29
If f:X - Ycontinuous, and X connected = f(X) isconnceted.

Proof:
Suppose not, then f(x) = U U* V separation (U, V non—empty open) then X = f~1(f(X)) = f~1(U) U* f71(V)
f~3(U), f~1(V) notepmty sinceU, V c f(X), furthermore they are open because f : X - f(X) iscontinuous. (Theorem 7). o

Remark Theorem 28 and 29 imply the intermediate value theorem for continuous functions f : [a, b] - R.

[a, b] connceted (convex) = itsimage f([a, b]) is connected = convex.

Lemma 30

Suppose X = U | J* Visaseparation. If A c X connceted subspace, thenAc UorAc V.

Proof:

Intersect with A= (AN U) U* (AN V), where A(YUand AV areopeninA. If AU, ANV are both non—empty, thisis a
separation of A. contradiction. = Either ANU=QorANV=0.ie ANU=0=AcU’=V, ANV=0=>AcU.o
Theorem 31

If A c X connected subspace, and A c B c A, then Bisconnected. In particular, A connected = A connected.

Proof:

Suppose B = U |J* V (separation). By the lemma, we know Ac Uor Ac V. Canassume AcU = AcU = Bc B U = closure
of U inB. (by Lemma17) = U sinceU isclopenin B. Contradiction asV = (). 0

Theorem 32

If X4, ..., Xy connected = [ L, X; connected.

Proof:
n=2 X, Y connected, want X x Y connected. Suppose X x Y = U [J* V separation
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Fix (x, y) e U. Say (X, ¥') € X x Y arbitrary.

Recall (HW0318.4) : X x {b} = Xand{a} x Y = Y homeomorphic.= X x {y} connected.

Lemma30=> Xx {yjcU =X,y eU.Similaay (X} x Y cU =, y)eU.

Hence X x Y = U. Contradiction o. n > 2 either imitate the same argument or useinduction.

ﬂ}*:lxi = (Xyx ... x Xp_1) x Xn. To check homeo i) use basis, ii) show (Xyx ... x Xp_1) x Xy — ]‘[{‘zlxi iscontinuous. By
Theorem 22, we only have to check each coordinate function is continuous. True, because it is a composition of one (i = n) or
two (i £ n) projection maps. (projection maps are continuous). The other way is |eft as an exercise.

Remark In the same way, can show: if Y, c X, Y, connected V¥ A, andall Y, haveapointincommon. Then (,c, Ya connected.
Definition X is path—conneceted if ¥V x, y € X, 3's: [0, 1] » X such that (0) = xand (1) = y.

Lemma 33

X path connected = X connected

Proof:

Suppose X = U | J* V separation. Pick xe U, ye V. Weknow 3s: [0, 1] » X st. S(0) = xands(1) = y.

Then s71(U) U* s3(V) = [0, 1] separation. Thisis a contradiction because [0, 1] is connected. o

Examples

Say X c R"isconvex if ¥ X, y € X then the whole segment connecting themis contained in X.
xX+(A-t)yeX, Yte[O, 1].

Theunit ball B={x € R": | x| < 1}, Bis path connected = B is connected.
91 = {x eR":|x| = 1} is path connected.
Theorem 34

i) f: X > Y continuous, X path connected = f(X) path connected.
ii) Xypath connected V A = [ X, path connected.

Proof:
i) pick f(x), f(y) e f(X)
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[0,1] =

i) X0aear Paea € [TX Wewant s: [0, 1] - [[Xy st. S(0) = (XDaear 1) = (Y)aea-
So we need continuous coordinate functions s, : [0, 1] —» X, suchthat 5,(0) = Xy, Si(1) = V.
By assumption, 3 s for al A.

Example

X ={(x, sin(1/x): x>0} {0}x[-1, 1] c R?

10

“Topologist’s sine curve’

0.5

-0.5

-1.0
X is connected. X, is connected because X, = f(R,), where f : R, - R2

X (X, sin(1/x))
= X connected because X = X,

However, X is not path connected. (exercise!)

Remark This example shows that A path connected (c X) does not imply that A path connected.
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