
§26, 27 Compact Spaces

Definition   A collection A of subsets of a space X is said to cover X, or to be a covering of X, if the union of the elements of A
is equal to X. It is called an open covering of X if tis elements are open subsets of X.

Definition   A space X is said to be compact if every open covering A of X contains a finite subcollection that also covers X.

Examples

1) R not compact, R = Ün³1 H-n, nL

2) H0, 1L is not compact H0, 1L = Ün³1 I 1

n
, 1M, similary, H0, 1D, @0, 1L not compact

3) If X is finite, then X is compact, Let X = ÜΛÎL UΛ Hfor each x Î X pick Λx Î L such that x Î UΛx

    then 8UΛx <xÎX forms finite subcover.

4) 80< Ü 9 1

n
: n ³ 1= Ì R. This is compact because any open neighborhood of 0 contains all but finitely many 1

n
's.

Theorem 35
Any closed interval @a, bD Ì R is compact

Suppose 8UΛ<ΛÎL open cover that doesn’t have a finite subcover. Let X := 8t Î @a, bD : the interval @a, t] is contained in the union

of finitely many UΛ ' s<. Let x := sup X Î @a, bD. (Note a < x < bL. There exists Λ0 Î L such that x Î UΛ0
.

 But x -
Ε

2
Î X,  so @a, x - HΕ �2LD Ì UΛ1

Ü … Ü UΛn Hsome Λi Ì LL. Then Aa, x +
Ε

2
E Ì UΛ1

Ü … Ü UΛn .

 Þ x +
Ε

2
Î X. This is a contraiction as x Î sup X. �

 
General facts
 
Lemma 36
 
Y Ì X be subspace. Y is compact � whenever Y Ì ÜΛÎL UΛ where UΛ Ì X open then $ Λ1, … , Λn Î L s.t Y Ì UΛ1

Ü … Ü UΛn .

 
Proof:
"Þ" 
Y Ì ÜΛ UΛ Þ Y = Y ÝÜΛ UΛ = ÜΛ HY Ý UΛL where Y ÝUΛ open in Y . Y compact Þ Y = Üi=1

n HY Ý UΛi L some Λi Î L Hfin subcoverL

Üi=1
n HY Ý UΛi L Ì Üi=1

n UΛi . 

“Ü”
Say Y = ÜΛ VΛ open cover of Y . Know VΛ = Y Ý UΛi some UΛ Ì X open. Þ Y Ì ÜΛ UΛ. By hypothesis, Y Ì Üi=1

n UΛisome Λi Î L.

Þ Y = Üi HY Ý UΛi L = Üi YΛi . �

Theorem 37

If Y Ì X closed subspace and X is compact, then Y is compact.

Proof:
Use Lemma 36. Say Y Ì ÜΛ UΛ Hwhere UΛ Ì X openL Then X = Yc Ü ÜΛ UΛ open cover Þ X = Yc Ü Üi=1

n UΛi some Λi Î L. 
Þ Y Ì Üi=1

n UΛi Has Y ÝYc = ÆL
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