§26, 27 Compact Spaces

Definition A collection A of subsets of a space X is said to cover X, or to be a covering of X, if the union of the elements of A
isequal to X. Itiscalled an open covering of X if tis elements are open subsets of X.

Definition A space X issaid to be compact if every open covering A of X contains afinite subcollection that also covers X.

Examples

1) R not compact, R = | Jp.1(—N, N)

2) (0, 1) isnot compact (0, 1) = Unzl(%1 , 1), similary, (0, 1], [0, 1) not compact

3) If Xisfinite, then Xiscompact, Let X = [, Ux (for eachx e X pick A, € A suchthat x e U,
then {U,, }xex formsfinite subcover.

4) {0} U { :n= 1) c R. Thisis compact because any open neighborhood of 0 contains all but finitely many < 's.

Theorem 35
Any closed interval [a, b] c R is compact

Suppose {U, },ca Open cover that doesn’t have afinite subcover. Let X:={t € [a, b] : theinterval [a, t] is contained in the union
of finitely many U, 's}. Let x:=sup X € [a, b]. (Note a < x < b). There exists Ao € A such that x € U,,.
Butx—-e X, so[a, x = (/2] c Uy, U ... UUy,(somel; c A). Then [a, x+ <] c Uy, U ... U Uy,

> x+—; € X. Thisisacontraiction as x € sup X. o

General facts
Lemma 36

Y c X besubspace. Y iscompact < whenever Y c |, Uy whereU, c Xopenthen32y, ..., Ape A stYc U, U...UU,,.

Proof:

nyn

YcU U= Y=Y U= (YN U whereY NU, openinY. Y compact = Y = L, (Y () U,,) some; € A (fin subcover)
Uin:l(Y m U)L,) c Uinzl Ulli'

=
Say Y = |, Vi opencover of Y. Know V), =Y () Uy, someU, c Xopen. =Y c | J, U,. By hypothesis, Y c |j., U, somea; € A.

>Y=UNNU)=UYy. O

Theorem 37

If Y c X closed subspace and X is compact, then Y is compact.
Proof:

UseLemma36. Say Y c |J, U, (whereU, c X open) Then X =Y [J, U, opencover = X =Y [JL, U, somea; € A.
>YcULi Uy @sYNYe=0)

Printed by Mathematica for Students



