
Recall   X compact if every open cover of X has a finite subcover.

i.e. X = ÜΛÎL UΛ Þ X = UΛ1
Ü … Ü UΛn for some Λi Î L

Lemma 36

Let Y Ì X subspace. Then, Y compact � HY Ì ÜΛ UΛ with each UΛ open in X Þ Y Ì UΛ1
Ü … Ü UΛn some Λi Î LL

Example  @a, bD Ì RL compact

Theorem 37

X compact, Y Ì X closed Þ Y compact

Theorem 38

If X is T2 and Y Ì X compact, then Y is closed

Proof:
We want Yc to be open. Pick any x Î Yc: want a neighborhood of x that is disjoint from Y. 
For any y Î Y ,  $ disjoint neighborhood Uy of y and Vy of x H as X is T2L

So Y Ì ÜyÎY Uy
Y compact

Y Ì Uy1
Ü … Ü Uyn for some yi Î Yi Let V := Vy1

Ý … Ý Vyn open and neighborhood of x.   

Claim : V Ý Y = Æ.  Take y Î V Ý Y Þ y Î Uyi for some i. y Î V Ì Vyi . contradiction �

Corollary 39

If X is compact T2 then for any closed Y Ì X and any x Ï Y , $ open U, V Ì X such that Y Ì U and x Î V
Proof:
Y Ì X closed, X compact Þ Y compact. Then the preceding proof shows that we can take U := Üi=1

n Uyi , V = Ýi=1
n Vyi . �

Theorem 40

If X1, … , Xn compact, then Ûi=1
n Xi is compact. (remark : for infinite products, later!)

Proof:
Enough to show this for n = 2. For n > 2, use HX1 � … � Xn-1L � Xn @ Ûi=1

n Xi and induction.

Let X = X1, Y = X2. Suppose X � Y = ÜΛÎL UΛ open cover. Fix x Î X, x � Y @ Y , so it’s compact.

So by Lemma 36, x�Y Ì WΛi Ü … Ü WΛn Hsome Λi Î LL. Declare W = WΛi Ü … Ü WΛn .

Claim: $ neighborhood U of x such that U � Y Ì W. Assume this is true. So for all x Î X, $ neighborhood Ux of x such that

Ux � Y  contained in a finite union of WΛ ' s. X = ÜxÎX Ux 
X compact

 X = Uxi Ü … Ü Uxm for some xi Î X.

Þ X � Y = HUx1
� YL Ü … Ü HUxm � YL. Each is contained in finite union of WΛ ' s Þ X � Y is a finite union of WΛ ' s.

Now we prove the claim. x � Y Ì W  open Þ " y Î Y , Hx, yL Î W  Þ $ Uy Ì X, Vy Ì Y open such that Hx, yL Î Uy � Vy Ì W .

Y = ÜyÎY Vy
Y compact

Y = Vy1
Ü … Ü Vys for some yi Î Y . Take U := Ýi=1

n Uyi . �

Theorem 41

Suppose f : X ® Y  continuous and X compact then f HXL is compact.

Proof:

Use Lemma 36, suppose f HXL Ì ÜΛÎL VΛ � X = f -1HÜΛ VΛL = ÜΛ f -1HVΛL � X = ÜΛ f -1HVΛL open cover.

X is compact
 X = Üi=1

n f -1HVΛL = f -1HÜi=1
n VΛi L � f HXL Ì Üi=1

n VΛi . �
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