Recall X compact if every open cover of X has afinite subcover.

i.e. X={eaUr =2 X=U, U...UJU,, forsomei; e A

Lemma 36

LetY c X subspace. Then, Y compact < (Y c | Uy witheachU, openinX = Y c U, U ... UU,, somea; e A)
Example [a, b] ¢ R) compact

Theorem 37

X compact, Y c X closed = Y compact

Theorem 38

If X isT, and Y c X compact, then Yis closed

Proof:
We want Y€ to be open. Pick any x € Y¢: want a neighborhood of x that is digoint from V.
Forany ye 'Y, 3 digoint neighborhood Uy of yand Vy of x (asXisT»)

Y act
oY c ey UYL&f YcUy, U...UUy, forsomey; e Y, LetV:=V, (... V,, openand neighborhood of x.

Clam:VNY=0. TakeyeVNY = y € Uy, forsomei.y € V c V,,. contradictionc

Corollary 39

If X iscompact T, then for any closed Y c X andany x¢ Y, 3openU, V c XsuchthatY cUandxeV
Proof:
Y c X closed, X compact = Y compact. Then the preceding proof shows that we cantake U := L, Uy, V=N Vy,.0

Theorem 40
If Xq, ..., X compact, then [, X; iscompact. (remark : for infinite products, later!)

Proof:

Enough to show thisforn=2. For n> 2, use (Xy x ... x Xy_1) x X, = Hin=1 X; and induction.

Let X=Xz, Y =X;. Suppose X x Y = J,ca Up Opencover. Fix xe X, x x Y =Y, soit’s compact.

So by Lemma36, xxY c Wy, U ... U W), (someA; € A). DeclareW =W, U ... UW,,.

Claim: 3 neighborhood U of x such that U x Y c W. Assume thisistrue. So for al x € X, 3 neighborhood Uy of x such that

X t
Uy x Y contained in afinite union of Wy 's. X = Uxexuxﬂ X=Uy U ... UUy, forsomex € X.

2 XxY=(UxxY) U...U (Uy,x Y). Each is contained in finite union of W, 's = X x Yisafinite union of W, 's.
Now we provetheclaim. xx YcWopen=VYyeY, (X, yY)e W = 3Uyc X, Vyc Yopensuchthat (x, y) € Uyx Vy c W.

Y compact
Y=UpeyVy=—=Y=Vy, U... UV, forsomey €Y. TakeU = N, Uy. O

Theorem 41

Suppose f : X = Y continuous and X compact then f(X) is compact.
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Proof:
Use Lemma 36, suppose f (X) c Uea Va & X = 73U, V) = U, (V) & X =, f1(V)) open cover.

Xiscompact

—— X=U, f V)= f2UL V) © fX)cUL V.0
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